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fTlHE  theory  of  functions  of  a  real  variable,  as  developed  during  the  last 
-*-  few  decades,  is  a  body  of  doctrine  resting,  first  upon  a  definite  conception 
of  the  arithmetic  continuum  which  forms  the  field  of  the  variable,  and  which 
includes  a  precise  arithmetic  theory  of  the  nature  of  a  limit,  and  secondly, 
upon  a  definite  conception  of  the  nature  of  the  functional  relation.  The 
procedure  of  the  theory  consists  largely  in  the  development,  based  upon 
precise  definitions,  of  a  classification  of  function.1-,  according  as  they  possess,  or 
do  not  possess,  certain  peculiarities,  such  as  continuity,  differentiability,  &c. 
throughout  the  domain  of  the  variable,  or  at  points  forming  a  selected  set 
contained  in  that  domain.  The  detailed  consequences  of  the  presence,  or  of 
the  absence,  of  such  peculiarities  are  then  traced  out,  and  are  applied  for  the 
purpose  of  obtaining  conditions  for  the  validity  of  the  processes  of  Mathe- 
matical Analysis.  These  processus,  which  have  boon  long  employed  in  the 
so-called  Infinitesimal  Calculus,  consist  essentially  in  the  ascertainment  of 
the  existence,  and  in  the  evaluation,  of  limits,  and  are  subject,  In  every  case, 
to  restrictive  assumptions  which  are  necessary  conditions  of  their  validity, 
The  object  to  be  attained  by  the  theory  of  functions  of  a  real  variable  consists 
then  largely  in  the  precise  formulation  of  necessary  and  sufficient  conditions 
for  the  validity  of  the  limiting  processes  of  Analysis.  A  necessary  requisite 
in  such  formulation  is  a  language  descriptive  of  particular  aggregates  of 
values  of  the  variable,  in  relation  to  which  functions  possess  definite  pecu- 
liarities. This  language  is  provided  by  the  Theory  of  Sets  of  Points,  also 
known,  in  its  more  general  aspect,  as  the  Theory  of  Aggregates,  which 
contains  an  analysis  of  the  peculiarities  of  structure  and  of  distribution  in 
the  field  of  the  variable  which  such  sets  of  points  may  possess.  This  theory, 
which  had  its  origin  in  the  exigencies  of  a  critical  theory  of  functions,  and 
has  since  received  wide  applications,  not  only  in  Pure  Analysis,  but  also  in 
Geometry,  must  be  regarded  as  an  integral  part  of  the  subject.  A  most 
important  part  of  the  theory  of  functions  is  the  theory  of  the  representation 
of  functions  in  a  prescribed  manner,  especially  by  means  of  secies  or  sequences 
of  functions  of  prescribed  types.      Much   progress  has  recently  been  made  in 
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this  part  of  the  subject,  results  having  been  obtained  which  have  led  to 
a  classification  of  functions  in  accordance  with  the  modes  of  representation 
of  which  they  are  capable.  The  special  case  of  the  conditions  of  reprc- 
sentability  of  functions  by  means  of  trigonometrical  series  was  historically 
the  starting  -point  in  which  a  great  part  of  the  modern  development  of  the 
theory  of  functions  of  a  real  variable  had  its  origin. 

The  course  of  study,  of  which  the  present  treatise  is  the  outcome,  followed 
an  order  very  similar  to  the  historical  order  in  which  the  subject  was 
developed.  Commencing  with  the  study  of  Fourier's  series,  in  their  appli- 
cation to  the  problems  of  Mathematical  Physics,  and  provided  with  a 
knowledge  of  the  Differential  and  Integral  Calculus,  of  the  traditional  kind 
in  which  notions  of  the  nature  of  continuity  and  of  limits  founded  on  an 
uncritical  use  of  intuitions  of  space  and  time  are  the  stock  in  trade,  I  was 
led,  by  the  difficulties  connected  with  the  theory  of  these  series,  and  through 
an  attempt  to  understand  the  literature  which  deals  with  them,  to  a  study  of 
the  theories  of  real  number,  due  to  Cantor  and  Dedekind,  and  to  that  of  the 
theory  of  sets  of  points.  A  study  of  the  foundations  of  the  Integral  Calculus, 
and  of  the  general  theory  of  functions  of  a  real  variable  formed  the  natural 
continuation  of  the  course.  The  present  work  has  been  written  with  the 
object  of  presenting  in  a  connected  form,  and  of  thus  rendering  more  easily 
accessible  than  hitherto,  the  chief  results  which  are  to  be  found  scattered 
through  a  very  large  number  of  memoirs,  periodicals,  and  treatises.  I  have 
endeavoured,  as  far  as  possible,  to  fill  up  gaps  in  the  various  theories  which 
occur  in  different  parts  of  the  subject.  The  proofs  of  theorems  have  in  many 
eases  been  simplified,  often  in  accordance  with  developments  of  the  theory 
later  in  date  than  the  original  proofs  ;  other  theorems  have  been  given  in  a 
form  more  general  than  that  in  which  they  were  first  discovered.  In  the 
literature  of  the  subject,  errors  are  not  infrequent,  largely  owing  to  the  fact 
that  spatial  intuition  aiibrds  an  inadequate  corrective  of  the  theories  involved, 
and  is  indeed  in  some  eases  almost  misleading.  Although  I  have  made  every 
endeavour  to  attain  to  accuracy  both  in  form  and  in  substance,  it  is  practically 
certain  that  the  present  work  will  form  no  exception  to  the  rule  of  fallibility. 
Where  I  have  called  attention  to  what  I  regard  as  inadequate  statements  or 
errors  on  the  part  of  other  writers,  I  have  done  so  solely  for  the  purpose  of 
directing  the  attention  of  students  to  the  points  in  question,  and  with  full 
consciousness  that,  at  least  in  some  cases.,  close  examination  might  shew  that 
what  appeared  to  me  to  be  erroneous  was  rather  due  to  some  misapprehension 
on  my  part  of  the  meaning  of  the  writers  to  whom  reference  is  made.  On 
some  points  connected  with  the  theory  of  aggregates,  which  are  at  present 
matters  of  controversy,  I  have  expressed  definite  opinions,  although  I  fully 
recognize  that,  on  such  matters,  a  dogmatic  attitude  of  mind  is  at  the  present 
time  wholly  out  of  plaeo,  and  not  unlikely  to  be  avenged  when  the  points 
concerned  are  finally  settled  to  the  general  satisfaction  of  mathematicians. 
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Chapter  i  contains  a  discussion  of  Number,  and  includes  a  full  account 
of  the  theories  of  Real  Number,  due  to  Cantor  and  Dedekind.  Whilst  an 
indication  has  been  given  of  the  fundamental  notions  upon  which  the 
conceptions  of  cardinal  and  ordinal  numbers  rest,  I  have  not  attempted  to 
reduce  these  fundamental  notions  to  a  minimum  of  indefinables  from  which 
the  whole  theory  might  be  deduced  by  means  of  formal  logic,  A  slight 
perusal  of  the  extremely  extensive  literature  of  the  Philosophy  of  Arithmetic 
will  shew  that  any  such  attempt  could  only  have  been  made  by  entering  upon 
a  prolonged  discussion  of  a  philosophical  character,  wholly  unsuited  to  a 
treatise  of  professedly  mathematical  complexion,  and  that  any  views  expressed 
would  have  had  but  little  prospect  of  giving  geueia!  satisfaction  to  logicians 
and  philosophers.  The  modern  theory  of  Real  Numbers  has  been  the  object 
of  much  criticism  by  philosophers  and  others.  It  has  been  represented  that 
the  modern  extension  of  the  notion  of  number  to  the  case  of  irrational 
numbers  is  a  sophistical  attempt  to  obbterate  the  fundamental  distinction 
between  the  discrete  and  the  continuous.  I  venture  to  think  that  such 
objections  consist,  in  large  part  at  least,  of  criticisms  of  the  current  ter- 
minology of  the  mathematical  theories,  especially  in  respect  of  the  extensions 
of  the  use  of  the  word  "number,"  and  I  think  it  probable  that  many  of  these 
criticisms  would  not  survive  a  fair  examination  of  the  theories  themselves 
apart  from  the  language  in  which  they  are  expressed,  An  appropriate 
terminology,  although  a  matter  of  convention,  is  no  doubt  a  very  important 
matter  in  relation  to  such  fundamental  matters,  as  it  is  conducive  to  clear- 
ness of  thought ;  but  the  substance  of  the  theories  is  of  incomparably 
greater  importance  than  the  forms  in  which  they  are  expressed,  and  those 
theories  may  be  found  on  examination  to  be  essentially  sound,  even  if  their 
terminology  be  regarded  as  in  some  respects  defective. 

Chapter  il  contains  an  exposition  of  the  theory  of  sets  of  points,  and 
includes  an  account  of  transfmite  cardinal  and  ordinal  Arithmetic,  of  a 
somewhat  simpler  and  less  general  character  than  will  be  met  with  in  the 
treatment  of  the  general  theory  of  aggregates,  in  Chapter  tii.  Students 
who  do  not  care  to  embark  upon  the  discussions  in  Chapter  in  will  find  a 
study  of  Chapter  n  amply  sufficient  to  enable  them  to  apply  the  ideas  there 
developed  in  the  general  theory  of  functions,  A  slight  account  only  has  been 
given  of  the  properties  of  plane  sets  of  points.  An  account  of  the  important 
recent  investigations  which  had  their  origin  in  Jordan's  theorem,  that  a 
closed  curve  divide,-!  plane  space  Into  two  regions,  would  have  occupied  more 
space  than  was  at  my  disposal.  This  omission  will  be  less  felt  than  might 
have  been  the  case,  were  not  an  excellent  account  of  this  subject  to  be  found 
in  Dr  W.  H.  Young's  treatise  on  the  theory  of  sets  of  points,  which  has 
appeared  since  this  portion  of  the  present  work  was  printed. 

In  Chapter  IV,  there  will  be  found  a  discussion  of  the  main  properties  of 
functions,  in  relation  to  continuity,  discontinuity,  See.,  and  investigations  of 
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the  properties  of  important  classes  of  functions.  Although  the  i 
mainly  one  on  functions  of  a  single  variable,  a  considerable  amount  of  space 
has  been  devoted  to  the  consideration  of  functions  of  two  variables,  not  only 
on  account  of  the  intrinsic  importance  of  that  subject,  but  because  no 
adequate  consideration  of  the  properties  of  functions  of  a  single  variable  is 
possible  without,  the  use  of  functions  of  two  variables,  as  is  seen,  for  example, 
from  the  consideration  that  a  function  defined  by  means  of  a  sequence  of 
functions  of  a  single  variable  is.  virtually  defined  as  a  limit  of  a  function  of 
two  variables. 

The  foundations  of  the  Integral  Calculus,  as  based  upon  Riemann's 
definition  of  a  definite  integral,  and  its  extensions,  are  discussed  in 
Chapter  v,  where  an  account  of  the  development  of  the  subject  from  the 
point  of  view  of  Lebesgue's  new  definition  of  the  definite  Integral  is  also 
given.  In  later  parts  of  the  book  I  have  introduced  extensions  of  Lebesgue's 
definition,  to  the  cases  of  improper  integrals,  taken  over  finite  or  infinite 
domains,   regarded  as  the  limits  of  sequences  of  Lobe-ague   integrals. 

Chapter  VI  is  concerned  with  functions  defined  as  the  limits  of  sequences 
of  functions,  and  contains  an  account  of  the  principal  properties  of  functions 
represented  by  series,  and  a  discussion  of  important  matters  connected  with 
the  modes  of  convergence  of  series  through  whole  intervals,  or  in  the  neigh- 
bourhood of  particular  points.  Various  matters  relating  to  the  processes  of 
the  Integral  Calculus,  which  had  not  been  considered  in  Chapter  V,  are  here 
dealt  with,  because  their  adequate  treatment  presupposes  a  knowledge  of  the 
theorems  relating  to  the  convergence  of  sequences  of  functions.  An  account 
of  the  very  general  results  recently  obtained  by  Baire,  relating  to  the  repre- 
sentability  of  functions  by  means  of  series,  will  be  found  in  this  Chapter. 

Chapter  VII  is  devoted  to  the  theory  of  Fourier's  series.  No  apology  is 
needed  for  the  selection  of  this  particular  mode  of  representation  of  functions 
for  full  discussion  in  a  treatise  on  the  theory  of  functions  of  a  real  variable, 
in  view  of  the  historical  relation  of  Fourier's  series  to  the  development  of  the 
general  theory.  The  history  of  the  theory  of  Fourier's  series  is  exceedingly 
instructive,  not  merely  from  the  point  of  view  of  the  mathematician,  but 
also  from  that  of  the  epistemologist.  I  have  therefore  endeavoured,  in  my 
treatment  of  the  subject,  to  preserve  as  much  of  the  historical  element  as 
was  possible  in  an  account  which  should  contain,  in  a  moderate  compass,  not 
only  indications  of  the  various  stages  of  development  of  the  subject,  but  also 
the  most  recent  results  that  have  been  obtained.  I  have  made  full  use  of  the 
greater  generality  which  can  be  introduced  into  many  of  the  known  results 
by  means  of  the  employment  of  the  theory  of  integration  developed  by 


In  the  preparation  of  the  work,  the  treatises  from  which  I  have  most 
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Bericht  entitled  "Die  Entn-ickcluitn  di-r  Lehre  von-  den  Pirnktmannigfaltig- 
keitm,"  and  the  various  treatises  on  different  pails  of  the  subject  by  Eorel 
and  Lcbesgue.  I  have  consulted  a  very  large  number  of  memoirs,  articles, 
notes,  and  books,  far  too  numerous  to  be  here  particularized.  In  respect  to 
the  references  given  throughout  the  book,  I  wish  it  to  be  understood  that 
I  have  made  no  attempt  to  settle  questions  of  priority  of  discovery.  The 
references  given  are  to  bis  regarded  solely  as  indicating  sources  of  information 
from  which  I  have  drawn,  or  where  more  detailed  information  on  the  various 
topics  is  to  be  found, 

I  owe  a  debt  of  gratitude  to  my  friend  Mr  J.  W.  Sharpe,  formerly  Fellow 
of  Gonville  ami  Gains  College,  who  has  read  with  the  greatest  care  the  proofs 
of  about  two-thirds  of  the  book.  Many  points  of  difficulty  I  have  fully 
discussed  with  him ;  many  obscurities  of  expression  have  been  removed,  and 
many  improvements  in  substance  have  been  made,  owing  to  the  care  he  has 
bestowed  in  reading  the  proofs.  I  felt  it  as  a  great  loss  when,  owing  to  a 
temporary  failure  of  health,  he  was  unable  to  continue  his  laborious  work. 
To  Dr  H.  F.  Baker,  F.R.S.,  Fellow  of  St  John's  College,  and  Cayley  Lecturer 
iu  Mathematics,  who  has  kindly  read  some  of  the  earlier  proofs,  I  owe  several 
valuable  suggestions.  On  several  points  connected  with  the  treatment  of 
Number  in  Chapter  I,  I  have  had  the  advantage  of  consulting  Dr  James 
Ward,  F.B.A.,  Fellow  of  Trinity  College,  and  Professor  of  M  ental  Philosophy 
and  Logic  in  the  University. 

My  thanks  are  due  to  the  officials  of  the  University  Press  for  the 
readiness  with  which  they  have  met  my  views,  and  for  the  care  which 
they  have  bestowed  upon  the  work  connected  with  the  printing.  I  desire 
especially  to  express  my  sense  of  the  value  of  the  excellent  work  done  by 
the  readers  of  the  Press ;  to  their  care  is  due  the  elimination  of  many 
typographical  and  other  blemishes  which  would  otherwise  have  remained 
undetected. 

E.  W.  HOBSON. 


Otiimrs  C-OLLEOE,  Oaiihh.!Duk. 

May  15,  1907. 
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CORRIGENDA   AND  ADDENDA. 

Page  96.  In  example  2,  line  7,  far  "Of  each  rations.!  jliliiiSu:]-,  there  is  a  double  represent a- 
tion"  read  "Of  each  rational  number,  not  represented  by  a  reeerring  radix- fraction, 

iilP.1'1     is  I!  (llinillo  T'']iVI'M'l;li)tii.ill.'' 

Page  267.  Ill  the  statement  of  the  theorem  In  <j  20li.  /of  "  if::;'/!'  ('  i.«  seme  proper  fraction,  and 
in  neither  0  nor  1  "  read  "  io/mre  (I  is  such  llml  ('.!<  0~:.l."  The  number  6  is  not 
necessarily  rational. 

Page  268.  In  line  y,  far  '•'•fur  'mite  ralae  of  0  n:  Inch  is  a  proper  fraction..  ™i  in  neither  1  nor  0  ,: 
read  "for  some  value  of  0  which  j.s  iir(r:/i  t/i«(  O<0-=L" 


Page  317.     The  statement  which  commences  on  lino  JO  from  the  foot  of  the  page  i 


e  fully  discussed  in  a  paper  by  the  Author  ir 


The  repeated  limit  may  have  a  definite  value  when  lira  ■£Kll°±J>    /W- go)  has 

no  definite  value.     This  is  illustrated  by  the  example  f[ss,  y)  =  ^  (af)  +  x(y)>  where 

i-'  {T)i  X  ((/)  ilrc  noi".-d::fei'on;iebie  functions,  [n  this  east  rho  Lib  eve  single  limit  does 
not  exist,  but  i:if:  repentee  Iite.it  (  \iMs,  end  is  zi'in.  The  existence  of  the  repeated 
limit  as  a  definite  numher  does  not  therefore  necessarily  imply  the  existence   of 

■J-  and  of  r, — % — .  the  latter  of  these  huvim;  been  so  ib. fined  that  it  Only  exists 
3y0  dx„dy0 

v.hen,'-    exists.     The  p< 

Proc.  Land.  Math.  Sob.,  ser.  '1,  vol.  v,  ••  On  repeated  limits." 
Page  318.     In  the  statement  of  the  theorem,  for  "(3)/(;c,  .'/)  '«  continuant  with  respect  to  x  at 

(*v,y<i,"read"(8)f(i;,  y)  be  such  that  dIS^ilAi  ^.^VAboth  etsUV 

Page  310.    Line  5  from  the  foot  of  the  page.     Delete  the  sentence  commencing  *'  The  existence 

ox„    dyQ 
Page  357.     In  the  Example,  line  8,  for  "  let  F  (*)  =  -  <p  (a,  y) "  read  "  let  F  (<e>  =  -  £  {a,  |3J." 
Page  394.     In  line  8  from  the  foot  of  the  page,  for  "  in  accordance  with  Biemann's  definition  " 

read  "in  accordance  with  Lebesgue's  definition,  the  integrand  lmving  in  each  ease 

only  a  finite  number  of  values." 
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CHAPTER   I. 


DUMBER. 


1.  The  operation  of  counting,  in  which  the  integral  numbers  are 
employed,  can  be  carried  out  by  a  mind  to  which  discrete  objects,  which 
may  be  either  physical  or  ideal*,  are  presented,  and  which  possesses  certain 
fundamental  notions  which,  we  proceed  to  specify. 

(1)  The  notion  of  umiy,  a  form  under  winch  an  object  is  conceived  when 
it  is  regarded  as  a  single  one.  An  object  so  regarded  may  be  either  of 
a  material  or  of  a  purely  abstract  or  ideal  nature,  and  may  be  recognized,  for 
all  other  purposes  than  that  of  counting,  as  possessing  any  degree  of  com- 
plexity. It  is  sufficient,  in  order  that  the  object  may  be  regarded  under  the 
form  of  unity,  that  it  be  so  far  distinct  from  other  objects,  as  to  be  recognized 
at  the  time  when  it  is  counted,  as  discrete  and  identifiable.  What  external 
marks  are  necessary  that  ati  object  may  be  so  recognized  as  discrete,  is  a 
matter  for  the  judgment  of  the  mind  at  the  time  when  the  object  is  counted. 
The  unity  under  which  the  object  is  apprehended  is  a  formal  or  logical,  rather 
than  a  natural  unity;  it  is  more  or  less  arbitrarily  attributed  to  the  object  by 
the  mind. 

(2)  The  notion  of  a  collection  or  aggreyale  of  objects  which  is  conceived 
of  as  containing  more  or  fewer  objects,  or  as  possessing  a  greater  or  less 
degree  of  plurality.  A  group  of  objects  regaidod  as  an  aggregate  is  conceived 
of  not  merely  as  a  plurality  of  objects  to  each  of  which  unity  is  ascribed 
as  in  (1),  but  also  asitself  an  object  to  which  unity  is  ascribed  when  it  is 
regarded  as  a  single  whole.  The  single  objects  of  which  the  aggregate  is 
composed  may  be  spoken  of  as  the  dements  of  the.  aggregate;  such  elements 
need  not  possess  any  parity  as  regards  size  or  any  other  special  quality,  but 
may  be  of  the  most  diverse  characters:  a  certain   logical  parity  is  however 

*  It  is  held  by  some  authors  that  Hie  operation  of  eormtnij;  is  primarily  applicable  to  physical 
objects  only.  Thus,  -T.  S.  Mill  writes:— "The  fact  asserted  in  the  definition  of  a  number  is  a 
physical  fact.  Each  of  the  numbers,  two,  three,  four,  etc.,  denotes  phydoal  p  hen  omen  it,  and 
connotes  a  physical  properly  of  these  phenomena,"  Sec  I.o.fic,  <J',.li  edition,  vol.  it,  p.  150.  That 
objects  which  are  not  physical,  can  bn  counted,  iva-  nviiiiiained  hy  !n-ihTiitz  mid  by  Locke.  See 
also  Frege's  Grmidlni^a  tier  Aritiniu-iih,  Ht'cslan,  1HS4,  v.'li^ve  an  account  is  given  of  various 
views  as  to  the  nature  and  origin   of  tlif!  idea  of  Number. 
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ascribed  to  them  in  the  process  of  counting;,  in  virtue  of  the  fact  thai;  each  -i>i 
them  is  regarded  as  a  single  o|yji:er,.  A  sensibly  continuous  presentation  cannot 
be  regarded  as  an  aggregate  containing  a  plurality  of  elements,  until  the  mild 
has  recognized  in  it  sufficiently  distinct  linos  of  division  to  serve  the  purpose 
of  marking  off  distinct  objects  within  it,  the  totality  of  which  makes-trp-tiie 
whole  presentation;  for  instance,  the  history  of  n.  country  could  be  regarded 
as  an  aggregate  of  distinct  periods,  only  when  sufficiently  salient  features  had 
been  recognized  in  that  history  to  warrant  a  judgment  that  periods  were  to 
be  found  in  it,  each  of  which  had  a  sufficient  degree  of  discreteness  to  be 
subsumed  under  the  form  of  unity.  In  actual  counting,  the  aggregate  is 
not  necessarily  determinate  before  the  counting  is  commenced,  but  becomes 
so  when  the  process  is  completed;  the  notion  of  an  aggregate  is  thus  still 
necessary  to  the  process  of  counting,  if  the  process  is  ever  to  come  to  an  end, 
or  to  be  conceived  of  as  having  come  to  an  end. 

It  has  been  held*  that  when  an  aggregate  is  counted,  the  elements  must 
remain  distinct  from  one  another,  not  disappearing  or  combining  with  each 
other  during  the  process.  That  this  condition  is  unnecessary  may  be  seen, 
for  example,  by  considering  the  case  of  counting  breakers  on  the  sea-shore, 
or  that  of  counting  the  vibrations  of  a  pendulum  ;  thus  no  physical  perma- 
nence, but  only  an  ideal  one,  is  necessary. 

A  discussion  of  the  characteristics  which  an  aggregate  (not  necessarily 
finite)  must  possess,  in  order  that  it  may  be  an  object  of  mathematical  thought, 
will  he  given  in  Chapter  in. 

(3)  The  notion  of  order,  in  virtue  of  which  relative  rank  is  given  to  each 
object  in  a  collection,  so  that  the  colled  ion  becomes  an  ordered  aggregate.  In 
actual  counting,  the  order  is  assigned  to  the  objects  during  the  process  itself, 
as  an  order  in  time,  and  this  may  be  done  in  an  arbitrary  manner ;  the  order 
of  the  elements  in  an  aggregate  may,  however,  he  assigned  in  a  manner 
dependent  upon  their  sizes,  weights,  or  other  qualities,  or  in  accordance  with 
their  positions  in  space.  Order  may,  however,  be  regarded  as  an  abstract 
conception,  independent  of  a  particular  mode  of  ordering ;  for  an  aggregate 
to  be  an  ordered  one,  it  is  necessary  that  in  some  manner  or  other,  each 
element  be  recognized  as  possessing  a  certain  rank,  in  virtue  of  which  it  is 
known  as  regards  any  two  elements  which  may  he  chosen,  which  of  them 
has  the  lower,  and  which  the  higher  rank.  An  element  is  said  to  precede 
any  other  element  of  higher  rank  than  itself, 

(4)  The  notion  of  correspondence,  which  underlies  the  process  of  tallying. 
The  elements  of  one  aggregate  may  be  made  to  stand  in  some  logical  rela- 
tion with  those  of  another  one,  so  that  a  definite  element  of  one  aggregate 
is  regarded  as  correspondent  to  a  definite  element  of  another  aggregate. 

*   Sec  Uelmliolta'H  HakUn  und  Mcnen,  Leipzig,  1SS7  ;    Wissens,  Ahiiiiiidl  vol.  in,  p.  372. 
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The  correspondence  may  be  complete,  in  the  sense  that  to  every  element 
of  either  aggregate  there  corresponds  one  element,  and  one  only,  of  the  other 
aggregate  ;  or  tlic  correspondence  may  be  incomplete,  in  which  ease  one  of  the 
aggregates  has  one  or  more  elements  to  which  no  elements  in  the  other 
aggregate  correspond.  In  the  latter  case  wo  say  that  the  aggregate  with  the 
superfluous  element  or  elements  contains  more  elements  than  the  other 
aggregate,  and  that  the  latter  contains  fewer  elements  than  the  former. 

i  between  two  aggregates  is  defined  when  specifications 
3  laid  down  which  suffice  to  deeide  winch  element  of  one  aggregate 
s  to  each  element  of  the  other;  so  that,  in  the  case  of  complete 
correspondence,  no  element  of  either  aggregate  is  without  a  coiTcspondent  one 
in  the  other. 

Whether,  or  how  far,  these  fundamental  notions  of  unity,  aggregate,  order., 
and  correspondence  should  be  regarded  as  derived  empirically  from  experience., 
by  a  process  of  abstraction,  or  whether  it  must,  be  hold  that  they  are  original 
forms  which  the  mind  possesses  prior  to,  and  as  the  necessary  conditions  of 
the  possibility  of  such  experience,  are  questions  into  which  it  is  beyond  our 
province  to  enter.  It  is  certain  that  civilized  man  possesses  these  fundamental 
notions,  and  it  is  highly  probable  that  primitive  man  possessed  them  long 
before  the  notion  of  abstract  number  had  appeared  in  an  explicit  and 
developed  form.  The  investigation  of  the  origin  of  these  notions,  and  their 
further  analysis  is  a  matter  for  the  Psychologist  and  for  the  Philosopher. 
Mathematical  Science,  as  any  other  special  science,  must  take  its  fundamental 
notions  as  data;  it  is  concerned  with  the  analysis  of  them,  only  so  far 
as  suffices  to  establish  that  they  possess  the  degree  of  definiteness  which 
such  data  must  have,  if  they  are  to  lie  at  the  base  of  a  logically  ordered 
system. 


ORDINAL    KUMIJEHS. 

2.  If  from  an  ordered  aggregate  some  of  the  elements  are  removed,  the 
aggregate  which  remains  is  said  to  be  a  part  of  the  original  aggregate.  It 
will  be  observed  that  the  relative  order  of  any  two  elements  in  the  part  is  the 
same  as  the  relative  order  of  those  elements  in  the  original  aggregate. 

An  ordered  aggregate  is  said  to  be  finite,  when  it  satisfies  the  following 
conditions: — 

(1)  There  is  one  element  which  has  lower  rank  than  any  of  the  others. 

(2)  There  is  one  element  which  has  higher  rank  than  any  of  the  others. 

(3)  Every  part  of  the  aggregate  has  an  element  which  has  higher  rank 
than  every  other  element  in  the  part,  and  also  it  has  an  element  which  has 
lower  rank  than  any  other  element  in  the  part. 

1—2 
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These  conditions  sue  equivalent  to  the  statement  that  a  finite  aggregate, 
and  also  each  part  of  it,  has  a  first  and  a  last  element. 

Every  part  of  a  jh die  ordered  aggregate  is  also  a  finite  ordered  aggregate. 

If  M  be  the  aggregate,  and  Mt  a  part  of  it,  then  Ms  has  a  highest  and  a 
lowest  element;  also  every  part  of  Jfj  being  also  a  part  of  M,  has  a  lowest 
and  a  highest  element;  therefore  M,  is  itself  finite. 

3.  Two  finite  ordered  aggregates  are  said  to  be  similar  when  they  can  he 
made  to  completely  correspond,  so  that  to  each  element  of  either  of  them 
there  corresponds  a  single  element  of  the  oilier,  a.nd  so  that  to  any  two 
elements  P,  Q  of  the  one  there  correspond  two  dements  P',  Q'  of  the  other, 
which  have  the  same  relation  as  regards  rank ;  viz.  that  if  P  is  of  lower  rank 
than  Q,  then  P'  is  of  lower  rank  than  Q\  ana  if  P  is  of  higher  rank  than  Q, 
then  P'  is  of  higher  rank  than   Q'. 

Two  finite  ordered  aggregates  which  are  similar  are  said  to  have  the  same 
ordinal  member. 

If  each  of  two  ordered  aggregates  is  similar  to  a  third,  they  are  similar  to 
one  another.  For  if  an  element  P  of  the  first  corresponds  to  an  element  R  of 
the  third,  and  the  element  Q  of  the  second  corresponds  to  _K,  it  is  clear  that 
if  we  make  P  correspond  to  Q,  the  fust  two  aggregates  are  made  to  correspond 
in  such  a  way  that  the  relative  order  is  preserved. 

It  thus  appears  that  an  ordinal  number  is  characteristic,  of  a  class  of 
similar  ordered  aggregates. 

An  aggregate  which  consists  of  a  single  element  A,  is  said  to  have  the 
ordinal  number  one,  denoted  by  the  symbol  1.  The  ordinal  number  1  is 
characteristic  of  every  aggregate  which  consists  of  a  single  element. 

If  to  the  aggregate  which  consists  of  an  element  A,  we  adjoin  a  new 
element  B,  and  assign  to  B  a  higher  rank  than  A,  we  obtain  an  aggregate 
(A,  B)  which  has  an  ordinal  number  2,  characteristic  ol"  all  aggregates  which 
are  formed  in  this  manner;  A  is  said  to  be  the  first  clement,  B  the  second. 
If  to  an  ordered  aggregate  (A ,  B),  of  which  the  ordinal  number  is  2,  we  adjoin 
another  element  (7,  and  regard  this  as  having  higher  rank  than  A  and  B,  we 
obtain  an  ordered  aggregate  (A,  B,  0),  of  which  the  ordinal  number  is  called 
3,  and   is  characteristic  of  all   ordered   aggregates  formed    in   this  manner 

Proceeding  in  this  way,  if  we  have  formed  an  ordered  aggregate  (A,  B,  G 

E),  of  which  the  ordinal  number  is  n,  and  adjoin  to  this  aggregate  a  new 

element  K,  we  obtain  a  new  aggregate  (A,  B,  C, H,  K),  of  which  the 

ordinal  number  ri  is  different  from  n. 

Every  ordered-  aggregate  which  ca.v.  he  formed  w.  the  manner  described  is 
finite. 

This  can  he  proved  by  induction.     Let  us  assume  that  M  is  a  finite  ordered 
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aggregate:  it  will  then  be  proved  that  (M,  e),  the  ordered  aggregate  obtained 
by  adjoining  an  element  e  of  higher  rank  than  the  elements  of  ill,  is  also 
finite.  Since  ill  has  a  lowest  element,  (ill,  e)  lias  the  same  lowest  element, 
also  (ill,  e)  has  a  highest  element,  e.  Again  if  M,  is  a  part  of  (ill,  e)  which 
does  not  contain  e,  then  ill",  is  a  part  of  M,  ami  therefore  has  a  highest  and 
a  lowest  element.  If  Mj  is  a  part  of  (,][,  e)  which  contains  e,  let  it  be  (ill2,  e). 
where  M.,  is  a  part  of  ill,  and  therefore  contains  a  lowest  element  which  is 
also  the  lowest  element  of  (J/-,  e) ;  also  (M..,  e)  contains  a  highest  element  e, 
It  has  thus  been  shewn  that  (ill,  e)  satisfies  the  requisite  conditions  that 
it  should  be  finite,  provided  M  does  so.  The  aggregates  A, (A,  B)  are  clearly 
finite:  hence  the  method  of  induction  proves  that  every  ordered  aggregate 
which  can  be  formed  by  continually  adjoining  new  elements  to  an  aggregate 
which  originally  contained  one  element  is  a  finite  one. 

Conversely,  it  can  be  shewn  that  every  finite  ordered  ugyreyate  can  be 
formed  in  the  manner  above  described. 

Let  M  be  a  finite  ordered  aggregate,  and  let  e'  be  its  highest  element, 
thus  M  —  (ib\,  e').  Now  M^  being  a  part  of  .ill,  has  a  highest  clement  e",  thus 
Ml=-(M%,  e"),  or  M  =(M.!y  e",  e").  Proceeding  in  this  manner,  if  we  do  not 
reach  an  aggregate  M.r  which  contains  a  single  element  only,  we  shall  have 

found  a  part  ( e",  e" ,  e',  e)  of  M  which  has  no  element  of  lowest  rank. 

But  this  is  impossible,  since  ill  is  by  hypothesis  finite,  and  therefore  contains 
no  part  without  a  lowest,  element.  It  has  thus  been  shewn  that  ill  can  he 
reduced,  in  the  manner  indicated,  to  an  aggregate  with  a.  single  clement :  and 
y,  starting  with  this  latter  aggregate.  M  is  obtained  by  adjoining  to 
>  new  elements. 

A  finite  ordered  ayareyate  is  not  similar  to  any  -part  of  itself . 

This  theorem  may  also  be  proved  by  induction.  For  if  we  assume  that  the 
finite  ordered  aggregate  ill  is  not  similar  to  any  part  of  itself,  it  can  be  shewn 
that  the  same  holds  for  (ill",  e).  If  possible  let  ilf,  be  a  part  of  (ill,  e)  which  is 
similar  to  (M,  e) ;  then  if  Mi  contains  e,  it  must  be  of  the  form  (i¥2,  e),  and  if 
(-Jf2l  e)  is  similar  to  (ill,  e),  ill2  must  be  similar  to  ill,  which  is  contrary  to 
the  hypothesis  that  ilf  contains  no  part  similar  to  itself.  If  il/i  does  not 
contain  e,  it  must  he  of  the  form  (AL,f),  where/ is  the  element  which  corre- 
sponds to  e  in  (ill,  e) ;  in  this  case  again  ilf„  is  similar  to  ill,  and  is  a  part  of 
it;  thus  we  have  again  a  contradiction.  The  theorem  holds  for  (A,  B),  and 
therefore  generally. 

It. follows  from  this  theorem  that  the  ordinal  numbers  1,  2,  3, which 

hav_e    been    defined    as    the    ordinal    numbers     of    aggregates    (A),   (A,    B), 

(A,  B,  C) are  all  different  from  onu  another,  for  each  of  these  aggiega-tes 

being, a  part  of  each  of  those  which  follow  it,  cannot  be  similar-  to  any  of  the 
aggregates  which  follow  it. 

Each  of  the  ordinal  numbers  is  to  be  regarded  as  a  unique  ideal  object 


,Google 


6  Number  [oh.  i 

in  that  it  is  a  permanent  object  for  thought.  The  relation  of  an  ordinal 
number  to  an  ordered  aggregate  of  objects  which  is  characterised  by  that 
number,  may  be  illustrated  by  the  analogy  of  the  relation  between  the  colour 
red,  and  a  particular  red  object. 

4.  A  simply  infinite  asce-ndi-no  'Jf/(/)'ega/e,  or  .limple  sequence,  is  an  ordered 
aggregate  which  has  no  element  of  higher  rank  than  all  the  others,  and  is 
such  that  every  part  which  has  an  element  of  higher  rank  than  all  the  other 
elements  in  that  part,  is  a  finite  ordered  aggregate. 

It  follows  from  this  definition,  that  in  a,  simple  sequence  there  is  one 
element  of  lower  rank  than  all  the  others  ;  and  further,  that  every  part 
of  the  simple  sequence  has  an  element  of  lower  rank  than  all  the  other 
elements  in  that  part. 

A  simply  infinite  ascending  aggregate  differs  Item  a  finite  ordered 
aggregate  in  having  no  element  which  is  of  higher  rank  than  all  the  other 
elements. 

The  totality  of  ordinal  numbers  forms  a  simply  infinite  ascending 
aggregate;    these  objects  may  he  represented  by  a  set  of  signs 

«,  ft   7.  *."• 

or  1,  2,    3,  4,... 

where  it  is  assumed  that  some   adequate  scheme  of  such  signs  has  been 

devised. 

The  order  of  the  elements  is  assigned  by  the  successive  formation,  as 
above,  of  aggregat.es  having  the  various  elements  for  their  ordinal  numbers, 
and  it  has  been  shewn  that  if  an  aggregate  has  the  ordinal  number  n,  another 
aggregate  having  a  different  ordinal  number  n,  taken  to  be  of  next  higher 
rank  than  n,  can  be  formed.    There  exists  therefore  no  highest  ordinal  number. 

Instead  of  using  the  expressions  "  of  higher  rank  "  and  "  of  lower  rank,"  it 
is  usual  to  say  that  a  number  m  is  less  than  a  number  n,  when  m  is  of  loweu 
rank  than  n  in  the  ordered  aggregate  of  ordinal  n  ambers,  and  that  wis  greater 
than  m.  The  terms  "  greater  "  and  "  less  "  are  borrowed  from  the  language 
primarily  applicable  to  the  description  of  magnitudes  :  but  in  pure  arithmetic 
and  pure  analysis  generally,  they  are  used  only  in  the  souse  in  which  tney 
indicate  higher  or  lower  rank,  am)  this  rank  has  no  necessary  reference  "fro 
relations  of  magnitude  or  of  measurable  quantity. 

The  operation  of  counting  a  finite  aggregate  of  objects  of  any  kind-may; 
be  conceived  of  as  the  process  of  putting  the  objects  into  correspondence  vexM 
the  elements  of  the  aggregate  of  ordinal  numbers,  in  such  a  way,  that  jvfreri 
any  ordinal  number  has  an  element  of  the  aggregate  which  corresponds- to,' it,; 
each  of  the  preceding  ordinal  numbers  also  has  an  element  which  corresponds 
to  it.     The  finite  aggregate  is  usually  ordered  by  the  process  itself,  the  ranks 
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of  the  various  elements  being  successively  assigned  to  them  as  the  counting 
proceeds.  Those  ordinal  numbers  which  are  employed  in  counting  such  an 
aggregate  may  be  regarded  as  forming  an  aggregate  which  is  similar  to  the 
given  aggregate,  as  ordered  by  the  process  of  counting.  The  last  of  the 
ordinal  numbers  employed  in  counting  a  finite  aggregate,  is  the  ordinal 
nwnber,  or  simply  the   number  (Anzahl)  of  the  ordered  aggregate. 

The  theorem  that  an  ordered  aggregate  is  not  similar  to  any  of  Its  parts, 
holds  only  as  regard*  finite  aggregates.  It  will  appear  in  the  course  of  the 
discussion  in  Chapter  III.  that  every  aggregate  which  is  not  finite  has  parts 
which  are  similar  to  the  whole;  and  this  property  is  sometimes  taken  as  the 
basis  of  the  definition  of  an  infinite,  or  trail  sfmite,  aggregate.  For  example, 
the  aggregate  of  ordinal  numbers  1,  2,  3,  ...  is  similar  to  the  part  2,  4,  6,  ... 
which  contains  the  even  numbers  only. 

CARDINAL   NUMBERS. 

5.  If  any  finite  ordered  aggregate  be  re-ordered  in  any  ■manner,  the 
new  ordered  aggregate  is  futile,  and  has  the  same  ordinal  number  as  the 
original  one. 

In  order  to  prove  this  theorem,  the  following  particular  case  will  be  first 
established: — If  Q  is  a  Unite  ordered  aggregate,  the  aggregate  (Q,  e)  obtained 
by  adjoining  to  Q  a  new  element  e  of  higher  rank  than  all  the  elements  of  Q, 
is  similar  to  (e,  Q),  in  which  e  has  a  lower  rank  than  all  the  elements  of  Q. 
For  let  Q  =  (.Qi,f),  and  let  us  assume  that  the  theorem  holds  for  Qlt  i.e.  that 
(Qi,  e)  is  similar  to  (e,  Q,) ;  it  follows,  since  a  complete  correspondence  can  be 
established  between  the  elements  of  (Q,,  e)  and  (e,  Qi),  that  the  same  is  true 
of  the  two  aggregates  (Qlt  e,  f)  and  (e,  ft,  /).  Now  (Q„  e,  f)  is  similar  to 
(Qi.f,  <0.  since  Ql  can  be  made  to  correspond  to  itself,  e  to/,  and/to  e,  there- 
fore (Qj,  /,  e)  is  similar  to  (e,  Qls  /),  or  (Q,  e)  to  (e,  Q),  and  thus  the  theorem 
holds  for  Q  =  (QU  f),  provided  it  holds  for  Qt.  Now  it  clearly  holds  if  Q, 
consists  of  a  single  element ;  hence  by  induction  it  holds  for  any  finite  ordered 
aggregate  Q.  To  prove  the  theorem  in  the  general  case,  let  us  assume  that 
it  is  true  for  an  aggregate  if;  it.  will  then  be  shewn  to  be  true  for  (M,  e).  For 
let  an  aggregate  obtained  by  re-ordering  (M,  e)  be  (R,  e,  3),  where  either  R 
or  S  may  be  absent;  (R,  e,  8)  is  similar  to  (R,  8,  e),  for  R  corresponds  with 
itself,  and  it  has  been  shewn  above  that  (e,  S)  is  similar  to  (8,  e).  Since 
(R,  S)  is  by  hypothesis  similar  to  if,  it  follows  that  (R,  S,  e)  is  similar  to 
{M,  e),  and  therefore  (R,  e,  8)  is  similar  to  (if,  e).  The  theorem  clearly  holds 
for  an  aggregate  (A,  B)  which  contains  two  elements,  hence  by  induction  it 
holds  for  every  finite  ordered  aggregate. 

It  follows  from  the  theorem  which  lias  been  established  above,  that,  for 
any  aggregate  which  can.  be  ordered  an  a  finite  ordered.,  aggregate,  the  ordinal 
number  is  independent  of  the  mode  in  which  ike  aggregate  is  ordered. 
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It  will  be  found,  when  the  gene ralizat ion  of  ordinal  number.-;  for  non-finite 
aggregates  is  considered  in  Chapter  III.,  that  this  property,  that  the  ordinal 
number  of  an  aggregate  is  independent  of  the  mode  of  ordering,  is  peculiar  to 
finite  aggregates. 

6.  Two  aggregates  arc  said  to  be  equivalent,  when  their  elements  can  be 
placed  into  correspondence  so  that  to  each  element  of  either  aggregate  there 
corresponds  one  and  only  one  element  of  the  other  aggregate. 

It  will  be  observed  that  the  relation  of  equivalence  differs  from  that  of 
similarity  in  that  it  contains  no  reference  to  order.  It  is  clear  that  two 
aggregates  which  are  each  equivalent  to  a  third,  are  equivalent  to  one 
another. 

An  unordered  aggregate  is  said  to  be  finite,  when  it  can  be  so  ordered  that 
the  ordered  aggregate  is  finite  in  aooordanee  with  the  definition  given  in  §  2. 

Two  (finite)  aggregates  which  are  equivalent  are  said  to  have  the  same 
cardinal  number. 

It  thus  appears  that  a  cardinal  number  is  characteristic  of  a  class  of 
equivalent  aggregates. 

Each  of  the  cardinal  numbers  is  to  be  regarded  as  a  unique  ideal  object; 
the  relation  of  a  cardinal  number  to  a  member  of  the  class  of  equivalent 
aggregates  of  objects,  of  which  it  is  characteristic,  may  be  illustrated  in  the 
same  manner  us  in  S  '!,  in  the  case  of  the  ordinal  numbers. 


Since  all  similar  aggregates  are  also  equivalent,  and  since,  in  the  case  of  a 
finite  aggregate,  the  ordinal  number  is  independent  of  the  mode  in  which  the 
aggregate  is  ordered,  it  follows  that  for  every  finite  ordinal  number  there  is  a 
corresponding  cardinal  number. 

The  cardinal  numbers  of  finite  aggregates  are  denoted  by  the  same 
symbols  1,  2,  3,...  as  the  corresponding  ordinal  numbers.  The  two  kinds 
of  numbers  are  not  symbolically  distinguished  from  each  other,  although 
logically  they  are  not  identical. 

It  will  be  seen  in  Chapter  III.  that  this  practical  identity  of  ordinal  and 
cardinal  numbers  is  confined  to  the  case  of  the  numbers  corresponding  to 
finite  aggregates,  and  therefore  called  finite  numbers.  The  finite  cardinal 
numbers  form  a  simple  sequence  1,  2,  3,  ...  similar  to  the  sequence  of  finite 
ordinal  numbers:  the  expressions  "greater"  and  "less"  are  used  in  relation 
to  two  cardinal  numbers  in  the  same  purely  ordinal  sense,  denoting  higher 
and   lower  rank,  as  in  the  case  of  ordinal   numbers. 

It  is  impossible,  in  a  purely  mathematical  work,  to  enter  into  a  discussion 
of  the  nature  and  proper  definition  of  number  from  a  philosophical  point  of 
view.    One  view  of  number  which  is  widely  held,  is  embodied  in  the  definition 
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by  abstraction,  in  which  the  cardinal  number*  is  regarded  as  the  concept  of 
an  aggregate  which  remains  when  we  make  abstraction  of  the  nature  of  the 
objects  forming  the  aggregate,  and  of  the  order  in  which  they  arc  given; 
the  ordinal  number  is  then  regarded  as  the  concept  obtained  by  making 
abstraction  of  the  nature  of  the  objects  only,  retaining  the  orderf  in  which 
they  are  given  in  the  aggregate.  The  view  has  also  been  maintained!  that 
a  cardinal  number  is  simply  the  class  of  all  equivalent  aggregates.  A  ten- 
dency has  been  exhibited  amongst  mathematicians^  to  regard  numbers,  at 
least  for  the  purposes  of  analysis,  as  identical  with  the  symbols  which 
represent  them.  In  accordance  with  this  view,  abstract  arithmetic  is  cut 
entirely  adrift  from  the  fundamental  notions  related  to  experience  in  which  it 
had  its  origin,  and  it  is  thus  reduced  to  a  species  of  mechanical  game  played 
in  accordance  with  a  set  of  rales  which,  when  divorced  (Vom  their  origin,  have 
the  appearance  of  being  perfectly  arbitrary;  though  it  may,  of  course,  be 
said  that  it  is  possible  at  the  end  of  any  arithmetical,  process  to  reconnect 
the  symbols  employed,  with  the  ideas  which  originally  suggested  them,  and 
thus  to  interpret  the  results  of  the  purely  symbolical  processes.  Whatever 
view  [|  be  adopted  as  to  the  real  nature  of  number  and.  its  place  in  a  general 

*  This  view  is  that  of  6.  Cantor;  see  Math.  Aiinaku,  vol.  xlvi,  p.  481,  whore  the  following 
definition  is  given  :— "  'Maehtigkeit,'  oder  'Cardinalnahl'  von  M  nennen  wir  den  All^emeinbegriff 
welchei'  mit  Hiilfe  uuseies  uotiven  lienkvetmiigeus  aus  der  Mongo  .'■/  hcrvoigoht,  class  von  der 
Besciiaficnhoit  Hirer  v  rse'uiedcncii  Kloinoiit  ■  m,  and  r;r  der  Ordnnng  ihve.-  G-ei.'.cbeuse'ms  abstra- 
hil't  wird."     Sen  also  I'eano,  1'oniiiilJi.iren  lie.  Maihrmad^iKf,   1 90.1.,  §  :.S'i,  -Q  Note. 

f  Ordinal  numbers  arc  frcouently  regarded  as  logically  priOL1  to  oardiual  numbers,  but  iliis 
order  of  procedure  is  not  a  necessary  one.  In  Dedckin.;i's  tract  "  Was  slnd  unil  was  soll.en  die 
Zahlen,"  Brunswick,  1887  and  ISiJii,  which  lias  been  translated  into  English  by  Prof,  W.  W. 
Benian,  under  the  tillo  "Essays  on  the  Theory  of  Numbers,"  .1901,  a  detailed  treatment  of  the 
subject  is  given,  in  which  the  notion  of  order  is  regarded  as  fundamental. 

X  See  E.  Russell,  The  Prhiaqilitx  of  Mtitheniatia:,  vol.  I,  chap,  xi. 

§  For  example  sen  Heine,  Crelle's  Journal,  vol.  lxxiv  (1873),  u.  173,  where  the  matter  is  stated 
in  the  following  plain  form :  "  Ich  nenne  gev.'isse.  j;reifliare  Zoichon  Kahlen,  sodass  die  Bsistenz 
dieser  Zahlen  also  nieht  in  Fiik_;c  -teht."  Again,  Beimltolu  appeals  to  hold  a  view  closely 
approaching  the  notion  that  Arithmetic  is  the  art  of  manipulating  certain  signs  according  to 
certain  rules  of  operation  ;  lie  writes  in  (Jcs,  Abk.  vol.  itt,  p.  ;.!o!i,  "  fell  betraelite  die  Arithmetik 
oder  die  Lehre  von  den  reinen  Zahlen  als  eine  auf  rein  psycholo^ischo  That  such  en"  aufgebaute 
Metbode,  durch  die  die  t'olgei  iehti;;e  iirai  uduu;;  eh;es  Zoiehensysieu^  {uiimlicb  der  Zahlen)  von 
unbegrenzter  Ausdehnung  und  unbegrenzter  Mogliohkoit  der  Ycdciucrung  gelchrt  wird."  Refer- 
ence may  be  made  to  an  essay  by  A.  IVJegsbcim  in  the,  Juhresburinh't!  tier  d.  wtUli.  Vereimgiing, 
vol.  vr,  1899,  "  Uebei.'  den  Zalii-  and  (IrcuKbegrilf  im  Unterricht."  In  an  article  entitled  "Die 
T)n  Hois  lieymoud'-'chc  Coiivcte-eiiz-(iieii7.e,':  tfiiJitiifi.-'kc-richU'  il.  buyer.  Atud.  vol.  xxvn,  1897, 
Pringsiieim  speaks  of  nam  be;  s  as  "  /cicuen,  dou-i  !.-.ii:  ii.-.'i  cjh  :-■■■  I  nuinte  Succession  zukommt." 
See  p.  326.  This  artic-ir  contains  various  remarks  on  ai/ilhoieti/ation,  and  especially  a  criticism) 
of  the  views  of  V.  Du  liois  P.eymond.  A  sear  oh  i  at;  criticinm  of  the  tendency  to  reduce  Arithmetic 
to  the  formal  manipulation  of  symbols  is  given  in  L.  Coaturat's  work  }):■.  I'in.jhii  mutlieutatique, 
Paris,  1890,  which  contains  a  valuable  account  and  discussion  of  theories  of  the  philosophy  of 
arithmetic. 

;  References  to  the  literature  relating  to  the  Philosophy  of  Number  will  be  found  in  the 
Article  i.  A.  1,  "  (iiuinllagen  dor  Arithmotik,''  by  II.  Achate  rr.    in   the   Kiirij.-.iopiidip.  der  maths- 
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scheme  of  thought,  the  assumption  of  the  right  to  hypostatize  numbers 
would  appear  to  be  an  essential  condition  of  the  possibility  of  developing  an 
abstract  arithmetic,  and  consequently  of  the  establishment  of  mathematical 
i  in  general. 

THE   OPERATIONS    ON    INTEGRAL   NUMBERS. 

7.  If  two  finite  ordered  aggregates  A  and  B,  of  which  the  ordinal 
mbers  are  a  and  b  respectively,  are  combined  into  a  single  ordered 
which  the  elements  of  A  have  all  lower  rank  than  those  of 
B,  and  in  which  any  two  elements  of  A,  and  any  two  elements  of  B,  have 
the  same  relative  orders  as  in  the  original  aggregate*,  than  the  ordinal 
number  of  the  combined  wpjretjate  in  said  to  he  the  sam  of  the  ordinal  numbers 
a  and  b,  and  is  denoted  by  a  +  b. 

It  can  be  shewn  that  the  new  aggregate  is  a  finite  one,  and  that  its 
ordinal  number  is  unaltered  if  for  A  and  B  there  be  substituted  aggregates 
which  are  similar  to  them;  it  thus  appears  that  the  sum  a  +  b  is  a  finite 
number  which  depends  only  upon  a  and  b. 

The  aggregate  (A,  B)  has  as  lowest  element  the  lowest  element  of  A, 
and  as  highest  element  the  highest  element  of  B;  moreover  any  part  of 
(A,  B)  is  of  the  form  (A',  B),  where  A'  is  a  part  of  A,  and  B'  is  a  part  of  B ; 
or  else  it  lias  one  of  the  forms  A',  B',  and  since  A',  B'  have  each  a.  lowest 
and  a  highest  element,  any  such  part  of  (A,  B)  has  a  lowest  and  a  highest 
element.     Thus  (A,  B)  is  finite. 

Again,  if  At,  Bt  are  aggregates  which  are  similar  to  A  and  B  respectively, 
the  elements  of  A  may  be  placed  in  correspondence  with  those  of  Alt  and  the 
elements  of  if  with  those  of  B, ;  we  have  then  a  (1, 1)  correspondence  between 
the  elements  of  (A,  B)  and  those  of  (A1:  B,);  thus  the  ordinal  number  of 
(A,  B)  is  the  same  as  that  of  (A„  B,). 

Since  {A,  B)  has  the  same  ordinal  number  as  (B,  A)  it  follows  that 
a  +  b  —  b  +  a,  which  is  known  as  the  commutative  law  of  addition. 

If  a,  b  are  the  cardinal  numbers  of  two  finite  aggregates  A,  B,  then  the 
cardinal  number  of  the  aggregate  formed  by  combining  the  two  aggregates 
into  one  is  said  to  be  the  sum  of  a  and  b,  and  is  denoted  by  a  +  b.  That  a  +  b 
is  a  definite  finite  number  dependent  only  on  a  and  b,  follows  at  once  from 
the  corresponding  theorem  which  has  been  proved  for  cardinal  numbers. 

matisckeii  Wtisenscliiiften,  vol.  i;  also  in  E.  G.  HiihsrsTs  l'ii.i!o*opIdi!  tier  Arititmetik,  vol.  i,  ehape. 
5  anil  6,  Halle,  1891.  The  vie*-  tlmi.  K  umber  is  (unda'e.cmad.y  lie  pendent  on  the  notion  of 
Time  was  developed  by  Sir  W.  R.  Hamilton;  sue  the.  Ditblin  Iran&ttctionx,  vol.  xvit  (II),  1835, 
"  Theory  of  Conjugate  Functions  or  A I  ;_;<.■  bra  ie-  Couple.-  will)  a  l'rdiianairy  ruia  Elementary  Essay 
on  Algebra  as  the  Suience  of  Pare  Tiina";  see  ai.no  PMmlio'.trs  tv-.ny  "  ZfiVilen  und  Messen  " 
(1887),  v/horc  the  view  is  adopted  thai  the  axioms  of  Arithmetic  ti;:.ve  a  relation  to  the  intuitional 
form  of  Time,  similar  to  that  whioh  the  axioms  of  (jeoinctry  have  Lo  tne  inLnUoual  form  of  space. 
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The  operation  of  finding  the  sum  of  two  numbers  a  and  b,  is  known  as  the 
operation  of  addition,  and  it  has  been  shewn  that  this  operation  is  commuta- 
tive. It  should  be  observed  that  the  sum  of  two  numbers  a  and  b  cannot  be 
determined  merely  by  contemplating  chose  numbers  themselves  as  abstract 
concepts,  but  can  only  be  defined  as  above,  by  referring  to  aggregates  of  which 
a  and  b  are  the  numbers,  and  then  combining  those  aggregates.  The  number 
of  the  combined  aggregate  is  then  conceived  of  as  the  result  of  a  symbolical 
operation  upon  the  numbers  a  and  b.  For  example,  the  equation  5  +  3  =  8 
does  not  imply  that  the  concept  8  is  obtainable  by  placing  the  concepts 
5,  3  as  it  were  in  juxtaposition,  but  can  only  be  regarded  as  a  symbolical 
expression  of  the  fact  that  an  aggregate  of  5  objects  together  with  one  of 
3  objects  make  up  an  aggregate  of  8  objects.  Bearing  this  observation  in 
mind,  the  numbers  1,  2,  3, ...  are  represented  .symbolically  as  the  results  of 
successive  operations  of  addition,  1  +  1=2,  2  +  1  =  3,  3  +  1=4,  etc.;  but 
these  equations  do  not  express  definitions  of  the  numbers  2,  3,  4,  ...  ,  since 
from  the  concept  unity  taken  by  itself,  no  other  concept  is  directly  derivable. 

The  operation  of  addition  can  be  extended  by  continued  repetition.  Thus 
the  sum  of  a,  b,  C,  ...  k  is  a  finite  number  represented  by  a  +  b  +  c  +  ...  +  &, 
and, in  particular,  any  number  n  is  represented  by  m  =  l  +  1  +  1  +  ...  +  1.  An 
immediate  induction  shews  that  the  result  of  the  operation  of  addition 
repeated  any  definite  number  of  times  is  a  finite  number  dependent  only 
on  the.  constituents  of  the  summation. 

The  associative  law  of  addition,  a  +  (b  +  o)  =  (a  +  b)  +  c,  follows  from  the 
irrelevancy  of  the  order  in  which  the  operations  are  performed.  This  is  seen 
from  the  contemplation  of  aggregates  of  which  a,  b,  c  are  cither  the  ordinal 
or  the  cardinal  numbers. 

8.  If  in  a  finite  aggregate  of  which  the  number  is  b,  each  element  be 
replaced  by  a  finite  aggregate  of  which  the  number  is  a,  the  number  of  the  new 
aggregate  so  formed  is  said  to  b<>-  the.  />rodv.ct  of  b  by  a,  and  is  denoted  by  ab. 
This  operation  is  said  to  be  that  of  multiplying  b  by  a.  By  taking  the 
aggregates  to  be  ordered,  it  is  seen  at  once  that  the  new  aggregate  satisfies 
the  conditions  that  it  is  finite,  and  that  its  number  is  unaltered  by  the 
substitution  of  similar  aggregates  of  other  objects  for  those  originally  em- 
ployed.    Thus  ab  is  a  definite  number  dependent  only  on  «  -i.nrl  h. 

It  is  clear  that  ab  may  be  regarded  as  the  sum  a  +  a  +  a  +  ....  where  a 
occurs  b  times  in  the  operation. 

If  the  ordered  aggregate  of  which  the  number  is  ab,  be  re-ordered  in  the 
following  manner: — take  the  first  element  of  each  of  the  aggregates  of  which 
a  is  the  number,  then  the  second  elements  of  these  aggregates,  and  so  on, 
with  lastly  the  ath  elements  of  these  aggregates,  then  we  have  as  the  result 
of  the  process  an  aggregate  of  which  the  number  is  a,  and  each  element  of 
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which  consists  of  an  aggregate  of  which  the  number  is  b;  the  re-ordered 
aggregate  has  the  number  ha.  It  has  thus  been  shewn  that  ab  =  ha,  which 
is  expressed  by  saying  that  the  o|> edition  of  multiplication  of  finite  integers 
is  commutative. 

The  distributive  law  for  multiplication,  a  (o  +  c)  =  ab  +  ac,  follows  from 
the  definition  of  the  operation,  by  considering  the  aggregates  of  which 
a,  b,  o  are  the  numbers. 

An  immediate  induction  shews  that  the  repetition  of  the  operation  of 
multiplication  any  definite  number  of  times  gives  a  finite  number  dependent 
only  on  the  numbers  multiplied.,  and  independent  of  the  order  in  which  the 
operations  are  performed, 

The  result  of  the  operation  of  multiplying  the  number  a  by  itself  is 
denoted  by  an,  where  n  is  the  number  of  times  a  occurs  in  the  product 
a. a. a. ..a.     From  this  definition  the  law  am.a"~am+",  is  directly  deducible. 

9.  If  the  sum  of  two  numbers  a,  b  be  denoted  by  c,  the  number  a  is 
uniquely  determined  when  b,  C  are  fixed  ;  and  it  is  then  regarded  as  the  result 
of  the  operation  of  subtracting  b  from  c.  The  operation  of  subtraction  is 
thus  defined  as  inverse  to  that  of  addition.  If  c  =  a  +  b,  a  is  obtained  as  the 
result  of  the  operation  denoted  by  c  —  b,  which  is  such  that  (c  —  b)  +  b  =  c. 
It  is  obvious  that  the  operation  of  subtraction  of  b  from  c  is  only  possible  in 
case  c  >  b. 

If  the  product  of  two  numbers  a,  b  be  the  number  c,  then  the  number  a 
is  uniquely  determined  when  b  and  c  are  given  ;  and  a  is  regarded  as  the  result 
of  the  operation  of  division  of  c  by  b.  The  operation  of  division  so  denned 
is  inverse  to  that  of  multiplication ;  it  is  clear  that  the  operation  is  only 
possible  in  ease  c  is  one  of  the  class  of  numbers  b,  2b,  3fi, 

FRACTIONAL    NUMBERS. 

10.  The  operation  of  multiplying  two  integers  a,  b  together,  is  one 
which  is  always  a  possible  operation,  in  accordance  with  the  definition  of  the 
operation  of  multiplication  which  has  been  given  above;  the  inverse  opera- 
tion of  division  is  however,  as  we  have  seen,  not  always  a  possible  one.  This 
restriction  upon  the  possibility  of  the  operation  of  division  suggests  the 
introduction  into  Arithmetic  of  a  new  class  of  numbers,  the  rational  fractions, 
which,  when  defined,  shall  be  such  that  the  operation  of  division,  within  the 
whole  aggregate  of  integers  and  fractions,  may  be  a  possible  one  without 
restriction.  Staled  in  algebraical  form,  the  demand  arises  for  a  scheme  of 
numbers  such  that  the  equation  ax  =  b,  shall  always  have  a  solution  in  x, 
where  a,  b  are  any  two  numbers  which  belong  to  the  contemplated  a 
of  numbers. 
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The  actual  use  of  fractional  numbers  arose  historically  from  the  neces- 
sities of  the  process  of  measurement  of  extensive  magnitude,  and  the 
conception  of  a  fraction  which  arises  in  this  connection  is  the  one  which  is 
used  in  ordinary  life,  and  is  made  the  basis  of  the  treatment  of  the  theory 
of  fractions,  even  in  recent  scientific  text-books.  In  accordance  with  this 
view,  a  unit  of  magnitude  of  some  kind  is  divided  into  b  equal  parts,  and  a 
of  these  parts  are  taken;  the  resulting  magnitude  is  then  denoted  by  the 
fraction  ajb. 

This  notion  of  the  essential  nature  of  a  fraction,  dependent  as  it  is  upon 
the  notions  of  a  unit,  and  of  the  divisibility  of  such  unit  into  equal  parts,  is 
incompatible  with  the  modern  view  that  Mathematical  Analysis  should  be 
developed  upon  the  basis  of  a  Pure  Arithmetic,  quite  independently  of  all 
notions  connected  with  the  measurement  of  extensive  magnitude.  The 
modern  tendency  known  as  Arithmetization  manifests  itself  in  the  construc- 
tion of  theories  of  Number  and  of  the  operations  involving  numbers,  which 
depend  entirely  upon  the  conceptions  connected  with  the  process  of  counting, 
measurement  being  regarded  as  a  process  foreign  to  Pure  Arithmetic.  The 
process  of  counting  is  an  exact  one:  whereas  measurement  can  iu  practice 
only  be  carried  out  with  a  greater  or  less  degree  of  approximation,  and  can 
only  ideally  be  made  an  exact  process.  Pure  Arithmetic  is  made  the  basis  of 
Analysis,  not  only  in  accordance  with  the  general  principle  that  the  funda- 
mental conceptions  of  a  branch  of  science  should  be  irreducible  to  simpler 
conceptions,  but  also  because  the  theory  of  ideally  exact  measurement  has 
peculiar  difficulties  of  its  own.  Our  essentially  inexact  intuitions  of  spatial, 
temporal,  or  other  magnitudes,  imcessitate  a  process  of  idealization  in  which 
the  objects  of  perception  are  replaced  by  ideal  objects  subject  to  an  exact 
scheme  of  definitions  and  postulates,  in  order  that  an  exact  science  of 
measurement  may  be  possible.  The  view  is  at  present  held  by  the  majority 
of  mathematicians  that  the  nature  of  the  abstract  cuntinuum,  and  that  of  a 
limit,  are  capable  of  exact  formulation  only  in  the  language  of  a  Pure 
Arithmetic;  and  that  this  science  must  therefore  be  developed  upon  an 
independent  basis  before  it  can  be  applied  to  the  elucidation  of  the  con- 
ceptions requisite  for  an  abstract  theory  of  continuous  magnitude.  The 
theory  of  measurement  is,  in  accordance  with  this  view,  regarded  as  an 
application,  and  not  as  part  of  the  basis,  of  .Mathematical   Analysis. 

11.  By  those  writers  who  are  under  the  influence  of  the  modern 
arithmetizing  tendency,  the  traditional  non-arithmetical  definition  of  a 
fraction  has  been  abandoned,  and  in  its  place  a  formal  definition  has  been 
substituted,  in  which  the  fraction  is  regarded  as  an  association  of  a  pair  of 
integers.  The  associated  integers  are  regarded  as  making  a  single  object,  and 
laws  of  combination  of  these  objects  are  then  postulated. 

If  a,  b  are  two  integers,  a  new  number  (a,  b),  or  in  ordinary  notation 
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j-,  is  formed  by  the  association  of  a  and  b,  the  new  number  being  defined  to 
be  such  as  to  satisfy  the  following  conditions  : 

(1)  (a,  b)  is  regarded  as  ordinally  greater,  equal  to,  or  less  than  (c,  d), 
according  as  ad  is  greater,  equal  to,  or  loss  tlm.ii  be.  The  expressions  greater, 
equal  to,  or  less  than,  are  here  used,  not  in  their  primitive  sense  as  referring 
to  magnitude,  but  in  the  sense  in  which  we  have  used  them  in  the  case 
of  integers,  as  assigning  relative  order  to  the  numbers. 

(2)  (a,  1)  is  defined  aa  equal  to  a;  thus  if  6  =  1,  the  association  is 
regarded  as  equivalent  to  the  integer  a.  Taking  (1)  in  conjunction  with 
this  postulate,  the  new  numbers  have  their  orders  assigned,  not  only  rela- 
tively to  one  another,  but  relatively  also  to  the  integral  numbers;  so  that 
the  whole  aggregate  of  integers  and  fractions  is  ordered,  in  the  sense  that, 
of  two  given  numbers,  it  can  always  bo  said   which  has  the  higher  rank. 

(3)  The  addition  of  two  fractional  numbers  is  denned  by 

(a,  b)  +  (c,  d)  =  (ad  +  bo,  bd). 

(4)  The  multiplication  of  fractional  numbers  is  defined  by 

(a,  b)x(c,d)=(ac,  bd). 

(5)  The  use  of  a  fraction  as  an  index,  is  defined  by  the  postulate 


where  x  is  any  number,  either  integral  or  fractional.  The  symbol  xta'h)  is 
to  be  interpreted  subject  to  this  postulate,  in  case  such  interpretation 
is  possible. 

It  will  be  observed  that,  in  the  case  6=  1,  d  =  \,  the  above  definitions  are 
consistent  with  those  which  have  been  adopted  in  the  case  of  integral 
numbers;  and  thus  the  new  numbers,  together  with  the  integers,  form  an 
aggregate  with  uniform  laws  of  operations.  It  is  easily  seen  that  the  opera- 
tions with  new  numbers  satisfy  the  commutative,  associative,  and  distributive 
laws.  The  inverse  operation  of  division  is  now  one  which  is  always  possible 
within  the  domain  of  the  numbers;  thus  {a,  b) -h  (o,  d)  =  (ad,  bo).  The 
inverse  operation  of  subtraction,  («.,  b)  -  (c,  d)  =  (ad  —  be,  bd),  is  only  possible 
if  (a,  6)  >  (e,  d). 

The  association  of  a  pair  of  integers  is  a  "number"  in  quite  a  different 
sense  from  that  in  which  the  cardinal  and  ordinal  numbers,  hitherto  discussed, 
are  numbers.  The  justification  of  the  extension  of  the  term  "number"  to 
the  fractions,  lies  in  the  fact  that  a  consistent  scheme  of  operations  can  be 
imposed  upon  them,  of  which  the  laws  are  in  agreement  with  those  which 
hold  for  operations  which  involve  integers  only, 
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12.  The  scheme  which  has  been  above  indicated  suffice.-,  for  a  formal 
definition  and  logical  development  of  the  properties  of  fractions,  but  it  is 
subject  to  the  objection  that  it  is  of  an  arbitrary  character  ;  indeed  it  is  not 
easy  to  sec  why  the  particular  laws  of  operations  have  been  postulated, 
except  as  suggested  by  the  traditional  non-arithmetical  conception  of  a 
fraction. 

To  remedy  this  defect,  a  view  of  the  nature  of  a  fraction  will  be  here 
given  which  relates  the  fraction  with  the  process  of  counting,  in  such  a 
manner  that  fractional  and  integral  numbers  have  similar  relations  to  that 
process.  It  will  appear  that  the  laws  of  combination  given  above  naturally 
follow  from  this  mode  of  regarding  the  fraction,  with  the  exception  of  (5), 
which  is  however  immediately  suggested  by  the  rule  for  integral  indices. 

Consider  an  aggregate  of  b  objects,  and  out  of  these  b  objects  pick  out 
any  a  (A  b)  of  them.  If  we  regard  these  a  objects  not  only  as  single  objects 
of  number  a,  but  also  as  belonging  to  an  aggregate  whose  number  is  b,  we 
may  denote  the  a  objects  by  (a,  b),  where  their  number  a  is  associated  with 
the  cardinal  number  b  of  the  aggregate  to  which  they  belong.  This  process 
being  independent  of  the  particular  aggregate  used,  the  abstract  fraction 
(a,  b)  is  related  to  this  process  in  an  analogous  manner  to  that  in  which  the 
number  b  is  related  to  the  process  of  counting  an  aggregate  whose  cardinal 
number  is  b.  Thus  the  fraction  (a,  b),  or  aib,  is  characteristic  of  an  aggregate 
of  a  objects  each  of  which  belongs  to  an  aggregate  of  b  objects.  The 
extension  of  the  definition  to  the  case  a>b,  is  clear  when  we  observe  that 
it  is  unessential  that  the  a  objects  taken  should  all  belong  to  one  and  the 
same  aggregate  of  b  objects;  it  is  sufficient  that  each  of  them  be  regarded 
as  essentially  belonging  to  some  aggregate  of  cardinal  number  b.  In 
accordance  with  this  view,  a  fraction,  say  3/">.  is  characteristic  of  any  three 
things  each  of  which  belongs  to  an  aggregate  of  five  things,  i.e.  3/5  means 
3  out  of  5.  That  the  three  things  taken  out  of  five  should  necessarily 
all  be  equal  in  respect  of  size,  or  some  other  kind  of  magnitude,  is  as 
irrelevant  to  the  true  nature  of  a  fraction  as  the  assumption  of  five  things 
necessarily  meaning  five  equal  things,  is  to  the  true  nature  of  the  number 
five. 

Since  (a,  1)  is  characteristic  of  an  aggregate  of  a  things  each  of  which  is 
also  regarded  as  a  single  object,  it  is  clear  that  (a,  I)  is  identical  with  a. 

If  we  suppose  each  of  the  6  elements  in  an  aggregate,  of  which  the 
cardinal  number  is  b,  to  be  replaced  by  an  aggregate  of  n  elements,  we 
have  now  an  aggregate  with  nb  for  its  cardinal  number;  and  instead  of  a 
elements  chosen  out  of  this  aggregate  we  now  have  na  of  the  new  elements, 
each  of  which  is  to  be  regarded  as  associated  with  the  cardinal  number  nb. 
We  represent  these  na  elements  by  (na,  nb),  which  is  equivalent  to  (a,  6), 
since  the  two  forms  represent  two  different  aspects  of  the  same  process. 
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Therefore  we  have  (a,  b)  —  (na,  nb),  or  in  the  ordinary  noi.at.ion  ajb  =  najnb. 
This  relation  is  in  complete  accordance  with  the  law  of  logical  (not  arith- 
metical) addition,  that  a  mere  repetition  of  a  term  yields  only  the  term 
itself. 

Since  (a,  b)  =  (ad,  bd),  and  (c,  d)  —  (be,  hi),  we  regard  (a,  6)  as  greater, 
equal  to,  or  less  than  (c,  d),  in  the  purely  ordinal  sense  of  the  terms, 
according  as  ad  is  =  be.  For  the  two  numbers  (ad,  bd),  (be,  bd)  are  character- 
istic of  the  process  of  taking  ad,  be  elements  respectively  from  an  aggregate 
of  the  same  cardinal  number  bd;  and  thus  the  relative  order  of  the  two 
numbers  (a,  b),  (c,  d)  will  naturally  be  fixed  in  accordance  with  the  relative 
order  of  the  two  numbers  ad,  be. 

The  addition  of  the  two  numbers  (a,  b)  and  (e,  d)  is  equivalent  to  that  of 
(ad,  bd)  and  (be,  bd),  and  is  consequently  naturally  defined  as  given  by 
(ad  +  be,bd),  which  characterises  the  amalgamation  of  two  aggregates  of 
which  the  numbers  are  ad,  be,  the  elements  of  each  of  which  all  belong  to 
an  aggregate  of  number  bd,  or  to  one  of  several  such  aggregates. 

To  interpret  the  operation  of  multiplication,  let  us  consider  an  object 
represented  by  (o,  d) ;  this  consists  of  c  things  uach  belonging  to  an  aggregate 
of  d  things.  To  multiply  it  by  (a,  b),  is  to  take  a  such  objects  each  of  which 
belongs  to  an  aggregate  of  b  such  objects  ;  we  have  on  the  whole  one  or 
more  aggregates  of  hi  elements,  and  out  of  these,  «c  elements  are  to  be 
taken.  Thus  the  multiplication  of  the  number  (c,  d)  by  the  number  (a,  b) 
may  be  understood  to  characterise  the  result  of  taking  a  objects  each  of 
which  is  characterised  by  (c,  d),  out  of  one  or  more  collections  of  b  objects 
each  of  which  objects  is  characterised  by  (c,  d).  This  is  the  same  thing  as 
the  proeesH  of  taking  ur.  objects  mil.  of  one  or  more  aggregates  of  bd  objects, 
and  is  characterised  by  the  number  (etc,  bd)  ;  we  are  thus  led  to  the  law  of 
multiplication 


NEGATIVE    MUMHEJIS,    AND    THE    NUMBER   ZERO. 

13.  Although  the  operation  of  addition  is  always  possible  within  the 
aggregate  of  integral  and  fractional  numbers,  yet  the  inverse  operation  of 
subtraction  is  not  always  possible;  thus  a  number  x  cannot  be  found  such 
that  %+  (c,  d)  =  (a,  b),  unless  (a,  b)  >  (c,  d).  As  the  limitation  of  the  possi- 
bility of  division  suggests  the  introduction  of  fractional  numbers,  so  this 
limitation  of  the  possibility  of  subtraction  suggests  the  introduction  of  a 
further  set  of  new  numbers,  which  shall  be  such  that  within  the  so  completed 
aggregate,  subtraction  may  always  be  a  possible  operation. 
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If  a,  0,  7,  8  denote  integral  vr  fractional  numbers  such  that  a  >  0,  7  >  8 ; 
we  may  put  a  =  0  +  x,  7  =  8  +  1/;  then  a;  =  a  —  /S,  y  =  7  —  o\     We  have 

a  +  7  =  £  +  S  +  a;+i/, 
hence  *  +  y  =  («  +  7)  -  (0  +  8), 

(«-«  +  (7-«)-(«  +  7)-09  +  «) (!)• 

Again,  if  a  —  0  =  y  —  8,  ^.e.  x  —  y,  we  have  a+S=/S  +  S  +  ic  =  /3-|-7; 

or  a  +  S-,3+7,  if  a-£=7-8  (2). 

Lastly,  we  have 

zy  =  (0  +  x){8  +  y)  =  0(S  +  y)  +  x(S  +  y) 
=  0B  +  0y  +  xB+xy; 
hence  0:7  +  08  =  0  (y  +  8)  +  8 1>  +  0)  +  aw/ 

=  £7  +  aS  +  ay ; 

hence  (a  - 0)  (7-  8)  =  (a7  +  ,SS)-(a8  +  0y) (3). 

The  rules  (1),  (2),  (%),  wit.li  regard  to  the  numbers  a  —  0,  7  —  8,  which  so 
far  exist  only  when  a  >  0,  7  >  8,  suggest  the  mode  of  the  extension  referred 
to  above. 

14.  Let  a,  0  be  any  two  numbers  integral  or  fractional,  and  conceive  a 
new  number  D  {«,  0),  formed  by  the  association  of  a.  and  0,  to  be  defined  as 
subject  to  the  laws 

(4)  D(al0)  =  D(y,B),  if  a  +  t-ff  +  y, 

(5)  D{a,  0)  +  D(y,  &)  =  D(a  +  y,0+B), 

(6)  D(a,  0)xD(y,  8)  =  D(ay  +  0$,a$  +  0y): 

it  will  be  observed  that  when  a>  0,  and  7>S,  D(rx,  0)  may  denote  a—  0, 
the  three  laws  becoming  (2),  (1),  (3).  It  will  now  be  shewn  that,  the  symbol 
D(a,0)  defines  a  number  of  an  aggregate  within  which  the  operation  of 
subtraction  is  always  possible.      For,  to  find  a  number  x,  such  that 

x  +  D(a,  0)  =  D(y,  8),  we  see  that  x  -  J)  (0  +  7,  a  +  S), 
since  D  (a  +  0  +  7,  a  +  0+  8)  =  D  (y,  8),  in  virtue  of  (4). 

Since  D(a,  a)  =  D  (7,  7),  we  see  that  D  (a,  a)  is  independent  of  a ;  and 
thus  D(fx,  a)  defines  a  new  number  which  is  called  the  number  zero,  and 
is  denoted  by  the  symbol  0. 

The  number  zero  is  regarded  as  characteristic  of  the  absence  of  all 
elements  from  an  aggregate  of  which  the  existence  lias  been  contemplated; 
it  is  the  number  of  such  a  hypothetical  aggregate,  in  a  sense  similar  to  that 
in  which  a  positive  integer  is  the  number  of  an  actual  aggregate. 

The  number  D(a  +  k,  7c)  depends  only  on  a,  and  wo  shall  postulate  that 
-it  is  identical  in  meaning  with  a  itself. 
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The  numbers  D(a,ft),  or  a- ft,  for  which  a>ft,  are  called  positive 
numbers,  and  form  the  aggregate  of  integral  and  fractional  numbers  we 
have  previously  considered. 

Those  numbers  for  which  a  <  ft,  are  called  negative  numbers. 

Since  by  (5),  D  (a,  ft)  +  D  (ft  a)  =  D  (a  +  ft  a  +  ft)  =  0,  the  number  D  (ft  a) 
may  be  denoted  by  —  $  (a,  ft),  or  in  ordinary  notation  -  (a  -  ft).  Thus  to  every 
positive  number  x  there  corresponds  a  single  negative  number  —  x,  which  is 
such  that  x-i-(-x)  =  0. 

We  may  now  use  the  notation  a  —  ft  in  every  case  for  D  (a,  ft),  and  thus 
a-/3  =  ~(ft-a). 

From  (6),  it  is  seen  that  the  operation  of  division  is  always  possible  for 
two  members  of  the  complete  aggregate  of  positive  and  negative  numbers,  and 
zero,  except  when  the  divisor  is  the  number  zero,  in  which  case  the  operation 
is  meaningless. 

From  (6),  we  see  by  putting  j  =  8,  JV  =  D  (a,  ft),  that  N.  0  =  0.  From  (5), 
we  have  JV+0  =  iV. 

Any  number  D(a,  ft)  is  said  to  be  greater  in  the  ordinal  sense  than 
D(y,  &),  when  D(a,  ft)~  D(y,  §)  is  positive;  thus  the  complete  aggregate  of 
positive  and  negative  integral  and  fractional  numbers  together  with  the 
number  zero,  is  one  in  which  all  the  numbers  arc  arranged  in  a  definite 
order.     This  aggregate  is  known  as  the  aggregate  of  rational  numbers. 

In  the  aggregate  of  rational  numbers  so  ordered,  the  number  zero  has 
lower  rank  than  any  of  the  positive  numbers,  and  higher  rank  than  any  of 
the  negative  numbers.  Further,  if  x,  y  are  two  positive  numbers  of  which  x 
has  higher  rank  than  y,  the  negative  number  —  x  has  lower  rank  than  —  y. 

If  x,  y  are  any  two  rational  numbers,  such,  that  x<  y,  there  exist  an  un- 
limited number  of  rational  numbers  each  of  which  is  >  x,  and  <  y. 

Such  numbers  are  said  to  bo  between  x  and  y.  For  it  can  be  seen  at  once, 
from  the  definition  of  order  given  above,  that  £(.*■  +  y)  is  one  such  number; 
between  I  (x  +  y)  and  either  *  or  yt  another  rational  number  can,  in  a  similar 
manner,  be  found.  This  process  can  be  carried  on  without  end ;  and  it  is 
clear  that  in  accordance  with  the  mode  of  ordering  of  the  aggregate,  denned 
above,  all  bhe  numbers  thus  determined  are  between  x  and  y. 

If  x,  y  are  amy  two  posilwe  rational  numbers  such,  that  x<  y,  an  integer  n 
can  be  found  which  is  smh,  that  nx  >  y. 

For  -  is  a  rational  number  such  that  - .  x  =  x ;  again  if  -  be  any  positive 
rational  number,  there  exist  integers  which  are  >  - ,  for  p  +  1  is  itself  such 

an  integer.     If  n  is  an  integer  which  is  >  - ,  we  have  nx  >  — .  x  >  y ;  thus  the 

theorem  is  established. 
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IRRATIONAL   NUMBERS. 

15.  The  only  numbers  of  which  the  existence  was  recognized  by  the 
Greek  geometers  were  the  rational  numbers,  although  the  fact  that  the  ratio 
of  two  geometrical  magnitudes  is  not  necessarily  exactly  re  presentable  by 
such  numbers  appears  to  have  been  discovered  at  a  very  early  period.  Euclid 
gave,  in  the  fifth  book  of  his  treatise,  a  discussion  of  the  theory  of  ratios,  and 
in  the  tenth  book,  a  theory  of  those  incommensurable  magnitudes  which  are 
ideally  construct  ible  by  means  of  straight  lines  and  circles.  Iu  later  times* 
the  idea  was  current  that,  to  the  ratio  of  any  two  magnitudes  of  the  same  kind, 
there  corresponds  a  definite  number;  and  in  fact  Newton  in  his  Aritkmetica 
Universalis  expressly  defines  a  number  as  the  ratio  of  any  two  quantities. 
Before  the  recent  development  of  the  arithmetical  theories  of  irrational 
number,  and  to  a  considerable  extent  even  later,  a  number  has  been  regarded 
as  the  ratio  of  a  segment  of  a  straight  line  to  a  unit  segment,  and  the 
conception  of  irrational  number  as  the  ratio  of  incommensurable  segments 
has  been  accepted  as  a  sufficient  basis  for  the  use  of  such  numbers  in 
Analysis. 

Iu  accordance  with  the  doctrine  that  Mathematical  Analysis  must  rest 
upon  a  purely  arithmetical  basis,  the  introduction  of  irrational  numbers  into 
Analysis  must  be  made  without  an  appeal  to  our  intuition  of  extensive 
magnitude,  but  rather  by  an  extension  of  the  conception  of  Number,  resting 
on  a  further  development  of  the  ideas  which  have  been  here  discussed  in 
connection  with  the  theory  of  rational  numbers.  The  necessity  for  this 
extension  of  the  domain  of  Number  arises  not  only  on  account  of  the 
inadequacy  of  rational  numbers  for  application  to  ideally  exact  measure- 
ment, but  also,  as  will  be  explained  later  in  detail,  because  the  theory  of 
limits,  which  is  an  essential  element  in  Analysis,  is  incapable  of  any  rigorous 
formulation  apart  from  a  complete  arithmetical  theory  of  irrational  numbers. 
Before  the  recent  establishment  of  the  theory  of  irrational  numbers,  no 
completely  adequate  theory  of  Magnitude  was  in  existence.  This  is  not 
surprising,  if  we  recognize  the  fact  t.hat  the  language  requisite  for  a  complete 
description  of  relations  of  magnitudes  must  be  provided  by  a  developed 
Arithmetic. 

16.  The  successive  extensions  of  the  domain  of  Number,  by  the  intro- 
duction of  fractional  and  of  negative  numbers,  were  suggested  by  the 
desirability  of  so  completing  the  domain  that  the  operations  of  division  and 
subtraction,  which  are  not  always  possible  in  the  more  limited  domain,  might 

"  A  good  short  account  of  the  history  of  this  subject  will  be  found  in  the  Article  I.  A  8, 

"  TiratiomilziUiion   utid  Kuhvuijium/   uueiiUliuhur  Pi-okcssb,"   by  A.  Prii^hnim.  in  the  Encyclo- 
■piidk  der  Math..  Wisiemdmi'lev.,  >.ol,  r.      Sec  el  so  it.  Chilut,  Gi-n-hifhit.  dcr  JIa-th.,  vol.  I. 
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always  be  so  in  the  more  extended  one.  In  the  aggregate  of  rational 
numbers,  the  operations  of  addition,  subtraction,  multiplication,  and  division 
are  always  possible  operations;  but  it  can  be  readily  shewn  that  the  inverse 
operation  involved  in  determining  a  fractional  power  of  a  rational  number  is 
not,  in  general,  a  possible  one. 

As  the  simplest  case  of  this  impossibility  of  such  operation,  we  may  take 
the  problem  of  finding  the  square  root  of  a  positive  integer  m  which  is  not 
a  square  number.  It  can  be  shewn  that  such  a  number  has  no  square  root 
within  the  aggregate  of  rational  numbers, 

If  possible*  let  m  be  the  square  of  a  rational  fraction  pjq  in  its  lowest 
terms  ;  thus  p"1  —  wuf  =  0.  There  always  exists  a  positive  integer  X  such  that 
X2<  m<  (\+  l)a;  we  then  have  Xq  <p  <  (\+  l)q. 

Now  let  us  consider  the  identity 

(mq  -  Xp'f  —  m(p-  Xqf  =  (X-  -  m)  (p2  -  mq2)  =  0. 
From  this  identity  it  follows  that  m  is  the  square  of  the  rational  number 
(mq  —  Xp)/(p  —  Xq),  of  which  the  denominator  is  less  than  q,  and  this  is 
contrary  to  the  hypothesis  that  in  is  the  square  of  the  fraction  pjq  which 
is  in  its  lowest  terms.  It  thus  appears  that  there  exists  no  rational  number 
of  which  the  square  is  in. 

On  the  formal  side  of  Arithmetic,  a  demand  for  the  extension  of  the  domain 
of  number  arises  from  the  impossibility  of  carrying  out,  with  the  requisite 
generality,  certain  operations,  as  in  the  example  given  above.  Such  extensions 
of  the  domain  of  number  as  are  made  when  fractional,  negative,  irrational, 
and  complex  numbers  are  successively  adjoined  to  the  original  integral 
numbers,  are  made  in  accordance  with  a,  principle  known  as  that  of  the 
permanence  of  forms,  which  was  first  indicated  by  Peacockf,  and  further 
developed  by  Hankelj.  This  principle  may  be  stated  in  the  form  that,  in 
order  to  generalize  the  conception  of  number,  the  following  four  requisites 
must  be  satisfied : 

(1)  Every  operation  which  is  represented  by  a  formal  expression  in- 
volving the  imextetided  class  of  numbers,  and  which  does  not  result  in  the 
representation  of  a  number  of  the  unextended  class,  must  have  a  meaning 
assigned  to  it  of  such  a  character  that  the  formal  expression  may  be  dealt 
with  according  to  the  same  rules  as  would  be  applicable  if  the  expression 
represented  one  of  the  unextended  class  of  numbers. 

(2)  An  extended  definition  of  number  must  be  given,  such  that  a  formal 

"  TLis  \irool  is  given  !;.>  Dcdokind  in  1i:fj  trncr  Sitlii/h'-ii  "in!  irnii:'.)ii:.'!e  '/.n'uhn.  An  extension 
of  Dedekind's  method  to  the  ease  of  nth  roots  has  heen  given  by  S.  M.  Jacob.  See  Pros.  Loud. 
Math.  Sac.  Ser.  2,  vol.  i,  p.  166. 

t  jlritish  ,J.i ■v.i. ■('((, '.:.;■..,  7-:, ■.■■'.'.■■-'  ['or  [SIM  :  also  Kymboliiyi!  M'jfhi-n,  ('.;■. mi nidge,  1815, 

£  See  his  Theork  iter  kvnijile.rcii  Ztikisij.itsinr,  Leipzig,  1867. 
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expression,  as  in  (1),  may  represent  a  number  in  thi 
term. 

(3)  A  proof  must  be  given,  that  for  numbers  of  the  extended  class  the 
same  formal  laws  of  operation  bold  as  for  the  nnextended  class. 

(4)  Definitions  must  he  given  of  the  meaning  of  greater,  equal,  and  less, 
in  the  extended  domain  of  number,  these  terms  being  taken  in  the  ordinal 

The  arithmetical  theory  of  irrational  numbers  has  been  developed  in 
three  main  forms,  of  which  the  first*  was  given  by  Wcierstrass  in  his  lectures 
on  Analytical  Functions;  the  secondf  is  that  of  G.  Cantor,  which  was  de- 
veloped in  further  detail  by  Heine  \,  and  was  also  developed  independently 
by  Ch.  Mdi-ay§;  the  third,  that  of  R.  Dedekind|[,  appeared  about  the  same 
time  as  that  of  Cantor.  We  shall  give  an  account  of  the  theories  of 
Dedekind  and  of  Cantor,  and  shall  shew  that  they  are  fundamentally 
identical. 


ty,  the 


JUtONECKEfi'S    SCHEME    OK    A RITHMETIZA.TION. 

17.  As  it  is  now  generally  understood,  the  term  "  arithmetizatio 
used  to  denote  the  movement  which  has  resulted  in  placing  analysis 
basis  free  from  all  notions  derived  from  the  idea  of  measurable  quantity 
fractional,  negative,  and  irrational  numbers  being  so  defined  that  they 
depend  ultimately  upon  the  conception  of  integral  number.  An  extreme 
theory  of  arithmetization  has  however  been  advocated  by  Kroneckerf ,  who 
proposed  the  abolition  of  all  modifications  and  extensions  of  the  conception 
of  number,  the  integral  numbers  being  alone  retained.  His  ideal**  is  that 
every  theorem  in  analysis  shall  be  stated  as  a  relation  between  integral 
numbers  only,  the  terminology  involved  in  the  use  of  negative,  fractional,  and 

"  For  an  account  of  this  Theory  aoc  S.  PincLorlo,  Giont.  M  mat.,  vol.  xvm  (1680),  p.  185; 
also  0.  Ljrmauir  Thevrie.  tier  aiiah/thchett  Finikti.oii.fi:,  Leipzig  1887,  p.  19. 

f-  Math.  Amtttlen,  vol.  v  (1872) ;  :;oe  also  Math.   Annalen,  vol.  xxi,  where  Cantor  discusses  ail 
the  three  theories. 

'_  Crolle's  Journal,  vol.  t.xxtv  (1872). 

%  Nouveam  Prdeis  d' An/dys,:  hijiiiitesimale,  Paris,  1872. 
Stcti/iki'it  mid  irrntioiitik  Ztthie.tt,  13  run  a  wick,  1872. 

',    Sec  Grclle's  J  menu' I,  vol,  or,  "  Ueber  den  Krilsiiii-j'riff/' 

**  Ho  writes  (loe.  cit.  p.  338)  "  L'nd  icli  ftlaube  audi,  dasi 
gesammten  Inhalt  aller  dieser  mutlitmalisdujn  Disciplinen  za 
allein  anf  den  iui  engsten  Sini.tc  gcnomunmcn  Zalilbojiriti  zu  griinden 
nnd  Erweiter ui :£.:■»  diodes  ]Jtp:riir=  ;icli  memo  hier  n.iHicntlich  die  Him 
sowie  dor  contiunirlicln  n  G-riissenj  wiedor  nb/ustreift-n,  welche  zurneist 
auf  die  Geometric  und  ivlcchii.nik  veriLnkust  worden  Bind."  He  prooeec 
the  notions  of  negative,  frac;ioi:.a',  ;;r.u  n  I  ■■;.-.■  briiita!  numbers  can  be  av 
equalities  in  which  lliose  numbers  ™:ur,  congruences  relative  to  certa 
moduli.      A  similar  suggestion  had  been  made  by  Oauchy  with  reference 


;s  dereinst  gelingen  wird,  den 
xi  thai eti siren,'  d.  h.  einzig  und 
inden,  also  die  Modiriciitioncn 
:  Hinzunahme  dar  irrationalen 
rneist  durch  die  Anwondungen 
roceeds  to  shew  in  detail,  how 
be  avoided  by  substituting  for 
■  o  oris  in  moduli  or  systems  of 
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irrational  numbers,  being  entirely  removed.  This  ideal,  if  it  were  possible 
to  attain  it,  would  amount  to  a  reversal  of  the  actual  historical  course 
which  the  science  has  pursued;  for  all  actual  progress  has  depended  upon 
successive  generalizations  of  the  notion  of  number,  although  these  generaliza- 
tions are  now  regarded  as  ultimately  dependent  on  the  whole  number  for 
their  foundation.  The  abandonment  of  the  inestimable  advantages  of  the 
formal  use  in  Analysis  of  the  extensions  of  the  notion  of  number  could  only 
be  characterised  as  a  species  of  Mathematical  Nihilism. 

THE    DEDEKIND    THEORY   OF   IRRATIONAL    NUMBERS. 

18.  Let  us  consider  the  aggregate  of  all  the  rational  numbers  ordered  in 
the  manner  which  has  been  previously  discussed,  and  let  us  take  any  one 
such  number  N.  We  may  conceive  all  the  rational  numbers  to  be  divided 
into  two  classes  Rl;  and  Ji'2.  such  that  every  number  of  R,  is,  in  the  ordinal 
sense  of  the  term,  less  than  every  number  belonging  to  the  second  class  R2l 
the  two  classes  being  separated  by  the  number  JV,  which  may  itself  be 
assigned  at  choice  either  to  the  first  or  to  the  second  class.  If  N  belongs 
to  the  first  class,  it  is  the  greatest  number  in  that  class,  and  the  numbers  of 
the  second  class  have  no  number  which  is  less  than  all  the  others  of  that 
elass ;  if  JV  be  taken  to  belong  to  the  second  class,  it  is  the  least  number  in 
that  class,  and  there  exists  no  number  in  the  first  class  which  is  greater  than 
all  the  others ;  for  if  any  rational  number  less  than  N  be  taken,  it  is  always 
possible  to  find  another  greater  one  which  is  less  than  iV.  Such  a  division 
of  the  rational  numbers  into  two  classes  is  called  a  sect-ion  (Schnitt),  and  we 
therefore  say  that  corresponding  to  any  given  rational  r<  umber  there  exists  a 
section  which  divide*  the  aggregate  of  rational  numbers  into  two  classes,  such 
that  all  the  nundnivs  of  the  fir  at  class  are  less  than  all  those  of  the  second  class ; 
and  such  that  either  in  the  first  dans  there  -is  no  greatest  Member,  or  else  in  the 
second  class  there  -is  no  least  -number. 

It  can  be  shewn  by  means  of  examples,  that  sections  of  the  asrvregate 
of  rational  numbers  exist  which  are  different  in  character  from  those  just 
described.  If  m  is  a  positive  integer  which  is  not  a  square  number,  we  may 
conceive  the  rational  numbers  to  be  divided  into  two  classes,  the  first  of 
which  contains  all  the  negative  numbers  and  also  those  positive  numbers 
of  which  the  square  is  less  than  m,  including  zero;  the  second  class  contains 
all  the  positive  numbers  of  which  the  square  is  greater  than  m.  The  first 
class  contains  no  greates't  number,  and  the  second  class  contains  no  least 
number;  this  section  is  said  to  be  related  bo  an  irrational  number  ■Jm,  in  the 
same  way  as  a  section  such  as  has  been  considered  above  is  related  to  a 
rational  number.  This  example  shews  that  sections  of  the  rational  numbers 
R  exist,  such  that  R  is  divided  into  two  classes  Rit  R2,  where  every  number 
of  R,  is  less  than  every  number  of  R%,  and  such  that  R,  contains  no  number 
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greater  than  ail  the  others,  and  also  11,  contains  no  number  less  than  all  the 
others. 

A.  new  aggre^atu  of  objects,  tire  real  numbers,  may  now  be  defined  as 
follows  : 

To  every  section  (H,,  -ft2)  of  tiie  agg regale  11  of  rational  numbers,  such  that 
every  number  of  R  belongs  tv  one  or  other  of  the  two  classes  R,,  R3,  unci  every 
number  in  Rt  is  ordinallv,  less  than  every  number  in  R»,  there  corresponds  a 
real  number. 

In  case  neither  R,.  contains  a  number  which,  is  ordinally  greater  than  all 
the  others  in  Rs,  nor  .'ft,  contains  a-  number  which  is  ordinally  less  than  all  the 
others  in  _RS,  the  real  number  corresponding  to  the  section  is  said  to  be  an 
irrational  number. 

In  case  either  R,  has  a  greatest  number  x,  or  11,  has  a  least  number  x,  the 
section  is  said  to  define  a  real  number  corresponding  to  the  rational  number  x. 

The  real  Dumber  which  corresponds  to  a  rational  number  x,  though 
conceptually  distinct  from  x,  has  no  properties  distinct  from  those  of  x,  and 
is  usually  denoted   by  the  same  symbol. 

The  definition  of  a  real  number  can  be  put  into  a  different  and  somewhat 
less  abstract  form,  by  employing  the  notion  of  a  lower  segment  of  the 
aggregate  of  rational  numbers.  A  lower  segment  of  the  aggregate  li  of 
rational  numbers  is  any  class  of  rational  numbers  which  contains  no  number 
greater  ths,n  all  the  others,  and  such  that,  if  any  number  whatever  of  the 
class  be  ta\en,  the  class  contains  all  those  numbers  vj  ii  winch  are  less  than 
that  number.  A.  lower  segment  of  li  is  identical  with  one  of  Dedeldnd's 
classes  _R1(,  in  case  R,  contains  no  greatest  number, 

A  real  number  may  be  defined.1*  to  be  a  lower  segment  if  the  aggregate  R  of 
rational, numbers ;  and  thus  every  real  number-,  -whether  irrational  or  not,  is  a 
dehnite  d-ass  of  rational  numbers. 

In  accordance  with  this  definition,  the  real  number  3,  for  example,  is 
defined  6o.be  the  aggregate  of  all  rational  numbers  which  are  less  than  the 
rational:  immhev  3  ;  the  irrational  number  v'3  is  defined  as  the  aggregate  of 
all  rational  numbers  which  are  either  negative,  or  if  positive  have  their 
squ>        less  than  3,  the  number  zero  being  also  included  in  the  aggregate, 

use,  here  adopted,  of  the  term  real  number,  is  sanctioned  by  general 
u>  The  employment  of  the  term  real,  has  originated  from  the  eontrast- 

i'fg  or  mese  numbers,  not  with  rational  numbers,  but  with  complex  numbers. 
the  extension  of  the  term  Number  to  the  real  numbers,  is  justified  by  the 
fact  that  it  is  possible  to  define  the  operations  of  addition,  multiplication,  &c. 

*  This  form  of  the  definition  :..-;  that  given  by  13.  ltuissell,  s 
vol,  i,  chaps,  xxiii  and  xxiv;  it  was  suggested  by  Peano,  se< 
pp.  1H6-H0. 
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for  real  numbers,  so  that  the  fornnal  laws  of  these  operations  are  in  agreement 
with  those  which  hold  for  operations  within  the  domain  of  the  rational 
numbers. 

19.  It  will  now  be  shewn  that  the  agg.-egale  of  real  numbers,  defined  in 
Dedekind's  manner,  can  be  mo  ordered,  that  every  real  number  has  a  definite 
rank  in  the  aggregate,  i.e.  of  any  two  real  numbers  it  is  determinate  which 
has  the  higher  and  which  the  lower  rank. 

The  basis  of  the  scheme  of  order  being  taken  to  bo  the  ordered  aggregate 
of  rational  numbers,  let  us  denote  by  n,  ri  any  two  ireal  numbers,  and  let 
the  sections  by  which  they  are  defined  be  denoted  by  (R,,  iy,  (R,',  RJ) 
respectively. 

The  following  cases  may  arise : 

(1)  If  (R,,  Ri)  and  (R{,  Ri)  are  identical,  that  is,  if  every  number  in  JJ, 
is  also  in  R/,  and  every  number  in  Ra  is  also  in  R%,  the  two  numbers  n,  ri 
are  identical ;  thus  n  =  n'. 

(2)  Let  us  next  suppose  that  there  is  one  rational  number  r,  =  r/,  which 
is  contained  in  Rs,  but  not  in  Rf ;  it  is  consequently  contained  in  R£.  All 
the  numbers  in  Ri  are  less  than  rs',  and  hence  all  the  numbers  in  Ri  are 
in  R,.  Since  r,  is  the  only  number  in  Rt  which  is  contained  in  it/,  it 
follows  that  r-i  is  greater  than  all  the  other  numbers  in  R1;  and  thus  the 
number  «  defined  by  (Jiu  ]{.,)  is  a  number  corresponding  to  the  rat.icnal  number 
■Tt-or  rs'.  All  the  elements  in  ft{  arc  contained  in  R\,  and  are  It  ss  than  ra' ; 
^^"the  "numbers  in  i^'  except  r^,  are  greater  than  r,',  for  if  not  they  would 
■fee "contained  in  R±:  hence  the  section  (R,',  R2')  defines  the  real  number 
n'  =  n,  corresponding  to  the  rational  number  r,'  =  p,.  The  two  sf-ctiohs  are 
essentially  identical,  the  only  difference  being  that  the  rational,  number 
r,  s  ri,  is  regarded  as  belonging  to  the  first  class  in  one  section  arid  to  the 
second  class  in  the  other  section. 

(3)  If  there  are  two  different  numbers  belonging  to  R,  which  also  jbeleng 
to  Rs',  there  are  an  indefinite  number  of  other  numbers  which  have  thij  same 
property,  since  an  unlimited  number  of  rational  numbers  can  be  found  flinch 
lie  between  two  given  rational  numbers.  In  this  case  we  define": the  number  ; 
»  or  (JJu  .Ra),  to  be  greater,  in  the  ordinal  sense  of  the  term,  thr  ■'  or 
(Ri,  Ri),  agreeably  with  the  definition  already  down  (or  the  rational  r  irs. 

The  cases  in  which  one,  or  more  than  one  number  which  belong  3i* 

also  belongs  to  R^,  may  be  treated  in  a  similar  manner;  thus  we  dt-.i-ro  iT~& 
meaning  of  the  relation  n  <  m'.  It  is  easily  seen  that  if  n  >  n,  and  n'  >.n'\- 
then  the  relation  n>n"  is  also  satisfied.  Thus  the  system  of  real  numbers! 
is  arranged  in  a  regular  order,  such  that  those  of  them  which  correspond  to, 
rational  numbers  have  the  same  relative  rank  as  the  corresponding  rational 
numbers  have  in  the  aggregate  of  rational  numbers. 
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20.  The  aggregate  of  real  numbers  has  the  following  properties: 

(1)  If  a  >  #,  and  0  >  y,  then  a  >  7. 

(2)  Between  any  two  real  numbers  a,  7  there  are  an  unlimited  number 
of  real  numbers.  This  is  easily  proved  from  the  corresponding  property  of 
rational  numbers,   by  considering  the  .sections   which  define  the  numbers, 

(3)  If  a  is  a  fixed  real  number,  then  all  real  numbers  may  be  divided 
into  two  classes  R,,  R3,  such  thut  R,  contains  all  the  real  numbers  which  are 
less  than  a,  and  li,  contains  all  real  numbers  which  are  greater  than  a.  The 
number  «  may  be  regarded  either  as  belonging  lu  Rit  in  which  case  it  is  the 
greatest  number  iu  fi, ,  or  else  as  belonging  to  R,2,  in  which  case  it  is  the  least 
number  in  R2.     This  also  follows  from  the  definition  above. 

(4)  If  the  aggregate  of  real  numbers  falls  into  two  classes  E„  fi2,  such 
that  every  number  of  Rs  is  less  than  every  number  of  R3,  then  there  exists 
one  and  only  one  number  by  which  this  section  is  produced, 

To  prove  this,  we  observe  that  the  section  (R.-,r  R,..)  of  the  aggregate  of 
real  numbers  also  defines  a  section  (fix,  R2)  of  the  aggregate  of  rational 
numbers,  such  that  all  rational  numbers  belonging  to  R,  correspond  to  real 
numbers  which  belong  to  fi,,  and  all  numbers  belonging  to  R2  correspond  to 
real  numbers  which  belong  to  fl2. 

Let  N  be  the  real  number  defined  by  the  section  (Rs,  fij),  and  let  iV'  be 
any  real  number  different  horn  J¥,  defined  by  the  section  {/£/,  i^').  There 
are  an  indefinite  number  of  rational  numbers  n  which  belong  to  only  one  of 
the  aggregates  Rt,  fi/ ;  let  n  be  the  real  number  corresponding  to  n.  If 
N'<N,  then  n.  belongs  to  Ru  and  therefore  n  belongs  to  fi, ;  and  since 
N'<n,  it  follows  that  N'  belongs  to  R-^.  Similarly,  if  N' > N,  we  can  shew 
that  N'  belongs  to  R^.  It  has  thus  been  shewn  that  every  number  different 
from  N  belongs  to  R,  or  to  R.,.  according  as  it  is  less  or  greater  than  N. 
Thus  N  is  cither  the  greatest  number  in  fi,  or  the  least  in  i?a,  and  there- 
fore JV  is  the  only  number  by  which  the  section  (R1:  R.2)  can  be  made. 

21.  The  operations  bet-ween  two  real  numbers  may,  in  accordance  with 
the  above  definition  of  real  numbers  by  means  of  sections,  be  so  defined  that 
the  result  of  each  operation  corresponds  to  a  section  of  the  rational  numbers; 
thus  the  arithmetical  operations  are  reduced  to  operations  with  rational 
numbers. 

A  complete  theory  of  the  operations  involving  real  numbers  can  be 
established;  and  the  formal  laws  of  the  operations  can  be  shewn  to  be  the 
same  as  in  the  case  of  the  rational  numbers,  the  range  of  possibility  of 
operations  being  greater  in  the  case  of  real  than  in  that  of  rational  numbers. 
This  theory  has  been  worked  out  to  some  extent  by  Dedekind :  but  as  the 
Cantor  theory  of  real  numbers  lends  itself  to  a  simpler  detailed  treatment  of 
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the  operations  than  that  of  Dedekind,  and  as  it  will  appear  that  the  two 
theories  are  I'midaiueiitally  equivalent  to  one  another,  it  will  be  sufficient,  as 
an  example  of  the  general  method  of  treating  operations  in  accordance  with 
Dedekind's  theory,  to  take  only  the  case  of  the  addition  of  two  real  numbers. 

Let  a,  b  be  two  real  numbers  denned  by  means  of  the  sections  (It,,  R^), 
(Mi,  if!/)  respectively;  then  the  sum  a  +  b,  of  a  and  b,  is  defined  by  means 
of  a  section  (R",  R")  which  satisfies  the  Ibllowing  conditions:— If  c,  is  any 
rational  number,  it  is  put  into  the  class  M",  provided  there  are  two  rational 
numbers  a,  in  M„  and  by  in  Rf,  such  that  a,  4-  by  5  d ;  all  rational  numbers  c2 
for  which  this  is  not  the  case  fall  into  the  class  M,".  It  is  clear  that  every 
number  Cy  is  less  than  every  number  c2,  hence  the  section  (Ri',  M2")  is 
defined  by  means  of  this  condition. 

It  can  be  shewn  that,  when  a,  b  both  correspond  to  rational  numbers,  this 
definition  is  in  agreement  with  the  ordinary  definition  of  the  sum  of  two 
rational  numbers,  so  that  the  sum  of  the  numbers  e  one  spends  to  the  sum  of 
the  corresponding  rational  numbers.  Every  number  c,  in  R,",  is  Sa  +  6, 
because  aY&a,  by&b,  and  therefore  a^  +  b^&a  +  b.  Further,  if  there  were 
contained  in  R2"  a  number  oa  <  a  +  b,  so  that  a  +  b  =  c2  +  p,  where  p  is  a 
positive  rational  number,  we  should  have  c2  =  (a  —  $p)  4-  (b  —  $p),  and  this  is 
contrary  to  the  definition  of  d,  because  a  —  ^p  belongs  to  R,,  and  b  —  ^p 
to  My' ;  thus  every  number  c2  in  R",  is  =  a  +  b,  and  it  has  consequently  been 
shewn  that  (R,",  Rs")  defines  the  number  a  +  b.  As  is  usual,  we  have  denoted 
the  rational  numbers  a,  b  and  the  coiiceptnally  distinct  real  numbers  a,  b  by 
the  same  symbols. 

THE   CANTOR  THEORY   OF   IRRATIONAL   NUMBERS. 

22.  The  Cantor  theory  of  irrational  numbers  essentially  depends  upon 
the  use  of  convergent  simply  infinite  ascending  aggregates,  or  convergent 
sequences  (Fundamentalreihen)  in  which  the  elements  are  rational  numbers; 
we  therefore  proceed  to  define  and  discuss  these  aggregates. 

A  simply  infinite  ascending  aggregate  (cty,  a,,  a3, ...  a„, ...)  in  which  each 
element  is  a  rational  number,  is  said  to  be  convergent,  if  it  is  such  that 
corresponding  to  any  fixed  arbitrarily  chosen  positive  rational  number  e,  as 
small,  in  the  ordinal  sense,  as  we  please,  a  number  n  can  be  found  such  that 
,an~an+m\<e,  for  m  =  l,  2,  3 

The  symbol  [  x  j  ia  here  used  to  denote  that  one  of  the  two  numbers 
x,  —  m,  which  is  positive;   |«j(  is  said  to  be  the  absolute  value  of  x. 

This  definition  is  equivalent  to  the  statement  that,  in  a  simply  infinite 
convergent  aggregate,  an  element  can  always  be  found  whose  absolute 
difference  from  any  element  whatever  which  comes  after  it  is  as  small  as 
we  please. 
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It  should  be  observed  that  the  terms  "as  small  as  wo  please,"  or 
"arbitrarily  small,"  as  applied  to  a  positive  number  which  is  at  choice,  have 
reference  to  the  conception  of  order  only,  and  not  to  the  n  on -arithmetical 
notion  of  magnitude.  These  expressions  denote  only  that  the  number  can  be 
so  chosen  as  to  be  of  lower  rank  than  any  other  arbitrarily  chosen  positive 
number. 

To  each  value  of  e  there  corresponds  a  value  of  n,  which  will  in  general 
have  to  be  increased  when  e  is  made  smaller. 

We  may  denote  the  aggregate  by  the  symbol  {a,,},  and  shall  speak  of  it 
shortly  as  a  convergent  sequence;  that  it  is  simply  infinite  will  in  future 
be  understood. 

In  a  convergent-  aequ.ea.ee,  corresponding  to  any  arbitrarily  chosen  positive 
number  e,  a  number  n  can  be  found  such-  that  from  and  after  that  value  of  n 
the  absolute  difference  of  any  two  elements  is  less  than  e. 

For  choose  n  so  that  |  an  —  an+m  \  <%e,  for  all  positive  integral  values 
of  m;  then  |  ff„+m-  0Wh»'  I  e  I  ««-««+«  j  +  1  an-a^+,n:  \  <  e. 

In  the  convergent  sequence  [a-,,],  if  we  choose  n  such  that  |  an  —  a^.m  \  <e, 

then  for  j»=l,  2, 3 the  value  of  all+m  for  all  values  ofm,  lies  between  a„  +  e, 

and  a„  —  e;  that  is  to  say,  from  and  after  some  value  of  n  all  the  elements 
lie  between  two  rational  numbers  whose  difference  is  arbitrarily  small.  There 
exist  therefore  two  positive  numbers  a,  a,  of  which  the  smaller  a'  may  be  zero, 
such  that,  from  and  after  seme  fixed  value  of  n,  all  the  elements  lie  in  absolute 
value  between  a  and  a'. 

23.  If  the  aggregate  (o\,  a5,...an...)  is  such  that,  from  and  after  some 
fixed  element,  each  element  is  less  than  the  following  one,  and  if  all  the 
elements  are  less  than  some  fixed  number  N,  then  the  aggregate  is  a  con- 
vergent sequence. 

For  if  the  aggregate  is  not  convergent,  there  must  exist  some  positive 
number  8,  such  that  an  indefinite  number  of  increasing  values  n,  n„  ra2, ... 
of  n  can  be  found,  for  which  j  aa  —  a.n  },  |  «„3  —  a,h  j ,  j  a„3  —  <t„a  | . . .  are  all  =  8. 
Since  a^  —  an,  a^-  ani, ...  are  all  positive, .we  have  o^.=  a„  +  rS,  where  r  can 
always  be  taken  so  large  that  an  +  rb'>N,  or  a„r  >  if,  which  is  contrary  to  the 
hypothesis.     Hence  the  aggregate  is  convergent. 

It  may  in  a  similar  manner  be  shewn  that  the  aggregate  is  convergent 
if,  from  and  after  some  lixed  element,  each  element  is  greater  than  the 
following  one,  and  if  all  the  elements  are  greaier  than  some  fixed  number. 

If  {«„],  \bn\  are  two  convergent  sequences  of  rational  ■numbers,  a  value  of  n 
can  be  found  corresponding  to  any  arbitrarily  assigned-  number  e,  such  that  both, 
I  On+m  —  «»+)»'  |  o-nd  j  hn+m-bn+m'  \  are  less  than  e,  m  and  m  having  all  positive 
values. 

For  we  have  only  to  choose  for  n  the  greater  of  the  two  values  correspond- 
ing to  e,  for  each  aggregate  separately. 
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24.  It  will  now  be  shewn  that  the  aggregates 

1«.  +  M.  K-M.  I«»M.{^|, 

ift  wfo'cA  £Ae  elements  are  the  sum,  difference,  product,  and-  quotient,  respectively 
of  the  corres-poiidtwj  elements  of  the  two  eonveryent  sequences  [an.\,  [bn\,  are  also 
convergent  sequencer!,  with  a  certain  restriction  in  the  last  case. 

We  have  |  (a„  ±  6„)  —  (aw?n  ±  K+m)  \  £  \a»-  o»+m  |  +  |  bn  —  K+m  | ;  now  n 
can  be  so  chosen  for  a  given  e,  that  for  all  values  of  m,  j  an  —  On+m  |  <  \  e, 
and  |  bn  —  bn+m  [  <  J  e,  hence  so  that  |  (aa  ±  bn)  -  (an+m  +  K+m)  \  <  e ;  therefore 
the  aggregates  [an  +  bn),  [o,n  -  bn\  are  convergent. 

Again, 

I  <*nbn  —  &n+mbn+m  \~\<>'n{f>n~  &»+m)  +  W+m  {»«  —  «n+m)  I 

<<x]k„-bn+m\  +  @\an-an+lll\ 

where   a,  0  are  the  two  positive  numbers  which   are  such  that  |  o«  ]  <  a, 

&n+™  I  <  &  for  all  values  of  m  and  m. 

We  can  take  n  so  large  that  |  b„  —  fe^™  |  <  S,  j  d,,  —  «»+«,  |  <  S,  where  o" 

is  at  our  choice,   and  niav  be   taken  to  be  =.    Hence  for  this  value  of  n, 

}  a  +  0 

anbn  —  a^tmbn+m  I  <  e,  for  every  value  of  to;  and  thus  {a.nbn}  has  been  shewn 

to  be  a  convergent  sequence. 

Lastly,  in  the  case  of  -!-!- ,  we  shall'suppose  that  all  the  elements  of  \bn} 
are  numerically  greater  than  some  fixed  positive  number  &1. 
We  have  then 

On  _  an+m _  an (bjt+m -6„)  +  b_n (a^ -_a„+m) 
K     bn+m  Kb1!+m. 

hence 

I  ^  _  ^±»  I  ,  a|fe«-^Ho»l+fflo»~q-W»| 

|ft»      *wl  0" 

If  now  n  be  chosen  so  that  j  bn  —  6B+m|,  ja«  — i%+m|  are  both  less  than 
— ~  e,  for  every  value  of  to,  then,  for  such  a  value  of  n,     ,-"  —  t^~™    <  e; 

therefore  jr-[  is  a  convergent  sequence,  provided  |  bn  |  is,  for  all  values  of  n, 

greater  than  some  fixed  positive  number  0',  which  may  be  as  small  as  we 
please,  but  must  not  be  zero. 

25.  The  essence  of  Cantor's  theory  consists  in  the  postulating  of  the 
existence  of  an  aggregate  of  objects  for  thought,  the  real  numbers,  ordered  in 
a  definite  manner,  which  manner  is  assigned  by  means  of  certain  prescribed 
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rules.  Any  element  of  the  a-ggrcgaic  of  real  numbers  is  regarded  as  capable 
of  symbolical  representation  by  means  of  a  convergent  sequence  of  which  the 
elements  are  rational  numbers;  and  the  mode  in  which  the  aggregate  of  real 
numbers  is  ordered  is  specified  by  means  of  formal  rules  relating  to  these 
convergent  sequences.  The  aggregate  of  real  numbers  contains  within  itself 
an  aggregate  of  objects  which  is  similar  to  the  ordered  aggregate  of  rational 
numbers  which  has  already  been  considered,  in  the  sense  that  to  each  rational 
number  there  corresponds  a  certain  real  number ;  and  the  relative  order  of  any 
two  rational  numbers,  in  the  ordered  aggregate  of  rational  numbers,  is  the 
same  as  the  relative  order  of  the  two  corresponding  real  numbers  in  the  new 
aggregate  of  real  numbers.  The  rational  numbers  are  frequently  regarded  as 
identical  with  the  real  numbers  to  which  they  coiTospond,  and  are  denoted 
by  the  same  symbols.  In  the  development  of  Analysts,  this  identity  leads 
to  no  difficulties;  but  in  the  fundamental  theory  of  the  aggregate  of  real 
numbers,  a  conceptual  distinction  between  rational  numbers  and  the  real 
numbers  to  which  they  correspond  must  be  made,  in  order  to  obviate  logical 
difficulties,  arid  especially  with  a  view  to  coordinating  Cantor's  theory  with 
that  of  Dedekind.  Those  real  numbers  which  do  not  correspond  to  rational 
numbers  are  called  irrational  numbers;  and  those  real  numbers  which 
correspond  to  rational  numbers  are  usually  spoken  of  as  themselves  rational 
numbers. 

The  rules  by  which  the  order  of  the  real  numbers  in  their  aggregate  is 
assigned  are  the  following: 

(1)  Any  convergent  sequence  (a,,),  of  which  the  elements  are  rational 
numbers,  is  taken  to  represent  a  real  number,  which  we  may  denote  by  a. 
Two  such  aggregates  !«„•,  \b„)  are  taken  to  represent  the  same  real  number 
provided  they  satisfy  the  condition  that,  for  any  arbitrarily  chosen  positive 
rational  number  e,  a  value  of  n  can  be  found  such  that  |  a,^,a  —  bn+m  |  <  e,  for 
this  value  of  n,  and  for  all  values  0,  1,  2,  3  ...  of  m.  Symbolically*,  we  have 
i«u;  =  H'h\  under  the  condition  stated. 

(2)  The  real  number  represented  by  \a,-j  is  regarded  as  of  higher  rank, 
or  in  the  ordinal  sense  greater,  than  the  real  number  represented  by  \bn\, 
if,  corresponding  to  any  arbitrarily  chosen  positive  rational  number  e,  a  value 
of  n  can  be  found  such  that  an+m  —  &a+m  is  positive  for  this  value  of  n,  and  for 
all  values  0, 1,2,  3, ...  ofm,  and  greater  thausome  fixed  positive  rational  number 
S  which  may  be  dependent  upon  e.  If,  under  similar  conditions,  a,l+m  —  bn+m 
is  negative  and  numerically  greater  than  some  fixed  positive  number  5",  the 
number   represented    by    Jo,,}    is    taken    to    be    less    than    that    represented 

by  IM. 

*  Those  who  ho'fl  the  view,  auvneated  by  Hnine  and  other.-  (sot?  SO,  note),  that  a  real 
number  Is  identical  with  tin;  net  of  symbol?  by  v.-iiich  il  is  repie-unled,  can  attach  no  direct 
meaning  to  this  equality.  It  can  only  Ik;  l.iLken  l»  in diciitt  th.it  the  :.\yu  (txpY-s-sions  may  be  used 
i:iii[f:(!i'i;n:jv  in  any  operation  which  involves  tee  n  vim  her. 
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The  aggregate  {%,  ie,  x, ...)  or  {&},  in  which  all  the  elements  are  identical 
with  one  rational  number  x,  represents,  since  it  is  a  convergent  sequence, 
a  real  number  which  corresponds  bu  bhe  rational  number  as.  It  is  clear,  from 
the  definition  of  order  in  (2),  that  the  relative  order  of  any  two  rational 
numbers,  in  the  aggregate  of  rational  numbers,  is  the  same  as  that  of  the  real 
numbers  which  correspond  to  them,  in  the  aggregate  of  real  numbers.  The 
aggregate  of  rational  numbers,  and  that  of  the  real  numbers  which  correspond 
to  them,  are  similar  aggregates. 

Cantor's  theory  of  irrational  numbers,  in  bhe  form  in  which  it  was  presented 
by  himself  and  by  Heine,  has  been  criticized*  on  the  ground  that  an  assumption 
is  made  that  the  sequence  [as],  in  which  all  the  elements  are  the  same 
rational  number  w,  represents  the  rational  number  w  itself,  and  that  this 
amounts  to  an  assumption  that  a>  is  the  limit  of  the  sequence  \x}  ;  whereas 
the  theory  of  arithmetical  limits  is  re  pre  sou  tod  by  Cantorf  as  deducible  from 
his  theory  of  irrational  numbers,  and  as  not  assumed  in  the  construction 
of  the  theory  itself.  The  theory  in  tho  form  presented  above  is  not  open 
to  this  objection. 

It  can  be  shewn  that  any  two  convergent  sequences  \an\,  \bj,  satisfy  one 
or  other  of  the  conditions  laid  down  in  the  above  definitions  of  equality  and 
inequality,  i.e.  symbolically  {ii»j  =  {&„}. 

For,  as  has  been  shewn  in  §  22,  corresponding  bo  any  arbitrarily  chosen 
positive  rational  number  8,  a  value  of  n  can  be  found  such  that  an+m  lies 
between  &,,  +  B,  and  an  —  B,  and  such  that,  for  the  same  value  of  n,  bB+m  lies 
between  bn  +  B,  and  bn  —  8;  from  this  it  follows  that,  for  such  value  of  n, 
c-n+m —  ^>n+m  U@s  between  On  —  o„  +  28  and  an  —  bn~  28 ;  or  an+m  —  on+m  differs 
from  an  —  bn  by  not  more  than  28.  If  corresponding  values  of  8  and  n  can 
be  found,  for  which  an  —  bn+2B,  an  —  bH  —  28  have  the  same  sign,  then 
o-n+m  —  &ra+ro  has  the  same  sign  as  an~bn,  and  is  numerically  greater  than 
a  fixed  number;  the  condition  of  inequality  of  [an],  \ba]  is  then  satisfied. 
If  no  such  values  of  B  aud  n  can  be  found,  then  an+m  —  ba+.m  is  numerically  less 
than  48 ;  and  since  8  is  arbitrarily  small,  the  condition  of  equality  of  {«„],  [bn] 
is  then  satisfied. 

Although  Cantor's  form  of  the  theory  of  irrational  numbers,  or  rather 
of  real  numbers,  is  more  convenient  for  detailed  development  than  is 
Dedeliind's  form,  yet  it  lies  under  tho  disadvantage  that  the  nature  of 
any  single  real  number  is  veiled  by  the  fact  that,  although  it  is  a  unique 
object,  it  is  capable  of  representation  by  an  unlimited  number  of  convergent 
sequences,  and  therefore  that  the  formal  character  of  the  theory  does  not 
make  it  clear  what  such  a  number  really  is.     The  comparison  between  the 
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two  theories  which  *  will  be  given  later  on  will  throw  light  upon  this  point : 
for  it  will  be  shewn  that  a  convergent  sequence  of  the  rational  numbers  is 
sufficient  to  define  a  section,  of  the  kind  fundamental  in  Dedckind's  theory; 
and  this,  as  we  have  seen,  is  equivalent  to  the  definition  of  a  lower  segment, 

which  is  itself  a  certain  definite  class  of  rational  numbers. 

26.  The  sum  a  +  b,  of  two  real  numbers-  represented  by  the  sequences 
(ffl»}.  {&»]•  *s  d>efined  t°  oe  &e  real  number  represented  by  the  sequence 
[on  +  bnl'i  and  the  difference  a  —  b  %s  defined  as  the  number  represented  by 
[On  —  bn], 

It  has  been  shewn  in  §  24  that  the  two  sequences  [an  +  bn\,  {an  —  bn]  are 
convergent. 

If  {an},  [bn]  represent  the  same  number,  the  sequence  \an  —  bn)  defines 
the  real  number  zero ;  for  the  condition  that  |  <%+,„  -  bn+m  \  <  «.  where  e  is 
arbitrarily  small,  for  a.  sufficiently  great  value  of  n,  and  for  m  =  0,  1,  2,  3,  ..., 
is  in  this  case  satisfied. 

The  product  ah,  of  two  real  number*,  is  defined  to  be  the  number  represented 
by  the  sequence  ',!(„.!>„},  -which  has  been  shewn  in  §  24  to  be  convergent. 

The  quotient  ajb  is  defined  to  be  the  number  represented,  by  the  convergent 


The  only  restriction  on  this  definition  is  that  b  is  not  to  be  zero ;  for,  when 
this  condition  is  satisfied,  the  elements  of  the  sequence  \b„}  which  represents  6, 
can  be  so  chosen  as  to  satisfy  the  restrictive  condition  given  in  §  24,  that 

!=--[   may  be  convergent. 

It  is  necessary  to  shew  that  the  sum  a  +  b,  the  difference  a  —  b,  the 
product  ah,  and  the  quotient  j,  of  two  numbers  a,  b,  as  they  have  been 
defined  above,  are  definite  numbers  independent  of  (lie  particular  convergent- 
sequences  used  to  represent  the  numbers  a  and  b.  Thus  it  must  be  shewn 
that  if  {an}  =  {o»/},  {bn}  =  {&„'},  then 

K  +  M  =  (°»  +  bA>    K  -  M  =  {°»  -  &»'}■    KM  =  {a»  &»'}■ 

a.ud 

We  have 

I  (a*+m  ±  K+m)  -  (a'!1+m  ±  b'n+m)  |  S  |  an+m  -  a'n+,a  |  + 1  6B+ „  -  b'n+m  j . 
Now  n  can  be  so  chosen,  corresponding  to  a  fixed  number  e,  that 

|  an+m  -  o!n+m  \<\e,\  bn+m  -  b'a+m  |  <  J  e,  for  m  =  0,  1,  2,  3, . . . : 
with  this  value  of  n,  we  now  have  the  condition 

I  (an+w  ±  K+m)  -  (a!n+m  ±  b'n+n)  |  <  e, 

::  Tn  T:ii:nt.Tv'.s  work  Iiitnrf-iritinn  ~i.  hi  Un'-nrif.  i.h:n  timet  inn*  d'm-r  viirittbl',  ehnp.  I,  the  theo 
of  irrationals  is  treated  fay  si  mnibimitioa  of  the  two  meUiodK  of  Crmtor  and  Dedeliiod. 
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satisfied ;  and  this  is  the  eonditi.uii  that  {«,„.  +  //„;  represents  the  same  number 
as  \an'  ±  b„'}. 
Again, 

|  aa+mb,l+m  -  aVm&'n+m  I  =  I  <Wm  (&»+>«  -  &'«+».)  |  +  |  &'«+m  (a»+m  -  «'n+m)  I 

<  4  |  6,mfl  -  &V, „|  +  B  |  «,t+m  -  C»  I 
where  J.,  i?  arc  fixed  positive  numbers.    It  is  now  clear  that  n  may  be  so 
chosen   that  \ani_,abn+m  —  a,'n+mb',l+,A\<n,  where  n  is  an  arbitrarily  chosen 
positive  number;  thus  {anbn\,  {«„'&„'}  represent  the  same  number. 
Again, 

0^+™       g'n+nt  j  <  [         On+m        ,t  y         -.1,1         &n+m         ,  _,         J 

&  &  I  I  ^j'^; ( "+m "  n+m)  I  I  w&v; K+m    n+m>  I 

whence  it  can  easily  be  seen  that  the  condition  is  satisfied  that 

represent  tVie  same  number. 

It  is  readily  seen- that  the  same  commutative,  associative,  and  distributive 
laws  hold  for  the  operations  between  real  numbers,  as  for  those  involving 
rational  numbers. 

27.  If,  from  and  after  some  fired  element  an,  all  the  elements  of  \an] 
are  positive  and-  greater  than  some  fixed  positive  rational  number  S,  then  the 
real  number  represented  bn  !"■„!  is  positive,  i.e.  it  is  ordinattij greater  them  zero. 

For,  if  we  take  any  convergent  sequence  [b„\  which  defines  the  number 
zero,  we  have  (tfj  >  \b.,~\ ;  because,  for  some  fixed  value  of  n,  cs„+m  —  bn+m  is 
certainly  positive  for  all  values  of  on,  and  is  greater  than  a  fixed  positive 
number;  since  n  can  be  taken  so  large  that  an+in>h',  and  bn+m<&',  where 
S'  is  a  positive  rational  number  chosen  less  than  S. 

Similarly  it  may  be  shewn  that  the  number  defined-  hg  [a-,,]  is  negative, 
if,  from  and  after  some  fired  value  of  n,  all  the  «,,  are  negative  and  numerically 
greater  than  son i.e  fixed,  rational  number  B. 

The  term  "  numerically  greater  "  denotes  that  ;  a,,,,  |  >  |  c 1 ,  and  thus  refers 
to  the  absolute  values  of  the  numbers  concerned. 

It  is  easily  seen,  that  unless  if,,}  is  such.  that,  from,  and  after  some  fixed 
value  of  n,  all  the  elements  hare  the  same  sign,  then  \a.„]  must  represent  the 
number  zero. 

If  !<%}>  {b,i\  define  two  different  real  numbers  a,,  b,  then  there  lie  between 
a,  b  an  unlimited,  number  of  those  real  numbers  which  correspond  to  rational 
numbers. 

Suppose  a>b,  then  there  exist  a  rational  positive  number  S,  and  au 
integer  n,   such   that   for  all  positive   integral  values  of  m  including  zero. 
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%fm;^a^i*S/i|  o»--a,n-iii  |<e,  I  ha-b,i+m\  <  e.  where  e  is  a  rational  number 
chosen _fcQ 'be  <^Sv  If  wo  take  any  rational  number  x,  which  is  <  S,  and  >  e, 
the  number  {«„  —  #),  in  which  all  the  elements  arc  identical,  lies  between 
(«„]  and  \bn),  since,  for  every  value  of  m,  we  have  a,H.m  —  (an  —  x)>x  —  e: 
therefore  a  is  greater  than  the  real  number  which  corresponds  to  a,n  —  te. 
Again,  (<i„  -  x)  -  b,l+m  =  (i%  -  bn)  +  (bn  -  bn+m)  -x>8-e~x,  therefore  pro- 
vided m  is  chosen  to  be  <  S  —  e,  the  real  number  which  corresponds  to  an  -  x 
is  greater  than  b,  and  thus  lies  between  a  and  b.  The  rational  number 
u^  —  w  may  be  chosen  in  an  unlimited  number  of  ways,  since  x  is  any  rational 
number  whatever  which  lies  between  S—  e  and  e. 

CONVERGENT   SEQUENCES    OF    REAL   NUMBERS. 

28.  Convergent  sequences  will  now  be  considered,  of  which  the  elements 
arc  real  numbers.  It  might  at  first  sight,  be  imagined  that  wo  should  be  led. 
by  the  employment  of  such  sequences,  to  a  further  extension  of  the  domain 
of  number ;  it  will  however  be  seen  that  this  is  not  the  case. 

The  definition  of  a  convergent  sequence  of  real  numbers  is  precisely 
similar  to  the  definition  which  mis  been  given  in  the  case  of  sequences  of 
rational  numbers;  thus  (at,,  a?,  ...an,...)  is  a  convergent  sequence  of  real 
numbers,  provided  that,  corresponding  to  each  arbitrarily  chosen  positive  real 
number  q,  a  value  of  n  can  be  found  such  that  aH  —  aa+m  j  <  ??,  for  m  —  1,2,  3, . . .. 
If  we  conceive  that  each  such  convergent  sequence  of  real  numbers  represents 
a  single  ideal  object,  and  if  we  give  definitions  of  equality  and  inequality,  and 
of  the  fundamental  operations,  precisely  analogous  to  those  given  in  §  25  and 
§20,  and  assume  as  before  that  a  convergent  sequence  in  which  all  the  elements 
are  identical  with  the  real  number  a  is  taken  to  represent  that  one  of  the  new 
aggregate  of  objects  which  corresponds  to  a,  it  will  be  shewn  that  the  new 
aggregate  of  objects  is  similar  to  the  aggregate  of  real  numbers,  i.e.  to  each  of 
the  new  objects  there  corresponds  one  of  the  real  numbers,  and  also  that  the 
relation  of  order  between  corresponding  pairs  of  elements  in  the  two  aggre- 
gates is  the  same.  It  thus  appears  that  the  aggregate  of  new  objects  is 
practically  identical  with  the  aggregate  of  real  numbers,  since  the  two  are 
ordinally  similar.  We  saw  however  that  there  is  no  such  relation  between  the 
aggregate  of  real  numbers  and  that  of  rational  numbers.  Therefore  the 
passage  from  rational  numbers  to  real  numbers  involves  a  real  extension  of 
the  domain  of  number;  but  the  passage  from  real  numbers  to  an  aggregate 
of  objects  represented,  in  accordance  with  the  rules  referred  to  above,  by 
convergent  sequences  of  real  numbers,  does  not  lead  to  any  essential  extension 
of  the  domain,  of  number. 

r^Biftiie  any  convergent  sequence  of  rational  numbers,  and  let  {«„) 
den dfe jSKjj. seq u enc e  of  those  real  numbers  which  correspond  to  the  rational 
iiiiniben.i^hieh  form  the  elements  of  [«„}.     It  can  easily  be  shewn  that  {«„} 
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is  a  convergent  sequence:  for  if  e  is  an  arbitrarily  chosen  positive  rational 
number,  and  e  the  corresponding  real  iiuinbcr,  the  condition  of  convergence 
of  [an\  is  that,  for  every  e,  a  value  of  n  can  be  found  such  that  an+m  lies 
between  an  +  e,  an  —  e,  for  m  —  1,  2,  3, ....  It  follows  from  this  that  an+m  lies 
between  an  +  e,  an  —  e ;  and  this  ensures  the  convergence  of  the  sequence  {»„]. 
Conversely,  we  see  that  if  [an\  is  convergent,  so  also  is  (a,,}. 

Next,  let  Jo,,.;  be  a  convergent  sequence  of  real  numbers  :  then,  between 
n„  and  <xn+1>  a  real  number  77„  can  bo  (bond  which  corresponds  to  a  rational 
number  o».  Let  this  be  done  for  every  pair  of  consecutive,  elements  in  {«„], 
and  let  us  consider  the  sequences  \an],  \an\. 

Since  a„  —  On+m  =  («n  —  ««)  +  (^  -  «»+«»)  +  (an+m  -  ^n+m).  we  have 
I  o«  -  ««+m  I  =  |  a„  -  o«  I  +  I  a„  -  a„+m  j  +  |  «B+m  -  «„+,»  [. 
Now,  corresponding  to  any  real  positive  number  8,  n  may  be  so  chosen  that 
for  every  value  of  m,  |5»  — a»|,  |«„  —  «»+mj,  |  «n+™ —  ««+,» |  are   each   less 
than  !s  S;   hence  for  such  a  value  of  n 

an  -  an^  |  <  S,  for  m  =1,  2,  3, .. . , 
thus  the  sequence  -[I7„]  is  convergent. 

Again,  \an]  —  [an]  —  {ct„  —(C„.\,  and  \txn  —  an\<  |o„  —  n^,  |, 
and,  since  {«„}  is  convergent,  n  may  be  chosen  so  great  that,  for  that  and  all 
higher  values  of  n,  all  the  differences  |  aa  —  ali+1  |  are  less  than  an  arbitrarily 
fixed  number,  hence  \  an—a„  satisfies  the  same  condition ;  and  therefore  the 
two  convergent  sequences  {a,,},  {u„\  satisfy  the  condition  of  equality,  or  they 
represent  the  same  one  of  the  new  objects.  It  has  been  shewn  above  that 
since  {«„}  is  convergent,  so  also  is  {«.„}.  Now  [an\  corresponds  to  a  single  real 
number  w;  therefore  to  any  convergent  sequence  {«„},  of  which  the  elements 
are  real  numbers,  there  corresponds  a  real  number  a. 

We  have  further  to  shew  that,  if  [a,],  \j3,i]  are  two  convergent  sequences 
of  real  numbers,  and  a,  b  the  corresponding  real  numbers  as  just  determined, 
then  d  =  6,  according  as  {a,,}  =  {$„}. 

We  know  that  a  £  b,  according  as  {a,,}  .~  {bn},  where  [y„i-  denotes  the 
sequence  of  rational  numbers  which  defines  6,  in  the  same  way  as  \an]  defines  a, 
Now  (o,lj-{A}  =  {o„-^nj,anda)i-/3n=(a„-a„)  +  (6„~/9„)+(a„-6„);  and  we 
can  choose  n  so  large  that  |  an-dn  ]  and  \b~a-0n\  are  each  less  than  |?/,  where 
w  is  an  arbitrarily  chosen  real  positive  number:  therefore  we  see  that  a„— jS,j  lies 
between  7x«—  K+v  aftd  S„-6„-9j.  It  follows  easily  that  [an]  %  {/•?.,,],  according 
as  [an\  =  \bn},  or  according  as  {an\  -■  ;6,,j,  and  hence  as  shewn  above,  according 
as  a=  b.  It  has  now  been  shewn  that  the  objects  which  are  represented  by 
convergent  sequences  of  real  numbers  have  the  same  ordinal  relation!  to  one 
another  as  the  real  numbers  to  which  those  sequences  have  been  shewn  to 
correspond. 
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It  appears,  from  what  has  now  been  proved,  that,  to  every  convergent 
sequence  of  real  numbers  there  corresponds  a  real  number  which  may  be 
taken  to  be  defined  by  ■mean,'!  of  that  sequence. 

There  docs  not  necessarily  exist  any  rational  number  which  corresponds  in 
the  same  sense  to  a  convergent  sentience  of  rational  numbers.  The  property 
of  the  aggregate  of  real  numbers  here  stated  embodies  the  characteristic 
difference  between  that  aggregate  and  the  aggregate  of  rational  numbers; 
for  the  latter  does  not  possess  the  corresponding1  property.  It  is  this  property 
of  the  aggregate  of  real  numbers  which  makes  it  suitable  to  be  the  field  of 
the  real  variable  in  the  Theory  of  Functions. 

THE    ARITHMETICAL    THEORY    OF   LIMITS. 

29.  If  xit  ic2,«a,  ...xn, ...  is  a  sequence  of  real  ■/> ambers  such,  that  a  number 
x  exists  which  lias  the  pro-pert;/  that,  corresponding  lo  any  arbitrarily  chosen 
positive  number  e,  a  value  of  n  can  be  found  s'tvh  that  lx—xn\,  \x  —  xn+1\, 
x  —  tf)H-5| ...  are  all  lest  than,  e,  then  the  number  ;>:  Is  said  to  be  the  limit  of  the 
sequence  xlt  w^,  ...  xn, This  fact  -may  be  denoted-  by  the.  equation  x  =  L  xn. 

This  definition  is  known  as  the  arithmetical  definition  of  a  limit,  and  was 
first  given  *  in  a  form  substantially  identical  with  the  above,  by  John  Wallis. 

It  will  be  observed  that  the  above  definition  contains  no  assertion  as  to 
the  necessary  existence  of  a  limit  of  a  sequence  of  numbers,  but  contains 
only  a  statement,  as  to  the  relation  of  the  limit  to  the  numbers  of  the  sequence, 
in  ease  that  limit  exists. 

There  cannot  be  two  numbers  which  both  satisfy  the  condition  of  being 
a  limit  of  the  same  sequence.  For,  if  possible,  let  x,  x'  be  two  such  numbers 
and  let  \x~ x1!  —  S.  Choose  a  value  of  e, less  than  ^S;  then  numbers n, n' can 
be  found  such  that  \x  —  xn+m\,  \a/  —  xn-+m\  for  all  values  0,  1,  2,  3, ...  of  m, 
are  less  than  e.  Suppose  n>n',  then  \x  —  xn\  and  \af  —  xn\  are  both  less  than 
e,  hence  \x  —  x'\  <  2e  <  S,  which  is  contrary  to  the  condition    x~  x'\  =  8. 

It  will  now  be  shewn  that,  if  the  numbers  of  the  sequence  {xH}  are  real 
numbers,  and  if  the  sequence  is  a  convergent  one,  then  the  real  number  x 
defined  in  the  manner  explained  in  §  28,  by  the  sequence  \n:u},  is  the  limit 
of  the  sequence. 

For  the  two  sequences  la:,,},  [x]  both  define  the  same  number  x,  and 
therefore  satisfy  the  condition  of  equality,  which  is  that  \.v  —  iCn+m  |  <e,  for  any 
arbitrarily  chosen  e,  provided  n  be  sufficiently  great,  and  this  is  the  con- 
dition that  x  should  be  the  limit  of  the  sequence  [rrn).  A  sequence  of  real 
numbers  which  has  a  limit  must  be  convergent.     For  if  x  is  the  limit  of  [xn], 

*  AHlhmetii'ti-  liiihiitonnn  (KiS5j,  Prof).  ■■!;>,  Lemma,.  Hee  M,  Cantor*  GavhicMe  der  Mathe- 
matik,  vol.  ii,  p.  823. 
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then  for  a  sufficiently  large  value  of  n,  \x  —  xn\,  \x~xn+1  \,  ...  \x  —  xn+,n\>  ... 
are  all  less  than  ^e,  whore  e  is  arbitrarily  chosen;  now  |<Cn-«n+m|  =  I*- *»| 
+  |  x  —  &„+„(  | ;  hence  |  wn  —  xn+m  |  <  e,  which  is  the  condition  of  convergence 

of  [«,). 

As  the  complete  result  we  have  now  the  theorem  known  as  the  General 
Principle  of  Convergence*: 

The  necessary  and  sufficient  condition  that  a  sequence  xs,  a^,  ...  xn,  ...  of 
real  numbers  may  have  a  limit,  is  that,  corresponding  to  every  arbitrarily 
chosen  positive  number  e,  a  value  of  n  can  be  found  such  that  xn  —  xn+1, 
;c„  —  xn+2,  ««  — (Bin-,,  ...  shall  be  all  numerically  less  than  e. 

This  theorem,  which  contains  the  criterion  for  the  existence  of.  a  limit 
as  defined  in  accordance,  with  the  arithmetical  definition  of  a  limit,  is  a 
deduction  from  Cantor's  theory  of  real  numbers. 

30.  If  the  numbers  of  a  sequence  \wn]  are  rational  numbers,  instead 
of  real  numbers,  the  definition  of  the  limit  is  applicable,  and  it  is  a  necessary 
but  not  a  sufficient,  condition  .I'm-  the  existence  of  the  limit,  that  the  sequence 
should  be  convergent.  Strictly  speaking,  if  a  convergent  sequence  of  rational 
numbers  has  a  limit,  that  limit  is  also  a  rational  number;  but  from  the 
existence  of  convergent  sequences  of  rational  numbers  which  have  no  limit 
there  arises  the  necessity  for  the  extension  of  the  domain  of  number,  so  that 
in  the  extended  domain  every  convergent  sequence  may  have  a  limit ;  this 
extension  has  been  carried  out  by  substituting  Heal  Number  for  Rational 
Number.  However,  although  a  convergent  sequence  of  rational  numbers 
which  has  no  rational  limit,  has  in  this  strict  sense  no  limit  at  all,  by  reason 
of  the  convergent,  sequence  of  those  real  numbers  which  correspond  to  the 
rational  numbers  having  an  irrational  number  as  limit,  and  since,  as  has  been 
seen  above,  these  real  numbers  are  for  practical  purposes  not  distinguished 
from  the  rational  numbers  to  which  they  correspond,  it  is  usual  to  consider 
this  irrational  number  to  be  the  limit  of  the  sequence  of  rational  numbers. 
We  may  thus  assert  that  any  convergent  sequence  of  rational  numbers 
which  has  not  a  rational  number  as  limit,  has  an  irrational  number  as  its 
limit.  This  assertion  is  a  correct  one  for  the  practical  purposes  of  Mathe- 
matical Analysis. 

31.  The  method  of  limits,  which  is  essential  both  to  pure  Analysis 
and  to  the  applications  of  Analysis  in  Geometry  a.nd  in  Kinetics,  had  a 
geometrical  origin  in  the  Method  of  Exhaust. ions,  which  was  applied  by  the 
Greek  geometers  to  determine  lengths,  areas,  and  volumes,  in  simple  cases. 
This  method,  supplemented  by  the  notion  of  the  numericalfy  infinite,  was 
developed  in  later  times,  in  various  forms,  into  a  general  method  which  formed 

*  This  term  "  3as  allgemeine  Courerfrenapiinaip "  is  tint  to  i'.  Du  Jloia-Itoymond;  see  hia 
Aihjp.meinp.  F-itnctionchthiniric. 
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the  basis  of  the  Infinitesimal  Calculus.  The  traditional  geometrical  con- 
ception of  a  limit  may  he  exemplified  by  the  case  of  the  determination  of  the 
length  of  a  curve  as  the  limit  of  a  sequence  of  properly  chosen  inscribed 
polygons.  The  lengths  of  the  perimeters  of  the  polygons  are  regarded  as 
continually  approaching  the  required  length  of  the  curve  whilst  the  number 
of  sides  of  the  polygons  is  continually  increased.  The  limit,  the  length  of  the 
curve,  is  then  regarded  as  actually  readied  at  the  end  of  a  process  described 
as  making  the  number  of  sides  of  the  polygon  infinite,  this  mode  of 
attainment  of  the  limit  being  however  inaccessible  to  the  sensuous  imagi- 
nation, and  disguising  an  actual  qualitative  change  of  a  geometrical  figure 
which  possesses  corners  and  is  bounded  by  segments  of  straight  lines,  into 
one  which  has  no  corners  and  has  a  curvilinear  boundary.  JSro  doubt  was 
felt  as  to  the  existence  of  the  limit,  which  was  regarded  as  obvious  from 
geometrical  intuition.  That  a  curve  possesses  a  length,  or  an  area,  was 
considered  to  require  no  proof.  The  first  mathematician  who  recognized 
the.  necessity  for  a  proof  of  the  existence  of  a  limit  was  Cauchy,  who  gave 
a  proof  of  the  existence  of  the  integral  of  a  continuous  function.  That  the 
logical  basis  of  the  traditional  method  of  limits  is  defective  has  in  recent 
times  received  a  posteriori,  confirmation  by  the  exhibition  of  continuous 
functions  which  possess  no  differential  coefficient,  and  by  many  other  cases  of 
exception  to  what  were  regarded  as  ordinary  results  of  analysis  testing  on  the 
method  of  limits,  which  have  been  brought  to  light  by  those  mathematicians 
who  have  been  engaged  in  examining  the  foundations  of  analysis. 

The  arithmetical  theory  of  limits,  which  is  summed  up  in  the  general 
principle  of  Convergence,  provides  a  definite  criterion  for  the  existence  of  the 
limit  of  a  sequence  of  numbers  ;  and  a  considerable  part  of  modern  analysis 
is  concerned  with  obtaining  Hpecial  forms  of  the  general  criterion  adapted 
for  use  in  special  classes  of  cases.  The  theory  is  essentially  dependent  upon 
the  theory  of  irrational  numbers  ;  for,  in  default  of  an  arithmetical  theory  of 
irrational  numbers,  all  attempts  to  prove*  the  existence  of  a  limit  of  a  con- 
vergent sequence  are  doomed  to  inevitable  failure;  and  this  for  the  simple' 
reason  that  a  convergent  sequence  of  rational  numbers  does  not  necessarily 
possess  a  limit  which  is  within  the  domain  of  such  numbers.  The  definition 
of  real  numbers  by  means  of  convergent  sequences  of  rational  numbers  is 
not  a  mere  postulation  of  the  existence  of  limits  to  such  sequences ;  it 
involves'  rather  the  introduction  of  an  enlarged  conception  of  number,  of  such 
a  character  that  the  scheme  of  ordered  real,  numbers  should,  form  a  consistent 
whole,  and  such  that  every  convergent  sequence  of  numbers  in  the  domain  of 
real  number  necessarily  has  a  limit  within  that  domain.  The  postulation  of 
the  existence  of  the  aggregate  of  real  numbers  is  justified  by  shewing  that 

*  Au  inti.TCKtid;!  (liseniFiiijn  of  vario'i-.  mcrhoitH  whk'li  have  Im;ovl  siirajeste-:!  of  proving  the 
existence  of  a  limit  will  be  found  in  Dn  BoiK-EsiyinciiuVs  Albjetivine  Fmtctionentlieoriti. 
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a,  complete  scheme  of  definitions  and  postulates  can  be  (set  up  Cor  the  elements 
of  this  aggregate,  and  that  such  a  scheme  does  not  lead  to  contradiction*.  As 
regards  the  existence  of  limits  in  the  case  of  lengths,  areas,  volumes,  &c, 
referred  to  above,  the  order  of  procedure  is  a  reversal  of  the  traditional  one, 
the  existence  of  the  limit  being  no  longer  inferred  from  geometrical  intuition. 
For  example,  in  the  case  of  the  determination  of  the  length  of  a  curve,  that 
length  is  not  assumed  to  be  independently  known  to  exist,  but  is  defined  as 
the  arithmetical  limit  of  the  sequence  of  numbers  which  represent  the 
perimeters  of  a  suitable  sequence  of  inscribed  polygons.  When  this  sequence 
is  convergent,  and  its  limit  is  independent  of  the  particular  choice  of  the 
polygons,  subject  to  suitable  restrictions,  then  the  limit  so  obtained  determines 
the  length  of  the  curve.  In  case  no  such  limit  exists,  the  curve  is  regarded 
as  not  having  a  length. 

EQUIVALENCE    OF    THE    DEFINITIONS   OF   DEDEK1ND   AND   CANTOR. 

32.  In  order  to  establish  the  equivalence  of  the  definitions  of  irrational 
numbers,  as  given  by  Dedekind  and  by  Cantor,  it  must  be  shewn  that  every 
convergent  sequence  of  rational  numbers  defines  uniquely  a  section  of  all 
the  rational  numbers,  and  that  this  section  is  the  same  for  all  convergent- 
sequences  which  represent  the  same  real  number  in  accordance  with  rule  (1) 
in  §  25.  Conversely,  it  must  be  shewn  that  any  number  defined  by  a  section 
can  also  be  represented  by  a  convergent  sequence  of  rational  numbers. 

To  shew  that,  corresponding  to  the  convergent  sequence  {xjt  which,  in 
accordance  with  the  Cantor  theory,  defines  the  real  number  so,  a  section  can 
be  found  :  Let  r  be  any  rational  number,  and  let  f  be  the  corresponding  real 
number  represented  by  \r).  The  number  x  —  r  is  represented  by  [xn  —  r]; 
and  if  this  number  is  not  zero,  then  (sec  §  27),  from  and  after  some  fixed 
value  of  n,  xn  —  r  has  a  fixed  sign,  positive  or  negative  according  to  the  value 
of  r.  A  section  of  the  rational  numbers  may  now  be  defined  as  follows; — 
Let  ever}7  number  7-  such  that  xn  —  r  is  negative,  from  and  after  some  fixed 
value  of  n,  be  placed  in  the  class  _RS ;  and  let  every  number  for  which  xn  -  r 
is  positive,  from  and  after  some  fixed  value  of  n,  be  placed  in  the  class  R,, 
If  there  exists  a  rational  number  r,  such  that  neither  of  these  cases  arises, 
then  x=r,  and  r  may  be  put  into  either  of  the  classes  Rlt  R,.  It  has  thus 
been  shewn  that  a  section  of  the  rational  numbers  can  be  determined,  corre- 
sponding to  the  convergent  sequence  [xn\. 

Next,  let  {xn'}  be  any  other  convergent  sequence  which  represents  the 
same  real  number  x,  as  [xn]  does.  We  have  to  shew  that  the  section  of  the 
rational    numbers    which   corresponds    to  {&■„'},  is  identical   with  that  which 


*  On  tLis  mode  of  legiLi-iliiii/  tho  ii^iT, >.."•'  oi'  roal  numbers  as   doijcudeni  upon  a  complete 
consistent  scheme  of  definitions  and  axioms,  ;;ec  Hilbtrt,  "  IJfjbav  don  Zahlbcgrlff,"  Jakresber.  d. 

tlatisri,.  HtuUi.   I'cii'iiiin'i.Hi/,  vol.  vn:  (lyOO), 
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corresponds  to  {#„},  If,  as  before,  r  denote,  any  rational  number,  we  have 
{x„  —  r}  =  {xn'  —  r}.  Now  a  value  of  n  can  be  found,  from  and  after  which, 
xn  —  r  and  x„'  ~  r  both  have  fixed  signs  independent  of  n,  and  they  must  have 
the  same  sign.  It  follows  that  a  number  r  which  belongs  to  the  class  It,, 
must  also  belong  to  the  class  R,',  by  which  the  section  corns  spending  to  {&'„'} 
is  defined;  and  also  a  number  r  which  belongs  to  the  class  R2,  necessarily 
belongs  to  .ft/,  except  in  the  case  {xn}  =  {#»'}  =  r.  It  has  thus  been  shewn 
that  the  section  (It,,  R„)  which  corresponds  to  {&■„),  is  identical  with  the 
section  (.ft/,  i£2')  which  corresponds  to  [xn'}, 

33.  To  show  that  a  convergent  sequence  can  always  be  found  such  as 
to  define  the  number  corresponding  to  a  given  section  (.ft-,  J-Q,  we  observe 
that  two  rational  numbers  can  always  be  found,  one  of  which  is  in  Rt  and  the 
other  in  i^,  and  such  that  their  difference  is  numerically  less  than  a  given 
arbitrarily  small  rational  number  e.  Let  A  be  any  rational  number  in  Rt,  and 
let  e  bo  a  rational  number  <e.  Then  of  the  numbers  A  +  e',  A  +  *2e ,  ...A+re',... 
there  must  be  a  last  one  A  +  re  which  falls  in  JB,,  for  A  +  ne  may  be  made  as 
large  as  wo  please  by  taking  n  largo  enough;  the  next  number  A-\-(r+l)e'  is 
then  in  R^\  arid  the*.;  numbers  A  4- re',  A  +  (r+  l)e,  whose  difference  is  e'  <  e 
are  the  two  numbers  required.  Moreover,  if  B  is  a  rational  number  in  E3, 
the  two  numbers  may  be  so  chosen  that  both  lie  between  A  and  B;  for  we  need 
only  take  e'  to  be  of  the  form  -(B  —  A),  where  s  is  a  positive  integer  so 

chosen  that  -  (B  ~  A)  <  e. 

Now  let  [en\  be  any  convergent  aggregate  of  rational  numbers,  which  has 
zero  for  its  limit.  Choose  x,  in  Rs,  and  x.,  in  ft21  so  that  »,  —  ec,  <  e,;  next  take 
IE,  in  Mu  and  x4  in  R2,  so  that  j  x3  -  x4  J  <  e£;  and  that  ica,  xt  both  lie  between 
scj  and  tc2.  Proceeding  in  this  way,  we  can  take  a^_i,  aw  rational  numbers 
of  different  classes,  so  that  jaw-i  —  «ml  <  %!  then  either  of  the  sequences 
{*!,  a.^,  iCj,  ...  },  |;c3,  Kj,  ...  },  defines  the  number  which  is  represented  by  the 
section  (Rl:  .Ks). 

To  prove  this,  we  observe  that  [icai.-i\  is  a  convergent  sequence,  since  all 
the   elements   are  <x^,   and  Xi<w3<  ws.... 

Again,  suppose  a  is  a  rational  number  belonging  to  R.,,  we  can  shew  that, 
provided  a  rational  number  b  exists  in  R2  which  is  less  than  a,  then  a  is 
greater  than  all  the  numbers  xs,xs,...  by  more  than  a  —  b.     For 

a  -  aw-i  =  (a  —  b)  +  (b  —  aW-i)  >a  —  b, 
however  small  b  —  x^,^,  may  become.    Hence,  unless  a  is  the  smallest  rational 
number  in  R3,  the  real  number  {a}  which  corresponds  to  a,  is  greater  than 
the  number  (x,,  xs,  ...). 

Again,  tbe  sequences  f%_L!,  h;.in]  represent  the  same  number,  since  their 
is  the   aggregate   (e„J   which   defines   zero.     It  now  appears,  by 
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reasoning  similar  to  the  above,  that  any  number  a  in  R,  is  such  that  the 
real  number  [a\  is  less  than  the  number  {a^},  unless  a  is  the  greatest 
rational  number  in  R\, 

If  either  i^  has  a  greatest  rational  number,  or  R2  has  a  least  one,  the 
real  number  {a}  which  corresponds  to  this  rational  number  a,  is  itself  defined 
by  (lij,  lis),  and  is  the  number  represented  by  either  of  the  sequences  {%,,_,}, 
{a;,,,}.  In  any  case,  either  of  these  two  sequences  defines  the  number  given 
by  the  section  (J^,  Rs), 

The  complete  equivalence  of  the  two  theories  of  Dedekind  and  of  Cantor 
has  now  been  established.  The  first  theory  operates  with  the  whole  aggregate 
of  rational  numbers,  the  second  with  sequences  selected  out  of  that  aggregate. 


THE    NON-EXISTENCE    OF    INFINITESIMALS. 

34.  It  should  be  remarked  that,  in  assuming  that  every  section  of  the 
aggregate  of  real  numbers  defines  a  single  real  number,  it  haa  been  implicitly 
assumed  that  if  a,  b  are  a.ny  two  positive  real  numbers,  such  that  a<b,  then 
a  positive  integer  n  can  be  found  such  t/utt  ua  >  b. 

This  is  the  arithmetical  analogue  of  the  so-called  principle  of  Archi- 
medes. 

If  any  real  numbers  existed  which  are  ordinal ly  greater  than  all  the 
numbers  a,  2«,  3a,  ...,  then  a  section  of  the  aggregate  of  real  numbers  would 
be  defined  by  considering  all  numbers  greater  than  all  the  numbers 
a,  2a,  3it,  ...  to  be  in  one  class,  and  all  the  remaining  real  numbers  to 
be  in  the  other  class;  and  this  section  would  define  a  real  number  N~,  If 
now  e  be  an  arbitrarily  chosen  positive  number  less  than  a,  then  N—e  is 
a  number  which  is  less  than  some  of  the  numbers  a,  2a,  3a,  ...;  and  there 
must  be  a  first  of  this  set  of  numbers  such  that  N-e  is  less  than  it.  Let 
this  be  pa;  thus  JV—  e<pa,  hence  N<pa  +  e<  (p  +  l)a;  which  is  contrary 
to  the  hypothesis  that  no  number  no,  is  in  the  class  of  numbers  which 
are  >  JV. 

The  property  of  the  aggregate  of  real  numbers  which  has  been  established 
may  be  denoted  by  (.he  stateinent  that  the  a.'jyrega.ie  of  real  'numbers  forins 
an  Archimedean  system;  and  this  property  of  (.he  aggregate  is  essentially 
equivalent  to  the  property  that  every  section  of  I  lie  aggregate  defines  a  single 
number  of  the  aggregate. 

A  consequence  of  the  fact  that  the  aggregate  of  real  numbers  forms  an 
Archimedean  system,  is  that  so-called  infinitesimal  numbers  do  not  exist 
within  the  aggregate.  Every  positive  number  e,  being  such  that  an  integer  n 
can  be  found  such  that  ne  >  1,  is  a  finite  number,  in  the  sense  in  which 
finite  numbers  were  distinguished  from  infinitesimals,  in  the  older  forms  of 
the  Infinitesimal  Calculus.     In  Arithmetical  Analysis,   the  conception  of  the 
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actually  infinitesimal  has  no  place.  When  the  expression  "infinitesimal"  is 
used  at  all,  it  is  to  describe  the  process  by  which  a  variable  to  which  the 
numbers  of  a  sequence  converging  to  zero  are  successively  n scribed,  as  values, 
approaches  the  limit  zero ;  thus  an  infinitesimal  is  a  variable  in  a  state  of 
flux,  never  a  number.  Such  a  form  of  expression,  appealing  as  it  does  to  a 
mode  of  thinking  which  is  essentially  i  ion  -arithmetical,  is  better  avoided. 


THE  THEORY   OF   INDICES. 

35.  When  m  is  a  positive  integer,  and  x  a  rational  number,  xm  was 
defined  to  denote  xy.  tex.  at ...  xx  (m  factors);  and  this  definition  may  be 
extended  to  the  case  in  which  x  is  any  number  defined  by  a  convergent 
sequence;  so  that  if  x  is  defined  by  \x„),  xm  is  defined  by  -ay).  It  thus 
appears  that  for  any  real  numbers  x,  we  have,  provided  m,  and  n  are  positive 
integers,  af^x  xn  =  as"t+n. 

If  we  assume  x"  and  x~m  to  be  defined  as  having  such  a  meaning  that 
this  law  of  indices  holds  when  m  or  n  is  zero,  or  a  negative  integer,  we  can 
at  once  interpret  x"  and  arm ;  for 

x"  x  xn  =  x"+"  =  xn,  thus  a?  =  1, 

and  x~n  X  xn  —  x°  —  1,  thus  x~n  =  —  . 

xn 

When   pjq  is   a   rational   fraction,    we    shall    define   x?  to  have   such   a 
meaning  that  the  above  law  of  indices  holds  when  either  or  both  of  m,  n 
may  be  rational  fractions.     With  this  assumption 
p         p         P  P 

xixxt  xx%  ...  xx<i  (q  factors)  =  xP; 

hence  (x~i)'t  —  a:p;  or  x"  is,  if  it  exists,  a  number  whose  qth  power  is  xp.     The 

.E 
problem  of  determining,  if  possible,  ;i.  number  .•;'>,  is  that  of  finding  a  number 
whose  yth  power  is  a  given  number ;  and  it  has  been  already  shewn  that  this 
is  not  always  a  possible  operation  within  the  domain  of  rational  number. 

It  will  now  be  shewn  that,  in  the  domain  of  real  numbers,  the' opera- 

p 
tion  of  finding  x'<  is  always  a  possible  one  mien  a;  in  positive,  anal  also  when 
x  is  negative;  provided  however  that  in  this  hitter  case,  q  is  an  odd  number,  or 
if  it  is  even,  p  is  not  odd. 

The  following  lemma  will  be  required  '.—If  a  is  any  real  positive  number 
less  than  unity,  a-  positive  integer  nt.  can.-  be  found-  sn-ch  that  a-"*  <  e,  where  e  is 
cm  arbitrarily  prescribed,  positive  n'unber,  or,  in  other  words,  L  q"=0. 

Since  a"  >  a."+1,  the  sequence  (a,  a2, ...  a", ,..)  is  convergent. 
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Suppose,  if  possible,  that  the  sequcti.ee  represents  a  positive  number  k 
different  from  zero ;  then  m  may  be  so  chosen  that  a"1.  uM  M, ...  all  differ  from  k 
by  leas  than  tin;  arbitravii y  proscn  bed  number  8,  say  am=k+r),  where  i?<  8.  "We 
have  therefore  a1*4"1  =  (A  +  5;)  a  <  (A  +  B)  a ;  now  S  can  be  chosen  to  be  equal  to 

_L Li  then  am+1<A  — S;  and  this  is  contrary  to  the  condition  imposed 

in  the  choice  of  m. 

It  follows  that  k  cannot  be  different  from  zero;  and  thus  the  lemma  is 
established. 

Suppose  now  that  a  is  any  positive  number,  rational  or  not,  which  lies 
between  if  and  {JV  + 1)',  where  if  is  a  positive  integer ;  we  shall  first  shew 
that  a  number  JV+  /(,  where  h<  1,  can  always  be  found  such  that  a  —  (if +&)* 
is  positive,  and  less  than  a  -  A7"9.     We  find  by  division 

(JV  4  h)i  -  N"  =  \{N+  h)  -  N}{(N  +  h)"-'  +  (if  +  hy^N  +  . . .  +  if"1} ; 
hence,  if  h  is  positive  and  less  than  unity,  (if  +  h)q  —  JV"1'  lies  between 
qkNv-<  and  qk  (if  +  1)5-1 

Since  a-(N  +  h)i  =  (a-N")^i{N  +  h)i-Ni}, 

we  must  take  k  not  greater  than  -j^ — ^-— j ,  in  order  that  a  -(if +  A)«  may 

certainly  be  positive  ;  and  tin:  difference  a  -  (N  +  Kf  is  then  less  than 
(a  -  Ni)  ~  qkN«-\ 
.  a  -  N'J 

LC1  k  =  q'(N+-l)i-~1' 

then  a  -  (if  +  Kf  <{a-  M)  |l  -  (^  )""]  . 

Let  if,  =  if  +  h,  then  A7,  is  such  that 

-w<(-jw){i-(sfir}. 

and  if,  >  if. 

In  a  similar  manner,  we  can  shew  that  a  number  if,  exists    which  is  >ifi, 

and  such  that 

.-«<(.-Wji-(i)K[. 

Proceeding  in  this  manner,  we  obtain  a  series  of  numbers  if,  if,,  ifE, ... 
if,. ...  such  that  if,.  > -TV,-!,  and  that  a  —  if/  is  positive,  and  less  than 


c-^hGatin- 


We  shall  now  shew  that  (if,  ifj,  if,, ...  jVr...)  is  a  convergent  sequence 

which  defines  a  number  whose  (jt.li  power  is  a. 
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The  sequence  {iV,.}  is  convergent  since  N,.  >  JVr_i,  and  every  iV,.  is  less  than 
iV+  1.  The  gth  power  of  the  number  defined  by  this  convergent  sequence 
is  |iV,.*)j  and  we  shall  shew  that  this  defines  the  number  a  or  [a]. 

We  have 


-7f,"<(a 
■  I 

-  Jf')\l  - 

/  X  y-'~] 

-{wn)  J 

nd  hemic 

'-(iT+l)     >1-U^7+-i)    ■ 

Now  1 

I    N    N 
\S  +  1, 

I       is  a  proper  fraction,  hence  from  the 

lemma  proved 

above,  we  infer  that  a  power  r  of  the  expression  can  be  found  which  is  less  than 

an  arbitrarily  chosen  positive  number,  which  number  wo  may  take  to  be  ~~_^itfq- 

Hence,  corresponding  to  every  e,  a  number  r  can  be  found  such  that 
a,  —  N%-+s  <  e,  for  8  =  0,1,2,...,  and  therefore  the  sequence  \N~rq\,  defines 
the  number  [a]  or  a. 

If  a  is  a  positive  proper  fbiction,  we  have  {a?y><a,  hence  we  may  take 
N  to  be  equal  to  a?,  instead  of  to  a  positive  integer.  Then  u<  (N+l)v;  thus 
this  value  of  N  will  play  the  s;une  pari,  as  the  integral  value  in  the  above 
proof,  and  the  reasoning  is  the  same  as  before. 

36.    It  has  now  been  shewn  that  in  every  case  a  real  number  can  be  found  of 

which  the  <jth  power  is  a  given  positive  number  a.  It  thus  appears  that  x'i  has 
an  interpretation  within  the  domain  of  real  numbers,  when  iv  is  any  positive 

number,  and    ■  is  a  positive  rational  fraction. 
We  interpret  x  ^  to  be  such  that 


or  x    i  =  \jx" . 

If  x  is  a  negative  number  —  x,  we  have  (—  x'Y,  defined  as  a  number  whose 
qbh  power  is  (—  x')p;  and  (—  x')v  is  x'p  or  —  x'1',  according  mp  is  even  or  odd. 

If  p  is  even,  (—  ic'J^can  be  interpreted  as  the  value  of  a!'1 .    Up  is  odd, 
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p  p 

and  q  is  odd,  (—»■')*  may  be  interpreted  as  —x'%.     When  jj  is  odd,  and  q 

is  even,  we  have  obtained  no  interpretation  of  (—  af)q. 

Br-fl 

To  complete  the  theory  of  indices  in  such  a  way  that  (—  ai')  3s  may  have 
an  interpretation,  we  should  require  a  further  extension  of  the  conception  of 
number.  This  further  extension  takes  place  by  the  introduction  of  complex 
number,  which  is  however  outside  the  limits  imposed  upon  this  work  as  a 
treatise  dealing  only  with  real  number. 

37.  The  only  ease  in  winch  icn,  for  a  positive  x,  has  not  been  denned,  is 
that  in  which  n  is  not  a  rational  number.  To  extend  the  definition  to  this 
case,  we  suppose  n  to  bo  defined  by  a  convergent  sapience  [n,],  in  which  all  the 
numbers  n,.  are  rational.  We  shall  shew  that  the  aggregate  {*■"•■}  is  convergent, 
and  the  number  which  it  defines  we  shad  denote  by  xH. 

We  have  xn<- —  a?tru  =  a?h  [1_  jcm-.-*!-} ;  now,  since  [n,]  is  a  convergent 
aggregate,  all  the  numbers  nr  are  numerically  less  than  some  fixed  number, 
and  therefore  j«">'|<^.,  where  A  is  some  fixed  number. 

First  suppose  x  >  1,  then 

a**  -  flj»,^  =  arvn  («!"r-"rt-i  -  1)  =  <»»>■  (1  -  a^w-»r ), 
hence  \xn>-  —xnr+'  |  <  A  |  asl,v-,Vf«l—  1 1. 

Now  let  r  be  so  chosen  that,  for  all.  values  of  s, 


where  q  is  a  positive  integer;  then 
£!%-W_l<;^_l 


or  ai'<r  -js"i-+s  <  j!  - 

1  5 

and  if  «  is  chosen  so  that  -  <  -r—. — ,  where  e  is  a  fixed  number,  we  see 

q      A(m~l)' 

that  v  may  be  so  chosen  that   |  a^'  -  a^j+i  [  <  e,  for  all  values  of  s,  therefore 

{#">-}  is  a  convergent  sequence. 

If  x<  1,  then  j  — -j-  is  a  convergent  sequence,  and  therefore  (*">■}  is  also 

convergent,  since  it  is  the  quotient  of  {1}  and  {*">■}.     If  so  =  1,  then  {a?1*}  =  1. 
Thus  in  every  case  {of''-}  is  a  convergent  sequence  if  !h,.!  is  convergent. 
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Since  {x'l'-\  x  {&"*?}  =  [icn'~'w>-},  wo  sec  that  the  definition  of  xn,  when  n  is 
not  rational,  is  such  that  the  relation  x*1  x  afl  =  ai"l+'t  ia  satisfied. 

THE    REPRESENTATION    OF    REAL    NUMBERS. 

38.  The  ordinary  mode-  of  representation  of  ;i  real  number  is  by  means 
of  a  decimal,  or  more  generally  by  a  radix -fraction.  When  the  decimal  is 
non- terminating,  this  mode  of  representation  is  a  case  of  the  representation 
by  a  convergent  sequence  of  rational  numbers,  in  accordance  with  Cantor's 
theory.     For  example,   the  number  v  is  represented  by  the  sequence 

(3,  31,  3-141,  3-1415,  314159,  3141592,  ...), 
where  by  known  processes,  any  proscribed  element  can  be  found  as  the  result 
of  a  definite  number  of  arithmetical  operations. 

The  general  theorem  will  be  established  that  ever;/  -positive  real  number  N 
is  uniquely  represen table  by  -means  of  a  non-terndnotiny  series  of  radix- 
fractions,  of  which  r,  the  radix- ,  is  any  integer    *  2. 

Of  the  numbers  0,  r,  2r,  3r,  ...,  there  is  (see  §  34).  of  all  those  which  are 

less   than  rjV,  a.  greatest  one  o0r,  which  may  be  zero;    thus 

rN>c^r,  and   <<Co  +  l)r; 

JV, 
it  follows  that  2V=C0+  --, 

whero  N,  is  a  positive  number  less  than  r. 
In  a  similar  manner  we  obtain 


iV  K  ri  . 

tf1  =  Cl  +  ^,    N,  =  c,  +  — ',  ...  tf„=c„  +  =^, 

where  Ns,  JV"„  ...  iV"«+i  are  all  <  r;  therefore 

.t  C,        ft.  On       2?n+i 

N=c<,  +  -  +  -2+  ...  +is+  —£-, 

where   c0,  c,,  Ca,  ...  cn   are   each   of  them    positive   integral   or   zero,    and 
0  <  Nn+j  <  r. 

Since  J»--(fli  +  J  +  5+...+5)<i, 

and  it  lias  been  shewn  that  ---  has  the  limit  zero  as  n  is  indefinitely  increased, 
we  see  that  the  sequence,  of  which  the  wt.h  element  is 

%+°- +%+■■■+% 

is  convergent,  and  represents  the  real,  number  N.     This  is  expressed  by 

N  =  *  +  *+%+.. .+%  +  ..., 
r     r3  ra 

iu  which  A7"  is  represented  by  a  non-terminating  radix -fraction. 
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Let  us  now  consider  the  cn.se  in  which  N  is  a  rational  number  r,  in  its 

b 
lowest  term.     We  have  a  —  a0b  -f  ft,  where  ft  <  b ;  and  rft=  aji  +  ft,  where 
ft  <6;  7-/3!  =  a, 6  +  ft,  ....  rft,_,  =  «„6  +  ft,,  where  ft,  ft,  ...  ft,  are  all  less 
than  6. 

If  one  of  the  numbers  ft  say  ft,,  is  zero,  we  have 

and  thus  A7  is  expressed  in  terminating  radix-fractions;  this  case  can  only 
arise  when  b  contains  only  prime  factors  of  r.  The  terminating  series  of 
radix- tract  ions  can  be  replaced  by  a  periodic  one  which  does  not  terminate. 
For  if  we  use  a„  —  1  instead  of  a^,  as  the  numerator  of  rn,  we  have 

rj8^i=  (a.-l)6  +  6; 
thus  ft  becomes  6  instead  of  zero,  and 

i-6=(r-l)5  +  6; 
thus  ft,  ft,+i,  ...  are  all  equal  to  6;  and  ctn+l,  a„+2,  ...  arc  all  equal  to  r—  1. 
Thus  iV  is  represented  by 

d  r     r*  r"        r  +       rn+J 

It  thus  appears  that  ft  rational  nnmher,  which  in  its  lowest  terms  has  a 
denominator  which  contains  only  prims  factors  of  r,  is  capable  of  a  dovhle 
representation;  (1)  by  a  termini,  dimj  series  of  radix-fractions;  (2)  by  ft  non- 
terminating  scries  of  radix-fractions,  of  ■wl/ic-k  the  numerators  after  some  fixed 
one  are  alir  —  1. 

In  case  none  of  the  numbers  ft,  ft, ...  ft,  ...  vanishes,  it  is  clear  that 
since  all  these  numbers  arc  either  1,  2,  3,  ...  b—  1,  they  cannot  be  all 
unequal.  Suppose  ft,  is  the  first  which  is  repeated,  and  let  fin~fin+m',  it 
is  then  clear  that  fti+1  =  ft+r„+1,  ftn-a  =  ft+m+a,  ••-;  and  therefore  the  number 
is  represented  by  a  recurring  series  of  radix-fractions. 

39.  When  a  number  is  defined  by  means  of  a  convergent  sequence  of  some 
special  form,  it  is  in  general  not  immediately  obvious  whether  the  number  is 
rational  or  irrational.  Many  special  investigations  relating  to  particular 
cases,  and  various  genera!  criteria  have  been  given  by  well-known  mathe- 
maticians 

One  of  the  most  important  modes  of  such  representation  of  a  number  is 
that  by  an  endless  continued  fraction.  This  fraction  may  be  regarded  as  an 
aggregate,  each  element  of  which  is  a  finite  continued  fraction.  Legendre 
established  the  fundamental  theorem  that  a  number  represented  by  an 
endless  continued  fraction 

_£l__«2_  Jtj_  On 

6j  ±  \±  6a±'"6„±  '■'■' 


,Google 


38,  39]  Representation  of  real  numbers  47 

that  is,  by  an  aggregate  of  which  the  nth  element  is 

is  irrational*,  provided  the  positive  integers  aa,  bu  are  such  that  for  every 
value  of  n,  bn—  a,51;  except  that  when5„  —  an=  1,  for  every  value  of  n  £  tk, 
where  m  is  some  fixed  number,  and  when  at  the  same  time  the  signs  before 

-,  for   n>m,  are   negative,  then   the  continued  fraction 

converges  to  unity,  or  to  a  rational,  fraction,  according  as  m  =  l,  or  m>l. 

This  theorem  contains  as  special  cases  the  theorems  previously  established 
by  Lambert,  that  ex,  tan  x,  log„  as,  tan-1  x,  it  arc  irrational  for  rational  values 
of  x.  The  irrationality  of  e  and  e-  was  first  proved  by  E tilery;  Legendrc j 
himself  applied  the  general  theorem  to  prove  the  irrationality  of  tt5,  although 
his  pi'oof  was  lacking  in  rigidity. 

The-  following  general  theorem  has  been  proved?  by  Cantor:— 
If    b,   b',    b",    ...    is   a  set  of  positive    integers  such   that,   q    being  any 
arbitrarily  chosen  integer,  all  the  numbers  1,  b,  bb',  bb'b",  ...   from  and  after 
some  fixed  number  of  the  sequence,  are  divisible  by  q;  then  any  number  N 
can  be  uniquely  represented  by 

V+-. 

where  /  is  an  integer,  arid  X,  /x,  v, ...  are  integers  such  that 

XSl-1,    figb'-l,    v&b"-\. 
Further,  in  order  that  the  number  N  may  be  rational,  it  is  necessary  that, 
from  and  after  some  fixed  term  of  the  series,  all  the  numbers  X,  fi,  v,  ... 
have  their  highest  possible  values.     If  this  condition  is  not  satisfied,  N  is 
irrational. 

As  an  example  of  this  theorem,  the  number  e  represented  by 
11  1        . 

+  2  +  2.3  +  2.3.4+'"" 
is  seen  to  be  irrational. 

A  particular  ease  of  Cantor's  theorem  is  that  in  which  the  sequence  of 
numbers  b,  b',  b",  ...   from  a  particular  element  onwards,  is  periodic.     In 

':  A  proof  of  this  theorem  is  given  by  PriugsUeim,  "  Ueber  (lie  Coiiverfrenz  unendlicher 
Kcttenbriiehe,"  SiUungshmchta  d.  buyer.  Altai,  vol.  xxvii,  1897,  p.  318, 

+  On  the  history  of  ihei-v.  tliLiorcuis  ■«■<;  Ptinsslic-turB  inliclo  ''  Holier  iiio  crslen  Beweise  der 
T?  rational  iliit  vo:i  !■  and  s-,"  SiUiniiisiifi-ii-.lifi'  d.  (jiii/it.  Altttd.  vol,  xxvu. 

X  Bee  bis  Elements  de  Ghmtftru,  Note  4;  .nee  also  ltudio's  work,  ''Archimedes,  Huygens, 
Lambert,  Legendrc,''  1892,  p.  166, 

£   MehlomileVs  y.e'dfehvii!,  vol.  xiv  (1-S69),  "  Uelmr  die  ciiiiiLclieii  Zsihlonsysteme. " 
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this  case,  the  necessary  and  sufficient,  condition  that  the  number  repre- 
sented by 

should  be  rational,  is  that  the  sequence  /3,  /3',  ,3",  ...  be,  from  and  after  some 
fixed  number  of  the  sequence,  periodic.  This  is  a  generalization  of  the 
theorem  relating  to  a  number  represented  by  radix -fractions. 

If  &  =  2,  6'  =  3,  b"  =  i,...  we  obtain  the  theorem*  that  the  number 
represented  by 

£L  +  ^  +  f?+  ...  +  25+.., 

where  c„  £  ft  —  1,  is  rational,  only  if  from  and  after  some  particular  value  of  n, 
on  =  n~l. 

A  mode  of  re  presentation  of  numbers  by  sequence  of  products  has  been 
given-)-  by  Cantor.  He  shews  that  every  number  J\'>1,  can  be  uniquely 
represented  in  the  form 


K)(>4)H)(>+^ 


where  a,  b,  c, ...  are  integers  such  that 

6  £  a1,   c  =  b3,   d  £  <?, 

The  number  a  is  determined  as  the  integral  pact  of  -y — =-.  If =  =  S, 

b  is  the   integral    part  of    „ =- ;    if  .  =  6',   c    is.  the    integral    part   of 

^ — z-;  and  so  on. 

As  an  example,  V2  is  represented  by 

(1+5)(1  +  ll)(1  +  i?7)(1  +  SgS6¥)'- 
where        17  =  2. 3»-l,   577  =  2. 17" -1,   665857  =  2.  577s- 1, .... 

The  criterion  for  determining  whether  A'  is  rational  or  irrational  is  the 
following : — 

The  number  represented  by 


K)N)N) 


■■  Sec  Stephanos,  IJulh'iiii-  tie  la  sec.  math,  de  Francs,  vol.  vn  (1879).  1'or  further  infor- 
mation on  the  histury  of  this  snujoct  ssw  ['riiigsliBLin's  avtiula  I.  A.  3,  in  the  Encyclvpadie  der 
Math.  Wiznmchaften. 

t  SehlOmilch's  ZeiUakrifl,  vol.  siv  (1669),  "  Ueber  zwei  SStze...." 
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all  the  numbers  a,b,c,  ...  being  positive  integers,  is  rational  if,  from  and  after 
some  fixed  number  of  the  sequence  <t,  b,  c, ...,  each  number  is  the  square  of 
the  preceding  number  of  the  sequence;  but  the  number  is  irrational  if 
this  condition  is  not  satisfied. 

THE    CONTINUUM    OF    REAL    NUMBERS. 

40.  If  a,,  bi  are  any  two  real  numbers  such  that  Oi<&i,  then  two  real 
numbers  a?,  b,l:  {n,  <  b,),  can.  be  found  both  lying  between  a,,  blt  and  such  that 
the  difference  between  a2,  b.A  is  as  small  as  we  please,  i.e.  b.2  —  a2<  e,  where  e  is 
an  arbitrarily  prescribed  number.  Between  a.it  bx,  two  more  numbers  as,  b3, 
(aa<bs),  can  be  found  whose  difference  in  again  as  small  as  we  please;  and 
this  process  may  be  carried  on  indefinitely.  This  property  of  the  aggregate 
of  real  numbers  may  be  expressed,  to  use  the  term  introduced  by  G.  Cantor, 
by  saying  that  the  aggregate  of  real  numbers  is  connex  :  it  arises  from  the  fact 
that  an  indefinite  series  of  numbers  can  bo  found  which  lie  between  any  two 
given  numbers.  If  we  anticipate  a  term  which  will  be  introduced  when  we 
come  to  the  general  theory  of  Aggregate,-,  the  property  of  connexity  may  be 
expressed  by  saying  that  Ike  nun  regale  of  real  numbers  is  everywhere-dense. 

It  will  further  be  observed  that  the  aggregate  of  rational  numbers  is  also 
connex,  or  everywhere-dense;  so  that,  so  far  as  this  property  is  concerned, 
there  is  nothing  to  differentiate  the  one  aggregate  from  the  other. 

If  the  difference  of  a^  and  b,t  is  denoted  by  en,  and  the  sequence 
elr  6a,  ...  en,  ...  satisfies  the  condition,  that  corresponding  to  any  fixed 
arbitrarily  small  positive  number  i),  a  value  of  n  can  be  found  such  that 
eB,e»+1, ...  are  all  less  than  w,  then  there  exists  a  single  real  number*  which  is 
greater  than  all  the  numbers  a,,  a,,  ...,and  less  than  all  the  numbers  b„  6„  .... 
This  number  x  is  the  limit  of  either  of  the  sequences  (a,,  a2,  ...  a^,  ...)  and 
(&!,  b2,  ...  bn,  ...),  and  is  defined  by  a  section  of  all  the  real  numbers. 

If  we  confine  ourselves  to  the  domain  of  rational  numbers,  there  subsists 
in  that  domain  no  such  property ;  that  is,  the  above  numbers  a,  b  being  all 
rational,  no  such  rational  number  as  x  necessarily  exists. 

In  the  domain  of  Ileal  Number,  every  convergent  sequence  has  a  limit 
which  is  a  number  belonging  to  that  domain;  and,  conversely,  every  number 
is  the  limit  of  properly  chosen  convergent  sequences  of  numbers  belonging  to 
the  domain :  but  in  the  domain  of  Rational  Number  a  corresponding  state- 
ment does  not  hold  good,  although  the  converse  is  still  valid. 

This  property,  which  the  domain  of  real  numbers  possesses,  we  express 
by  saying  that  the  aggregate  of  real  numbers  w  perfect.  The  aggregate  of 
rational  numbers  is  not  perfect. 

From  the  point  of  view  of  Dedekind's  theory,  the  property  that  the 
ite  of  real  numbers  is  perfect  expresses  the  fact  that  every  section  of 
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the  real  numbers  corresponds  to  a  single  real  number,  and  the  converse. 
A  section  of  the  rational  numbers  does  not  always  correspond  to  a  rational 
number ;  consequently  the  aggregate  of  rational  numbers  is  not  perfect. 

We  give  the  name  continuum*  to  an  aggregate  which  possesses  the  two 
properties  of  being  conn  ex,  and  of  being  perfect.  This  is  in  the  first  instance 
taken  to  be  the  definition  of  Hie  meaning  of  the  word  continuum,  as  it  is 
used  in  Analysis.  Thus  the  aggregate  of  real  numbers  forms  a  continuum ; 
whereas  the  aggregate  of  rational  numbers  is  essentially  discrete,  and  does 
not  form  a  continuum,  since  one  of  the  two  essential  properties  of  a  continuum 
is  absent. 

The  aggregate  of  real  numbers  is  spoken  of  as  the  continuum  of  real 
numbers,  or  the  arithmetic  continuum. 

The  real  numbers  which  lie  between  two  numbers  a,  b  do  not  form  a 
continuum,  but  if  the  two  numbers  a,  6  themselves  are  considered  to  be 
included  in  the  total  aggregate,  then  this  completed  aggregate  does  form 
a  continuum. 

All  the  real  numbers  x  such  that  a  S  x  S  b,  in  the  ordinal,  sense  of  the 
symbols  <,  =,  >,  are  said  to  form  an.  interval  (a,  b) ;  and,  such  an  interval 
is  frequently  described  as  a  closed  interval. 

The  real  numbers  m  which  are  such  that  a<  se  <b,  are  frequently  said  to 
form  an  open  interval  (a,  b). 

The  closed  interval  (a,  b)  is  n.  continuum,  wince  it  satisfies  the  two  necessary 
conditions  for  the  applicability  of  the  term;  but  the  open  interval  (a,  b)  is 
not  a  continuum,  as  it  contains  convergent,  sequences  which  have  no  limit 
belonging  to  the  open  interval.  Such  an  open  interval  has  been  termed  by 
Cantor  a  semi-continuum. 

Of  the  two  essential  properties  of  the  arithmetic  continuum,  that  of 
eonnexity,  and  that  denoted  by  the  term  perfect,  the  latter  is  absolutely 
indispensable,  in  order  that  the  arithmetic  continuum  may  be  suitable 
to  be  the  field  of  operations  in  analysis.  It  will  appear,  whon  we  come 
to  the  consideration  of  the  theory  of  functions  of  a  real  variable,  that  many 
of  the  most  important  properties  of  a  function  may  still  subsist  even  if  the 
domain  of  the  variable  lacks  the  property  of  eonnexity;  but  that  such 
properties  would  not  belong  to  functions  of  a  variable  which  is  defined  for 
a  domain  such  that  convergent  sequences  of  numbers  in  it  possess  no  limit 
within  that  domain,  and  which  therefore  lacks  the  property  of  being  perfect. 
This  is  the  more  remarkable  on  account  of  the  fact  that,  in  the  older 
traditional  notion  of  a  continuum,  the  property  of  eonnexity  was  the  one 
which  was  regarded  as  all  important;  the  more  essential  property  of  being 
■   Soo  Ciinloi',  .¥([('(.  Aiiii'.il.:ii,  vol,  x.n,  p.  576. 
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perfect  has  only   been  explicitly   formula, Led  in  the  course  of  construction 
of  the  modern  arithmetical  theory. 

41.  The  term  arithmetic  continuum  is  used  to  denote  the  aggregate  of 
real  numbers,  because  it  is  held  that  the  system  of  numbers  of  this  aggregate 
is  adequate  for  the  complete  analytical  representation  of  what  is  known  as 
continuous  magnitude.  The  theory  of  the  arithmetic  continuum  has  been 
criticized  on  the  ground  that  it  is  an  attempt  to  find  the  continuous  within 
the  domain  of  number,  whereas  number  is  essentially  discrete.  Such  an 
objection  presupposes  the  existence  of  some  independent  conception  of  the 
continuum,  with  which  that  of  the  aggregate  of  real  numbers  can  be  com- 
pared. At  the  time  when  the  theory  of  the  arithmetic  continuum  was 
developed,  the  only  conception  of  the  continuum  which  was  extant  was  that 
of  the  continuum  as  given  by  intuition;  but  this,  as  we  shall  shew,  is  too 
vague  a  conception  to  be  fitted  for  an  object  of  exact  mathematical  thought, 
until  its  character  as  a  pure  intuitional  datum  has  been  modified  by  exact 
definitions  and  axioms.  The  discussions  connected  with  arithmetization 
have  led  to  the  construction  of  abstract  theories*  of  measurable  quantity  ; 
and  these  all  involve  the  use  of  some  system  of  arithmetic,  as  providing  the 
necessary  language  for  the  description  of  the  relations  of  magnitudes  and 
quantities.  It  would  thus  appear  to  be  highly  probable  that,  whatever 
abstract  conception  of  the  intuitional  continuum  of  quantity  and  magnitude 
may  be  developed,  a  parallel  conception  of  the  arithmetic  continuum,  though 
not  necessarily  identical  with  the  one  which  we  have  discussed,  will  be 
required.  To  any  such  scheme  of  numbers,  the  same  objection  might  be 
raised  as  has  been  referred  to  above;  but  if  the  objection  were  a  valid  one, 
the  complete  representation  of  continuous  magnitudes  by  numbers  would, 
under  any  theory  of  such  magnitudes,  be  impossible.  It  is  clear  that  it 
is  only  in  connection  with  an  exact  abstract  theory  of  magnitude,  that 
any  question  as  to  the  adequacy  of  the  continuum  of  real  numbers  for  the 
measurement  of  magnitudes  can  arise,  jfor  actual  measurement  of  physical, 
or  of  spatial,  or  temporal  magnitudes,  the  rational  numbers  are  sufficient; 
such  measurement  being  essentially  of  an  approximate  character  only,  the 
degree  of  error  depending  upon  the  accuracy  of  the  instruments  employed. 

The  purely  ordinal  nature  of  the  conception  of  the  arithmetic  continuum, 
including  the  ordinal  character  of  an  interval,  has  been  pointed  out  in  the 
course  of  the  development  of  the  theory.  This  will  be  further  elucidated 
in  connection  with  the  abstract  theory  of  order-types  to  be  discussed  in 
Chapter  in. 

*  Bee  O.  H.  Holdup  Din  A.cionw  iter  Qimntitdt  und  die  Lehre  vom  Mass,  Leipziger  Beriehte, 
vol.  mi  (1901);  also  Veronese's  work,  Finidaiiwnti  ill  Gtometria,  .1891;  and  Bettazzi's  work, 
Trt>r~"i  tk'le  ynmitf!:'*/:,  1890. 
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THE    CONTINUUM    GIVEN    BY    INTUITION, 

42.  Before  the  development  of  analysis  was  made  to  rest  upon  a  purely 
arithmetical  basics,  it.  was  usually  considered  that  the  field  of  operations  was 
the  continuum  given  by  our  intuition  of  extensive  magnitude,  especially  of 
spatial  or  temporal  magnitude,  and  of  the  motion  of  bodies  through  space. 

The  intuitive  idea  of  continuous  motion  implies  that  in  order  that  a  body 
may  pass  from  one  position  A  to  another  position  B,  it  must  pass  through 
every  intermediate  position  in  its  path.  An  attempt  to  answer  the  question, 
what  is  meant  by  every  in  tot  modi  ate  position,  reveals  the  essential  difficulties 
of  this  conception,  and  gives  rise  to  a  demand  for  an  exact  theoretical  treat- 
ment of  continuous  magnitude. 

The  implication  contained  in  the  idea  of  continuous  motion,  shews  that, 
between  A  and  B,  other  positions  A',  B'  exist,  which  the  body  must  occupy 
at  definite  times;  that  between  A',  B',  other  such  positions  exist,  and  so  on. 
The  intuitive  notion  of  the  continuum,  and  that  of  continuous  motion  negate 
the  idea  that  such  a  process  t.A'  subdivision  can  be  conceived  of  as  having  a 
definite  termination.  The  view  is  prevalent  that  the  intuitional  notions  of 
continuity  and  of  continuous  motion  are  fundamental  and  m.i  generis  ;  and 
that  they  are  incapable  of  being  exhaustively  described  by  a  scheme  of 
specification  of  positions.  Nevertheless,  the  aspect  of  the  continuum  as  a 
field  of  possible  positions  is  the  one  which  is  accessible  to  Arithmetic  Analysis, 
and  with  which  alone  Mathematical  Analysis  is  directly  concerned.  That 
property  of  the  intuitional  continuum,  which  may  be  described  as  unlimited 
divisibility,  is  the  only  one  that  is  immediately  available  for  use  in  Mathe- 
matical thought ;  and  this  property  is  not  sufficient  for  the  purposes  in  view, 
until  it  has  been  supplemented  by  a  system  of  axioms  and  definitions  which 
shall  suffice  to  provide  a  complete  and  exact  description  of  the  possible 
positions  of  points  and  other  geometrical  objects  which  can  be  determined  in 
space.     Such  a  scheme  constitutes  an  abstract  theory  of  spatial  magnitude. 

The  exact  theory  of  magnitude  was  developed  to  a  considerable  extent 
by  Euclid  ;  but  not  until  recently,  under  the  influence  of  the  ideas  of  the 
arithmetical  theory,  has  it  been  perfected  in  a  form  which  exhibits  the  exact 
system  of  axioms  and  definitions  necessary  for  a  characterization  of  con- 
tinuity, that  is  adequate  for  inatliematical  analysis.  Besides  the  arithmetic 
theory  of  number,  there  exists  at  the  present  time  a  theory  of  magnitude 
which  runs  to  a  certain  extent  parallel  with  the  former  theory.  Some 
mathematicians*  still  prefer  to  regard  number  as  primarily  representing  the 
ratio  of  two  magnitudes  ;  but  they  nevertheless  to  a  large  extent  employ  the 
methods  of  arithmetical  analysis. 

*  P.  Du  Eois  lioyinonil  iu  hi*  AUyeM-Atie  B'^ntliorir.iiihf.orh'  strongly  nilvocutas  the  view  that 
linear  magnitude  formn  t.-io  lisLsin  of  tin?  oimiqiLion  of  Number.  sSeu  also  Siolz,  AU.ijemeirte 
Ariilimetik,  where  both  views  ol'  i\  umber  are  developed,  ISee  also  G .  Ascoli,  Rend.  1st.  Lomb.  (2) 
28  (1895). 
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THE    STRAIGHT    LINE    AS    A    CONTINUUM. 

43.  Although  it  is  no  part  of  the  plan  of  tin;  present  work  to  enter  fully 
into  the  general  theory  of  Magnitude,  it  is  necessary  briefly  to  consider  the 
case  of  those  magnitudes  which  are  segment's  of  a  straight  line,  that  straight 
line  which  is  the  ideal  object  of  geometry,  and  which  is  the  ideal  counterpart 
of  the  physical  straight  line  of  perception. 

The  length  of  the  segment  between  two  points  A,  B,  of  a  straight  line, 
is  a  particular  case  of  a  magnitude ;  and  we  shall  take  this  conception  as  a 
datum,  subject  to  a  set  of  axioms*  relating  to  the  notions  of  congruency, 
and  to  the  notions  greater  and  loss  as  applied  to  magnitudes. 

We  assume  that  any  number  of  congruent  segments  OA,  AB,  BO,  ...  can 
be  constructed  on  the  straight  line;  and  thai  any  segment  OA  can  be  divided 
into  any  number  of  segments  winch  are  all  equal  to  one  another. 

Any  segment  OA  may  be  taken  as  the  unit  of  length,  so  that  its 
magnitude  is  represented  by  the  number  1;  its  multiples  OB,  OC,  ...  are 
denoted  by  the  numbers  2,  3, ... .  If  each  one  of  the  segments  OA ,  AB,  BO, . , . 
be  divided  into  the  same  number  q  of  equal  parts,  then,  if  P  is  a  point  of 
division,  OP  is  denoted  by  a  fractional  number  p/'q,  where  p  is  the  number  of 
the  sub-segments  in  OP.  Thus  when  p,  q  are  any  positive  integral  numbers. 
pjq  represents  a  definite  magnitude  OP,  the  unit  magnitude  OA  having  been 
fixed  upon  beforehand. 

Further,  the  number  pjq  may  also  be  regarded  as  representing  the 
position  of  the  point  P  itself.  In  order  to  represent  points  of  the  straight 
line  on  both  sides  of  0,  the  convention  is  made,  that  points  on  one  side  of 
0  shall  be  represented,  by  positive  numbers,  and  those  on  the  other  side  by 
negative  numbers;  thus  if  Pis  on  the  right  of  0,  and  P'  on  the  left  of  0, 
and  if  OP  =  OP',  the  point  P'  is  represented  by  the  number  —pjq-  The 
length  of  any  segment  of  the  straight  line,  whose  ends  are  points  to  which 
rational  numbers  have  been  assigned  in  the  maimer  explained  above,  is  the 
difference  of  the  above  two  numbers.  In  this  manner,  we  have  a  correspond- 
ence established  between  the  aggregate  of  rational  'numbers  and  an  aggregate 
of  points  on  the  straight  lino,  the  relation  of  order  being  conserved  in  the. 
correspondence,  so  that  the  two  aggregates  are  similar. 

The  set  of  points,  thus  represented  by  rational  numbers,  we  may  speak 
of  as  the  rational  points  of  the  straight  line;  but  it  must  be  remembered 
that  a  definite  origin  0,  and  a  definite  unit  of  length  OA,  are  supposed  to 
have  been  fixed  upon  beforehand;  and  if  these  be  altered,  the  set  of  rational 
points  will  in  general  be  altered  also. 

*  These  axioms  ave  iliucn$.HtSil  by  O,   1  Suitler,  Li:ipzi:icr  Hciklile,  vol.  lih,  1901. 
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It  has  been  assumed  as  an  axiom  that,  if  l\Qi  is  any  segment  of  the 
straight  line,  it  may  be  divided  into  any  number  Uj  of  equal  parts:  of  these, 
if  P.2Q2  be  taken  as  one,  the  same  axiom  asserts  that  P2Q^  may  be 
similarly  divided  into  any  number,  «.3J  of  equal  parts,  PSQS  being  one  of  the 
parts;  and  thai  this  process  may  be  repeated  an  unlimited  number  of  times. 
The  axiom  is  equivalent  to  an  assumption  that  the  straight  line  is  capable 
of  unlimited  divisibility;  and  this,  being  a  characteristic  property  of  the 
intuitional  linear  continuum,  must  also  hold  for  its  ideal  counterpart,  the 
straight  line  which  we  are  here  considering. 

We  proceed  to  assume  as  another  axiom  that,  P,Qi,  P-2Q^,  P,QS...  being 
the  segments  constructed  as  above,  there  exists  in  the  straight  line,  one 
point  X,  and  one  only,  which  separates  all  the  points  P±,  Ps,  Pa,  ■■■  from  all 
the  points  Qlt  Q.A,  Qx,  ....  If  Y  be  any  point  other  than  X,  then  points 
belonging  to  the  sequence  Plt  P3,PS,...  and  points  belonging  to  the  sequence 
Qi,Qs,Qi,  •■■  cal1  be  found  which  arc  both  on  the  same  side  of  Y. 

The  point  X  may  be  regarded  as  the  limit  of  either  sequence  of  points; 
and  the  property  corresponds  to  that  property  of  the  arithmetic  continuum 
which  is  expressed  by  saying  that  it  is  perfect. 

In  accordance  with  this  axiom  there  is  one  single  point  ou  the  straight 
line  which  corresponds  to  any  given  real  number;  and  this  point,  or  the 
magnitude  of  the  corresponding  segment,  may  be  represented  by  the 
real  number. 

This  axiom  has  been  stated  by  Dedekind,  in  a  form"  corresponding  to  his 
definition  of  an  irrational  number : — that  a  section  of  the  rational  points,  in 
which  they  are  divided  into  two  classes,  is  made  by  a  single  point. 

Another  form  of  the  axiom  is  that  known  as  the  Axiom  of  Archimedes*: — 
that  if  AB,  A'B'  are  any  two  segments  of  the  straight  line,  of  which  AB  is 
the  smaller  one,  an  integer  n  can  always  bo  found  such  that  n  .  AB  >  A' B'. 
As  in  the  case  of  the  arithmetic  continuum,  this  is  equivalent  to  the  negation 
of  the  existence  of  infinitesimal  segments  of  the  straight  line. 

This  axiom  being  assumed,  there  is  a  complete  correspondence  between 
the  points  of  the  straight,  line  and  the  aggregate  of  real  numbers.  Thus  the 
nature  of  the  linear  continuum,  that  is,  so  far  as  its  possible  parts,  and  the 
possible  positions  in  it,  are  concerned,  is  completely  represented  and  described 
by  means  of  the  arithmetic  continuum,  the  axioms  relating  to  the  straight  line 
having  been  so  chosen  that  this  may  be  the  case.  It  will  be  observed  that 
there  is  no  real  disparity  between  the  rational  points  and  the  irrational 
points  of  the  straight  line;  a  point,  which  with  one  origin  and  one  unit 
of  length,  is  a  rational  point,  may  be  an  irrational  point  if  another  origin,  or 
another  unit  of  length,  be  chosen. 

*  'ihe  importance  of  the  Axiom  of  Arohimedes  in  thin   connection  was  pointed   out  and 
by  Stolz,  Math,  Aiuud&u,  vols,   sxii  and  xxxix. 
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44  The  mode  which  has  been  adopted  above,  of  establishing  a  complete 
correspondence  between  the  aggregate  of  real  numbers  and  the  aggregate  of 
points  in  a  straight  line,  though  the  most  convenient  mode,  is  not  the  only 
possible  one.  All  that  is  really  necessary  for  the  correspondence  is  that,  in 
accordance  with  same  systematic  scheme,  the  points  in  the  straight  line  shall 
be  made  to  correspond  with  the  numbers  of  the  arithmetic  continuum  in 
such  a  way  that  the  relation  of  order  is  conserved  in  the  correspondence. 
It  is  not  necessary  that  the  difference  of  two  numbers  should  represent  the 
length  of  the  segment  of  the  straight  line  which  is  terminated  by  the  points 
that  correspond  to  the  two  numbers.  The  mode  of  correspondence  given 
above  is  however  the  simplest  one,  and  will  therefore  be  adopted  for  the 
purpose  of  enabling  us  fco  use  the  language  of  geometry  in  analytical 
discussion, 

In  the  case  of  space  of  two  or  of  three  dimensions,  it  will  be  assumed 
as  axiomatic  that  one  point  of  the  space,  and  one  only,  corresponds  to 
each  pair  or  triplet  of  real  numbers  which  represent  Cartesian  coordinates. 
This  axiom  may  be  considered  as  fundamental  in  the  Cartesian  system  of 
analytical  geometry. 

The  disputable  idea  that  the  theory  here  explained  necessarily  implies 
that  a  continuum  is  to  be  regarded  as  made  up  of  points,  which  are 
elements  not  possessing  magnitude,  has  frequently  been  a  stumbling-block 
in  the  way  of  the  acceptance  of  the  view  of  the  spatial  continuum'  which 
has  been  indicated  above.  It  has  been  held  that,  if  space  is  to  be  re- 
garded as  made  up  of  elements,  these  elements  must  themselves  possess 
spatial  character;  and  this  view  has  given  rise  to  various  theories  of  infini- 
tesii.  lis  or  of  indivisibles,  as  components  of  spatial  magnitude.  The  most 
modern  and  complete  theory  o.f  this  hind  has  been  developed  by  Veronese*, 
and  is  based  upon  a  denial  of  the  principle  of  Archimedes  which  has  been 
already  referred  to.  In  Veronese's  system,  when  a  unit  segment  of  a  straight 
liue  has  been  chosen,  there  exist  segments  which  are  too  large,  and  others 
that  are  too  small,  to  be.  capable  of  representation  by  finite  numbers;  and  these 
segments  are  respectively  infinite,  and  infinitesimal,  relatively  to  the  unit 
segment  chosen.  Under  this  scheme,  a  section  of  the  rational  points,  or  a 
section  of  the  points  represented  by  real  numbers,  is  made,  not  by  a  single 
point,  but  by  an  infinitesimal  segment.  Veronese  has  consequently  intro- 
duced systems  of  infinite  and  of  infinitesimal  numbers,  each  of  an  unlimited 
number  of  orders,  for  the  measurement  of  segments  which,  relatively  to  a 
given  scale,  are  infinite  or  infinitesimal.  From  his  point  of  view,  the  points 
on  a  straight  line  which  represent  the  real  numbers  form  only  a  relative 
continuum,  i.e.  one  which  is  relative  to  the  particular  scale  of  measurement 

*  See  Ms  Fmulamenti  <ti  Geameiriri,  Visa,  1894;  ii  Gcnniiii  Iniiissliition  by  ScTiepp  lias  been 
published  in  Leipzig. 
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employed ;  and  he  contemplates  the  conception  of  an  absolute  continuum,  for 
the  representation  of  which  his  series  of  sets  of  infinite  and  infinitesimal 
numbers  are  requisite.  A  segment,  which  in  a  given  scale  is  finite,  may  be 
infinitesimal,  or  infinite  of  any  order,  when  measured  relatively  to  another 
scale. 

The  validity  of  Veronese's  system  has  been  criticized  by  Cantor  and 
others,  on  the  ground  that  the  definitions  contained  in  it,  relating  to  equality 
and  inequality,  lead  to  contradiction;  it  is  however  unnecessary  for  our 
purpose  to  enter  into  the  controversy  on  this  point.  The  straight  line  of 
geometry  is  an  ideal  object  of  which  any  properties  whatever  may  be 
postulated,  provided  that  they  satisfy  the  conditions,  (1)  that  they  form  a 
valid  scheme,  i.e.  one  which  does  not  lead  to  contradiction,  and  (2)  that  the 
object  defined  is  such  that  it  is  not  in  contradiction  with  empirical  straight- 
ness  and  linearity.  There  is  no  <i-  priori  objection  to  the  existence  of  two  or 
more  such  adequate  conceptual  systems,  each  self-consistent,  even  if  they  be 
incompatible  with  one  another;  but  of  such  rival  schemes  the  simplest  will 
naturally  be  chosen  for  actual  use.  Assuming  then  the  possibility  of  setting 
up  a  valid  non-Archimedean  system  for  the  straight  line,  still  the  simpler 
system,  in  which  the  principle  of  Archimedes  is  assumed,  is  to  be  preferred, 
because  it  gives  a  simpler  conception  of  the  nature  of  the  straight  line,  and 
is  adequate  for  the  purposes  for  which  it  was  devised.  The  case  of  the 
non-Euclidean  systems  of  geometry  is  an  instance  of  the  existence  of  valid 
geometrical  schemes  divergent  from  one  another,  which1  nevertheless  all  afford 
a  sufficient  representation  of  [ihysiea]  space -percepts. 

An  answer  to  the  difficult,  question,  in  what  sense  the  straight  line  or  a 
space  of  two  or  of  three  dimensions,  admits  of  being  regarded  as  an  aggregate 
of  points,  can  only  be  discussed  after  a  full  treatment  of  the  nature  and 
properties  of  infinite  aggregates  has  been  developed.  The  discussions  in 
Chapters  II.  and  III.  of  infinite  aggregates,  and  especially  of  the  notion  of 
the  power  or  cardinal  'number  of  such  an  aggregate,  will  throw  light  upon 
this  subject, 
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CHAPTER   II. 


T.ur:oi;Y  of  sets  o.f  .point-. 


45.  An  aggregate  of  real  numbers,  each  element  of  which  consists  of 
a  single  real  number,  is  defined  by  any  prescribed  set  of  rules  or  specifications 
which  are  of  such  a  nature  that,  when  any  real  number  whatever  is  arbitrarily 
assigned,  they  theoretically  suffice  to  determine  whether  such  real  number 
does  or  does  not  belong  to  the  aggregate.  The  difficulty  of  regarding 
an  aggregate,  so  defined,  as  a  definite  object,  is  bound  up  with  the  difficulties 
connected  with  the  notion  of  the  linear  continuum,  i.e.  the  aggregate  of 
all  real  numbers,  out  of  which  the  defined  aggregate  is  to  be  obtained  by 
a  process  of  selection  which,  except  in  the  case  of  a  finite  aggregate,  can 
never  be  actually  carried  out  in  its  entirety,  but  which  is  determined  by  a 
rule  or  set  of  rules.  The  precise  scope  of  the  definition  will  be  rendered 
clearer  by  the  consideration  of  various  classes  of  actually  do  fined  aggregates 
which  will  be  considered  in  the  present  Chapter;  moreover,  the  theoretical 
difficulties  of  the  notion  of  such  an  aggregate,  in  general,  will  be  in  some 
measure  elucidated  by  the  discussions  in  the  present  and  the  following 
Chapters,  of  the  notion  of  the  power,  or  cardinal  number,  of  an  aggregate. 

In  accordance  with  the  principle  explained  in  §  43,  each  number  of  a 
given  aggregate  may  be  represented  by  a  single  point  on  a  fixed  straight 
line;  thus,  to  an  aggregate  of  numbers,  there  corresponds  an  aggregate  of 
points  on  the  straight  line.  An  aggregate  of  single  numbers,  or  of  their 
equivalent  points,  we  shall  speak  of  as  a  linear  set  of  points. 

The  theory  of  linear  sets  of  points,  of  which  the  present  Chapter  contains 
an  account,  arose  historically  from  (.he  discussion  of  questions  connected  with 
the  theory  of  Fourier's  series  and  of  the  functions  which  can  be  represented 
by  such  series.  A  consideration  of  the  properties  and  peculiarities  of  the  .sets 
of  points  at  which  infinities  or  other  discontinuities  of  such  functions  exist, 
led  to  a  study  of  the  properties  of  linear  sets  in  general,  and  to  the 
development  by  G.  Cantor,  P.  Du  Bois  Keymond,  Eendixson,  Harnack,  and 
others,  of  a  general  theory  which  has  lately  received  wide  applications  both 
in  Analysis  and  in  Geometry, 

Corresponding  to  the  theory  of  linear  sets  of  points,  there  exist  theories 
of  plane,   solid,   or   /i-dimensional   sets  of  points.      A  set  of  points   in  n 
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dimensions  is  an  aggregate  each  element  of  which  is  specified  by  n  real 
numbers.  The  theory  of  such  sets  proceeds  on  lines  similar  to  that  of  linear 
sets;  indeed  most  of  the  investigations  in  the  latter  theory  are  capable  of 
extension,  with  slight  modification,  to  the  more  general  cases.  For  the 
sake  of  brevity,  we  shall  in  general  confine  our  attention  to  linear  sets; 
some  indications  will,  however,  be  given  of  the  mode  in  which  the  definitions 
and  properties  which  arise  in  the  theory  of  linear  sets,  may  be  extended 
to  the  case  of  plane  or  solid  sets  ;  and  a  few  properties  peculiar  to  non-linear 
sets  will  be  given. 

The  whole  theory  is  fundamentally  arithmetical ;  the  geometrical  repre- 
sentation and  nomenclature  being  a  matter  of  convenience,  not  of  necessity. 


THE    UPPER    AM")    LOWER    liOUXD.A  lilTCS    OP    A    SET   OF    POINTS. 

46.  Let  a  set  of  points  be  such  that  every  point  of  the  set  lies  upon 
a  straight  line,  the  position  of  each  point  being  determined  by  its  distance 
from  a  fixed  origin  upon  the  straight  line,  in  the  manner  explained  in  §  43. 
If  a  point  /3  exists,  such  that  no  number  of  the  set  is  greater  than  /3,  the 
set  is  said  to  be  bounded  on  the  right.  In  this  case  it  will  be  shewn  that 
there  is  a  definite  point  b,  such  that  no  point  of  the  set  is  on  the  right  of  b, 
and  such  that  either  b  is  itself  a  point  of  the  set,  or  else  points  of  the  set 
are  within  the  interval  (b  —  e,  b)  however  small  the  positive  number  e  may 
be  taken  to  be. 

When  b  is  a  point  of  the  set,  there  may  or  may  not  be  other  points  of  the 
set  in  every  interval  (b  —  e,  b).  This  point  b  is  said  to  be  the  upper  limit  of 
the  set,  when  points  of  the  set  lie  within  every  interval  (b  -  e,  b).  In  any 
case,  when  b  is  a  point  of  the  set,  it  is  said  to  be  the  upper  extreme  point 
of  the  set.  The  term  upper  boundary  may  be  applied  to  the  point  6, 
whether  it  be  the  upper  limit  or  only  the  upper  extreme  point. 

In  case  b  is  both  the  upper  limit,  and  the  upper  extreme  point,  of  the 
set,  the  upper  limit  is  said  to  be  attained ;  and  b  is  then  called  the  maxi- 
mum point  of  the  set. 

To  prove  the  existence*,  under  the  condition  slated,  of  an  upper  boundary, 
as  above  defined,  it  may  be  observed  that  all  the  numbers  of  the  con- 
tinuum of  real  numbers  can  be  divided  into  two  classes,  one  of  which 
contains  every  number  which  is  greater  than  all  the  numbers  of  the  set,  and 
the  other  of  which  contains  every  number  which  either  belongs  to  the  sot  or 
is  less  than  some  or  all  of  the  numbers  of  the  set.  The  section  thus  specified 
defines  a  number  b  which  is  the  upper  boundary  of  the  set. 

*  Tlia  existence  of  upper  n,nd  lower  boundaries  was  pro  visit  by  Weierstruss,  in  bis  lectures. 
See  also  Bolzano,  Abh.  d.  .Uuhmhcheu  Getdhch.  it.  Whs.,  vol.  v,  Prag,  1817. 
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In  a  similar  manner,  it  may  be  shewn  that,  if  the  set  is  bounded  on  the 
left,  i.e.  if  a  point  can  be  found  such  that  all  the  points  of  the  set  are  on 
the  right  of  such  point,  then  a  point  a  exists,  which  is  such  that  no  points 
of  the  set  are  on  the  left  of  a,  and  such  that  either  a  is  a  point  of  the  set, 
or  else  points  of  the  set  are  within  every  interval  (a,  a  +  e),  where  e  is  an 
arbitrary  positive  number.     Both  conditions  may  be  satisfied  simultaneously. 

In  case  points  of  the  set  lie  within  every  interval  (a,  a  +  e),  then  a  is 
called  tfea  lower  limit  of  the  set. ;  and  the  lower  limit  is  said  to  be  attained 
if  a  be  itself  a  point  of  the  set.  In  any  case  in  which  a  is  a  point  of  the  set, 
it  is  then  said  to  be  the  lower  extreme  point  of  the  set.  The  term  loiver 
boundary  may  in  all  cases  be  applied  to  a, 

A  set  of  points  which  has  both  an  upper  and  a  lower  boundary  is  said  to 
be  a  bounded  set. 

47.  If  no  point  b  exists,  which  is  either  the  upper  limit,  or  the  upper 
ftirtteme  point,  of  the  set,  then  the  set  is  said  to  be  unbounded  on  the  right ; 
gfltfo  is  said  that  the  upper  limit  of  the  set  is  +x>;  the  two  statements 
feeitlg  regarded  as  tautological.  Similarly,  if  no  lower  limit  nor  lower 
extreme  point  a  exists,  the  set  is  said  to  be  unbounded  on  the  left;  or  it 
i^fc&d  that  the  lower  limit  is  -x. 

The  symbols  +  x ,  —  x  do  not  really  represent  numbers;  they  must 
be  taken  to  represent  what  is  sometimes  spoken  of  as  the  improperly  infinite. 
i.e.  ,the  mere  absence  of  an  upper  or  a  lower  boundary  respectively.  In  order, 
however,  to  avoid  circumlocution  in  the  statement  of  theorems  concerning 
sets,  it  is  usually  convenient  to  speak  of  +  x  ,  —  ac  ,  used  in  the  above  sense, 

If  they  were  numbers  which  correspond  to  upper  and  lower  limits 
K&jfectively. 

In  the  present  Chapter,  it  will  in  general  be  assumed  that  the  sets  treated 
of  are  bounded  ;  and  the  interval  (it,  b)  will  be  said  to  be  the  interval  in  which 
the  set  exists.  This  restriction  is  not  so  great  a  one  as  might  at  first  sight 
appear;  for  an  unbounded  set  can  be  placed  into  correspondence  with  abounded 
one,  in  such  a  manner  that  the  relative  order  of  any  two  points  in  the  one 
set  is  the  same  as  that  of  the  corresponding  points  in  the  other  set.     If 

x'  =  —=.-== - ,  where  the  radical  i^  taken  to  have  always  the  positive  sign,  then 

to  -a  point  x,  in  the  unlimited  line  (—  x ,  +  oo  ),  there  corresponds  a  point  x, 
in  the  limited  line  (—!.,  +  ]);  and  also  «i'  =  a2',  according  as  x^x*.  The 
same  object  might  have  been  attained  by  using  the  transformation 


There  is  no  real  loss  of  generality  in  considering  only  such  sets  as  lie 
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in  a  given  interval,  say  (0,1);  for  the  relation  a;' = -5 establishes  a  complete 

correspondence  between  sets  in  the  interval  (a,  8)  and  sets  in  the  interval 
(0,  1),  the  relative  order  of  points  being  preserved  in  tho  correspondence. 

The  points  of  the  interval  (a,  8)  may  be  made  to  correspond  in  order  with 
the  points  of  the  interval  {0,  1),  in  snch  a  manner  that  an  arbitrarily  chosen 
point  y  within  (a,  /J),  corresponds  to  an  arbitrarily  chosen  point  within  (0,1); 
for  example  the  point  ^.  This  correspondence  can  be  effected  by  ti&  trans- 
formation 

x1     __     x  —  ay  —  j3 


LIMITING    POINT   OF    A    SET    OF    INTERVALS. 

48.  Let  (fflj,  6^,  (a.3, 6S), ...  (<t»,  &n)  ...  be  an  unending  sequence  of  inte^fa^a 
which  are  such  that  any  one  of  them  («..„,  ?;.„)  lies  entirely  in  the  prcce^i^g 
one  ((&„_!,  b^),  the  two  having  at  most  one  end-point  common ;  ^tiiaJ 
On  £a»-ij  &«  =  &«-ij  moreover,  suppose  that  the  lengths  6,  —  au  b%  —  /tjgjxe 
b„  —  an, ...  form  a  sequence  which  converges  to  zero,  tho  condition  for  WjhJqJj 
is  that,  corresponding1  to  any  arbitrarily  small  e,  n  can  be  so  chosen. Jihat 
bm  — "»,  for  all  values  of  m  which  are  =n,  is  <e.  It  will  be  seen,  that 
in  accordance  with  the  axioms  explained  in  §  48,  there  wrists  one  poiritana 
one  only  which  is  in  every  interval  of  the  sequence.  This  point,  may  be  callec] 
the  limiting  point  of  the  sequence  of  intervals, 

Each  of  the  aggregates  («,,  as,  a3,  ...att,...),  (&,,  6a, . ..  b,„  ...)  being^oag 
vergent,  defines  a  number ;  and  in  fact,  in  virtue  of  tho  definition  of  equ^t^ 
in  §  25,  they  define  the  same  number  w.  This  number  x  is  not  less  than  ct„; 
and  not  greater  than  bni  whatever  n  may  be;  the  point  x  therefore  llief 
in  all  the  intervals,  and  is  the  limiting  point  whose  existence  was  to  Be. 
remarked.  If  y  be  any  number  greater  (or  less)  than  x,  we  can  fina  n  so 
great  that  bn  —  x < y  —  x,  if  y  > x ;  or  that  x~an<x  —  y,  if  %>y:  thus  y  abes 
not  lie  in  (a,,  bn).  Hence  there  is  only  one  point  which  satisfies  the  pre- 
scribed conditions. 

If  for  every  n,  from  and  after  some  fixed  value,  the  inequalities  an>an_1, 
bn  <  £>„_!  both  hold,  then  the  limiting  point  x  is  in  the  interior  of  all  the 
intervals  of  the  .sequence.  If,  from  and  after  some  fixed  value  of  n,  say  ns> 
we  have  an  =  an-1,  bn<bn_t,  the  limiting  point  x  coincides  with  the  common 
end-points  «„,_,,  an>,  a„1+lj .... 
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THE    LIMITING    POINTS   AND    THIS    DKI'J VATIVKS    OP    A    LINEAR    SET. 

49.  If  a  point  x  be  taken  in  the  interval  {a,  b),  an  interval  {%  —  e,, 
x  +  e$)  which  lies  entirely  in  (a,  b)  is  called  a  neighbourhood  of  the  point  x ; 
and  this  neighbourhood  may  be  made  as  small  as  we  please  by  proper  choice 
of  e,  and  e2.     An  interval  (x,  x+ea)  is  called  a  neighbourhood  of  x  on  the 

right,  and  (,<.■  — f,,  ;'■)  i>  caliod  a  neighbourhood  i>f  .'.  on  ilu.-  I  oil.  The 
end-points  a  and  £>  can  only  have  neighbourhoods  on  the  right  and  the  left 
respectively. 

If  a  linear  set  of  points  not  jvnite  in  number  {denoted  b>/  0)  is  in  the 
interval  (a,  b),  then  a  point  P,  in  'whose  arbitrarili/  mnall  neighbourhood  there 
exists  at  least  one  point  of  G  not  identical  with  P.  is  culled  n,  limiting  point 
of  the  set  (?,  whether  P  belongs  to  G  or  not. 

The  fundamental  theorem  will  now  be  proved  that  every  set  of  an  infinite 
number  of  points  G,  in  an  interval  (a,  b),  possesses  at  least  one  limiting  point. 

Divide  (a,  6)  into  m  equal  parts;  then  in  one  at  least  of  these,  say 
(au  b,),  there  is  an  infinite  number  of  points  of  G  ;  and  if  this  is  the  case  in 
more  than  one  of  the  parts,  we  may  take  any  one  of  these  for  (al7  b{). 
Divide  (a,,  Oj)  into  m  equal  parts;  then  there  must  he  one  of  these  parts 
at  least,  say  (a2,  b^),  which  contains  an  infinite  number  of  points  of  G. 
Proceeding    in    this    manner,   we   obtain   a   sequence    of  intervals  (alt  b,), 

(aj,  6,)  ...  ((i,i,  b,i) ...,  of  lengths  —(b  —  a),   —  (b-a), ...— ~(b  —  a),  ...  in  each 

of  which  there  is  an  infinite  number  of  points  of  G.  In  accordance  with  the 
theorem  of  §  40,  there  exists  one  point  te  which  Is  in  all  the  intervals  («■„,  bn). 
Take  any  arbitrarily  small   neighbourhood    of  x,   say   (x  —  e,,  x  +  e2);    then 

if  n  be  chosen  so  large  that  —  {b  —  a)  is  less  than  the  smaller  of  the  numbers 

e,,  es,  the  interval  (a„,  bn)  lies  entirely  within  (x—e1,  x  +  e2).  Hence  in  the 
arbitrarily  small  neighbourhood  of  m,  there  is  an  infinite  number  of  points 
of  G ;  therefore  x  is  a  limiting  point  of  G. . 

It  has  thus  been  shewn  that  G  has  at  least  one  limiting  point.  It  may 
have  a  finite  number,  or  an  indefinitely  great  number,  of  limiting  points. 
It  should  be  observed  that  a  limiting  point  of  G  may  or  may  not  itself 
be  a  point  of  Q.  If  either  boundary  of  the  set  be  not  a  point  of  G,  then  it 
is  certainly  a  limiting  point  of  G  ;  it  may  however  bo  both. 

A  limiting  point  P  of  a  set  G  is  a  limiting  point  on  both  sides,  if  an 
indefinitely  great  number  of  points  of  G  lie  in  every  neighbourhood  of  P  on 
the  right,  and  also  in  every  neighbourhood  of  P  on  the  left.  Otherwise 
P  is  a  limiting  point  of  G  on  one  side  only. 
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50.  In  the  case  of  a  set  for  which  either  the  upper  boundary  or  the  lower 
boundary  is  absent,  or  both  are  absent,  we  may  use  either  method  given 
in  |  47,  of  making  the  set  correspond  with  a  bounded  set  in  the  interval 
(-1,  +1).  To  any  definite  interval  in  {-co,  +  oo  ),  there  corresponds  a 
definite  interval  in  (- 1,  + 1),  neither  end-point  of  which  is  at  —  1  or  1. 
To  a  limiting  point  interior  to  (—  1,  +  1).  there  corresponds  a  limiting  point 
in  (—  oo  ,  +  «  ).  For  if  a/  be  such  a  limiting  point  of  the  set  in  {—  1,  +  1), 
there  are  in  any  neighbourhood  of  a;'  an  infinite  number  of  points  of  the  set; 
and  to  this  neighbourhood  there  corresponds  a  neighbourhood  of  the  cor- 
responding point  x  of  the  unbounded  set.  Thus  the  point  w  is  such  that,  in 
any  neighbourhood  of  it,  there  are  an  infinite  number  of  points  of  the  set, 
so  that  /e  is  a  limiting  point.  The  only  case  in  which  the  unbounded  set  has 
no  limiting  point,  is  when  the  corresponding  bounded  set  has  for  its  sole 
limiting  points  the  end-points  —  1,  +1,  or  one  only  of  these;  and  in  this 
case  we  may  say  that  co ,  —  <x> ,  or  one  of  these,  is  the  improper  limiting 
point  of  the  unbounded  set.  The  properties  of  an  unbounded  set  in  re- 
lation to  its  limiting  points  are  thus  not  essentially  different  from  those  of 
a  bounded  set. 

51.  Returning  to  the  case  of  a  set  0  in  an  interval  (a,  b),  we  observe 
that  the  limiting  points  of  G  form  a  set  of  points  which  may  be  finite  or 
infinite;  this  set  is  called  the  derived  set*,  or  first  derivative  of  G,  and  may 
be  denoted  by  G'.  In  case  the  set  G'  contains  an  infinite  number  of  points, 
it  possesses  itself  a  derivative  set  G" ,  which  is  called  the  second  derivative 
of  G.     If  we  proceed  in  this  manner,  we  may  obtain  a  series 

<?',  G",  (?'",...  <?« 
of  derivatives  of  G.  If  the  nth  derivative  Gtn)  contains  a  finite  number 
only  of  points,  then  these  have  no  limiting  point,  and  we  may  say  that 
(J(»+d  —0.  It  may  however  happen  that,  however  large  the  integer  n  may 
be,  the  derivative  Gm  contains  an  indefinitely  great  number  of  points;  and 
thus  a  next  derivative  exists. 

A  set  G  which-  possesses  only  a  finite  number  of  derivatives  is  said  to  be 
of  tlie  first  species. 

In  this  case,  if  G(sl  contains  only  a  finite  number  of  points,  the  set  G  is 
said  to  be  of  order-f  s.  Thus,  for  example,  a  set  of  the  first  species  and  order 
zero,  contains  only  a  finite  number  of  points;  and  a  set  of  the  first  species 
and  order  1,  has  a  first  derivative  which  contains  only  a  finite  number  of 

"  The  notion  o:  ll  i;  deiiraiivt:  o:  ;t  kcl  was  intiodaecd  by  Cantor,  ihdh.  Attiu.dih,  vol.  v  (1872], 
p.  128.  Du  Iifiis  Ri-yrnond  consul  plated  lh«  iwisk'no:.  of  Mini  ting  points  of  various  Orders, 
Crelle's  Journal,  vol.  lxxix  (1874),  p.  30  ;  in  Math.  AiaiaUn,  vol.  svi,  p.  128,  Du  Boja  Eeymond 
defined  a  limiting  point  of  infinite  order. 

t  Cantor,  Math.  Annalen,  vol.  v,  p.  129. 
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points.     lb  will  be  observed  that  the  order  of  each  derivative  of  G  is  less 
by  unity  than  that  of  the  one  which  precedes  it. 

A  set  G  which  possesses  an  indefinite  v.uiH-ber  of  derivative*  is  said  to  be  of 
the  second,  species. 

As  an  example,  we  may  consider  the  set  of  rational  numbers  in  the 
interval  (0,  1).  The  first  derivative  of  this  set  contains  every  real  number 
in  (0,  1),  and  all  subsequent  derivatives  are  identical  with  the  first. 

The  theorem,  that  every  non-finite  linear  set  of  points  possesses  a 
limiting  point,  is  a  particular  ease  of  the  theorem  that  every  non-finite  set 
in  a  finite  portion  of  an  n-dimensional  continuum  has  a  limiting  point. 
In  this  case  we  may  take  the  neighbourhood  of  a  point  to  be  either  a 
"sphere"  of  arbitrarily  small  radius  p,  or  a  "rectangular  cell"  with  sides 
parallel  to  the  coordinate  axes,  and  the  point  at  the  centre.  The  space 
in  which  the  set  of  points  exists  can  be  divided  into  a  finite  number  of 
overlapping  "spherical"  or  of  "square"  portions,  and  the  argument  then 
proceeds  as  in  the  case  of  a  linear  set. 

EXAMPLES. 


«-(■■;■  i-i-  *■■■)■ 


We  see  that  G'  consists  of  the  single  point  0.  which  docs  not.  he-long  tit  G ;  thus  G  is  of  the 
first  species  and  of  order  1, 

2.     Lett  the  points  of  G  be  given  by 

1111 
3*1      5*i      Y3      11*' 

where  s1;  ss,  »3,  st  each  have  all  i>e,-!itivo  integral  values.     Here  G'  consists  of  the  four  sets 
of  points  given  by 

111111111111 
3"      f/8      1H      3Sl      5f8      ll1*      31'      7">      11"      5H      71'1      ll1' 
and  of  the  six  sots  of  points 

JL  +  i,   i  +  i     ±+.I,  JL  +  J_,   i+  i,   1  +  J_. 

3*1      5'a      3"      7ls      8"      llSi      oSi      7H      5Ss      11s*      7*a      ll'4 


and  of  the  four  sets  of  points 


1*'    n', 


together  with  the  single  point  0.  G"  consists  of  the  last  ten  of  those  sets,  and  of  the 
point  0.  The  second  derivative?  G""  consists  of  the  last  four  sets,  and  of  the  point  0;  G"" 
consists  of  the  point,  0  only.     The  set  G  .is  of  the  first  species  and  of  the  fourth  order. 

*  Cantor,  Math.  Annalen,  vol.  v  (1872). 

t  Aaooli,  Ann.  di  Mat.,  Series  n,  vol.  vx,  p.  56,  1875. 
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3.  Let*  the  points  of  G  bo  given  by 

111 

—  +  —+...+—, 

where  «.  is  a  fixed  number,  anil  eaeli  of  the  numbru's  u,,  a,it  ...  an  takes  every  positive 
integral  value.     In  this  ease  67  is  of  order  n. 

4.  The  aerost   of  the  function  sin-  form  a  set  similar  to   that  in  Example  1. 
The    zeros   of   the   function   sin  /  — — ■  1    form    a   sot   of    the    seoonii    older,   those    of 


5.     LetJ  the  points  of  G  he  givoti  b 


set  of  the  third  order,  and  s 


where  mlt  «iz,  ...  «iM  have  all   positive  mlegml  values,   inc-uahi)"  zero,  and  n  is  a  Used 
inteyi.'t'.     It  cau  In:  neon  that  '<''>!  uonsists  uf  the  point  zero  only. 

THE   DISTRIBUTION   OF  POINTS   OF  A  SET   IN  THE   INTERVAL. 

52.  If  Gs,  (?s,  G3 ...  (?„  denote  a.  number  of  sets  of  points,  a  set  which 
contains  all  points  which  belong  to  any  one  or  more  of  the  given  sets  is 
called  their  common  measure,  and  is  denoted  by  M(Glf  G„  ...  (?„).  That 
set  which  contains  all  those  points  which  belong  to  every  one  of  the  given 
sets  is  called  their  greatest  common  divisor,  and  may  be  denoted  by 
D(Ot,  <?.,-<?»)■ 

A  set  of  points  is  said  to  be  av,  isolated,  set.  v.:her,  no  point  of  the  set  is  a 
limiting  point.     Thus  if  G  be  such  a  set,  we  have  D(G,  G')  =  0. 

If  from  any  set  we  remove  those  points  which  also  belong  to  its  derivative, 
the  remainder  forms  an  isolated  set;  thus  G~l)(G,  <}')  forms  an  isolated  set. 
Any  set  may  be  regarded  as  the  sum  of  an  isolated  set  and  of  a  set  which 
is  a  divisor  of  the  derivative. 

A  set,  all  of  whose  liiaiting  points  hetonq  to  the  set  itself,  is  said  to  be 
closed.     Thus  in  a  closed  sot  G,  the  derivative  G'  is  a  divisor  of  G. 

A  set  which,  is  such  that  evert/  point  of  the  set  is  a  limiting  point  is  said  to 
be  dense-in-itself. 

For  a  set  f?,  dense-in-itself,  G  is  a  divisor  of  the  derivative  G'.  The 
rational  numbers  in  (0,  1),  form  an  example  of  a  set  which  is  dense-in-itself. 

*  H.  J.  S.  Smith,  Proc.  Lond.  Math.  Sou.,  vol.  vi,  p.  145,  1875. 
t  P.  Du  Bois  Beymond,  Journ.  f.  Math.,  vol.  lxxtx,  p,  36. 
J  Hittag-LelHer,  Acta  Math.,  vol.  iv,  p.  58. 
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A  set  G  which  is  both-  closed  and  d-ense-in-itself  is  said,  to  be  perfect*. 
Thus  a  perfect  sot  G  is  identical  with  its  derivative.  It  follows  that  every 
perfect  set  is  of  the  second  species. 

By  some  writersf  the  term  ■perfect  is  applied  to  sots  which,  in  accordance 
with  the  terminology  of  Cantor  here  adopted,  are  only  closed,  without 
necessarily  being  dense  in  themselves ;  what  wo  call  a  perfect  set  is  then 
spoken  of  as  an  absolutely!  perfect  set. 

If  in  an  interval  (a,  b),  a  smaller  one  (a',  b')  such  that  a  £  of,  b  So'  is 
taken,  then  the  latter  may  be  called  a  sub-interval  of  the  former  interval. 

If  in  the  interval  (a,  b),  in  which  a  set  of  points  (J  is  contained,  no  sub- 
interval  whatever,  however  small,  can  he  found,  vjIhcIi  does  iiol-  contain  points 
of  G,  then  the  set  G  is  said  to  be  every where-dense^,  or  simply,  dense  in  the 
interval  (a,  b). 

By  Du  Bois  Keymond||,  the  term  pantachisch  was  used  with  the  same 
meaning  as  everywhere-dense. 

A  set  which  is  everywhere-dense  is  also  dense-iu-it«elf,  but  the  converse 
does  not  hold. 

It  will  be  seen  that,  if  G  is  everywhere-dense  in  (a,  6),  every  sub-interval 
of  (a,  b)  must  contain  an  indefinitely  great  number  of  points  of  G.  The 
derivative  G'  of  G  must  contain  every  point  in  the  interval  (a,  J),  since  the 
arbitrarily  small  neighbourhood  of  any  point  whatever  of  (a,  b)  contains  an 
indefinitely  great  number  of  points  of  G ;  and  therefore  every  point  must  he 
a  limiting  point.  This  property,  that  G'  contains  every  point  of  (a,  b),  may 
be  used  as  the  definition!!  of  an  everywhere -dense  set. 

If,  in  every  sub-interval  (a,  b")  of  the  interval  in  -which  G  exists,  a  part 
(a' ,  b")  can  be  found  winch  contains  no  points  of  G,  then  G  is  said  to  be 
nowhere-dense,  or  non-dense  in  (a,  b). 

An  example  of  a  set  which  is  everywhere-dense  in  its  interval  is  the  set  of 
rational  numbers  in  the  interval  (0,  1).  A  set  which  is  everywhere-dense  in 
its  interval,  or  in  any  sub-interval,  is  necessarily  of  the  second  species ;  a  set 
of  the  frnst  species  is  no  where -dense  in  its  interval. 

A  set  which  is  in  no  sub-inter  eal  dense-vn-itself  is  said  to  be  separated. 

If  in  an  interval  (a,  b),  an  indefinitely  great  member  of  tub-intervals,  which. 
may  or  may  not  overlap,  be  taken,  and  no  sub-interval  (a,  £)  of  (a,  b)  can 
be  found  which  is  wholly  external  to  all  the  given  sub-intervals,  then  the  set 
of  sub-intervals  is  said  to  be  every  where-dense  in  (a,  b). 

*  Cantor,  Hath.  AnnaUn,  vol.  m. 

t  lfor  example  Jordan,  sec  ('mtrs  iVAiutli/t.-,  vol.  I,  p.  19. 

J  Borel,  Lepms  sur  !"■  t.lie,tri.e  <!t'v  fonetimt,  p.  36. 

%  Cantor,  Math.  Amiaten,  vol.  xv,  p.  S. 

I  Math.  Annalen,  vol.  xv,  p.  287. 

II  Baire,  Aimali  tl.  Mai.,  Series  H,  vol.  in,  p.  29. 
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53.  The  following  fundamental  theorem  will  now  he  proved  : 

All  the  derivatives  G',  G",  G"',  ...  (?"",  ...  of  a  given  set  G  are  closed  sets, 
and  each  of  them  dcrimUires,  after  Ike  first-,  consists  only  of  points  belonging 
to  the  preceding  one,  and  therefore  to  G'. 

If  a  point  P  of  (?<">,  where  n  =  2,  existed,  which  did  not  belong  to  G',  then 
a  neighbourhood  of  P  could  be  found,  so  small  as  to  contain  only  a  finite 
number  of  points  of  G,  or  no  such  points ;  and  this  neighbourhood  would 
therefore  contain  no  points  of  G',  and  therefore  none  of  6",  G'",  ...  G'"'  ] 
which  would  be  contrary  to  the  hypothesis  that  P  belongs  to  Gin>. 
Therefore  every  point  of  Gm  (n  =;  2)  belongs  to  G' :  and  consequently  G'  is  a 
closed  set.  If  we  take  ff<"-2>  to  be  the  original  set,  it  follows  from  the 
above  that  every  point  of  (?"",  the  second  derivative,  belongs  to  (J1™-11  the 
first  derivative.  We  have  thus  shewn  that  Gln)  is  the  greatest  common 
divisor  of  G',  <?",  ...  <?«">  ;  that  is 

Gv>  =  J)(G',  &",...  <?"»). 

The  derivative  G',  of  a  set  G  which  is  densc-in-itself,  is  perfect. 

For  G'  is  closed,  and  every  point  of  G  belongs  to  G' ;  thus  G'  contains  no 
point  which  is  not  a  limiting  point  of  the  set  G'.  Therefore  G'  is  dense- 
in-itself;   and  hence  it  is  perfect. 

A  set  G,,  which  consists  of  some,  hut  vol  all,  of  the  points  of  G,  is  said  to  be 
a  component  of  G. 

If  the  component  G,  of  G,  he  such  that  every  point  of  G  is  a  limiting  point 
of  Gi,  then  the  component  G,  -is  said  to  be  everywhere-dense  relatively  to,  or 
simply,  dense  in  G. 

In  the  case  in  which  G  is  the  continuum  (a,  b),  this  definition  agrees  with 
that  which  has  been  given  for  a  set  which  is  everywhere-dense  in  the  interval 
in  which  it  is  contained. 

ENUMERABLE    AGGI.iEG.VrES. 

54.  An  aggregate  which  contains  an  indefinitely  great  number  of  elements 
is  said  to  be  enumerable*,  or  countable  (ubzalbar,  denoinbrable),  when  the  aggre- 
gate is  such  that  a  (1,  1)  correspondence  can  he  established,  bet-ween  the  elements 
and  the  set  of  integral  members  1,  2,  3,  .... 

An  aggregate  of  objects  is  therefore  enumerable  if  the  objects  can  be 
arranged  in  a  series  which  has  a  first  term,  and  in  which  any  assigned  object 
belonging  to  the  aggregate  has  a  definite  place  assigned  by  a  definite  ordinal 
number  n.  Thus  the  elements  of  an  enumerable  aggregate  can  be  repre- 
sented by  a  series  of  terms 

Wj,  u.s,  ...  un. 

*  Cantor,  Crelle's  Journal,  vol.  lsxvii  (1S73),  p.  258. 
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It  follows  from  this  definition  that  the  elements  of  two  enumerable 
aggregates  are  such  that  a  (1,  I)  correspondence  can  be  established  between 

lliem. 

If  a  new  aggregate  be  formed  by  selecting  elements  from  those  which 
belong  to  an  enumerable  aggregate,  an  indefinitely  great  number  of  such 
elements  being  taken,  then  the  new  aggregate  is  also  enumerable.  For  such 
an  aggregate  selected  from  u„  u*,  •■■  ««,  .-.is  «,-,  u„  Wj ...  (r<  s<  t ...),  which 
satisfies  the  conditions  of  having  a  first  term,  and  of  having  each  element 
of  the  aggregate  in  a  definite  place  in  the  series.  It  thus  appears,  that  a 
(1,  1)  correspondence  can  be  established  between  an  enumerable  aggregate 
and  one  which  is  a  part  of  thai  aggregate,  provided  this  part  be  not  finite. 
This  is  the  characteristic  properly  which  distinguishes  an  aggregate  con- 
taining an  indefinitely  great  number  of  elements  from  one  containing  only 
a  finite  number  of  elements.  For  example,  a  (1,  1)  correspondence  exists 
between  all  the  integral  numbers  and  all  the  odd  numbers,  or  between  all  the 
integral  numbers  and  all  the  prime  numbers. 

//  a  finite  number  of  enumerable  <iijfirr.cjo.tes  be  taken,  or  even  if  the 
number  of  sunk  aggregate*  be  in 'Infinitely  great,  but  etnunerable,  then-  the  new 

aggregate  formed  hi/  the  whole  iv  itsdf  enumerable*. 

We  may  denote  such  a  composite  aggregate  by  the  letters 


and  we  shall  shew  that  the  double  series  so  formed  represents 
aggregate.      To  see  this,  it  is  sufficient  to  write  the  series  in  the  form 


Where  the  sum  of  the  indices  is  the  same  for  all  the  terms  which  are  written 
in  one  horizontal  line.  It  is  now  clear  that  each  number  upg  has  a  definite 
place  in  a  series  in  which  uu  has  the  first  place ;  the  double  series  is  therefore 
enumerable. 

*  Cantor,  Crelle's  Journal,  vol.  r.xxxiv  (1H7S). 
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An  important  particular  case  of  the  above  theorem  is  the  following 
theorem : 

The  aggregate  of  all  the  rational  -numbers  is  enumerable. 

A  rational  number  pjq  may  be  denoted  by  UpA  :  therefore  the  aggregate  is 
enumerable.  It  makes  no  difference  that  any  particular  number  pjq  occurs 
an  indefinite  number  of  times  as  «,„,,.„;  since,  if  all  such  terms  except  those 
for  which  r—  1,  and  pjq  is  in  its  lowest  terms,  be  removed,  the  aggregate  left 
is  still  enumerable. 

55.  A  more  general  theorem  has  also  been  established  by  Cantor*. 
An  algebraical  number  is  one  which  is  a  root  of  an  algebraical  equation  in 
which  the  coefficients  are  all  rational  numbers,  so  that  the  coefficients  may 
without  loss  of  generality  be  taken  to  be  integers.  Cantor's  theorem  is,  that 
all  the  algebraical  numbers  form  an  enumerable  aggregate. 

To  prove  (.his  theorem,  let 

Pb«* +3'i«*-1  +  ...  +  p„  =  0 
be  an  equation  in  which  p0,  pt  ...pn  are  all  positive  or  negative  integers; 
and  let 

bo]  +  |ft|  +  —  +  \pn\  +  n  =  N; 
then  N  is  a  positive  integer  which  may  be  called  the  rank  of  the  equation. 
It  is  clear  that  there  are  only  a  finite  number  of  equations  of  any  given 
rank,  these  equations  having  only  a  finite  number  of  roots.  If  then  we  let 
.#"=3,  4,  5,  ...  successively,  wc  can  arrange  all  the  algebraical  numbers  in  a 
simple  series ;  and  thus  they  form  an  enumerable  aggregate.  The  aggregate 
which  is  formed  of  all  the  real  algebraical  numbers  is  also  itself  enumerable. 

A  number  which  is  not  an  algebraical  number  is  said  to  be  transcen- 
dental. The  existence  of  transcendental  numbers  was  first  established!  by 
Liouville,  who  shewed  how  examples  of  such  numbers  could  be  formed.  No 
general  criterion  is  known  by  which  it  can  he  decided  whether  a  number, 
defined  by  a  given  analytical  procedure,  is  algebraical  or  transcendental. 
The  first  case  in  which  such  a  number,  well  known  in  Analysis,  was  shewn  to 
be  transcendental  was  that  of  the  number  e,  the  base  of  the  natural  system  of 
logarithms;  and  the  first  proof  that  e  is  transcendental  was  given  by  Hermite. 
The  next  case  in  which  a  number  defined  analytically  was  shewn  to  be 
transcendental  was  that  of  the  number  ir.  The  first  demonstration  of  this 
important  fact  is  due  to  Lindemarui;|',  -who  proved  the  more  general  theorem 
that,  if  e®  =  y,  the  two  numbers  w,  y  cannot  both  ho  algebraical,  except  in  the 
case  #  =  0,  y—1.     It  follows  that  the  natural  logarithms  of  all  algebraical 

*  CrtlU't  Journal,  vol.  lkxvii. 

t  Liuiiville's  Joii.riu.il,  vol.  tcvt,  ]RS1. 
f  See  MatJt.  Annalen,  vol.  XX. 
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numbers   are    transcendental,   as   also   all   numbers   of    which   the   natural 
logarithms  are  algebraical. 

56.     The  following  fundamental  theorem  will  now  be  established*  : — 

The  aggregate  vjhiclt  con&wls  of  the  corttinatim  of  numbers  in  a  given 
interval  is  not  enumerable. 

Suppose  (!),,  ft)2,  w3, ...  denote  the  numbers  in  an  enumerable  aggregate;  it 
will  then  be  shewn  thai,  between  any  two  numbers  a,  ft  us  near  as  we  please, 
a  number  occurs  which  does  not  belong  to  the  enumerable  aggregate.  It  will 
then  follow  that  in  the  given  interval  there  is  an  unlimited  number  of 
points  which  do  not  belong  to  the  enumerable  aggregate,  and  thus  that  the 
latter  cannot  contain  all  the  points  of  the  continuum.  If  the  enumerable  set 
of  points  is  not  everywhere-dense  in  (a,  ft),  then  smaller  sub-intervals  inside 
(a,/?)  can  be  taken  which  contain  no  points  of  the  aggregate;  and  thus  we  have 
only  to  consider  the  case  in  which  the  given  aggregate  is  everywhere -dense  in 
(a,  ft).  Let  &>„,  be  the  first  of  the  points  a^,  w2, ...  which  lies  within  (a,  ft),  and 
«„r  be  the  next  of  these  points  which  lies  within  (a,  ,3),  so  that  tc,  <  «a.  Let  a 
be  the  smaller,  and  ft'  the  greater  of  the  numbers  toK[,  ro^,  then  a  <  a'  <ft'  <ft, 
and  k,  <  «j;  and  if  /a  <  ks,  then  a>„  does  not  lie  within  the  interval  (a,  ft'). 
Considering  this  latter  interval,  let  »„,,  <o„  be  the  first  two  of  the  numbers 
of  the  enumerable  aggregate  which  lie  within  (a,  ft'),  and  let  a."  be  the 
smaller  and  ft"  the  greater  of  these  ;  then  a'  <  a"  <  ft"  <  ft',  and  k^  <  ks  <  Kt. 
Proceeding  in  this  manner  we  obtain  a  whole  series  of  sub-intervals  each 
one  of  which  is  entirely  within  the  preceding  one  ;  thus  (a<">,  ft<v))  lies  within 
(a)"-1!,  &r-») ;  and  if  p  5  *„,  then  m^  does  not  lie  within  (a<">,  &?>) ;  also 

K,<  K2<  tf3  ...  <  «a>— a<  *»- 3  <  Kw> 
and  2v  £  k^;  and  thus  w„  lies  outside  («W,  /3*"1).  Since  the  numbers  a,  a", 
a'"...  are  in  ascending  order,  and  all  lie  within  (a,  ft),  they  have  a  limit  A  ; 
similarly  ft',  ft",  ft'"...  have  a  limit  B;  and  «<">  <A^B<ft>K  If  A<B, 
then  since  all  the  numbers  o>„  are  outside  the  interval  (A,  B),  the  given 
aggregate  is  not  everywhere-dense  in  (a,  ft) ;  which  is  contrary  to  hypothesis. 
Hence  we  have  A  =  B,  and  the  number  A  or  B,  is  a  number  which  does  not 
occur  in  the  aggregate  a»x,  roa,  ... ;  which  was  what  we  had  to  prove. 

It  will  be  observed  that  the  point  of  the  foregoing  proof  consists  in  the 
fact,  that  an  everywhere-dense  enumerable  aggregate  necessarily  has  limiting 
points  which  do  not  belong  to  the  aggregah;. 

A  second  prooff  that  the  continuum  is  not  enumerable  is  the  following  :— 
Without  loss  of  generality,  the  interval  may  be  taken  to  be  (0,  1).  Suppose 
it  to  be  possible  to  arrange  all  the  numbers  in  this  interval  in  order,  so  that 
there  is  a  first,  a  second,  a  third  and  so  on ;   and  so  that  every  number  occurs 

:i  (Jan tor.  Crelh't  Journal,  vol.  lxxvii. 

f  Juhrcsbc-i'Jit  dor  dfuh:i:htu  Math.  Ve.reiltig.  vol.  I,  p.  77. 


,Google 


70  Sets  of  Points  [oh.  ii 

somewhere  in  the  arrangement.     Let  the  numbers,  in  order,  be  exhibited  as 
decimals 

ThipaPa 

PuPaPn 

■pnPnPu 


where  each  p  stands  for  a  digit  0,  1,  2,  ...  9,  and  numbers,  in  which  the  digits, 
from  and  after  some  fixed  place,  are  all  9,  are  excluded  ;  then  if  a  number  can 
be  defined  which  does  not  occur  in  the  above  series,  a  contradiction  will 
have  been  shewn  to  he  involved  in  the  supposition  that  all  the  numbers- can 
be  exhibited  in  the  above  manner.  Now  this  can  be  done;  for  the  number 
'(Pn)  (Pn)  (Pas)  •■•  where  (p)  denotes  any  digit  except  p,  say  p  +  1  or  0, 
according  as  p  <  9,  or  p  =  9,  differs  in  at  least  one  place  of  the  decimal,  from 
every  number  in  the  above  set;  and  the  contradiction  is  thus  established. 


THE' POWER    OF    AN    AGGREGATE. 

57.  A  notion  of  fundamental  importance  in  the  theory  of  i 
that  of  the  power  of  an  aggregate.  This  notion  will  be  considered  more 
generally  and  fully  in  the  next  Chapter,  where  it  will  be  shewn  that  the 
power  of  an  aggregate  is  the  generalization  of  the  notion  contained  in  the 
cardinal  number  of  a  finite  aggregate.  At  present,  an  account  of  the  notion 
of  the  power  of  an  aggregate  will  be  given,  so  far  as  it  is  necessary  for  the 
application  to  the  case  of  sets  of  points. 

Two  aggregates  of  objects  are  said  to  hove  the  satn.e  power,  or  cardinal 
number,  when  a  (1,  1)  correspondence  can  be  est<tbh'.shed.  bctwr.e.n-  them,  so  that 
each  element  of  either  of  the  aggregates  corresponds  to  one  single  element  of 
the  other. 

Finite  aggregates  have  the  same  power  when  they  consist  of  the  same 
number  of  elements,  i.e.  when  they  have  the  same  cardinal  number.  Of 
aggregates  which  are  not  finite  we  consider  first  enumerable  aggregates. 
Every  enumerable,  aggregate  has  the  power  of  the  aggregate  of  integral 
numbers;  and  this  we  may  denote  by  a.  It  has  been  shewn  above  that,  it' 
from  an  aggregate  of  power  a  any  elements  be  removed,  then  the  remaining 
aggregate,  provided  it  contains  a  non-finite  number  of  elements,  has  still  the 
same  power  a.  It  has  further  been  shewn  that  the  composite  aggregate 
formed  of  a  finite,  or  enumerable,  number  of  enumerable  aggregates  has  the 
same  power  a.  It  follows,  as  an  interesting  case,  that  the  set  of  all  those 
points  of  an  n-dimenwional  spa.ee  whose  coordinates  are  rational  numbers  has 
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the  power  a  of  the  set  of  integral  numbers,  or  of  the  rational  numbers  in 
a  given  linear  interval. 

It  is  easily  shewn  that  the  power  of  the  set  of  all  the  points  in  an  interval 
(a,  b)  is  the  same  as  that  in  any  other  finite  interval,  way  (0,  1);  for  ;  —  x' 

establishes  a  (1,  1)  correspondence  between  the  points  x  of  (a,  b)  and  the 

points  x    of  (0,  1).     Again   the   relation    ■ ..  =  x,  establishes  a  (1,  1) 

■vV  +  f& 
correspondence  between  all  real  numbers,  and  those  in  the  interval  (-  1,  1); 
and  thus  the  power  of  all  real  numbers  is  the  same  as  that  of  all  those  in  a 
finite  interval.     This  power  is  called  the  power  of  the  continuum,  and  may  be 
denoted  by  c. 

As  regards  unenumerahle  aggregate.-!  in  general,  it  can  be  shewn  that  the 
power  of  such  an  aggregate  is  unaltered  by  removing  from  the  aggregate 
any  elements  which  form  an  enumerable  aggregate.  Let  A  denote  the  given 
aggregate,  and  a  the  enumerable  aggregate  which  is  removed  ;  and  let  B  denote 
the  remaining  aggregate,  which  cannot  be  enumerable,  for  otherwise  (a,  B),  or 
A,  would  be  so  also,  From  B,  suppose  an  enumerable  aggregate  a.'  to  be 
removed, leaving  the  aggregate  C,  thus  A  =  (at,  a,  C),  B  —  («',  O).  Now  («,  a') 
and  a,  being  both  enumerable,  nave  the  same  power;  and  a  (1,  1)  correspon- 
dence therefore  exists  between  their  elements  ;  and  since  A  and  B  have  the 
aggregate  G  in  common,  it  therefore  follows  that  A  and  B  have  the  same 
power.  As  an  example  of  this  theorem,  we  see  that  the  set  of  irrational  points 
in  a  given  interval  has  the  power  c  of  the  set  of  all  numbers  in  the  interval. 
Again  the  «et.  of  transcendental  numbers  in  a  given  interval  has  the  power  c 
of  the  continuum;  whereas  the  set  of  algebraical  numbers  in  the  same  interval 
has  the  power  a. 

The  known  infinite  sets  of  points  defined  in  accordance  with  the  methods 
usual  in  the  theory  of  sets  of  points,  in  a  line  or  in  a  continuum  of  any 
number  of  dimensions,  have  either  the  power  a  or  the  power  c  ;  but  it  has  not 
yet  been  established  that  every  possible  set  of  points  has  one  of  these  two 
powers.  Other  aggregates  have  been  contemplated  which  have  a  power 
higher  than  c;  these  will  be  referred  to  later,  in  dealing  with  the  theory 
of  functions. 

58.  The  u-diiii.eiwi.oaal  continuum  has  the  power  c  of  the  one-dimensional 
continuum*. 

To  prove  this  theorem,  we  use  the  fact  that  any  irrational  proper  fraction 
can  be  exhibited  as  an  infinite  continued  fraction 

=  i_  _1  1 

«!  +  <*,+  ...  +an+  ..., 

*  Cantor,  CrelU's  Journal,  vol.  lxxxiv. 
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where  aL,  aa,  a.,lt ...  are  determinate  integers  for  miy  given  value  of  se.     Let 

Jr 1_      1 

'     «i  +  a«+i  +  a»t+>  +  .-., 
1        —         1 

1    _J_     1 

thus,  corresponding  to  any  value  of  w,  a  set  of  irrational  numbers  osx,  x„  ...  x„ 
is  uniquely  determined,  and  conversely  to  any  set  of  irrational  numbers 
*i,  #2, ...  xn,  a  value  of  m  is  uniquely  determined. 

It  has  thus  been  shewn  tba.l.  the  iiTalinnal  points  of  the  linear  continuum 
(0,  I)  correspond  uniquely  to  those  points  of  the  ?i-dimensiona]  continuum  in 
which  each  coordinate  is  in  the  interval  (0,  1),  and  is  irrational.  It  has  been 
shewn  in  §  57,  that  the  set  of  irrational  values  of  a,',,  in  the  interval  (0,  1)  has 
the  same  power  as  the  set  of  all  the  numbers  in  this  interval.  Since  this  holds 
also  for  x.A,  ara, ...  jr„,  it  follows  that  a  (1,  ])  correspondence  can  be  established 
between  that  aet  of  points  in  the  ?i -dimensional  continuum,  for  which  $,, 
Xi, ...  xn  all  have  irrational  values,  and  the  set  in  which  xu  #2,  ...  #„  have  all 
values  rational  or  irrational ;  thua  these  sets  have  the  same  power.  Hence 
the  set  of  all  points  of  the  ■H-dimensional  continuum,  in  which  each  coordinate 
is  in  the  interval  (0,  1),  has  the  same  power  as  the  set  of  all  points  in  the 
linear  interval  (0,  1).  It  has  thus  been  shewn  that  the  m-dimensional  con- 
tinuum has  the  same  power  c  as  that  of  one  dimension, 

THE   ARITHMETIC   CONTINUUM. 

59.  The  arithmetic  continuum  having  been  obtained  by  adjoining  to 
the  aet  of  rational  numbers  the  set  of  all  their  limiting  points,  the  question 
arises  how  far  it  is  legitimate  to  consider  the  complete  set  so  obtained  aa 
constituting  a  single  object  determined  by  means  of  the  elements  of  which 
it  is  composed.  'A  finite  set  of  numbers,  or  points.,  constitutes  a  single  object 
determined  by  means  of  its  parts,  in  the  sense,  that  those  parts  can  be 
exhaustively  exhibited  by  means  of  a  finite  number  of  specifications  repre- 
sentable  by  a  finite  number  of  symbols.  An  enumerable  set  of  numbers, 
or  of  points,  in  particular  the  set  of  rational  numbers,  is  not  determinate  in 
the  sense  that  the  elements  of  the  set  can  be  exhaustively  exhibited;  but 
it  is  determinate  in  the  sense  that  a  table  can  be  formed  in  which  each 
particular  number  of  the  set  occupies  a  determinate  place;  and  each  par- 
ticular number  can  be  represented  by  means  of  a  finite  number  of  symbols. 
Such  a  set  may  be  regarded  as  an  aggregate,  or  single  object,  in  the  same 
sense  in  which  the  natural  numbers  1,  2,  3, ...  may  be  regarded  as  forming 


,Google 


58,  59]  The  Arithmetic  Continuum  73 

an  aggregate.  When  we  coma,  however,  to  the  ease  of  the  continuum,  or 
aggregate  of  all  real  numbers,  the  fact  that  this  aggregate  is  unenumerable 
introduces  a  new  element  into  the  question  of  the  legitimacy  of  considering 
the  set  of  these  numbers  as  forming  a  determinate  whole,  or  as  constituting 
a  single  object  of  thought.  The  set  of  real  numbers  cannot  be  tabulated  in 
such  a  manner  that  no  number  fails  to  occur  at  some  definite  place  in  the 
table.  No  set  of  rules  or  specifications  can  be  given  winch  suffice  to  determine 
successively  all  the  numbers  of  the  set,  and  no  finite  set  of  symbols  can 
exhaustively  exhibit  the  numbers.  The  only  sense  in  which  the  numbers  of 
the  set  are  determinate  is  that  each  such  number  is  the  limit  of  a  convergent 
sequence  of  numbers,  taken  from  the  unending  table  formed  by  the  rational 
numbers.  It  may  fairly  be  doubled  whether  such  a  negative  specification 
of  elements  amounts  to  a  valid  synthetical  definition  of  a  determinate 
aggregate  ;  this  point  will  however  be  further  discussed  in  Chapter  in.,  in 
connection  with  the  general  theory  of  aggregates.  It  will  there  be  shewn 
that  the  arithmetic  continuum  lias  an  order-type  possessing  definite  charac- 
teristics which,  in  their  totality,  uniquely  characterize  it.  This  expresses 
the  only  kind  of  unity  which  can  appertain  to  the  continuum,  considered 
as  an  arithmetic  construction.  If  it  be  held  that  we  possess  an  independent 
knowledge  of  the  existence  of  the  geometrical  continuum,  derived  from  our 
intuition  of  space,  we  may  regard  the  function  of  the  set  of  real  numbers 
to  consist,  not  in  a  synthetical  formation  of  the  concept  of  the  continuum, 
but  inversely  in  an  analysis  of  the  contents  of  the  continuum.  It  is  difficult 
to  see  how  precision  can  be  introduced  into  the  intuitional  notion  of  the 
continuum  apart  from  some  theory  relating  cither  to  points  or  to  infinitesi- 
mals;  and  the  I  an  gunge  employed  in  such  a  theory  must  be  of  a  symbolical 
character  amounting  to  the  use  of  some  kind  of  arithmetical  notation. 
Regarding  the  geometrical  continuum  in  this  way  as  a  single  object  of  which 
we  have  a  direct  knowledge  obtained  from  our  intuitions  of  space  and  time, 
the  reduction  to  a  precise  abstract  form  may  be  regarded  as  being  made 
upon  the  assumption  that  the  system  of  rational  numbers,  with  their  limits 
adjoined,  is  adequate  to  the  analytical  description  of  the  continuum,  in  the 
sense  that  each  point  in  the  continuum  is  represented  uniquely  by  a  single 
real  number,  and  that  there  is  no  point  in  the  continuum  which  is  not  so 
represented.  This  amounts  to  a  definition,  in  a  certain  sense,  of  the  contents 
of  the  geometrical  continuum.  Such  definition  is  not  necessarily  the  only 
possible  definition,  but  it  is  a  legitimate  one,  provided  it  suffices  for  the 
purposes  we  have  in  view  in  Analysis  and  Geometry,  and  provided  it  does 
not  conflict  with  the  concept  of  Continuity  as  derived  from  intuition.  The 
generic  distinction  between  a  continuous  geometrical  object,  and  a  point, 
or  set  of  points,  situated  in  that  object,  is  not  capable  of  direct  arithmetic 
representation.  This  does  not,  however,  impair  the  efficiency  of  Arithmetical 
Analysis   in  dealing  with  geometrical    objects.     In   Cartesian  geometry,  for 
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example,  Analysis  is  really  concerned  only  with  the  points  that  can  be 
determined  in  the  geometrical  objects  with  which  it  deals.  This  does  not 
mean  that  a  continuous  geometrical  object  is  analysed  into  points  which  are 
of  necessity  to  be  regarded  as  its  "  parts." 

TRANSFINITE    ORDINAL    NUMBERS. 

60.  The  theory  of  traiisftnl.te  ordinal  numbers  had  its  origin*  in  the 
investigation  of  the  theory  of  sets  of  points.  The  general  abstract  theory  of 
such  numbers,  or  order-types,  will  be  deferred  until  the  next  Chapter  ;  it  is 
necessary  however  to  introduce  here  the  conceptions  connected  with  the 
formation  of  these  numbers,  with  a  view  to  utilizing  them  in  the  theory  oi 
sets  of  points. 

Let  Pi,  Ps, ...  Pn, ...  denote  a  sequence  of  points  in  a  given  interval, 
representing  a  sequence  a„  «?,  us,  ...  of  increasing  numbers,  so  that 

o,j  <  Oa  <  as ...  <  aH  .... 
This  sequence  of  points  has  a  limiting  point  which  is  not  one  of  the  points  of 
the  sequence,  and  is  on  the  right  of  all  those  points ;  this  limiting  point  we 
may  denote  by  P„.  The  symbol  w  may  be  regarded  as  denoting  a  new 
ordinal  number  which  comes  altera!]  the  ordinal  numbers  1,  2,  3,  ...  n,  ...  ;  it 
is  called  the  first  transfinite  ordinal  number.  The  number  o>  is  not  contained 
in  the  sequence  of  finite  ordinal  numbers,  but  conies  after  all  of  them  ;  and  we 
shall  see  that  it  may  be  taken  as  the  first  of  a  new  sequence  of  ordinal 
numbers,  all  of  which  must  be  regarded  as  ordinallv  greater  than  the  finite 
ordinal  numbers. 


e  that  beyond  the  point  P,„  there  are  other  points  which  we  wish 
to  regard  as  belonging  to  the  same  set  as  the  points  Pi:  P3,  ...  Pn,  ...  PM  ; 
then  these  points  will  be  denoted  by  P^+j,  Pu+%,...  Pu+„,  ...;  and  if  these 
points  are  finite  in  number,  there  will  be  one  of  them  PB+m  which  is  the 
last  on  the  right.     The  indices  of  all  the  points  oi'  the  set  will  be  then 

1,  2,3,  ...n,  ...w,  m  +  1,  w +  2,  ...M  +  m; 
and  the  numbers  &>,  «  +  i,  ...  w  +  m  are  regarded  as  a  set  of  transfinite  ordinal 
numbers,  which  commences  with  the  first  transfinite  ordinal  number  w,  and 
contains  the  m  succeeding  transfini.le  ordinal  numbers.  It  may  however 
happen  that  the  set  of  points  P„,  P„+i,  Pu+2, ...  has  no  last  point.  In  that 
case,  assuming  that  the  points  are  all  contained  in  a  finite  interval,  the  set 

"  Aa  account  of  Oaulor'i*  earliest  presimtal.iim  of  this  subject  will  be  found  in  Math.  Annalen, 
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has  a  limiting  point  which  is  not  contained  in  the  set  itself;  and  this 
limiting  point  we  denote  by  Pu+„  or  P„,n,  where  w  .  2  is  an  ordinal  number 
which  is  not  contained  in  the  set  a>,  a  +  1,  a>  +  2, ...,  but  comes  after  the 
numbers  of  the  set. 

If  we  wish  to  include  farther  points  which  are  on  the  right  of  Pu.a,  we 
must  introduce  numbers  denoted  by  w .  2  +  1,  w .  2  +-  2, ... ;  and,  in  ease  these 
points  form  an  infinite  set  in  a  finite  interval,  they  will  have  a  limiting  point 
which  will  be  denoted  by  P^.z+v,  or  Pu.s-  We  have  now  the  ordinal 
numbers 

1,  2,  3J...6»>»  +  1,  o>  +  2,...  w.2,  w.2  +  1,  w.2  +  2,  ...oj.3. 

If  we  proceed  further  in  this  manner  it  is  clear  that  we  may  require  numbers 
a) .  n,  a  .  n  +  1,  w . »+  2,  .. .  a  .  n  +  1,  . . . ,  where  n  denotes  any  finite  number. 

Further,  it  may  happen  that  the  set  of  points  Pw,  P^.t,  -/"Vs.  ■•■  P*.n>  ■•■ 
is  itself  infinite,  and  has  a  limiting  point  on  the  right  of  all  these  points. 
This  point  we  denote  by  P^  ;  and  the  number  to1  we  consider  to  be  a  new 
ordinal  number  which  succeeds  all  the  numbers  to .  n  +  m,  where  n  and  m 
have  all  possible  finite  values. 

Points  on  the  right  of  P„4  may  be  denoted  by  means  of  the  indices 
w2  +  1,  (ua+  2,  wa  +  3, ...;  and  if  these  points  are  infinite  in  number,  they  may 
have  a  limiting  point  P^+v- 

Points  on  the  right  of  P„!+„  may  be  denoted  by  the  indices  ros  +  w  +  l, 
w2  +  o)  +  2,  ... ;  if  these  have  a  limiting  point,  it  wil!  be  denoted  by  the 
index  w9  +  w .  2.  Proceeding  in  this  manner,  we  may  have  points  of  which 
the  indices  are  ios  +  w  .  3,  a2  +  co .  4,  . . .  .  If  there  is  an  infinite  set  of  such 
points,  and  the  set  has  a  limiting  point,,  on  the  right  of  the  set,  this  limiting 
point  will  have  uy'  +  aP  or  w5 .  2  for  its  index. 

If  we  proceed  still  further,  we  see  as  before  that  we  may  have  to 
contemplate  numbers  of  the  form  <ua .  p  +  to  .  g  +  r,  where  p,  q,  r  are  finite ; 
afterwards  «o3,  o>s+  1, ...,  ms.p  +  m"  .q  + a>  .r  +  s,  &c.  The  general  type  of 
ordinal  numbers  which  can  be  obtained  in  this  manner  is  represented  by 
eo™  .pn  +  to*1"1  ■  Ph-i  +  ■•■  +  <o  -Pi  +po',  alld  it  is  clear  that,  for  the  representation 
of  points  of  a  given  set,  such  numbers  may  be  required  as  indices. 

It  may  happen  that  the  set  of  points  whose  indices  are  a,  <o3,  a2,  ...  is  not 
finite;  then  the  limiting  point  of  .such  set  will  be  denoted  by  the  index  to"'. 
Starting  afresh  with  this  number,  we  may  form  numbers  such  as 


If  the  points  whose  indices  are  m™,  o>a\  <oa\  ...  do  not  form  a  finite  t 

limiting  point  will  be  denoted  by  &)""". 
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In  a  similar  manner  we  may  denote  by  e,  the  number  which  comes  after 
the  sequence  a,  &)",  &>«",  w«wu> ...;  and  starting  from  eu  we  may  similarly 
proceed    to  form   further  numbers    in   endless  succession. 


61,  All  the  ordinal  numbers  which  can  be  formed  in  the  manner  above 
described  are  formed  by  means  of  the  application  of  Cantor's  two  principles 
of  generation  (Erzeugungsprinzipien). 

(1)  After  any  number  another  -immediately  succeeding  it  is  formed  by  the 
addition  ofimity. 

(2)  After  any  endless  seqnen.ee  of  numbers,  a  new  number  is  formed  'which 
succeeds   all  the  numbers  in  the  sequence,  and   lias  no  number  immediately 


All  transfinite  ordinal  numbers  which  can  be  formed  by  means  of  these 
two  principles  of  generation  are  said  to  be  ordinal  numbers  of  the  second 
class.  The  finite  ordinal  numbers  are  said  to  be  of  the  first  class;  they  are 
formed  successively,  starting  with  the  number  1,  by  moans  of  the  first 
principle  of  generation  alone. 

The  numbers  of  the  second  class  are  of  two  essentially  distinct  species; 
(1)  non-limiting  numbers,  those  numbers  which  have  each  a  number  im- 
mediately preceding  them,  and  from  which  they  are  formed  by  the  addition 
of  unity;  for  example  m  +  n,  m'.p  +  m.q+l,  w"  +  »  +  l:  and  (2)  limiting 
numbers,  those  which  have  no  number  immediately  preceding  them,  from 
which  they  are  formed  by  the  addition  of  unity;  lor  example  m,  m'  +  a, 
roa  +  or1  are  limiting  numbers. 

Any  particular  number  of  the  second  class  can  be  denoted  by  a  finite 
number  of  symbols,  but  there  is  no  upper  limit  to  the  number  of  symbols 
required  to  denote  such  numbers. 

Cantor  has  further  postulated  the  existence  of  a  number  II  which  comes 
after  ail  the  numbers  of  the  second  class,  and  is  the  first  number  of  a  new 
set  which  is  called  the  third  class.  The  number  II  cannot  be  obtained  as  the 
number  which  succeeds  a  simple  sequence,  by  means  of  the  second  principle 
of  generation;  for  every  number  which  can  be  so  obtained  is  itself  a  number 
of  the  second  class.  This  number  il  can  be  obtained  only  by  means  of  a  third 
principle  of  generation,  which  postulates  the  existence  of  a  new  number 
coming  after  all  the  numbers  of  the  complex  formed  by  the  application 
of  the  first  and  second  principles  of  generation.  The  validity  of  the 
postulation  of  the  existence  of  the  number  ii,  and  of  the  higher  numbers 
of  the  third  class  will  be  discussed  in  Chapter  in. 

62.  A  fundamental  property  of  the  numbers  of  the  second  class  may  be 
expressed  as  follows : — 
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Let  .Pj,  Pj,  P3, ...  Pn,  ...  P,„,  PB+i,  ...  fce  an  infinite  set  of  points  such  that 
either  (1)  there  is  a  last  point  Pff,  where  /3  is  some  number  of  the  second  elms, 
or  (2)  there  is  no  last  point,  hit  every  index  occurs  which  in  less  than  some 
limiting  number  7  of  the  second  class,  -whereas  the  hide*  y  Itself  does  not  occur; 
the  set  of  points  is  then  enumerable. 


The   sets 


P1:  Pa,  ...P„,  ... 

P„,  P„+1,      ...Pa+n,  . 


where  every  index  less  than  o>2  occurs,  form  an  enumerable  aggregate  of 
enumerable  sets  of  points;  and  this  has  been  shewn  in  §  54,  to  be  itself  an 
enumerable  set.     Now  consider  the  sets 

P„  Ps,  P„,         ...  P„,        PB+1,  ...  P„.s,  ...  P„.3,  ... 

P„«,        PaHl,     ...  Pj+m,    P„.+u+1,  ... 

P*..*,     P,,..^,...  P„t.2+„,  ... 

P^.3,     P„,.a+ll  ...  Prf.«..,  ... 


such  that  in  the  first  set  there  is  every  index  less  than  w5,  in  the  second, 
every  index  less  than  ws .  2,  and  so  on.  Each  of  these  sets  is  enumerable,  and 
there  is  an  enumerable  set  of  sets;  hence  the  whole  set,  which  contains  every 
index  less  than  at3,  is  enumerable.  In  this  manner  it  can  be  shewn  that, 
if  every  index  less  than  w"  occurs,  the  set  is  enumerable.     If  the  theorem 

holds  for  sets  which  contain  every  index  loss  than  /if, ,  ft.,,  j3s then  it  holds 

for  a  set  which  contains  every  index  less  than  /3,  the  limiting  number  of  the 
sequence  /S, ,  jS2,  0.,, ... .  For  the  points  with  indices  less  than  0,,  with  indices 
£  /3,  and  <  /J,,  with  indices  £  &  and  <  /Srt,  &c.  form  an  enumerable  sequence 
of  enumerable  sets;  therefore  by  the  theorem  of  §  54,  the  whole  set  with 
indices  <  £  is  enumerable.  Since  the  theorem  holds  for  #,  =  a>,  jS.2  =  <o2, 
$a  =  rD3,  ...  it  holds  for  &  =  (»'".  By  continual  application  of  this  method,  since 
any  number  can  be  reached  by  means  of  the  two  principles  of  generation, 
and  since  every  number  is  either  a  limiting  number,  or  is  obtained  from  one 
by  adding  a  finite  number,  we  see  that  the  general  theorem  holds. 

It  will  now  be  shewn,  conversely,  that  if  a  set  of  points  P,,  Ps,  ...P„, 
...  Pa,  ...  Pe, ...  is  enumerable,  there  must  be  some  defi.nUe  number^  of  the  first 
or  oftlis  second-  d-ass,  such  that  7  d.oes  not  occur  among  the  indices  of  the  points, 
and  such  that  even/  number  (ess  than  7  does  so  occur. 
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In  ease  7  is  a  limiting  number,  there  is  no  hist  point  of  the  set ;  but  if  7 
is  not  a  limiting  number,  there  im  a  last  point,  viz,  the  one  of  which  the  index 
is  the  number  im  mediate \y  preceding  7. 

To  prove  the  theorem,  we  observe  that,  since  the  given  set  of  points  is 
enumerable,  it  may  be  placed  in  correspondence  with  a  set  of  points  Q,, 
Qa,  ...  Qn,  ■■■  in  which  all  the  indices  are  numbers  of  the  first  class.  Let  us 
suppose,  that  if  possible,  no  number  7  exists,  and  let  PD|  be  the  point  of  [P] 
which  corresponds  to  the  point  ft  of  {Q}.  Let  QPi  be  the  point  of  \Q\  of 
smallest  index,  such  that  the  corresponding  point  of  [P]  has  an  index  which 
is  >£(,;  denote  this  index  by  aa.  Then  let  Qv,  be  that  point  of  (ft1,  of 
smallest  index,  such  that  the  corresponding  point  of  [P]  has  an  index  >  a2 ; 
denote  this  index  by  as.  Proceeding  In  this  manner,  we  have  a  set  of  points 
ft.  Qp,>  ftv  ■■■  Qp»-  ■■■  corresponding  in  order  to  a  set  of  points  P0],  P„8, 
P„a, ...  P^, ...  where  a,<  a2<  a3 ...  <  a„  <  ... .  There  exists  a  number  a  of 
the  second  class,  which  is  the  limit  of  the  sequence  a,,  m3,  ...  a»,  ... ;  and  by 
hypothesis  there  exists  a  point  P„,  which  has  a  for  index.  Now  the  set  [Q] 
can  contain  no  point  which  corresponds  to  P„,  because  each  point  ft,  corre- 
sponds to  a  point  of  {Pj  with  an  index  less  than  a,  and  thus  there  is  a 
contradiction  in  the  hypothesis  that  a  occurs  amongst  the  indices  of  the  points 
of  (Pj.  Hence  there  exist  numbers  of  the  second  class  which  do  not  occur 
as  indices  in  the  set  (P),uud  these  numbers  form  a  set  which  is  a  part  of  the 
aggregate  of  numbers  of  the  second  class.  In  this  set  there  must  be  a  lowest 
number  7,  and  this  number  7  is  the  first  which  does  not  occur  amongst  the 
indices  of  the  set  |P|.  That  every  part  of  the  aggregate  of  numbers  of  the 
first  and  second  classes,  has  a  lowest  number,  will  be  shewn  in  Chapter  111., 
to  be  a  consequence  of  the  structure  of  the  ordered  aggregate. 


EXAMPLES. 

1.  On  a  .straight  line  AJl,  tar.  us  dnnot.fi  by  Pn  J'2,  l's,  ...,  those  points  at  which  the 
ratio  ABjPB  has  the  values  1,  2,  3,  ....  Tim  point  /',  coincides  with  At  and  tho  point 
B  can  only  be  represented  by  P&.  Now  take  any  one  of  the  segments  >',Prtl;  this  may 
for  convenience  be  represented  on  an  enlarged  weale.  Denote  hy  Qn,  QT2,  §r3,  ...,  the 
points  on  PfPr+i,  at  which  P,.Pr  +  1/QPr  +  l  takes  the  values  1,  2,  3,  ... ;  thus  i'T  +  1  ear 
only  be  represented  by  Qrw.  Supposing  this  to  have  been  done  with  every  segment 
PrPrti  of  AB,  let  us  imagine  all  the  points  Q  to  tie  marked  on  Ail,  and  to  be  numbered 
bom  left  to  right. 

In  P,  P2,  we  shall  have  1,  2,  3,  ...  g>, 

in  P^  there  will  be  u  +  1,  a  +  2,  ...  u.  2, 

andinPaP4  a.  2  +  1,  a  .2  +  2,  ...  o>.  3; 

the  point  B  can  be  represented   only  by  »-.     It'  now  we  proceed  to  take  each  segment 
9rg<3i-,(<*i!  anc'  *°  divide  it  in  a  similar  manner,  at  points  II  for  which  'i>r»Qr,i  +  i/&Qi;s  +  j 
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hjis  the  values  1,  2,  3,  ...,  and  then  imagine  all  the  points  R  obtained  in  every  such 
segment  §„§,.,,  +  1  to  be  marked  on  AB,  and  numbered  as  before,  from  left  to  right,'  it  will 
lie  seen  that  all  the  numbers  afy+aq  +  r  will  be  required,  and  that  the  point  B  can  be 
represented  by  ffl».  The  points  /'„  Ps,  ...  P„  wm  have  for  their  ordinal  numbers 
1,  ola,  «s.3,  (o2.  3,...  o!s;  the  point  §ra  will  be  numbered  u'.r+n.*;  the  finite  numbers 
are  all  used  up  in  the  first  sub-segment  of  AB.  By  proceeding  to  further  subdivision,  we 
may  exhibit  on  AB,  the  ordinal  numbers  <i>„+.'-'ft.,  +  ,..+1P0,  aad  the  point  ff  will 
then  bo  represented  by  oi»  +  1. 

;2,  The  properties  of  the  integral  numbers  in  relation  to  their  prime  factors  maybe 
eiujployed  to  rearrange  the  series  1,  2,  3, ...  m,  ...,  so  that  the  numbers  may  be  made  to 
correspond  with  a  series  of  ordinal  numbers  of  tho  first  and  second  classes. 

First  take  the  primes  1,  3,  3,  5,  7,  11,  ...  ;  these  correspond  with  the  numbers  of  the 
first  class  1,  3,  3,  ...n,  ...  .     Then  take  t lie  squares  of  the  primes,  omitting  unity-  we  thus 
have  2s,  3a,  52,  72,  11*,  ...,  corresponding  to  a,  a>+l,  a  +  2,...a+n,  ... . 
We  then  take  I. lie  cubes  of  the  primes, 

2s,  S3,  6s,  7*,  ll3,  ...,  corresponding  to  a. 2,  a.  2  +  1,  ...  a  .  2  +  n,  ..., 
and  in  general,  ST*1,  3r  +  1,  6'41,  ...,  corresponding  to  a.r,  a.r+1, ...  a.r+n  ....  We 
raaj'  then  take  the  numbers  ah  which  consist  of  the  product  of  two  prime  factors  ;  these 
arranged  in. -ascend  ing  order  correspond  to  v\  «a  +  l, ...  **  +  n,....  Next  take  the  numbers 
«  <r,  which  consist  of  the  squares  of  the  hist  set;  these  correspond  to  iu'  +  oi,  to2+o>  +  l 
We  then  take  the  successive  sets  of  numbers  of  the  forms  a3b\  a464,  ...  ;  we  thus  obtain 
the  numbers  which  may  be  taken  to  correspond  with 

«*+«.. 3,  Ba  +  1a.2-(-l,...6,2  +  i".3,;...  <^  +  6.rp+j,.-,., 
all  of  which  are  less  than  a> .  2.     The  sets  of.  numbers  of  the  forms       . 

"<&b,' (a*bf, "...  (a2&}»,  ...a'b,  {a?bf, ...  (<?bf,  ....a%  .{«*6)*,>-m 
may  then  be  taken.  Afterwards,  we  may  |.roeccd  wit.li  the  numbers  which  contain  three 
different  prime  factors,  and  so  on.  It  is  clear  that  this  mode  <>f  rearranging  the  integral 
numbe-s  in  their  natural  order,  mo  that  they  correspond  in  the  new  order  with  ordinal 
unmbc  i  of  the  first  and  second  classes,  adinii.s  of  groat  variety.  In  every  ease,  there  will 
.be^pme  lowest  number  of  the  second  class,  which  is  not  employed  ill  tho  correspondence 
iMMVisoed. 

THE   TRANSFINITE    DERIVATIVES    OF   A    SET   OF    POINTS. 

fjj3.  'If,  G  denotes  a  set  of  points  in  the  interval  (a,  b),  it  has  been 
sjjefjyj.i ':that  the  derivatives  G1",  G''i]: ...  G""1  are  all  closed  sets,  and  that 
all  the,,  .points;  of  any  one  of  these  sets,  after  the  first,  are  contained  in  the 
pfecedijng.-set..;  If  G  is  of  the  second  species,  (hen  G'K  exists  for  all  values 
ofTiij.and,.}!!  tljis  case  the  set  .D((?M,  Gb\  ...  Gm  ...),  which  contains  points 
belonging  to. .every  Gmi,  is  denoted  by  C7W,  where  w  is  the  first  transfinite 
iiiimliei'..,.(lItlrwill  bo  shown  that  G'-'"-  contains  one  point  at  least,  and  is  a 
clinied.sai;..    It  i*  defined  to  be  tho  derivative*  of  G  of  order  to. 

If  p,  is  a.  p^int  of  G"',  ps  a  point  of  t?w,  ...£>„  a  point  of  t?*™1,  &c,  the 
points, #j,#jj-:--"P™>  ■■■  form  a  set  \p,,\  which  has  at  least  one  limiting  point  p. 

*   See  Cantor,  Mvth.  An.nu.Ien,  vol.  svii. 
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This  point  p  belongs  to  G1"'  whatever  value  u  has,  because  all  except  a  finite 
number  of  the  set  \pn\  are  point?  of  £?"";  and  therefore  p  is- a  point  of  (?„,.  Let 
q,,  q-i, ...  qn<  -.-be  a  sequence  of  points  of  ft,,,,  in  case  (?„,  ton  tains  more  than 
a  finite  number  of  points;  and  suppose  this  sequence  to  have  the  limiting 
point  q.  Then  since  all  the  points  qlt  q^, ...  qnt  ...  are  points  of  the  closed 
set  Gm,  the  limiting  point  q  is  a  point  of  ft1'"1 ;  and  this  holds  for  every 
value  of  n,  hence  q  is  a  point  of  ft1'"',  and  therefore  (?(<o)  is  a  closed  set. 

Wc  can  proceed  to  form  the  derivatives  of  GM  in  a  similar  manner  to 
that  in  which  the  derivatives  G-i:,  ft1-1,  ...  of  G  were  formed.  These  successive 
derivatives  are  denoted  by  Gi,0+1),  G1™'1''^ ...  G<u+ni, ...  and  are  regarded  as  tbe 
derivatives  of  G  of  the  transfmite  orders  m  +  1,  ta  +  2, ...  »  +  «,....  They  have 
the  same  properties  as  the  derivatives  of  finite  order,  viz.  that  all  the  points 
of  each  are  points  of  ft11',  and  that  all  the  points  >>l  any  one  of  them  are  points 
of  the  preceding  ones. 

It  may  happen  that  one  of  the  derivatives  G:m}""}  contains  no  points  ;  then 
the  process  of  forming  derivatives  has  come  to  an  end,  the  last  one  being 
ffl»+<«-'>.  If  this  is  not  the  case,  a  repetition  of  the  above  reasoning  shews  that 
the  set  D(fr("+",  G"""1"8, .:.  G'""*"™1,...)  contains  at  least  one  poiat,  and  is 
a  closed  set;  this  set  is  denoted  by  ft1""--,  and  is  delined  to  be  the  derivative 
of  G  of  order  «.2.  In  the  same  manner  we  can  proceed  to  form  further 
derivatives,  whose  orders  jire  numbers  of  the  second  class. 

In  general,  it  a,,  n,,  Oj, ...  (*„,...  denote  a  sequence  of  uuuibers  ^  the 
second  class,  whose  limiting  number  is  /S,  the  same  reasoning  as  before 
shews  that,  if  all  the  derivatives  <?«"■>,  (?!".>,...  (?(«*>,.,.  exist,  then  the  set 
D(G<"'\  Sw,...  ft1"*', ...)  contains  at  least  one  point,  and  is  a  closed  set.;  This 
is  denoted  by  G'a),  and  is  defined  to  be  the  derivative  of  G  of  order  /S. 

If  we  form  the  successive  derivatives  of  the  set  G,  whose  orders  are|he ; 
numbers  of  the  first  and  second  classes,  it  may  happen  that  there  is  a  rfirsf 
number  7,  of  the  first  or  second  class,  for  which  G't)  =  0 ;  but  this  number  7 ! 
cannot  bo  a  limiting  number  of  the  second  class. 

It  may,  however,  happen  that  no  number  7,  of  the  first  or  second  cfass, 
exists  for  which  ff  »>  =  0,  so  that  derivatives  of  G  exist  of  orders  corresponaiSf^' 
to  all  the  numbers  of  the  first  and  second  classes.  Tt  will  be  shewn  in  §  73, 
that  if  (?M  does  not  vanish,  for  some  number  7,  of  the  first  or  of  the  second 
class,  then  there  necessarily  exists  a  number  £,  of  the  first  or  secolnd  class, 
such  that  G»  =  <?<*+««■  0*4*  ....  This  set  ff«  is  a  perfect  set,  And  it  is 
frequently  denoted  by  Gmi,  where  ii  is  the  first  transfimte  number  of  the 
third  class.  The  notation  G<a)  may  however  be  employed,  independently  of 
the  acceptance  of  the  theory  of  numbers  of  the  third  class. 

Conversely,  if  G™  does  not  exist,  G*>  must  first  vanish  for  some  number 
7  of  the  first  or  second  class,  which  number  cannot  be  a  limiting  number. 
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If  (?,,  Q-i,  (?a, ...  6r„, ...  be  any  endless  sequence  of  sets  of  pointy,  such  that 
each  set  Ga  is  contained  in  the  preceding  one  tr„_„  then  the  set  D(G1,  G^, ... 
&n,...),  if  it  exists,  consists  of  those  points  each  of  which  belongs  to  (?„  for 
every  value  of  n,  and  this  sot  may  be  denoted  by  G„.  Commencing  with  Ga, 
anew  sequence  of  sets  G„.  (?„+i,  <?„+s,  ---  Ga+a, ...  maybe  considered,  each  one 
being  a  part  of  the  preceding  one ;  the  set  of  points  each  of  which  belongs 
to  all  the  sets  of  this  sequence  is  D(GU>  Ga+U  ...  Ga^n, ...),  and  may,  when  it 
exists,  be  denoted  by  ff„.a.  In  this  manner  further  sets  may  be  formed, 
requiring  as  indices,  higher  numbers  of  the  second  class.  An  example 
illustrating  the  fact  that  (?„  does  not  necessarily  exist  is 


=  (-     ~ 


The  case  of  the  transfinite  derivatives  of  a  given  set  G,  considered  above, 
is  a  special  case  of  a  sequence  of  sets  each  one  of  which  contains  the 
next  one. 

EXAMPLES. 

1*.     Let  G  denote  the  enumerable  set.  of  points,  each  one  nf  which  is  given  by 

when  n  has  all  positive  integral  values,  excluding  /.cro.  and  -mL.  «(2,  ...  m„,have  all  positive 
integral  values  meloding  zfii'o,  independently  of  one  another. 

It  is  easily  seen  that  in  <?!">,  the  points  — ,  3^,  ...  all  occur,  and  hence  that  (?<») 
exists,  and  consists  of  :'ne  single  point  zero. 

3*.     Let  G  denote  the  enumerable  .set.  of  points,  each  one  of  which,  is  given  by 


L  +  -  +  S 


'mPi  ?i>  ?2t  ••■  5p  have  all  positive  integral  values,  including  xen 
b  of  the  single  point  zero. 
3*.     Let  G  denote  the  enumerable  set  of  points,  each  one  of  which  is  given  by 

1  1 


where  ra,  m,,  )«a, ...  !«„,  p,  qu  ...  qv,  have  all  positive  integral  values.     In  tl 
exists,  and  consists  of  the  -ingle  point  zero. 

SETS   OF   INTERVALS. 
64.     The  properties  of  a  set  of  intervals,  which  intervals  are 
any  manner,  are  closely  connected  with  the,  properties  of  sets  of  points 
will  therefore  be  considered  here  in  some  detail. 

*  These  examples  v.iue  su'vmi  by  MiM.tfi-Leiller,  Acta  ilalM.  vol.  IV,  P,  58. 
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If  two  intervals  have  only  an  end-point  of  each  in  common,  they  are 
said  to  abut  on  one  another;  and  if  the  two  intervals  have  more  than  one 
poind  in  common,  they  are  said  to  overlap  one  another. 

Every  set  of  tiifervah,  which  t,v  sunk  that  no  l-wo  of  ihe  intervals  overtop. 
is  an  enumerable  i 


First,  suppose  the  set  of  non-overlapping  intervals  to  lie  in  the  finite 
segment  (a,  b)\  and  choose  a  sequence  e,,e2, ...  e„, ...  of  positive  numbers  con- 
verging to  the  limit  zero.  The  number  of  intervals  of  the  given  set  which 
are  of  length  greater  than,  or  equal  to  e»,  is  finite,  since  it  cannot  exceed 

—  (b  —  a).    We  can  now  arrange  the  intervals  in  order  of  magnitude,  taking 

first  those  which  are  =ei,  then  those  which  are  <e1  and  =  elt  and  so  on, 
there  being  only  a  finite  number  in  each  set.  Therefore,  since  the  set  of 
intervals  can  be  arranged  as  a  simply  infinite  aggregate,  it  is  an  enumer- 
able set. 

Next,  suppose  that  the  intervals  are  on  an  unlimited  st.nuglit  line  in  which 
the  position  of  any  point  is  denoted  by  x.     If  we  consider  the  correspondence 


unlimited  straight  line  corresponds  to  the  segment  (—1,  1),  in  which  the 
point  x'  lies.  The  intervals  of  the  given  sot  correspond  uniquely  to  intervals 
of  a  n  on  -overlapping  set  in  the  segment  (— 1,  +1),  and  this  latter  set  is 
enumerable;  hence  the  given  set  is  so  also. 

The  theorem  can  be  generalized  so  as  to  apply  to  the  case  of  detached 
portions  of  space  of  two,  three,  or  any  number  of  dimensions.  If  within 
a  finite  portion  of  such  space,  there  be  a  set  of  portions  no  two  of  which 
overlap  one  another,  though  they  may  have  portions  of  their  boundaries 
in  common,  the  set  of  such  portions  is  enumerably  infinite  if  it  be  not 
finite. 

The  theorem  is  proved,  as  in  the  case  of  intervals  in  a  one- dimensional 
space,  from  the  consideration  that  there  can  only  be  a  finite  number  of  the 
portions  of  volume f  greater  than,  or.equal  to  en. 

Since  the  points  of  unbounded  space,  say  of  three  dimensions,  can  be 
made  to  correspond  with  the  points  of  a  finite  portion  of  space,  by  means 
of  the  transformation 

\V  +  1 '  aV+1  '  S&  +  1  ' 

the  restriction  that  all  the  portions  must  be  contained  in  a  finite  domain  can 
be  removed. 

*  Cantor,  Math.  Annalen,  vol.  sx. 

t  More  generally  "measure,"  see  §81,  below. 
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65.  The  theorem  which  is  given  in  §  64,  can  now  be  applied  to  prove 
that  every  isolated  set  of  points  is  enumerable*. 

Let  P  be  a  point  of  such  a  set.  Since  in  a  sufficiently  small  neighbourhood 
of  P,  no  other  points  of  the  set  occur,  take  such  a  neighbourhood  of  length  p, 
and  conceive  such  neighbourhoods  to  be  chosen  for  every  point  of  the  set ; 
we  now  have  a  set  of  non -overlapping  intervals  which  is  enumerable,  and 
therefore  the  isolated  set.  of  points  is  also  enumerable. 

It  has  been  shewn  that  any  set  of  points  G  is  made  up  of  an  isolated 
aggregate,  and  of  one  which  is  a  divisor  of  G'.  It  follows  that,  if  the  derivative 
G'  is  enumerable,  so  also  is  G;   but  the  eonvur.se  does  not  hold. 

Every  set  ofpoivts  which  is  of  the  first  species  is  enumerable.  For,  if  s  be  its 
order,  Gts>  contains  <m\y  a  finite  number  of  points  ;  hence  (?{s_,)  is  enumerable  ; 
and  therefore  also  (?(,-s,  (J"-'1,  ...  G  are  all  enumerable  sets. 

A  set  of  points  of  the  second  species  is  enumerable  if  one  of  its  derivatives 
be  so.     If  any  set  G  is  not  enumerable  none  of  its  derivatives  is  so. 

66.  Let  us  consider  a  given  set  of  overlapping  intervals  contained 
in  the  finite  segment  (a,  b) ;  it  will  bo  shewn  that  the  given  set  can  be 
replaced  by  a  set  of  non-overlapping  intervals  which  is  snob,  that  every  point, 
which  is  interior  to  any  interval  of  either  set  is  interior  also  to  some  interval 
of  the  other  set. 

Taking  any  point  P  (;c)  which  is  an  interior  point  of  one  or  more  intervals 
of  the  given  set,  the  points  at'  of  the  segment  (x,  b)  can  be  divided  into 
two  classes,  those  for  which  every  point  interior  to  the  segment  (x,  a/) 
is  an  interior  point  of  some  interval  of  the  given  set,  and  those  for  which 
this  is  not  the  case.  This  section  of  the  numbers  in  the  segment  {m,  b)  defines 
a  single  point  x',  such  that  (#,  x)  is  the  greatest  segment  on  the  right  of  m 
which  has  every  interior  point  of  it  also  an  interior  point  of  the  given  set 
of  intervals.  Similarly  a  definite  segment  (a/',  w)  on  the  left  of  x,  can  be 
found,  which  has  the  corresponding  property.  Therefore  the  interval  (as",  x') 
is  one  of  the  required  intervals.  If  now  we  take  any  point  in  either  of  the 
parts  of  (a,  b)  complementary  to  (x",  &'),  which  is  an  interior  point  of  an 
interval  of  the  given  set,  we  may  proceed  as  before  to  construct  an  interval 
of  the  required  set  which  contains  that  point;  and  so  on,  until  we  have  a 
set  of  non -overlapping  intervals  which  contain,  as  interior  points,  every  point 
that  is  interior  to  any  interval  of  the  given  set.  It  has  thus  been  proved 
that : — ■ 

Every  set  of  iiiterv.ds  vonlauisr/-  in  a  finite-  segment  c/n-  he,  replaced  by  a  set 
of  non-overlapping  intermits  of  which-  the  interior  'points  are  the  same  as  those 
of  the  given  set, 

*  Cantor,  Math.  Annalen,  vol.  xxi. 
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The  new  set  may  be  spoken  of  as  the  set  of  non-overlapping  open 
intervals  equivalent  to  the  given  set  of  open  intervals. 

An  open  interval  PQ  is  defined  as  in  §  40,  to  consist  of  the  aggregate 
of  points  interior  to  PQ,  excluding  the  end-points  P,  Q. 

The  properties  of  any  set  of  open  intervals  in  a  finite  segment  thus 
depend  upon  those  of  a  non- overlapping  set  of  such  intervals,  and  we 
proceed  to  the  consideration  of  the  latter. 

Every  point  of  (a,  b)  which  is  not  interior  to  an  interval  of  the  non- 
overlapping  sot  is  either 

(1)  a  common  end-point  of  two  intervals  of  the  given  set ;  or 

(2)  a  point  interior  to,  or  at  an  end  of,  an  interval  not  belonging  to 
the  given  set,  this  interval  containing  no  point  which  is  interior  to  any 
interval  of  the  set;  or 

(3)  a  limiting  point,  on  both  sides,  of  end-points  of  intervals  of  the 
set;  or 

(4)  an  end-point  of  an  interval  of  the  given  set,  and  also  a  limiting 
point,  on  one  side,  of  end-points  of  intervals  of  the  given  set. 

If  either  a  or  b  is  an  end-point  of  an  interval,  we  reckon  that  point  as 
belonging  to  the  points  (1). 

The  points  described  in  (2)  or  (3)  may  be  described  as  external  points 
of  the  given  set ;  and  if  a  or  6  is  a  limiting  point  of  end-points,  it  will  be 
reckoned  as  an  external  point. 

The  points  described  in  (4)  may  be  spoken  of  as  semi-external*  points. 

The  following  theorem  will  now  be  established:— 

Those  points  of  the  segment  {a,  b),  which  are  not  points  of  a  given  set 
of  non-overlapping  open    intervals,  form  a  closed  set  of  points. 

The  closed  set  includes  all  the  end-points  of  the  given  set  of  intervals, 
and  all  the  external  points. 

To  prove  this  theorem,  we  observe  that  no  limiting  point  of  the  set 
of  points,  complementary  to  the  set  of  open  intervals,  can  be  interior  to 
an  interval  of  the  given  set.  For  if  P  be  such  an  interior  point,  a  neigh- 
bourhood of  P  exists,  viz.  the  interval  in  which  it  is  contained,  within 
which  there  are  no  points  of  the  set;  and  thus  P  cannot  be  a  limiting 
point  of  the  set.  All  the  limiting  points  of  the  set  must  therefore  belong  to 
the  set  itself,  which  is  consequently  closed. 

The  closed  set  which  is  complementary  to  a  set  of  non-overlapping  open 
intervals  contains  all  the  end-points  of  the  intervals,  all  those  points  which, 
not  being  end-points,  are  limiting  points   on  both  sides   of  end-points  of 

*  This  term  is  due  to  W.  H.  Young,  Proc.  Loud.  Math.  Soc,  vol.  xxxv,  p.  3G0. 
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intervals,  and  also  the  points  interior  to  the  complementary  intervals,  in  oa*e 
such  complementary  intervals  exist. 

In  case  there  are  no  complementary  intervals,  then  the  closed  set  of  points 
defined  as  the  set  complementary  to  a  given  set  of  open  intervals,  is  a  non- 
dense  closed  set. 

67.  It  will  now  be  shewn  that*,  unless  a  given  set  of  non-overlapping 
intervals  is  a  finite  set,  there  must  be  at  least  one  external  or  semi-external 
point;  in  other  words  the  whole  interval  (a,  b)  cannot  be  filled  up  by  an 
indefinitely  great  number  of  non- overlapping  intervals,  each  one  of  which 
abuts  on  the  next,  without  leaving  at  least  one  point  over,  which  is  neither 
interior  to  an  interval  nor  is  an  end-point  of  two  intervals,  the  points  a,  b 
being  regarded  us  end-points  of  two  intervals  if  they  are  end-points  of  one 
interval  of  the  given  set. 

If  there  be  any  complementary  intervals,  then  the  points  of  these 
intervals  are  all  external  points,  and  we  therefore  need  only  consider  the 
case  in  which  no  such  complementary  intervals  exist.  We  observe  that, 
when  the  number  of  intervals  is  not  finite,  their  end-points  must  have  at 
least  one  limiting  point  P.  Now  this  point  P  cannot  be  interior  to  one  of 
the  given  intervals ;  for,  if  it  were  so,  it  would  have  a  neighbourhood,  viz.  the 
interval  to  which  it  is  interior,  within  which  are  no  end-points.  Neither  can 
P  be  a  common  end-point  of  two  intervals;  for  it  would  then  have  a  neigh- 
bourhood on  the  right,  and  also  one  on  the  left,  within  which  there  is  no 
end-point  except  P  itself.  The  point  P  must  consequent]}'  either  be  an 
external  point,  i.e.  one  which  is  not  an  end-point  but  is  a  limiting  point, 
on  both  sides,  of  end-points;  or  else  it  must  be  an  end-point  of  one  interval, 
and  a  limiting  point,  on  one  side,  of  end-points.  If  a,  or  b  is  not  an  end- 
point,  it  is  regarded  as  an  external  point.  It  will  subsequently  be  shewn 
that  the  external  and  semi-external  points  form  a  set  which  may  be  either 
finite,  or  of  cardinal  number  a,  or  of  cardinal  number  c. 

EXAMPLES. 

It.  In  the  interval  (0,  1)  take  the  intervals  (0,  i),  (i,  |) ...  (^ ~f-- ,  ^w)  ■■■> 
and  also  the  inter  vats  obtained  l>y  reilci-Mug  tliR.su  interval*  in  the  point  J.  The  point  \  is 
external  to  all  the  interval!-,  and  yet  the  limiting  sum  of  the  intervals  is  equal  to  1,  the 
length  of  the  whole  interval  (0,  1)  in  which  the  enumerable  s>et  of  intervals  is  contained. 

If  instead  of  reflecting  the  intervals  in  the  point  ■£-,  we  take  the  interval  (^,  1),  the 
point  ^  ia  now  a  semi-external  point,  and  the  limiting  sum  of  the  intervals;  is  the  same  as 

l.il.vi'ol'0. 


2+.     Take  the  set  (|,  1),  (0,  |)  ...  (       „-„—  ,     ™r+r)  •••  OI  intervals,  and  divide  each 

*  This  theorem  was  given  by  W.  H.  Young,  Proc.  Land.  Math.  Soc.  vol.  xxsv,  p.  251. 
t  See  W.  H.  Yonng,  Proa.  Land,  Math.  Soe.  vol.  isiv,  pp.  249—251. 
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interval  into  a  set  of  sub-internals  similar  to  the  wliole.    "We  now  have  a  new  enumerable 
set  of  intervals  which  has  no  external  points,  but  of  which  the  semi -external  points  form  an 

enumerable  set  f ,  -J-,  J,  f$,  .... 

68.  //  a  set  of  intervals  m,  (ffl,-  b)  is  such  that  every  point  of  (a,  b)  is 
an  interior  point  of  at  lea.it  one  interval  (the  mid-points  a,  b  being  each  an 
end-point  of  at  least  one,  interval),  than  a  finite  number  of  the  intervals  can  be 
selected  which  has  the  same  property  as  the  whole  set. 

This  theorem,  which  is  known  as  the  Heine-Borel  theorem*,  is  of  con- 
siderable importance  in  the  theory  of  functions,  and  may  be  proved  as 
follows : — 

Denoting  the  points  a,  6,  by  A,  B,  we  may  select  an  interval  Aq,  which 
has  A  as  end-point;  then  select  an  interval  p,qtl  of  which  q,  is  an  interior 
point;  then  p3o/3,  of  which  q2  is  an  interior  point,  and  so  on;  and  consider 

u  .  -        ...  P_b 


the  points  q11  q%,  qs, ...  thus  constructed.  If  one  of  these  points  qn  coincides 
with  B,  the  finite  set  of  intervals  Aqlt  p),qt, ...  -pjjn  required  has  been  found. 
If  qn  does  not  coincide  with  B  for  any  value  of  n,  then  the  infinite  set  of 
points  qu  qa,  ...  q„, ...  has  a  limiting  point  q'  which  is  on  the  right  of  all  of 
■them.  Let  us  now  suppose  that  it  is  impossible  to  select  a  finite  number  of 
the  intervals  in  the  manner  described,  so  that  the  end-point  of  the  last  is 
at  B.  Then  whatever  particular  selection  of  intervals  we  make  as  above,  we 
obtain  a  point  q'  on  the  right  of  the  intervals,  the  position  of  o'  depending 
on  the  selection  made.  The  set  of  points  [q'\  which  has  thus  been  obtained, 
has  either  (1)  a  limiting  point  q  on  the  right  of  all  the  points  of  {q1},  or 
(2)  an  extreme  point  q,  belonging  to  the  set,  on  the  right  of  all  the  other 
points  of  the  set ;  and  in  either  case  q  may  or  may  not  coincide  with  B.  In 
case  (1),  the  point  q  is  interior  to  an  interval  aft  of  the  given  set,  or  else  is 
an  end-point  of  such,  ft,  £  then  coinciding  with  B.  We  can  now  choose  a  sot 
of  intervals  Aqu  psqt,  ...  pnqn,  ■  ■■  for  which  the  limiting  point  q'  lies  within 
aq,  since  q  is  the  limiting  point  of  [q'\ ;  and  then  only  a  finite  number  of  the 
points 

qu  ?„  .-  ?»,  ... 
lie  outside  aq'.  Let  then  qn  be  the  first  of  them  which  lies  inside  aq1,  and 
consider  the  set  of  intervals  Aq1,piqa,  ...  pnqB,  aft.  If  q  and  ft  coincide,  and 
are  therefore  both  coincident  with  B.  we  have  here  a  finite  set  of  intervals 
such  as  the  theorem  requires,  and  this  is  contrary  to  Hie  hypothesis  made 
that  no  such  finite  set  exists.     If,  on  the  other  hand,  q  and  ft  do  not  coincide, 

*  Borel,  Ann.   tie  I'ec.  norm.  (3)  xn,   p.  51.      See  also  Borel's   Lemons   sue   la   tMorie   ties 
functions,  p.  42. 
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it  is  impossible  that  q  should  be  the  limit  on  the  right  of  the  limiting  points 
of  all  the  possible  sets  qt,  q2,  ...  qn,  }«+i,  •■■;  for  we  may  take  q„+s  to  coincide 
with  /3,  which  is  itself  on  the  right  of  q.  We  have  therefore  again  a  contra- 
diction. In  case  (2),  there  is  one  set  of  intervals 
Aqlt  ]hq*,  ...pnqn,  ... 
such  that  q  is  the  limiting  point  of  qlt  qa,  ...  qn,  ...;  and  the  position  of  q' 
for  any  other  set  is  on  the  left  of  q.  Now  q  is  interior  to  an  interval  aft  of 
the  given  set,  and  only  a  finite  number  of  the  points  q„  q2,  ...  gn,  ...  is  on 
the  left  of  a.     Let  qn  be  the  first  which  is  inside  aft;  then  the  set 

is  a  finite  set  such  as  the  theorem  requires,  in  case  ft  coincides  with  B.  But 
if  ft  does  not  coincide  with  B,  it  is  part  of  an  infinite  set  for  which  the  limit 
of  ffn  5f»  ■-•  qn,  ft>  •■■  is  on  the  right  of  q,  which  is  contrary  to  the  supposition 
that  q  has  the  extreme  position  on  the  right  for  all  points  of  the  set  {q'}. 
There  is  therefore,  as  in  the  other  case,  a  contradiction  in  supposing  that 
B  cannot  be  reached  after  taking  a  finite  number  of  intervals.  It  will  be 
observed,  that  the  set  of  intervals  contemplated  in  the  theorem  is  not 
necessarily  enumerable. 

The  theorem  may  be  stated  in  a  somewhat  different  form,  in  which  it  is 
capable  of  being  proved  in  a  simple  manner. 

Let  us  suppose  that  with  each  point  of  (a,  b)  is  associated  an  interval  of 
which  the  point  is  an  interior  point,  the  intervals  associated  with  a,  or  b, 
extending  beyond  (a,  b).  Let  the  associated  interval  be  called  the  proper 
interval  of  the  point.  Further,  let  any  interval  be  provisionally  called  a 
suitable  interval,  when  it  is  included  in  the  proper  interval  of  some  point 
within  or  upon  the  boundary  of  itself. 

The  theorem  may  then  be  stated*,  that  the  interval  (a,  b)  can  be  divided 
■  nto  a  finite  number  of  suitable  intervals: 

For,  let  the  interval  (a,  l>)  be  halved;  if  one  of  the  halves  is  not  suitable, 
at  it  be  halved ;  and  so  on.  This  halving  process,  which  is  to  be  applied  to 
every  interval  not  already  suitable,  indefinitely,  will  terminate  after  a  finite 
number  of  steps.  For  otherwise,  let  us  consider  an  indefinitely  continued 
Sequence  of  intervals,  each  half  of  its  predecessor,  and  no  one  of  them  suitable. 
These  intervals  determine  a  single  point  within  or  upon  the  boundary  of 
ivery  one  of  them.  Let  us  consider  the  proper  interval  of  this  point;  the 
sequence  of  intervals  of  which  the  point  is  the  limiting  point,  will,  from  and 
niter  some  fixed  member  of  the  sequence,  all  lie  within  this  proper  interval  of 
ue  point.  This  is  contrary  to  the  hypothesis  that  the  sequence  of  unsuitable 
intervals  is  indefinitely  continued. 

'  Tiif  theorem  stated  in  this  form  is  really  contained,  in  Goursat's  prooi  of  Cauchy'f,  theorem; 
st-j  Tra-is,  Amer.  Math.  Soc.,  vol.  i,  p.  15. 
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69.  The  Heine-Borel  theorem  can  be  extended  to  the  case  of  seta  in 
two,  three,  or  any  number  of  dimensions.  In  the  case  of  a  set  in  two  dimen- 
sions, we  may  suppose  for  simplicity  thai,  the  set.  of  areas  is  contained  in  a 
rectangular  area  ABDC.  We  suppose  that,  there  exists  a  set  of  closed  areas, 
which  may  be,  for  example,  all  circles,  or  all  rectangles,  such  that  each  point 


o  1 


inside  ABDC  is  interior  to  one  at  least  of  the  areas,  and  that  each  point  on 
the  boundary  of  ABDC  is  interior  to  the  straight  boundary  of  at  least  one 
such  area.  Since  all  the  points  of  AG  are  interior,  in  the  sense  explained,  to 
areas  of  the  given  set,  and  since  these  areas  are  bounded  by  intervals  on  AC, 
the  Heine-Borel  theorem  proved  above,  shews  that  a  finite  number  of  areas 
can  be  selected  such  that  all  the  points  on  AG  are  interior  points  of  them, 
A  straight  line  q^qi  can  then  be  found  such  that  all  the  points  interior  to  the 
area  Aq,q/C  are  interior  points  of  the  areas  which  have  been  already 
selected.  Next  we  see  in  a  similar  manner  that  all  the  points  of  q^/  may 
be  enclosed  as  interior  points  of  a  properly  selected  finite  sot  of  the  given 
areas;  we  then  see  that  a  point  §s  exists  to  the  right  of  q„  such  that  the 
areas  already  determined  enclose  all  the  interior  points  of  gi9i'<fr'?i  as 
internal  points:  and  proceeding  in  this  manner,  we  obtain  a  set  of  intervals 
■^?j.  S]?2.  Sa^s.  ■■•on  AB.  Now  the  point  B  must  be  reached  at  the  end  of  a 
finite  number  of  stages  of  this  process;  for  we  may  shew  by  precisely  the 
same  reasoning  as  before,  that  it  is  impossible  but  that  the  point  B  be 
reached  at  a  finite  stage  of  the  process  of  taking  in  new  finite  sets  selected 
from  the  given  set  of  areas. 

Assuming  the  truth  of  the  theorem  for  sets  of  areas  in  two  dimensions, 
it  may  be  extended,  in  an  analogous  manner,  to  a  three-dimensional  space 
and  so  on  to  spaces  of  any  number  of  dimensions. 

It  is  clear  that  Ooursat's  Conn  of  the  Heine-Borel  theorem  may  be  proved 
in  the  case  of  sets  of  any  number  of  dimensions,  exactly  as  in  the  proof  give^i 
in  §  68,  for  the  case  of  linear  sets.  The  division  of  a  rectangular  cell  of  r, 
dimensions  into  2n  equal  rectangular  cells,  will  replace  the  process  of  h&lvinr, 
applicable  to  linear  intervals. 
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70.  The  following  theorem  will  now  be  proved  :— 

If  any  unenv.-mernhle  set  of  overlapping  intervals  in  (a,  b)  be  given,  then 
an  enumerable  set  van  be  .selected  oul  of'  lite  inter  ruts  oj  the,  given  set,  of  which 
the  interior  points  are  the  sonic  us  those  of  the  given  set. 

It  has  been  shewn  in  §  66,  that  the  given  set  can  be  replaced  by  a 
n  on -overlapping  set  of  intervals  with  the  same  interior  points.  An  interval 
of  this  second  set  is  however  not  in  general  an  interval  of  the  given  set. 

Let  PQ  be  an  interval  of  the  equivalent  n  on -overlapping  set ;  then  every 
internal  point  of  PQ  is  an  internal  point  of  one  interval  at  least  of  the  given 
set.  The  point  P  is  either  an  end-point  of  some  interval  Pp  of  the  given 
set,  or  else  it  is  a  limiting  point  of  end-points  of  an  infinite  number  of 
intervals  of  the  given  set.  In  the  latter  case  we  can  choose  an  enumerable 
sequence  Pxpu  P2p2,  P3P3,  ■■•  of  intervals  of  the  given  set  such  that  P  is  the 
limiting  point  of  the  sequence  of  points  P„  P2,  ...  Pn,  ....  Similarly,  unless 
Q  is  an  end-point  of  an  interval  qQ  of  the  given  set,  it  is  the  limiting  point 
of  a  sequence  Q„  Qa,  ...  Qn,  ...  of  end-points  of  intervals  q,Qlt  q^Q-2,  ...  qnQn,  ■■■ 
of  the  given  set.  Consider  the  intervals  PiQu  P?Q*,  ...  PnQn,  ■■■,  where 
jP„  Ps,  ...  may  be  taken  all  to  coincide  with  P  in  ease  the  interval  Pp  exists, 
a  similar  convention  being  made  as  regards  Q.  Since  every  point  of  PjQt  is 
interior  to  some  interval  of  the  given  set,  therefore  in  accordance  with  the 
Heine-Borel  theorem,  a  finite  number  of  intervals  of  the  given  set  can  be 
selected  so  that  every  point  of  PjQt  is  interior  to  one  at  least  of  them.  Let 
a  similar  selection  of  a  Unite  set  of  intervals  be  made  for  each  of  the  intervals 
PiQz,  P-tQz.  ■■■  PnQn,  ■■■',  we  have  then  altogether  an  enumerable  set  of 
finite  sets  of  intervals.  The  totality  of  these  intervals  forms  a  finite,  or  an 
enumerable,  set  of  intervals  selected  from  the  given  set,  which  contains  every 
point  in  the  interior  of  PQ  as  an  interior  point.  Applying  the  same  process 
to  each  interval  PQ  of  the  equivalent  non-overlapping  set,  and  remembering 
both,  that  the  intervals  PQ  form  a  finite  or  enumerable  set,  and  that  an 
enumerable  set  of  finite  or  enumerable  sets  is  itself  enumerable,  we  derive 
the  conclusion  that  an  enumerable  set  of  intervals  can  be  selected  from  the 
given  set  such  that  the  internal  points  are  identical  with  those  of  the  given  set. 

71.  The  Heine-Borel  theorem  can  be  extended  to  the  case  where  the 
points,  which  are  to  be  internal  to  a  finite  number  of  intervals  selected  from 
a  given  set,  are  a  given  closed  set  of  points,  instead  of  the  whole  set  of  points 
of  the  segment  in  which  the  intervals  lie. 

Let  a  given  set  of  intervals  in  (a,  6)  be  such  that  every  point  of  a  given 
closed  set  of  points  is  interior  to  one  at  least  of  the  given  intervals.  Consider 
the  set  of  non-overlapping  intervals  equivalent  to  the  given  set;  this  set 
must  be  finite ;  for,  if  not,  it  lias  at  least  one  external  or  semi-external  point 
P  which  is  a  limiting  point  of  the  end-points  of  the  intervals.     Then  any 
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arbitrarily  small  neighbourhood  of  P  contains  an  indefinitely  great  number  of 
end-points  of  intervals,  and  therefore  also  of  points  of  the  given  closed  set; 
and  P  would  therefore  be  a  limiting  point  of  the  closed  set,  hut  this  is 
impossible,  as  P  does  not  belong  to  that  set.  Lot  pq  he  one  of  this  finite 
number  of  intervals  of  the  equivalent  non-overlapping  sot:  then  the  part  of 
the  given  closed  set  of  points  which  is  in  pq  is  itself  closed.  In  pq  take  an 
interval  p'q'  which  contains  this  closed  part  of  the  given  set  of  points  in  its 
interior:  then  by  the  Heine-Eoiel  theorem  a  finite  number  of  intervals  can 
be  selected  from  the  given  set  of  intervals  which  contains  every  point  of 
p'q  as  an  internal  point;  and  therefore  contains  the  part  of  the  closed  set  of 
points  which  is  interior  to  p'q'.  Applying  this  process  to  each  of  the  finite 
number  of  intervals  p q  we  have  the  following  theorem*: — 

Having  given  a  doted  set  of  points  in  (a,  b).  and-  a  set  of  intervals  such,  thai- 
each  point  of  the  closed  set  is  interior  to  one  interval  at  least  of  the  set,  a 
finite  number  of  intervals  can  be  selected  from  the  given  set  which  is  also  such 
that  every  point  of  the  dosed.-  set  of  points  is  interior  to  one  at  least  of  these 


The  proof  of  Goursat's  form  of  the  lleme-Borel  theorem  can  be  modified 
so  as  to  apply  to  this  ease.  We  have  only  to  neglect,  in  the  proof  of  §  6'S, 
those  sub -intervals  which  do  not  contain  any  of  the  points  of  the  given 
closed  set, 

NON-DENSE    CLOSED    AND    PERFECT    SETS. 

72.  It  has  been  shewn  in  §  66,  that  if  an  infinite  number  of  non- 
overlapping  intervals  he  contained  in  (a,  b),  the  set  of  points  which  is  com- 
plementary to  the  internal  points  of  the  intervals  forms  a  closed  set.  If  no 
interval  whatever  can  be  found  in  (a,  b)  every  point  of  which  belongs  to  the 
closed  set,  the  given  set  of  intervals  is  everywhere-dense,  and  the  closed  set 
is  in  no  interval  everywhere-dense,  and  is  therefore  said  to  be  non-dense 
in  (a,  b).     We  shall  now  prove  the  converse  theoremf  that: — 

Every  non-dense  dosed  set  of  points  consists  of  the  end-points  of  a  set  of 
non-overlapping  inter  vols  which  is  everywhere-dense  in  the  domain,  and  of  the 
limiting  points  of  such  end-points. 

*  See  W.  H.  Young,  Proc.  Land.  Math.  Soc.  vol.  xxxv,  p.  387 ;  also  Borel,  Oomptea  Rendu*, 
January,  1905.  Foe  a  further  extension  of  the  theorem,  Bee  W.  H.  Young,  Messenger  of  Math. 
vol.  xxje.hi,  p.  125),  and  also  l'roe.  Loud.  Math.  Soc.  Ser.  2,  vol.  n,  p.  67. 

■'■  This  wJiLtirin  iitinvwn  cviiryv.-liiiiii-iltn-ii!  sots  of  iiiLi:rval«  iLiid  closed  net,-  was  discovered  by 
]>u  liois  Keyntmid  and  by  .Haimick.  Sue  l)i;  Hu:k  ileyinojid's  _i .';'■■.:■  im-iin-  l-'anctiivm  ntheorie  (1882), 
p.  188;  also  Math.  Aiatalai.  vol.  xvi,  p.  1.28,  wiion;  evory whore-dens;  Si-i.s  of  intervals  are  intro- 
duced. See  also  Harnae);,  Math.  Aiiiudcn.  vol.  xix,  p.  2119.  and  Rendixson,  Acta  Math.  vol.  n, 
p.  i!6,  and  Ofv.  af.  Svensk.  Vet.  Fork.  vol.  xxxrx,  2,  p.  81.  Proofs  of  the  fundamental  theorems 
based,  on  the  amalgamation  of  abutting  intervals  have  been  given  recently  by  W.  H.  Young, 
Proc.  Land.  Math.  Soc.  Ser.  2,  vol.  i,  p.  240,  and  Ij.y  Suhoenllies,  (iMtiviier  Nachrichten,  1903. 
The  proof  given  in  the  text,  is  %  7S,  is  based  upon  the  latter  proof. 
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In  any  arbitrarily  chosen  interval  a  point  P  can  be  found  which  does  not 
belong  to  a  given  non-dense  closed  set  0,  and  an  interval  pq  containing  P  in 
its  interior  can  be  found  such  that  no  internal  point  of  pq  belongs  to  G.  For 
if  no  such  interval  could  be  found,  P  would  be  a  limiting  point  of  0,  which 
is  impossible.  Let  pq  be  the  greatest  interval  containing  P  for  which  this 
holds,  then  p,  q  are  limiting  points  of  G,  and  therefore  belong  to  G. 

We  now  proceed  to  construct  intervals  such  as  pq  in  the  remaining  parts 
of  the  domain.  Then,  when  every  possible  such  interval  has  been  constructed, 
there  are  no  intervals  complementary  to  them ;  and  all  the  end-points  of  the 
intervals,  together  with  the  limiting  points  of  such  end-points,  are  the  only 
points  which  are  not  internal  to  the  intervals.  These  points  are  consequently 
the  points  of  G. 

The  points  of  G  consist  in  general  of  three  classes: 

(1)  those  which  are  common  end-points  of  two  intervals  abutting  on  one 
another ; 

(2)  semi-external  points  (see  §  66),  which  are  end-points  of  one  interval 
and  also  limiting  points  on  one  side,  of  end-points;  and 

(3)  external  points,  viz.  such  as  are  not  end-points  of  intervals  but  are 
limiting  points,  on  both  sides,  of  end-points. 

An  end-point  of  the  domain  of  the  set  may  be  regarded  as  belonging  to 
(1)  or  (3)  according  as  it  is,  or  is  not,  an  end-point  of  an  interval. 

Those  points  which  belong  to  (1)  are  clearly  isolated  points  of  Q.  Hence 
if  no  such  points  exist,  every  point  of  G  is  a  limiting  point ;  and  therefore  G 
is  perfect.     The  theorem  has  thus  been  proved  that  :— 

Every  non-dense  perfect  set  G  consists  of  the  eiat- points  of  an  everywhere- 
dense  set  of  non-over  tup  i  Any  interval-;  no  two  of  which  abut  on  one  another, 
together  with  the  limiting  points  of  these  end-points. 

The  end-points  of  the  domain  are  points  of  G,  but  not  end-points  of 
intervals. 

If  the  set  G  is  such  that  no  semi-external  points  exist,  then  every  interval 
abuts  on  another  one  at  both  its  ends.  In  this  case,  all  the  points  of  G 
are  either  end-points  of  adjacent  intervals,  or  limiting  points,  on  both  sides,  of 
a  sequence  of  such  end-points,  unless  a  or  b  be  a  limiting  point,  in  which  case 
it  belongs  to  G.  The  end-points  have  the  same  cardinal  number  a  as  the 
rational  numbers,  since  the  set  of  intervals  is  enumerable.  Moreover  the 
external  points  form  a  finite  set,  or  an  enumerable  set ;  because  to  each  such 
external  point  there  corresponds  an  enumerable  set  of  end-points  of  which  it 
is  the  limiting  point,  and  in  this  correspondence  any  one  end-point  can 
correspond  to  at  most  two  limiting  points,  one  on  each  side  of  it.  We  thus 
have  the  theorem  that : — 
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A  non-dense  closed  set  is  enumerable  if  its  complementary  intervals  are 
such  that  every  vn.e  if  them,  abuts  on  another  one  at  each  of  its  ends. 

73.  Every  non-dense  closed  set  is,  in  general,  made  up  of  an  enumerable 
set  and  of  a  perfect  set. 

Let  the  intervals  complementary  to  the  set  6  be  arranged  in  enumerable 
order,  that  of  descending  magnitude;  we  may  denote  them  by  S„  83,  ...  S„, .... 
If  G  is  not  perfect,  it  contains  isolated  points,  each  of  which  is  the  common 
end-point  of  two  adjacent  intervals ;  let  &Pl  be  the  first  of  the  intervals  {8} 
at  an  end  of  which  there  is  such  a  point;  let  BP-  be  the  interval  which  abuts 
on  BPl  at  that  end.  It  may  happen  that  the  other  end-point  of  Sp-  is  also  a 
common  end-point  of  two  intervals.  If  so,  let  BP"  be  the  interval  which  abuts 
on  BP',  and  so  on  i  after  a  finite,  or  enumerable  set,  of  such  intervals 


we  must  arrive  at  an  interval  of  which  the  end-point  docs  not  belong  to 
G„  the  set  of  isolated  points  of  G,  or  else  at  an  end-point  of  the  domain  of  Q ; 
unless  G  is  an  enumerable  set.  It  may  happen  that  8Pi  at  its  other  end 
abuts  on  another  interval;  in  that  case  we  proceed,  in  the  same  manner  as 
before,  to  find  the  intervals  8^,  B^,  ...  each  of  which  abuts  on  another  one. 
Now  conceive  all  the  intervals  Sy,  &#•, ...,  and  if  they  exist,  Sg>,  8^,  ...  to  be 
amalgamated  with  8Pl  into  one  interval  SY,.l!'.by  removing  all  the  common 
end-points.  If  any  isolated  points  of  G  now  remain,  let  8pi  be  the  first 
interval  of  [8]  after  Sp,,  of  which  an  end-point  is  such  a  point;  proceed  as 
before,  we  then  have  an  interval  B^11  formed  by  amalgamating  a  finite  or 
enumerable  set  of  intervals.  We  proceed  in  this  way,  and  thus  form  a  set  of 
intervals  Sp,01,  BpJ" , ...  no  end-points  of  which  arc  points  of  (?,. 

Since  (?=  G,  +  G'1],  where  Gll>  is  the  derivative  of  G,  the  set  of  intervals 
{§"'}  complementary  to  Gm  consists  of  the  intervals  SPi">,  SpJ",  -■■  and  of  any 
intervals  of  [8}  which  remain  alter  such  intervals  as  8y,  8P», ...  8^,  Sg", ...  have 
been  removed,  and  the  8pm  substituted  for  the  Sj,. 

We  proceed  in  a  similar  manner  with  G'v  =  t?,il!  +  0A'!],  again  removing  a 
finite  or  enumerable  number  of  the  set  {8(i:'J,  and  again  with  Gm,  and  so  on. 
It  may  happen  that  the  process  comes  to  an  end  after  a  number  n  of  such 
stages,  either  if  G,w  does  not  exist,  in  which  case  G'"]  —  G{n+1>,  and  thus  G1"' 
is  perfect;  or  else,  if  (J1"1  does  not  exist,  in  which  case,  G  being  the  sum  of  a 
finite  number  of  enumerable  sets  ^,Gtl/l,  is  itself  enumerable.  If  the  process 
does  not  come  to  an  end  for  any  finite  value  of  n,  we  form  the  derivative 
(?w  =  D (Gm,  Gm,  ...  6?"",...),  which  contains  all  the  points  common  to  all 
the  derivatives  of  G  of  finite  order.  This  set  has  been  shown  in  §  63,  to  exist, 
and  to  be  a  closed  set;  (J""1  is  then  resolved  as  before  into  G,1"1  +  (?(w+u,  and 
I  further  as  before. 
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We  obtain,  by  proceeding  in  this  manner, 
ff-  0,  +  ff,™  +  .-  +  GJ*  +  ff.fr*1>  - 


...  +  GW  +  G*»+i 


where  ft  is  a  number  of  the  first  or  second  class.  It  will  now  be  shewn  that 
there  must  be  some  definite  number  ft  of  the  first  or  second  class,  for  which 
this  process  comes  to  au  end,  either  by  GtiR)  containing  no  points,  in  which 
case  G^  =  GiS+,),  so  that  G1"'  is  perfect;  or  else  by  G&+1)  containing  no  points, 
in  which  case  G  being  the  sum  of  an  enumerable  set  of  finite,  or  enumerable, 
sets,  is  itself  enumerable.  The  [S]  contain  all  the  indices  1,  2,  3,  ...  n,  ... ; 
from  these  indices  we  must  remove  a  finite,  or  an  enumerably  infinite  number, 
to  obtain  those  indices  which  occur  in  the  [£ll,j;  and  again  an  enumerable  set  of 
indices  must  be  removed  from  those  which  occur  in  the  {Bm},  to  obtain  those 
which  occur  in  the  { S (2) } .  Now  as  the  indices  1,2, 3, ...  n, ...  are  enumerable,  the 
process  of  removing  successively  a  finite,  or  cnmnerably  infinite,  set  of  them 
must  cease  for  some  order  ft  of  h  3},  for  otherwise  a  more  than  enumerable 
infinity  of  indices  could  be  removed  from  the  set  1,  2,  3,  ...  n,  ...  which  is 
impossible;  hence  for  some  fixed  number  ft  of  the  second  class  all  the 
indices  must  have  been  removed. 

It  has  thus  been  shewn  that,  unless  the  given  set  G  is  enumerable,  for 
some  number  ft  of  the  first  or  second  class,  (?<*  =  Gl9+11 ;  and  therefore  Gm  is 
perfect.     Thus  G  has  been  resolved  into  an  enumerable  set;  and  a  perfect  one. 

If  for  any  value  of  ft,  Gm  =  0,  the  set  Q  is  enumerable. 

74.  The  following  theorem*  more  general  than  that  of  §  73,  includes  the 
latter  as  a  particular  case.  The  proof  here  given  may  be  taken  as  alternative 
to  that  of  §  73. 

If Pi,  P„  ...  P„,  ...  Pff,  ...  P„,  ...  are  all  closed  gets  of  points  such  that 
(l)ifa,<  <xBj  all  the  points  of  P„s  belong  to  ZJ0|,  and  (2)  if  in  any  interval,  any 
set  Ptt  contains  only  a  finite  number  of  points,  the  net  P„+1  contains  no  points  in 
that  interval;  then  either  Pp  must  vanish  for  some  definite  number  ft  of  the 
first  or  second,  class,  or  else  there  is  a  definite  number  ft  such  that  P$  is  a 


If  for  some  number  ft,  the  set  Pe  vanishes,  then  PY  vanishes  for  all  values 
of  7  which  are  >  ft. 

Let  us  now  suppose  that  there  exists  no  number  ft  such  that  P$  vanishes. 
In  this  case  there  exists  a  set  of  points  which  may  be  denoted  by  Pn,  such 
that  each  point  of  the  set  belongs  to  Pp  whatever  number  ft  may  be.  The 
set  Pa  is  closed,  for  if  p  be  a  limiting  point  of  the  set,  it  is  the  limit 
of  a  sequence  of  points  contained  in  Pe,  whatever  number  ft  may  be; 
hence  />  belongs  to  T'p,  whatever  ft  may  be,  and  thus  p  itself  1 
to  Pa- 

*  See  Baire,  Amiali  di  Mat.,  Ser.  3,  vol.  m, 
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It  will  now  be  shewn  that  I'a  contains  no  isolated  points,  and  is  therefore 
dense-in-itself.  If  Pa  contains  an  isolated  point  p,  a  neighbourhood  of  p  can 
be  found  which  contains  no  point  of  Pn  except  p;  let  Q  be  that  part  of  P, 
which  is  contained  in  this  neighbourhood.  In  the  neighbourhood  considered, 
let  us  suppose  a  sequence  of  intervals  B„  S£,  ...  S„,  ...  constructed,  each  one 
containing  the  next  one  and  the  point  p,  and  such  that  Bn  converges  to  zero 
as  n  is  indefinitely  increased.  Let  Q™  denote  that  part  of  Q  which  lies  in  S„ 
but  not  in  S„+1,  then  Q=  Qw +  Q(2> -f  ...  +  QW1  +  ...  +p.  There  must  exist  a 
number  ft,  of  the  first  or  of  the  second  class,  for  which  Q'1'  contains  no  point  of 
PPl ;  otherwise  Qx  would  contain  points  which  belong  to  Pn,  and  this  is  not 
the  case.  Similarly,  there  exist  numbers  ft,  ft,  ...  ft,,  ...  such  that  QW 
contains  no  points  of  P^,  and  Q'::M  contains  no  points  of  Pgs,  etc  Of  the 
numbers  ft,  ft,  ...  ft„,  ...,  let  7,  be  the  first  which  is  >ft,  then  let  75  be  the 
first  which  is  greater  than  yl,  and  so  on;  we  have  therefore  a  sequence 
7u  721    ■■■  7n.   ■■■  °f  increasing  numbers  all  of  which  belong  to  the  set  ft, 

ft,  ...  ft,, This  sequence  7,,  y.2,  ...  7,,,  ...  is  either  finite,  with  say  7  as 

the  last,  or  else  there  is  a  limiting  number  7  of  the  second  class  which  is 
greater  than  all  of  them,  and  therefore  greater  than  all  the  numbers 
ft,  ft,  ...  ft,,  ....  The  set  Q  can  have  no  point  except  p  which  belongs 
to  Py,  hence  since  Py  contains  only  one  point  in  a  certain  interval,  Py+1 
contains  no  point,  in  that  interval,  and  does  not  contain  p,  which  is  contrary 
to  the  hypothesis. 

It  has  now  been  shewn  that  P.a  is  closed  and  dense-in-itself;  it  is  therefore 
perfect.  Let  us  next  consider  the  enumerable  set  of  intervals  which  are  com- 
plementary to  Pn.  For  any  one  of  these  intervals  there  exists  a  number  7 
such  that  Py  contains  no  point  in  the  interior  of  the  interval.  As  before,  it  is 
seen  that  there  exists  a  number,  of  the  first  or  the  second  class,  which  is  greater 
than  all  these  numbers  7;  if  this  number  be  ft  the  set  Ps  contains  no  points 
which  do  not  belong  to  PQ.     It  is  thus  seen  that  Pp  is  perfect,  and 

P,  =  P,+,=  ...  -P„. 

The  theorem  has  now  been  completely  established. 

75.  Every  perfect  set*  has  the  cardinal  nwmber  c  0/ the  continuum;  and 
every  closed  infinite  net  has  the  cardinal  number  c,  or  eke  the  cardinal  number 
a  of  the  rational  numbers. 

Let  the  intervals  whose  internal  points  are  the  sot  C (£?■),  the  complement 
of  the  perfect  set  67,  be  denoted  by  jo]  ;  and  let  A  denote  the  greatest,  or  one 
of  the  greatest  in  case  of  equality,  of  the  intervals  \S).  Let  I,  the  whole 
interval  (a,  b)  in  which  G  lies,  be  divided  into  the  three  parts  /,„,  A,  lx  so  that 
I  =  l0  +  A  +  I,,  where  ?„  is  on  the  left,  and  i,  on  the  right  of  A  the  greatest 
interval  of  {$].     Denote  the  greatest  of  the  intervals  JSj  in  la,  by  A„,  and  the 

'  Gantcii',  Uttlii.    1 1'.ualun,  vol.  xxiii. 
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greatest  in  I, ,  by  At ;  then  the  interval  l0  is  divided  by  means  of  A0  into  three 
parts  laa,  \,  ln  in  order  from  left  to  right,  and  the  interval  I,  is  divided  by 
means  of  At  similarly  into  lia,  A,,  ln.  Proceeding  in  this  manner  to  a 
further  subdivision,  let  AM  be  the  greatest  of  the  intervals  {S}  which  lie  in 
lpq,  where  p,  q  each  has  one  of  the  values  0  or  1 ;  then  lM  is  divided  into 
three  parts  lpqo,  AM,  lm,  and  so  on  indefinitely.  The  intervals  \h'\  are  thus 
arranged  in  the  order  A,  A„,  A0  A™,  Aw,  A10,  An, ...  and  each  interval  of  {S] 
occurs  at  a  definite  place  in  the  sequence.     Consider  a  sequence  of  intervals 

&,     vpi     ^7,     "pqri    '"I 

where  p,  q,r, ...  all  have  definite  values  each  of  which  is  either  0  or  1.  Each 
of  those  intervals  is  contained  in  the  preceding  one,  and  has  one  end-point 
in  common  with  it ;  and  the  sequence  determines  a  single  point  P  which  is 
interior  to  all  the  intervals  of  the  sequence,  unless,  from  and  after  some  fixed 
index,  all  the  indices  are  identical,  in  which  case  P  is  a  common  end-point  of 
all  the  intervals  after  a  fixed  one.  Hence  since  the  point  P  is  not  interior 
to  any  of  the  intervals  JSf,  it  is  a  point  of  G.  Conversely,  every  point  of  G 
can  be  so  determined  by  moans  of  a  sequence  of  intervals  ;  for  every  point  of  G 
belongs  either  to  l0  or  to  I,,  and  also  to  one  of  the  four  intervals  Jm,  l01,  la,  ln, 
and  so  on.  The  point  P  is  the  limiting  point  of  the  end-points  of  the 
intervals  A^,  AM,  Apqr,  . . .  with  the  indices  the  same  as  those  of  the  sequence 
lp,  ipq,  Ipqri  ■■■  which  determines  the  point. 

Every  number  of  the  continuum  (0,  1)  is  expressible  in  the  dyad  scale  by 
means  of  a  sequence  -p,  •pq,  -pqr, ...  where  each  of  the  numbers  p,  q,  r,  ...  is 
either  0  or  1  ;  and  all  numbers  are  expressed  uniquely  in  this  manner,  except 
those  for  which  all  the  digits  after  some  fixed  one  are  1,  these  numbers  being 
also  expressible  by  a.  sequence  in  which  only  0  occurs  after  some  fixed  place, 
The  numbers  last  mentioned  correspond  as  indices  of  lp,  t.p,-):  lpqr,  ...  to  a  point 
of  G  which  is  an  end-point  of  one  of  the  intervals  {3j;  but  in  every  other  case 
a  number  m  the  dyad  scale  corresponds  to  a  point  of  G  which  is  not  an  end- 
point  of  the  intervals  [8J.  Since  the  set  of  numbers  of  the  continuum  (0,  1) 
has  the  cardinal  number  o,  it  follows  that  the  points  of  G  form  a  set  of  the 
same  cardinal  number,  because  each  point  of  G  corresponds  uniquely  to  a 
single  number  of  the  continuum,  except  that  two  points  of  G  which  are  end- 
points  of  one  interval  correspond  to  a  single  number  of  the  continuum. 
Every  closed  set  which  is  not  enumerable  has  been  shewn  to  contain  a  perfect 
set  as  component ;  such  a  set  has  therefore  the  cardinal  number  c. 


It  will  appear  from  the  theory  of  order-types  which  will  1 
the  next  Chapter,  that  the  set  of  intervals  [S]  which  define  a  perfect  set  G, 
when  taken  in  their  order  of  position  from  left  to  right,  have  an  order-type 
which  is  the  same  as  i)  the  order-type  of  the  rational  numbers  which  lie 
between  0  and  1,  excluding  0  and  1  themselves,  taken  in  their  natural  order 
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in  the  continuum.  It  follows  that  a  correspondence  can  be  established 
between  the  intervals  and  the  rational  numbers,  in  which  any  two  intervals 
correspond  to  two  rational  numbers  that  have  the  same  order.  If  we  take 
each  rational  number  to  correspond  to  the  end-points  of  the  corresponding 
interval,  then  each  irrational  number  corresponds  to  a  point  of  G  which  is  a 
limiting  point,  of  end-points  of  intervals. 


EXAMPLES. 


1.    Lot  a;  be   a  number  given    by   ?;=-'■+  A+  J+  ...  +-«">  where  the  numbers 

Cj,  Cj,  ...  C„,  have  each  one  of  the  values  0,  3,  and  n  has  every  integral  value,  and  may 
also  1'n:  indefinitely  great.     The  set  ',:<'}  is  ;i  non-donse  perfect,  set. 


No  number  of  the  set  lies  between 

,    r  .,,-1-   ■■■     i  ....    I   .,.,.  +  ,    r„B4.jj-r  --- 


?+9+- 


hese  two  numbe 
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lumber  of  coi 
tnentarv  intei 

nplementar 
vals  is  2  ' 
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at  which  has  been  purposely  c 

2.     Let  us  suppose  that  tin 

ts  is  nou 
erfect  nor 

sed  in  th. 

i  dyad 
scale,  in  the  form  -a^^  ...«„... ;  where  each  a  is  either  0  or  1.  Each  number  for 
which  the  a'a  all  vanish,  after  some  fixed  one  «„,  which  must  be  1,  is  also  represen table  as 
an  unending  radix  fraction,  in  which  a„  is  0,  mid  all  the  subsequent  digits  are  I.  Let  the 
numbers  now  be  interpreted  as  if  they  were  in  the  decimal  scale.  To  eaeb  irrational 
number  in  the  dyad  scale,  there  corresponds  a  .single-  number  in  the  decimal  scale,  repre- 
sented by  the  same  digits.  Of  each  rational  number,  there  is  a  double  representation  in 
the  dyad  scale,  and  there  correspond  two  numbers  in  the  decimal  scale,  which  define  a 
complementary  interval  of  the  set  of  points  which  represents  the  numbers  in  the  decimal 
scale.     A  perfect  non-dense  set  of  points  is  thus  defined. 

3.  Taking  a  positive  integer  m(>2),  lot  the  interval  (0,  1)  be  divided  into  m  equal 
parts,  and  exempt  the  last  part  from  further  subdivision.  Divide  each  of  tho  remaining 
ra-1  intervals  into  m  equal  parts,  and  in  each  case  exempt  the  last  part  from  further  sub- 
division. Let  this  operation  be  continued  indefinitely.  The  points  of  division  form  a 
non-dense  set ;   for  if  an  interval  d  be  taken  anywhere  in  the  interval  (0,  1),  k  may  ho  so 

chosen  that  —i<-^,  and  a  segment  (  - \ ,  "    t- 1  entirely  within  d,  can  be  determined.    This 
*  See  Math.  Aitnah'ii,  vol.  XXI,  p.  590. 
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segment  is  either  an  exempted  interval,  or  its  mth  part  if 
intervals,  together  with  their  limiting  quints,  form  a  non 
number  c. 

4.  As  in*  Ex.  3,  let  the  interval  (0,  1)  be  divided  into  »h  equal  parts,  and  the 
last  be  exempted  from  further  division.  Then  let  the  remaining  m-1  parts  each  he 
divided  into  m?  equal  parts,  the  last  of  each  being  exempted  from  further  division.  Let 
the  remaining  parts  lie  thou  divided  into  m-3  equal  parts,  the  last  of  those  in  each  case 
being  exempted  from  further  division.  If  this  process  he  carried  on  indefinitely,  the  end- 
points  of  the  divisions  together  with  their  limiting  points,  form  a  non-dense  closed  set,  of 
cardinal  number  c. 

5.  Let  ku  kit  ...  £„,  ...  be  a  sequence  of  positive  integers  ench  of  which  is  greater  than 
unity,  and  defined  according  to  any  law. 

Ti.  can  lie  shewn t  tii.it  every  irrational  number  .■>;,  in  '.<.),  I;  can  be  uniquely  represented 
in  the  fonn 

where  c„<#„,  and  not  all  of  the  numbers  c„,  c„kU  ...  are  zero,  for  any  value  of  n. 
Tt  can  further  be  shewn  that 

c=i_3!_  "> ...       a» 

where  ij„  =  £„-l-c„.     If,  from  find  after  a  certain  value  of  ;>.,  l.iie  condition  c„=AB-I,  is 
always  satisfied,  then  all  the  ijtt  vanish,  and  x  is  rationa!.     ft  thus  appears  that  the  rational 

numbers  are  capable  of  a  ihuible  representation  in  the  form 

(1)  by  the  vanishing  of  all  the  c,  after  some  fixed  one.  and  (3)  by  the  condition  e„  =  /;„.-l 
being  satisfied   from  and  after  some  fixed  value  of  n. 

If  we  now  take  those  values  of  .v,  for  which  every  ,;  does  not  exceed  some  fixed  integer  \, 
K  form  a  non-dense  perfect,  set  G\.     It  is  easily  seen  that  the  interval  of 


which  the  end  points  ■ 


i;Ti5T  -  Tt,4,...i. 

contains  no  points  of  the  set  in  its  interior,  although  these  points  belong  to  the  set. 
A  particular  case  of  this  set  consists  of  the  numbers  given  by 

r=I0  +  lOI^  +  l0ir973+  '"  +I(jS+-' 
where  every  a  is  £9.     This  set  consists  of  the  transcendental  numbers  first  defined  by 
LiouvilleJ. 

*  See  H.  J.  S.  Smith,  Proc.  Land.  Math.  Sac.  vol.  vi,  1870. 

t  Broden,  Math.  Ann.  vol.  LT. 

$  Liouville's  Journal,  vol.  svt,  p.  133. 
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PROPERTIES    OF    THE    DERIVATIVES   OF    SETS. 

76.  If  a  set  is  dense  in  any  sub-interval  of  the  domain  in  which  it  is 
contained,  its  derivative  (?'  contains  every  point  of  the  sub-interval,  and  is 
identical,  so  far  as  such  sub-interval  is  concerned,  with  the  totality  of  the 
points  of  the  sub-interval ;  wo  confine  ourselves  therefore  to  the  case  in 
which  G  is  a  non-dense  set,  and  consequently  its  derivatives  are  also  non- 
dense. 

The  derivatives  of  transfinite  orders  have  been  defined  in  §  63 ;  and  it 
was  there  shewn  that  there  is  either  a  first  derivative  whose  order  is  some 
number  of  the  first  class,  or  non-limiting  number  of  the  second  class,  or  else 
that  derivatives  of  all  such  orders  exist,  and  have  a  set  of  points  G'°]  in 
common. 

It  was  shewn  in  §  73,  that  G"]  being  a  non-dense  closed  set,  two  cases 
arise:— 

(1)  If  G("  is  enumerable,  in  which  case  G  is  also  enumerable,  then  (?"" 
vanishes  for  some  number  0  of  the  first  or  the  second  class.  A  set  of  this 
kind  is  called  a  reducible  set. 

(2)  If  G1"  is  not  enumerable,  then  there  exists  some  number /3,  of  the 
first  or  second  class,  for  which  GtP)  is  a  perfect  set,  and  is  consequently 
identical  with  <?«*+»,  and  with  ff™  as  defined  in  §  63.  The  set  0W  is  the 
sum  of  an  enumerable  set  and  the  perfect  set  G:fl-.  A  set  G  which  has  this 
property,  is  said  to  be  irreducible. 

It  should  be  observed  that  when  Gw  is  unenumerable,  and  consequently 
of  cardinal  number  c,  the  same  as  the  cardinal  number  of  its  perfect  compo- 
nent, wo  are  unable  to  make  any  inference  as  to  the  cardinal  number  of  G 
itself.  This  may  be  a  or  o,  or  other  cardinal  number  between  the  two,  in  ease 
such  a  number  exists. 

THE  CONTENT  AND  THE   MEASURE   OF   SETS  OF   POINTS. 

77.  The  theory  of  the  content  of  a  set  of  points  in  a  finite  linear  domain 
was  originated  by  Hankel*  and  further  developed  by  Harnack,  Stolz,  and  by 
Cantorf,  who  extended  the  conception  to  the  case  of  sets  of  points  in  a  domain 
of  any  number  of  dimensions. 

Suppose  we  have  a  linear  set  of  points  G  in  the  finite  interval  (a,  6),  and 
conceive  the  interval  to  be  divided  into  any  finite  number  «.,  of  sub -intervals, 
the  greatest  of  which  is  &,;  let  the  sum  of  those  ■>,  sub-intervals  which 
have  points  of  G  either  as  interior  points,  or  as  end-points,  be  denoted  by 

*   See  Hankel,    Math.   Anv.d-n,    vol.  xx;    Stoln,   Mull/..  Amndnii.,  vol.  xxin ;  HurMuk,    Math. 
Annale.H,  vol,  xxv;  Pftsch,  Math.  Annalen,  vol.  xxx. 
t  Math.  Annalen,  vol.  xxill. 
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$»,»,!  where  c,  £  «,;  then  S„|t|  £  &  — «.  Now  suppose  each  .sub-interval  to  be 
again  divided  into  any  number  of  parts,  so  that  the  whole  interval  (a,  b)  is 
now  divided  into  n\  sub-intervals  («2  >  n{)  of  which  the  greatest  is  A^;  and  of 
these  suppose  i>s  (^  nB)  to  contain  points  of  G  as  interior  points  or  at  their 
ends.  Let  Sn,Vi  denote  the  sum  of  the  i/a  intervals ;  thus  S„iV2  S  S»lt|  ^  6  —  a. 
Proceed  in  this  manner  to  make  further  sub-di  visions,  so  that  at  any  stage 
there  are  n,  sub -intervals  of  (a,  b),  of  which  the  greatest  is  of  length  A,.,  and 
such  that  i5^.P(.  is  the  sum  of  those  v,-  intervals  (k,.  =  «,.)  which  contain  points 
of  G.  Let  the  process  of  further  sub-division  be  continued  indefinitely  in 
any  prescribed  manner.which  is  subject  to  the  condition  that  A„  Aa, ...  Ar, ... 
is  a  sequence  which  has  the  limit  zero.     Then  the  numbers 

<V1£S»,,9£#niv1...  £<Vr"- 
have  a  definite  limit  2  to  which  S^ry  is  arbitrarily  near,  tor  a  sufficiently 
great  value  of  r ;  and  2  may  be  equal  to  b  —a,  or  to  zero,  or  to  a  number 
between  0  and  b  —  a. 

It  will  now  be  shewn  that  the  number  2  is  independent  of  the  original 
mode  of  sub-division  of  the  interval  (a,  b),  and  of  the  mode  in  which  the 
further  sub-division  is  carried  on,  the  sole  restriction  on  the  mode  of  formation 
of  successive  sub-divisions  being  that.  A,.,  the  greatest  sub-interval  of  the 
rth  sub-division,  must  have  the  limit  zero  when  r  increases  indefinitely. 
Considering  two  different  processes  of  sub-division,  suppose  2,  2'  to  be 
the  limits,  in  the  two  cases,  of  the  sums  of  those  sub-intervals  which 
contain  points  of  G.  Suppose  the  first  system  of  sub-division  so  far 
advanced  that  Sn  Pf  —  2  <  e,  where  e  is  an  arbitrarily  chosen  positive  number; 
and  let  the  second  system  of  sub-division  be  so  far  advanced  that  A's<d. 
where  d  is  an  arbitrarily  chosen  positive  number.  If  we  coneeive  the  two 
sets  of  points  of  division  to  coexist,  we  then  have  a  further  sub-division  of 
(a,  V),  which  may  be  considered  as  a  continuation  of  either  of  the  sub- 
divisions corresponding  to  S^,r  or  to  S'n;*/,-  Suppose  2  is  the  sum  of  those 
of  the  new  sub-intervals  which  contain  points  of  G,  then  2  =  iS„,,„r.  Of 
the  sub- intervals  in  jS"n<  ^  ,  there  can  be  at  most  nr  —  1  which  are  not 
sub-intervals  of  s;  hence ,S'wl^a  <  ^■  +  nrd,  and  thus 

2'.<  S'n-,v',<  >%ror  +  nrd  <  2  +  e  +  n,.d. 

Now  e  is  arbitrarily  small,  and  d  is  also  arbitrarily  small  and  independent 
of  nr;  thus  S'£  2.  Similarly  it  can  he  proved  that  2  ^  2';  and  thus  2  and 
S'  must  be  equal. 

We  have  now  established  the  following1  theorem:— 

If  G  be  any  given  set  of  points  in  the  interval  (a.  b),  there  corresponds  to  G 
a  definite  number  2,  which  in  such  Hud  all  the  point-;  of  G  can  be  included  in 

7—2 
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a  definite  number  of  intermix  whose  sm/i,  exceeds  2  by  lean  than  an  arbitrarily 
chosen  positive  number  e,  the  number  of  the.  inter cah  depending  on  e. 

The  number  2  is  called  the  content  of  the  set  (},  and  the  content  may  have 
any  value  between  the  two  numbers  0,  b  —  a,  both  inclusive. 

Those  sets  of  points  for  which  tho  content  is  zero  are  of  special  importance 
in  the  Theory  of  Functions.  A  set  of  zero  content  is  said  to  be  an  iin~ 
extended,  or  a  discrete,  or  an  integrable  set  of  points. 

78.  The  content  of  a  set  of  points  is  the  same  as  the  content  of  its 
derivative. 

Let  2'  be  the  content  of  &'  the  derivative  of  a  set  G;  then  the  points  of 
(?'  may  be  included  in  the  interiors  of  a  finite  set  of  intervals  whose  sum  is 
less  than  2'  +  8,  where  S  is  an  arbitrarily  chosen  positive  number.  There 
can  only  be  a  finite  number  of  points  of  G  which  do  not  fall  within  the 
intervals  that  include  the  points  of  G'  in  their  interiors;  and  this  finite 
number  of  points  may  be  included  in  intervals  whose  sum  is  arbitrarily 
small,  say  e.  All  the  points  of  G  are  now  included  in  a  finite  number  of 
intervals  whose  sum  is  less  than  2'+£  +  e:  and  a  series  of  diminishing 
values  may  be  assigned  to  B  and  e,  each  sequence  having  the  limit  zero ;  and 
therefore  both  2'  +  &  +  e  and  2'  +  o"  converge  to  the  value  2' ;  which  proves 
the  theorem. 

It  follows  from  this  theorem,  that  the  content  of  any  set  is  the  same  as 
that  of  any  of  its  successive  derivatives.  .In  the  case  of  a  set  which  is  of  the 
first  species,  one  of  the  derivatives  contains  only  a  finite  number  of  points, 
and  consequently  the  set  must  be  of  zero  content. 

79.  A  definition  of  the  content  of  a  set  of  points  has  been  given  by 
Cantor*  which,  though  differing  in  form  from  that  of  ITankel  and  Haruack,  is 
in  reality  equivalent  to  it.  Instead  of  enclosing  the  points  of  the  set  G  in 
a  finite  number  of  intervals,  Cantor  encloses  each  point  of  G  in  an  interval 
2/j  of  which  the  point  is  the  middle  point,  the  number  p  being  the  same  for 
each  point  of  the  set,  those  parts  of  intervals  2p  which  do  not  lie  within 
(a,  6)  being  disregarded.  We  have  in  this  manner  obtained  an  infinite 
number  of  overlapping  intervals  which  contain  all  the  points  of  G,  and,  as  is 
clear,  all  the  points  of  67',  which  is  a  closed  set.  If  we  replaee  this  set  of 
intervals  by  the  set  of  non-overlapping  intervals  with  the  same  interior 
points,  each  interval  of  this  latter  set  is  S  2p.  The  set,  which  is  non-over- 
lapping, and  equivalent  to  the  infinite  set,  is  consequently  a  finite  set,  the 
sum  of  whose  lengths  may  be  denoted  by  n  (p,  G).  When  p  is  diminished 
indefinitely,  tlie  number  II(/>,  G),  which  cannot  increase  as  p  is  diminished, 
must  have  a  definite  lower  limit,  which  defines  the  content  of  either  of  the 

*  Hath.  Ammleit,  vol,  xxni. 
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sets  G  and  G'.  Since  the  infinite  set  of  intervals  which  has  been  employed 
only  covers  a  finite  number  of  detached  lengths,  this  definition  is  equivalent 
to  that  of  Hankel  and  Harnack.  Cantor  applies  this  definition  to  the  case 
of  a  set  of  points  in  a  p-dimensionai  continuum,  by  enclosing  each  point  in 
a  "sphere"  of  radius  p  with  its  centre  at  the  point;  the  content  is  then  the 
lower  limit  of  the  volume  of  the  continuum  contained  within  the  spheres. 

The  essential  point  in  the  above  definition  of  the  content  of  a  set  of 
points  is  that  all  the  points  are  enclosed  in  a  finite  number  of  intervals 
which  therefore  enclose  all  the  limiting  points*;  and  the  lower  limit  of  the 
sum  of  these  intervals  is  taken  as  defining  the  content  of  the  set.  If  the 
points  are  enclosed  from  the  commencement  in  an  infinite  number  of  intervals 
which  are  of  unequal  length,  in  accordance  with  some  prescribed  law,  and 
the  lengths  of  these  intervals  are  then  diminished,  each  one  in  a  prescribed 
manner  tending  to  the  limit  zero,  then  the  limit  of  the  sum  of  those  parts  of 
the  interval  which  are  included  in  the  infinite  set  of  intervals  is  not  neces- 
sarily equal  to  the  content  as  above  defined.  For  example,  let  us  consider  the 
set  of  rational  points  in  the  interval  (0,  1).  These  points  can  be  arranged  in 
enumerable  order  P„  P2,  P3,  ...  :    now  enclose  Pt  in  an  interval  of  length 

=  e,  Ps  in  an  interval  —  e,  &c,  P„  in  an  interval  of  length  ^  e,  and  so  on ; 

the  total  length  covered  by  these  intervals  cannot  exceed  eS  ^  or  e,  and  this 

has  the  limit  zero,  as  e  is  diminished  towards  zero.  On  the  other  hand,  the 
content  of  the  set  of  rational  points  is  the  same  as  that  of  the  derived  set; 
but  this  consists  of  all  the  points  of  the  interval  (0,  1),  and  is  therefore  unity. 
In  general,  any  enumerable  set  of  points  can  be  enclosed  in  an  infinite 
number  of  intervals,  which  covers  a  length  that  is  arbitrarily  small,  and  has 
the  limit  zero ;  whereas  the  content  of  the  set  is  not  in  general  zero. 

80.  A  completely  satisfactory  definition  of  the  content  of  a  set  of  points 
of  the  most  general  character  should  satisfy  the  condition  of  affording  a 
consistent  generalization  of  the  notion  of  the  length  of  a  continuous  linear 
set  of  points,  or  of  the  notions  of  area  and  volume,  in  the  case  of  sets  of 
points  in  two  or  three  dimensions.  In  the  case  of  closed  sets,  the  definition 
given  above  leaves  nothing  to  be  desired  in  this  respect;  but  in  the  case  of 
open  sets,  the  definition  leads  to  consequence*  which  are  at.  variance  with  the 
fundamental  properties  of  lengths,  areas,  and  volumes,  as  understood  for  the 
case  of  continuous  domains.  If  Gu  (?a  are  two  complementary  sets  of  points 
in  the  continuous  interval  (0,  1),  then,  in  order  that  the  contents  of  the  sets 
G„  Gs  may  accord  with  a  generalization  of  the  notion  of  length,  their  sum 
should  be  unity ;  however,  when  (?3  and  ffs  are  unclosed,  this  condition  is  in 

*  See  Harnaeli,  Math.  Annnkti,  vol.  xxm,  ]).  241. 
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general  not  satisfied  by  the  definition  given  above.  For  example,  if  <?,  consists 
of  the  rational  points,  and  (?a  of  the  irrational  points,  each  of  the  two  sets 
(?i,  Gt  has  its  content  unity,  the  same  as  that  of  the  continuum  (0,  1)  itself. 
Again,  let  us  consider  an  every  where -dense  set  of  non-overlapping  intervals 
contained  in  (0, 1);  then  the  internal  points  of  these  intervals  form  an  open  set 
(?,,  of  which  the  derivative  consists  of  all  the  points  of  the  continuum  (0,  1) ; 
the  external  and  the  end-points  of  the  intervals  forming  a  non-dense  closed 
set  G2.  It  will  be  shewn  subsequently  that  the  every  where -dense  set  of 
n  on -overlapping  intervals  can  be  so  chosen  that  the  limit  of  the  sum  of  their 
lengths  is  an  arbitrary  number  I,  where  I  is  subject  to  the  condition  0  <  I  Si ; 
whereas  the  content  of  the  set  Gt  is,  in  accordance  with  the  definition  given 
above,  always  unity,  and  therefore  may  differ  from  the  sum  of  the  contents  of 
the  sets  of  points  contained  in  the  separate  intervals.  To  obtain  the  content 
of  the  closed  set  Gs,  cut  off,  from  each  of  the  intervals  which  define  (?„  the 

jj-  th  part  of  its  length  at  each  end ;  the  limiting  sum  of  the  intervals  so 

restricted  is  Hi ) .     Of  these  restricted  intervals,  a  finite  number  can 

be  so  taken  that  their  sum  is  >  If  1 )  -  e,  and  <  l(  1 J  ,  where  e  is  an 

arbitrarily  chosen  positive  number.  All  the  points  of  G.,  are  now  enclosed  in  the 
finite  set  of  intervals  which  is  complementary  to  the  finite  sot  of  restricted 

intervals.     The  sum  of  these  complementary  intervals  is  <  1  -Hi J  +e 

and  >1  —  1 1 1 ) ;  the  sum  has  for  its  lower  limit  the  number  1  —  I,  which 

is  therefore  the  content  of  Gs.     The  sum  of  the  contents  of  (?,,  G.2  is  there- 
fore not  equal  to  unity,  which  is  nevertheless  the  content  of 
&i+  &,  =  (0,  1). 

81.  For  the  reasons  which  have  been  explained  and  illustrated,  the 
definition  of  the  content  of  a  set  of  points  in  the  form  given  either  by  Hankel 
or  by  Cantor  is  appropriate  only  in  the  case  of  closed  sets. 

A  theory  has  been  developed  by  Borel*  and  Lebesguef,  and  also  by  W.  H. 
Young  j,  of  which  the  aim  is  to  attach  to  each  set  of  points  <i  definite  number 
called  its  measure,  which  shall  be  such  as  to  form  a  natural  extension  of  the 
notion  of  the  length  of  a  continuous  interval,  or  of  the  notions  of  area  and 
volume  in  higher  dimensions.     In  this  theory,  certain  postulates  are  made,  by 

*  See  bis  Lectins  w  la  tlieorie  des  functions, 

t  See  the  memcit  "  Integrals,  fjongeur.  Aire  !'  in  the  Ann.  di-  Mat.  Scr.  in,  vol.  vn  (1902). 

J  "  Open  sets  and  the  theory  of  content,"  Lund.   Math,  Hoc.   Froc.  Ser.  n,  vol.   n,  where  a 

similar  theory  has   been    deu:!o|ied   .ii:di.|!i.iid;iit.lv  of   the  work  of  LpliBsyne.     Here  the  term 

"content"  is  used  for  Le  lie  mate's  "  measure  ,: ;  tliu-  lailor  term  Las  boon  adopted  in  the  test  ill 
order  to  avoid  doiiiusio:!  with  the  term  :'  content  "  an  uft:;i  \;y  I  lasikel,  I  In  mack,  r.iid  Cantor. 
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means  of  which  definite:  measures  are  assignee]  to  successive  classes  of  sets  of 
points.  The  question  whether  every  set  of  points,  however  defined,  has  a 
measure,  is  left  open,  but  it  appears  that  ail  sets  of  points  which  have  in 
point  of  fact  been  defined  have  definite  measures  ;  such  sets  are  said  to  be 
measurable. 

The  problem  of  assigning  definite  measures  to  sets  of  points  is  taken  to 
require  that  the  measure  of  a  set  shall  satisfy  the  following  conditions: — 

(1)  Sets  containing  an  infinite  number  of  points  exist  of  which  the 
measure  is  not  zero. 

(2)  Two  coiignicuL  sots  have  the  same  measure. 

Two  sets  are  said  to  be  congruent  when,  corresponding  to  every  pair 
P,  Q  of  points  of  the  first  set,  there  exist  corresponding  points  P',  Q'  of  the 
second  set,  such  that  the  distance  of  P  from  Q  is  the  same  as  that  of  P' 
from  Q'.     The  second  set  is  therefore  the  first  in  a  displaced  position. 

(3)  The  measure  of  the  sum  of  a  finite  number  of  sets,  or  the  limiting 
sum  of  an  enumerably  infinite  number  of  sets  of  points,  is  the  sum,  or  the 
limit  of  the  sum,  of  the  measures  of  the  different  sets,  provided  that  no  two 
of  the  given  sets  have  a  point  in  common. 

If  G  is  any  given  sot  of  points,  lot  the  points  of  G  be  enclosed  in  a  finite 
or  an  infinite  number  of  intervals;  it  has  been  shewn  that  these  intervals 
are  equivalent  to  an  enumerably  infinite,  or  a  finite  set  of  intervals  which  do 
not  overlap.  The  sum,  or  the  limit  of  the  sum,  of  these  non- overlapping 
intervals  has  a  positive  value  depending  upon  the  mode  in  which  the  intervals 
are  constructed.  This  sum  has  a  lower  limit,  when  every  possible  choice  of 
the  intervals  which  enclose  the  given  set  is  taken  account  of;  and  this  lower 
limit  mB(G)  is  defined  to  be  the  exterior  measure  of  the  given  set  G.  Every 
set  of  points  G  has  an  exterior  measure  ;  and  the  points  of  the  set  can  always 
be  enclosed  in  an  enumerably  infinite,  or  finiLe,  number  of  intervals,  whose 
sum  does  not  exceed  me  (G)  +  e,  where  e  is  an  arbitrarily  chosen  positive 
number. 

Let  0(G)  denote  the  set  which  is  complementary  to  G  relatively  to  the 
interval  (a,  b)  of  length  I,  in  which  G  is  contained;  if  me  {0(G)}  denotes 
the  exterior  measure  of  0(G),  then  l  —  me  [0(G)],  which  may  also  be  denoted 
by  m,G,  is  defined  to  be  the  interior  measure  of  G. 

An  equivalent  definition  of  the  interior  measure  of  a  set  is  the  following*: — 
The  interior  measure  of  a  set  is  the  upper  limit  of  the  content  of  its  closed 


For  if  the  complementary  set  0(G)  be  enclosed  in  a  set  of  non-over- 
pping  intervals  whose  sum,  or  limiting  sum,  is  me{0(G)}+e,  then  the 


ie  "W.  H.  Young,  loc.  i 
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closed  set  funned  by  the  end-points  of  those  intervals  and  the  exterior  points 
is  a  component  of  G,  and  has  a  content  I  —  me  \G(G)}  —e.  Since  e  is  arbitrarily 
small,  this  content  is  less  than  l  —  mc[G(G)\  by  less  than  any  arbitrarily 
chosen  small  number;    and  thus  I  -  me{G  ((?)}  is  its  upper  .limit. 

Every  set  of  points  G  has  both-  au  ate  r  lor  and  au,  interior  -measure.  When 
the  two  are  equal-,  the  set  G  is  said  to  be  measurable,  and  the  number 

me(G)  =  mi(G) 
is  defined  to  be  the  measure  of  G.     The  measure  of  a  measurable  set  G  may  be 
denoted  by  m(G). 

It  will  be  shewn  that  this  definition  Kalis  ties  the  conditions  which  have 
been  stated  above,  whenever  it  is  applicable;  and  it  will  be  shewn  that  the 
sets  which  ordinarily  anse  are  measurable  in  accordance  with  this  definition. 
Whether  sets  exist  for  which  the  external  and  internal  measures  are  unequal, 
and,  if  so,  whether  it  is  possible  to  give  a  definition  of  the  measure  of  such  a 
set,  so  as  to  still  satisfy  the  conditions  given  above,  are  questions  which  will 
not  be  here  discussed. 

A  single  point  is  clearly  measurable,  and  has  a  zero  measure.  The  points 
in  a  single  continuous  interval,  or  in  a  finite  number  of  such  intervals,  are  at 
once  seen  to  be  measurable,  whether  the  intervals  are  open  or  closed  ;  and 
the  measure  is  the  length  of  the  interval,  or  the  sum  of  the  lengths  of  the 
intervals. 

The  condition  that  any  set  of  points  G  is  measurable,  in  the  sense  defined 
above,  may  he  stated  an  follows: — 

A  set  of  points  is  -measurable  if  its  points  can  be  enclosed  in  a-  finite,  or 
enumerably  infinite,  number  of  non-overlafrping  intervals  a,  and  the  comple- 
mentary set  can  similarly  be  enclosed  in  intervals  /3,  such  that  the  sum,  01 
limiting  sum-,  of  Ih.e  common-  parts  of  a  and  £  is  arbitrarily  small. 

Any  enumerable  set  of  points  is  Measurable,  ami  has  zero  for  its  measure. 

For  if  Pi,  P2, ...  Pn,  ■■■  are  the  points,  they  may  be  enclosed  in  intervals 
of  lengths  „e,  ^e,  ...  ^e,  ...,  and  the  sum  of  the  lengths  of  the  equivalent 
n  on- overlap  ping  intervals  is  S  e,  which  is  arbitrarily  small.  The  exterior 
measure  being  zero,  the  set  is  measurable. 

The  points  contained  in  the  interior  of  a.n  enumerably  in  finite  set  of  non- 
overlapping  intervals  form,  a  -measurable-  set,  whose  -measure  is  the  limiting  sum 
of  the  intervals. 

This  theorem  has  been  shewn  above  to  be  not  in  general  true  of  the 
content  of  such  a  set,  as  the  content  is  defined  in  §  77. 

If  \  is  the  length  of  one  of  the  intervals,  cut  off  —  of  X  from  each  end ; 
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we  have  then  a  curtailed  interval  of  length  X  1 1 J ;  do  the  same,  taking 

the  same  value  of  n,  with  each  interval  of  the  set.  Then,  if  we  remove  all 
these  curtailed  intervals  from  (a,  b),  we  have  all  the  points  complementary  to 
the  given  set  enclosed  in  a  set  of  intervals,  such  that  the  part  which  is  common 

to  them  and  to  the  given  set  of  intervals  is  at  most  -  Sx,  which  may  be 

made  as  small  as  we  please  by  taking  n  large  enough.  The  condition  that 
the  given  set  of  points  is  measurable  is  therefore  satisfied ;  and  it  follows  that 
the  closed  set  which  is  complementary  to  the  given  set  is  also  measurable. 

It  will  hereafter  be  proved  that  every  closed  set  is  definable  as  the  com- 
plementary set  of  the  points  interior  to  an  enumerable  set  of  intervals. 
From  this  it  follows  that  every  closed  set  is  measurable,  and  that  its  measure 
is  identical  with  the  content,  as  defined  in  §  77.  The  measure  of  the  set  of 
points  interior  to  the  intervals  is  however  not  in  general  identical  with  its 
content,  as  we  have  shewn  in  §  80. 

82.  It  will  now  be  proved  that  if  (?„  G%,  ...  Ga,  ■■■  are  a  finite,  or  enu- 
merable infinite,  number  of 'nets  which,  are  ■measurable,  tJien  M  (G,,  (7a,  ...  <?„,...) 
is  measurable;  and,  if  no  point  belongs  to  vwre  than-  one  of  the  sets,  the  measure 
of  Gi  +  Ga  +  ...  +  tr n  +  ...  is  the  sum  of  the  meas-ares  of  (?,,  t?a,  ...  Gn,  ... ; 
the  definition  of  the  Measure  thus  satisfying  the  condition,  (:.}). 

Let  (?,  and  its  complement  (J ((f)  be  enclosed  in  sets  of  intervals  a,,  and  ft, 
each  of  which  sets  is  non-overlapping,  and  such  that  the  total  length  of  the 
parts  common  to  «„  ft  is  the  arbitrarily  small  number  e,.  Let  67a  and 
O(Gi)  be  similarly  enclosed  in  sets  of  intervals  fl3)  ft  which  have  a  common 
part  Ej,  arbitrarily  small;  and  let  «/,  ft'  be  the  parts  of  a,,  ft  which  they 
have  in  common  with  ft.  For  G3  and  6'(G3),  we  similarly  take  as,  ft,  which 
have  a  common  part  e;],  arbitrarily  small;  a,',  ft'  are  the  parts  which  a„,  ft 
have  in  common  with  ft':   and  so  on. 

The  points  of  M(G,,  (?.,,  (?3,  ...)  can  be  enclosed  in  the  intervals 


■  0[M(0L,  Ga,  Gs,...)j   has   all  its  points   enclosed  in  ft',  whatever 
value  t  may  have;  therefore  the  two  sets  of  intervals  have  the  common  part 

e,  +  e„  +  . .,  +  e.  +  m  (a't+1)  +  m  («',+»)  +  ■  ■  ■  ■ 

The  series  X?>t(a')  being  convergent,  since  each  term  is  positive,  and  the  sum 
has  a  finite  upper  limit,  i  can  be  chosen  such  that  m  (a\+l)  +  , . .  is  less  than  e, 
where  e  is  an  arbitrarily  small  number;  and  e,,  es,  ...  may  be  chosen  so  that 
fii  +  e2+  ...  <  e:  therefore  the  common  part  of  the  two  sets  of  intervals  is  <  2e, 
and  thus  M(GS,  (?2,  (?s, ...)  is  measurable. 
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If  0,,  G.6,  Gs, ...  have  no  points  in  common,  we  see  that 

m(G1  +  G1  +  Gi+...)  differs  from  m  (a^  +  m  (a2)  +  m  (a3')  +  . . . 
by  less  than  e,  +  e2  +  es  +  ... ;  and  therefore 

m(G1  +  Ga  +  Gt  +  ...)  =  m(G1)  +  m(Gt)  +  ...l 

and  thus  the  measure  of  the  sum  of  a  finite,  or  enumerably  infinite,  number 
of  measurable  sets  satisfies  the  eoudition  (3). 

//  one  set  (tx,  vjhicli-  is  -measurable,  contains  another  set  (i,  which  has  the 
same  property,  then  G,  —  G2  is  measurable. 

The  complement  of  G,  —  G.2  consists  of  <7a  together  with  G((?,)j  hence 
G,  —  (?a  is  measurable.     Further,  since 

&,=(&, -&,)  +  &„  we  have  m (G1  -Gs)  =  m (GO -m (Gs). 

TfGlr  6?u,  Gs, ...  are  a  finite,  or  enumerably  infinite,  member  of  measurable 
sets,  then  the  set  D(GU   G2,   Gs,    ...)  of  points  common  to   all  of  them  is 


For  the  complement  of  D(GU  (?„...)  is  M  [0(QJ,  G(Ga),...},  and  since 
C(G,),  GiGi),...  are  all  measurable,  it  follows  that  the  complement  of 
D(GU  Gs, ..,)  is  measurable,  and  therefore  that  the  set  itself  is  measurable. 

If*  (?i,  Gs,  Gs,  ...  Gn,  ...  are  art  enumerably  infinite  number  of  measurable 
sets,  and  H  is  the  set  of  points  each,  of  which  belongs  to  an  infinite  number  of 
the  given  sets,  then  H  is  measurable. 

For  the  set  0(H)  complementary  to  H,  consists  of  those,  points  which 
belong  to  none,  or  only  to  a  finite  number,  of  the  sets  (?,,  G2,  ...  Gn,  ...  ;  and 
hence  0(H)  consists  of  the  points  which  belong  to  one  or  more  of  the  sets 
Lu  La,  ...  Ln,  ...,  where  Ln  denotes  the  set  D{0(Gn),  C(Gn+1),  ...}  which 
consists  of  the  points  common  to  all  the  sets  C(67„),  G (6r„+1),  ....  The 
sets  Ln  are  all  measurable,  hence  G(H)  is  measurable;  and  therefore  H  ia 


If*  G„  G2,  Gs,  ...  Gn,  ...  are  an  enwm.erably  infinite  number  of  measurable 

sets,  and  K  is  the  set  of  points  each  of  which  belongs  to  all  the  sets  GH,  (?„+1 

where  n  has  a  definite  value  for  each  point  of  the  set  K  ;  then  the  set  K  is 
measurable. 

For  the  set  C  (K),  which  is  complementary  to  K,  is  the  set  of  points 
each  of  which  belongs  to  an  infinite  number  of  the  measurable  sets 
C((?,),  G(Gt),  ...  G(Gn),  ...;  and  hence,  by  the  last  theorem,  G(E)  is 
measurable.     Therefore  K  is  a  measurable  set. 

*  See  Borel's  Leconn  wr  les  /auctions  de  variables  rielles,  p.  18.     The  set  H  ia  named,  by 

Borel,  the  "ensemble  !J:i:iu;  coi!i|'k;,':  antl  the  set  K  the  "  ensemble  limile  test  rein  t,"  of  the 
given  sequence  of  sets. 
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83.  All  the  sets  which  we  have  so  far  proved  to  be  measurable  were 
obtained  from  two  fundamental  .sots,  the  single  point,  and  the  single  interval, 
open  or  closed,  by  taking  a  finite,  or  enumerably  infinite,  number  of  these 
fundamental  sets,  and  by  taking  the  set  common  to  a  finite,  or  enumorahly 
infinite,  number  of  the  sets  so  obtained,  or  by  taking  the  complements  of  the 
measurable  sets  so  obtained. 

It  can  be  shewn  that  measurable  sets  may  exist  which  are  not  definable 
in  the  manner  we  have  described.  It  will  be  subsequently  shown  that  perfect 
sets  exist  whose  measure  is  zero ;  any  component  whatever  of  such  a  set  has 
its  external  measure  zero,  and  is  therefore  measurable.  The  cardinal  number 
of  all  such  components  is  usually  regarded  as  greater  than  the  cardinal  number 
of  the  continuum,  which  is  the  cardinal  number  of  all  the  sets  obtainable  in 
the  manner  indicated  above.  It  follows  that  other  measurable  sets  may  be 
definable  besides  those  obtained  by  the  processes  we  have  described.  Whether 
every  set  which  can  be  defined  is  measurable,  is  a  point  which  has  not  been 
settled. 

If  6?  be  any  measurable  set  whatever,  the  points  of  G  can  be  enclosed  in 
a  set  of  intervals  a,,  whose  sum  is  ni(G)  +  e, ;  where  e,  is  one  of  a  sequence 

6],  e2,  ...  e„  ... 
of  positive  decreasing  numbers  which  converge  to  zero.  The  set'G,  of  the 
points  which  are  common  to  all  the  sets  of  intervals  au  aa,  ...  a„  ...  is 
measurable,  and  its  measure  is  m(G) ;  also  the  set  Gt  contains  Gas  a  com- 
ponent. The  set  61  —  G  has  measure  zero,  and  its  points  can  be  enclosed  in 
a  set  of  intervals  0,  contained  in  a,,  and  of  measure  e,.  The  set  H  of  points 
common  to  all  the  j3,  is  measurable,  and  of  measure  zero;  and  the  set 
Q„  =  Oj  —  H  is  measurable,  and  has  m(G)  for  measure.  It  has  thus  been 
shewn  that  every  measurable  set  6  is  contained  in  another  measurable  sot 
(?!,  and  also  contains  a  third  measurable  set  6?a;  where  (7j,  67s  are  measurable 
sets  of  the  type  definable  as  the  set  common  to  an  enumerable  number  of  sets 
of  intervals.     The  measures  of  Glt  0„  are  both  m(67). 

84.  A  definition  has  been  employed  by  Jordan*,  and  by  Peanoj,  of  the 
measure  of  a  set  of  points,  which  differs  from  the  one  which  has  been 
developed  above.  It  is  applicable  to  sets  of  points  in  space  of  any  number  of 
dimensions. 

Let  G  be  a  set  of  points  in  a  domain  E,  and  let  0(G)  denote  the  set 
complementary  to  G  ;  then  a  point  of  G  which  is  not  a  limiting  point  of  G(G) 
is  said  to  be  an  interior  point  of  G ;  and  a  point  of  C  (67)  which  is  not  a 

limiting  point  of  G  is  said  to  be  an  interior  point  of  (7(67). 

"  Liouvilh  (4),  vol.  viii  (1892) ;  nlso  Gours  d' Analyse,  vol.  i,  p.  28. 

I  Apiilica.iioni  <j,:oiit.  del.  r.aL\  infinit.  (1BS7),  p.  153. 
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Every  point  of  E,  which  is  an  interior  point  neither  of  G  nor  of  0(G),  is 
said  to  be  a  poiid  of  the  frontier  of  G.  Every  such  point  is  either  a  point 
of  G,  which  is  at  the  same  time  a  limiting  point  of  C (G),  or  else  it  is  a  point 
of  C  ((?),  which  is  also  a  limiting  point  of  G  ;  and  the  aggregate  of  all  such 
points  constitutes  the  frontier  of  G. 

Divide  E  into  any  finite  number  of  continuous  parts,  consisting  of  linear 
intervals  or  of  rectangular  cells,  some  of  which  may  if  necessary  extend 
beyond  the  domain  E;  and  let  Sj  be  the  sum  of  those  parts  which  are 
such  that  every  point  of  each  of  them  is  an  interior  point  of  G.  When  the 
number  of  the  continuous  parts  is  increased  indefinitely,  in  such  a  manner 
that  the  greatest  of  them  converges  to  the  limit  zero,  it  can  be  shewn  that  2, 
converges  to  a  definite  limit  Si.  If  the  sum  2a  of  those  parts  of  E  is  taken, 
each  of  which  contains  at  least  one  interior  point  of  G,  or  a  point  on  the 
frontier  of  G,  it  can  be  shewn  that  22  converges  to  a  fixed  number  S3. 

The  number  8,  is  called  the  interior  extent  of  G,  and  the  number  Sa  is 
called  the  exterior  extent  of  G  ;  when  S3  is  equal  to  S-,,  the  set  G  is  said  to 
be  measurable,  and  S,  =  Ss  is  its  measure.  The  exterior  extent  of  a  set  G  is 
identical  with  its  content.  In  accordance  with  this  definition,  a  set  which 
docs  not  contain  any  pari,  which  is  a  continuum  has  its  interior  extent  zero; 
and  such  a  set  is  ouly  measurable  when  its  content  is  also  zero. 

It  can  be  shewn  that,  in  those  cases  in  which  a  set  is  measurable,  both  in 
accordance  with  this  definition  and  with  that  of  Borel,  the  measure  is  the 
same  in  the  two  cases.  A  set  which  is  measurable  in  accordance  with 
Jordan's  definition  is  also  measurable  in  accordance  with  that  of  Borel;  but 
the  converse  does  not  hold.  The  definition  of  Borel  will  accordingly  be 
employed,  as   being  the  more  widely  applicable  of  the  two  definitions. 

THE    CONTENT    OF   CLOSED    SETS. 

85.  The  content  of  a  non-dense  closed  set  is  zero,  in  case  the  set  is 
enumerable ;  and  in  case  the  set  is  unenu-merable,  -Us  evident  may  be  zero,  or 
may  have  any  valve  less  than  the  length  of  the  ■ivhule  interval  in  which  the  set 
is  contained. 

The  content  of  a  closed  set  being  the  same  as  its  measure,  its  content  is 
the  sum  of  the  content  of  its  perfect  component  and  the  measure  of  its  enu- 
merable component;  and  this  last  is  zero.  If  the  set  is  enumerable,  it  has 
no  perfect  component,  and  therefore  its  content  is  zero.  Since  the  content 
of  any  closed  set  is  the  same  as  that  of  its  perfect  component,  it  will  suffice 
to  consider  the  content  of  a  non-dense  i 


Let  I  be  the  whole  length  of  the  interval  in  which  the  set  is  contained, 
the  end-points  of  which  interval  belong  to  the  set ;  let  §,,  82,  Ss,  ...  be  the 
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intervals  complementary  to  the  set,  arranged  in  descending  order  of  magnitude. 
Of  those  intervals  no  two  abut,  and  the  set  of  intervals  is  everywhere-dense. 

Let  S,  =  \J,  S2  =  \t(l  -  &,),  S,  =  X,  (I  -  Si  -  8,), . . . 

&»  =  \,  (*  -  Si  -  S,  -  ...  -  *_0  ... ; 
thus  \,  Xa,  X^,...  are  proper  fractions. 

We  have        82  =  X,  (1  -  X,)  I,   S3  =  X,  (1  -  \)  (1  -  X,)  I,... 

S„  »  x„  (i  _  x.)  (i  _  x,) ...  (l  -  x^-0 l, 

hence  I  -  (S,  +  S,  + . . .  +  &„)  =  (1  -  X,)  (1  -  X.) . . .  (1  -  X*)  I 

The  content  of  the  set  is  therefore*  I  multiplied  by  the  limit  of  the  product 

(l->,)(l-XJ...(l-«. 
The  values  of  \,  X.„  ...  X„,  ...  can  be  so  chosen  that  the  content  is  zero; 
for  example,  we  may  take  Xa  =  Xa  =  ...=X„  =  ....     Those  perfect  sets,  and 

the  related  closed  ones,  which  have  content  zero,  are  of  special  importance  in 
the  Theory  of  Functions. 

The  values  of  \,  \,  ...  may  be  so  chosen  that  the  content  of  the  set  is 
arbitrarily  nearly  equal  to  I.     For  example,  let 

\1  =  0i    X2  =  f/25,    XB  =  0/3aJ...X*  =  0/<... 
where  6  is  a  nxs-sd  positive  fraction,  then  the  content  of  the  set  is 

and  this  may  be  made  as  nearly  equal  to  I  as  we  please,  by  choosing  a 
sufficiently  small  value  of  0.  That  in  the  interval  I  we  may  place  an  in- 
definitely great  number  of  non-abutting  intervals  whose  sum  is  arbitrarily 
small,  and  so  that  no  interval  exists  whose  points  are  all  external  to  the  set 
of  intervals,  is  one  of  the  paradoxes  of  the  subject. 

86.  A  closed  set  of  the  most  general  type  is  obtained  by  adding  to  a 
non-dense  closed  set  the  internal  points  of  some  of  the  complementary 
intervals.  For,  if  a  closed  set  be  everywhere-dense  in  any  interval  (a,  j9) 
contained  in  (ft,  b),  the  interval  in  which  the  set  exists,  it  is  clear  that  every 
point  of  (a,  /9)  belongs  to  the  closed  set.  If  the  interior  points  of  {«,  j3)  be 
removed  from  the  set,  the  remaining  set  is  still  closed.  We  may  conceive 
this  process  of  removing  the  interior  points  of  intervals  in  which  the  closed 
set  is  everywhere-dense,  to  be  continued,  until  a  closed  set  remains  which  is 
dense  in  no  interval.  It  has  been  shewn  in  §  72,  that  every  non-dense 
closed  set  is  definable  as  the  end-points  of  an  everywhere-dense  enumerable 
set  of  non-overlapping  intervals,  together  with  the  limiting  points  of  these 
end-points.  It  has  thus  been  shown  that  every  closed  set  is  definable  as  the 
complementary  set  of  the  points  interior  to  a  finite,  or  emnneruble,  set  of  non- 
:,vcrUiyijiiv.<j  intermit,  not  necessarily  euer<nvhere-dense. 
*  Haniaok,  Math.  Anntdeii,  vol.  xix. 
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It  follows  from  this  result,  that  (.lie  content  of  a  closed  set  which  is  dense 
in  some  parts  of  the  interval,  is  the  sum  of  the  content  of  the  non-dense 
closed  set  from  which  it  can  be  derived,  and  of  the  lengths  of  those  intervals 
all  the  points  of  which  belong  to  the  closed  set. 


EXAMPLES. 

1.  The  perfect  set  of  points  defined  by  x  =  4  +  £+  ■-■  +^+  •■•>  where  the  numbers 
ct,  c2,  ...  have  each  one  of  the  values  0,  2  (ace  Ex.  I,  §  75),  has  the  content  zero.     For  the 

limit  of  the  sum  of  the  complementary  intervals  is  unity. 

2.  The  non-dense  closed  set  considered  in  Ex.  3,  §  75,  has  the  content  zero.  For, 
after  k  operation*,  the  hum  of  the  exempted  tegmenta  is 

i+^i+M+...+&^i',  „  ,-(!ti)\ 

When  k  is  increased  indefinitely,  the  limit  of  the  hum  of  the  free  intervals  is  1. 

3.  The  non-dense  closed  set  considered  in  Ex.  J,  bj  "ti,  has  a,  content  between  0  and  1. 
After  I  operations,  i,he  sum  of  the  exempted  segments  is 

1       w-1      (m-l)K-l)  (»-I)(m»-l),..(rf-i-l) 

m"1"    m?    *        "     W  ^  •'"  "'"  Bii*!*  +  i) 

-(-3(-i)-(-i)-    i 

The  limit  of  the  sum  of  the  exempted  intervals  is  1  -  n  ( 1 ^  I ,    and    therefore    the 

content  of  the  set  of  points  is  li  M  --  ■  v  J,  which  is  between  0  and  1,  depending  upon  the 

value  of  m.     By  taking  »;  sn  (Helen  thy  great,  the  eontont  of  the  set  may  be  made  arbitrarily 
near  to  unity. 

ASCENDING    SEQUENCES   OF   CLOSED    SETS. 

87.  Let  (?i,  Gs, ...  Gn, ...  denote  a  sequence  of  non -dense  closed  sets  con- 
tained in  the  interval  (a,  b),  such  that  each  sot  contains  the  preceding  one  as  a 
component;  then  the  set  C7„,  the  limiting-  set  of  the  sequence,  is  defined  as  a 
set  such  that  any  point  P  belonging  to  it  is  a  point  of  some  definite  Gn,  and 
consequently  also  of  all  the  subsequent  sets  of  the  sequence;  and,  further, 
that  every  point  which  belongs  to  any  G„  is  a  point  of  (?„,, 

The  limiting  set  Ga  is  not  necessarily  a  closed  set;  and  it  may,  or  may 
not  be  everywhere-dense  in  (a,  b).  Tims  its  derivative  <?„'  may  be  a  non- 
dense  closed  set,  or  it  may  be  the  continuum  (a,  b).  To  make  it  clear  that 
(?„,  may  have  limiting  points  which  do  not  belong  to  any  (?„,  we  observe  that, 
if  PiQi,  P-iQi,  ...PnQn,  •■■  are  complementary  intervals  of  (?l7  (?B, ...  Gn, ...  re- 
spectively, such  that  each  interval  contains  the  next  as  an  interior  interval, 
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the  lengths  of  the  intervals  may  converge  to  zero;  in  that  case  there  exists 
a  point  p  which  is  interior  to  all  the  above  intervals,  but  does  not  belong  to 
any  of  the  sets  G,,  Gtl  ...  (?„,  ....  Since  this  point  p  is  interior  to  a  com- 
plementary interval  of  each  set,  it  is  the  limiting  point  of  each  of  the 
sequences  P,,  Pa,  ■■■  Pn,  ■■■ ,  ft.  On  ■■■  <?»■•■■  of  points  al!  of  which  belong 
to  (?„ :  it  thus  appears  that  p  is  a  point  of  GJ,  but  not  of  (?„ ;  or  G„  is  an 
open  set. 

It  may  happen  that  the  sequence  of  intervals  P-iQu  PBft,  ...  PnQn>  ■■■  ^ 
such  that  the  limit  of  PnQ».  is  not  zero.  In  that  case  P„  P2,  ...  P.„, ...  may 
have  a  limiting  pointy  different  from  any  P„;  and  Ql:  Q,,, ...  Qn,...  a  different 
limiting  point  (/  different  from  any  Q„.  The  points  n  and  q  are  in  this  case 
not  points  of  G„,  but  are  points  of  GJ;  and  the  open  interval  pq  is  a  comple- 
mentary interval  of  GJ. 

If,  from  and  after  some  value  Mj  of  n,  all  the  points  P„  are  coincident  with 
p,  then  p  is  a  point  of  (?„ ;  and  a.  similar  remark  applies  to  q. 

To  shew  that  the  set  G„  may  be  everywhere-dense  in  (a,  b),  let  G,  be  a 
perfect  set;  in  each  complementary  interval  of  G,  place  a  perfect  set  similar 
to  G,,  i.e.  identical  with  Gs,  except  that  the  distances  of  every  pair  of  points 
are  reduced  in  the  ratio  of  the  length  of  the  con  i  pie  men  taty  interval  to  that  of 
{a,  b):  we  have  now  a  new  perfect  set  G3.  Place  in  each  complementary 
interval  of  G%  a  set  similar,  in  the  same  sense,  to  (?,;  we  thus  obtain  Gs\  and 
so  on  indefinitely.  The  resulting  limiting  set  G„,  is  everywhere-dense:  for,  if 
the  greatest  interval  in  (?i  is  8  limes  the  length  of  (a,  b),  then  the  greatest 
interval  in  Gn  is  &n  times  the  length  of  (a,  6);  and  this  is  arbitrarily  small 
as  n  increases.  Hence,  in  any  interval  whatever  taken  in  (a,  b),  for  a  suf- 
ficiently great  value  of  n,  complementary  intervals,  and  therefore  points  of 
Gni  are  contained;  and  therefore  G<„  is  everywhere-dense. 

.  In  the  case  in  which  Ga  is  closed,  it  will  subsequently  appear  that  it  must 
be  non-dense.  In  this  case  a  complementary  interval  of  (?„  is  either  the 
whole,  or  a  part,  of  a  complementary  interval  of  (?„,  whatever  value  n  may 
have;  for,  if  pq  be  such  a  complementary  interval  of  (?„,,  no  interior  point 
of  pq  belongs  to  any  Gn.  For  some  value  rc,  of  n,  p  belongs  to  G*,^  but  not  to 
Gn,-ij  aQd  for  some  value  «5  of  n,  q  belongs  to  (?„,,  but  not  to  G^^;  and 
therefore,  if  m  is  the  greater  of  the  numbers  n,  and  »i2,  pq  is  a  complementary 
interval  of  G„,  for  every  n  which  is  £  in. 

When  6rB  is  open  but  non-dense,  it  can  be  shewn*  that,  corresponding  to 
ai.y  complementary  interval  -pq  of  GJ,  a  number  m.  can  he  found  such  that,  for 
evttry  n  which  is  £  m.  Gn  has  a  coviplemeutary  inter  oal  p'<(  -which  contains  pq, 
S  it  by  less  than  an  arbitrarily  small  number  n. 

*  W.  H.  Young,  Ptoc.  Land.  Math.  Soe.  vol.  sxxv,  p.  275. 
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Increase  pq  on  each  side  by  \ij~  inK'  let  -fQ  DC  tr,e  interval  so  increased. 
If  p  and  5  are  not  both  points  of  Ga,  an  interval  p'q'  contained  in  PQ,  and 
containing  pq,  can  be  found  such  that  p',  q'  are  both  points  of  G„.  Now 
p',  q  are  both  points  of  some  set  Om ;  then  either  p'q1  is  a  complementary 
nterval  of  Gm,  or  else,  !?,„.  has  a  complementary  interval  whose  end-points  lie 
n  (p\  p)  and  (q,  q")  respectively.  In  either  case  (?,„  has  a  complementary 
.nterval  which  exceeds  pq  by  less  than  ;;,  and  contains  pq. 

If  e,  cr  are  arbitrarily  small  positive  numbers  chosen  independently  of  one 
another,  an  integer  m  can  be  found  such  that,  provided  n  £  m,  the  difference 
between  the  sum  $„  (0  of  those  complementary  intervals  of  Gn,  each  of  which 
is  £  e,  and  of  those  of  GJ  which  are  =  e,  is  <  tr. 

Let  s  be  the  number  of  such  complementary  intervals  of  GJ;  then  for  each 
such  interval  a  value  of  n  can  be  found  such  that  Gn  has  a  complementary 
interval  which  contains  that  of  GJ,  and  exceeds  it  by  less  than  ajs.  Hence 
a  value  v  can  be  found  of  n,  such  that  G„  has  a  number  of  complementary 
intervals  all  =  e,  and  whose  sum  exceeds  the  sum  of  those  of  GJ  which  are 

It  may  however  happen  that  G,  has  other  complementary  intervals  which 
are  £  e,  but  of  course  only  a  finite  number  of  such  intervals.  Let  PQ  be  such 
an  interval  of  (?„;  then  PQ  contains  no  interval  of  GJ  which  is  £  e.  In  PQ 
we  can  take  a  finite  number  of  points  of  (?«,,  say  p1:  p2,...pn,  such  that 
Ppj ,  Pip-,,  PzPs,  ■  ■  ■  are  each  less  than  e.  If  we  treat  each  of  the  finite  number 
of  intervals  of  (?„,  such  as  PQ,  in  a  similar  manner,  there  exists  a  value  m. 
of  n(m>  v)  such  that  all  the  points  p  for  every  interval  PQ  are  points  of  Gm  : 
then  the  set  G,„.  has  no  complementary  intervals  which  are  £  e,  except  such 
as  contain  the  intervals  of  GJ  which  are  £e;  and  this  proves  the  theorem. 

It  is  clear  that,  in  the  ca.se  when  (?,„  is  closed,  the  above  theorem  reduces 
to  the  simpler  form,  that  corresponding  to  an  arbitrary  e,  a  number  m  win  be 
found,  such  that,  for  n  =  m,  those  intervals  complementary  to  <?„,  which  are 
=  e,  are  identical  with  those  of  (?,„,  which  are  =  e. 

88.  The  set  Gu  may  be  regarded  as  the  sum  of  the  sets  (?,,  Gi~Gl, 
G$—Gs,...  each  of  which  contains  no  points  which  belong  to  the  preceding 
ones.  Since  G„  G2,  G3l...  are  measurable  sets,  it  follows  from  §82,  that 
Gi  —  Gj,  Gx  — &■!,-■■  are  also  measurable;  and  thus  that  G„,  is  measurable, 
its  measure  being  the  limiting  sum  of  the  measures  m{G^)l  m  ((?»—(?,), 
m(Gr,  —  G2), ... .  "Now  it  has  been  proved  that 

».((7„-e„)-m(e„)-m(ff„), 
and  therefore  the  limiting  sum  of  the  measures  of  the  sets  is  the  limit  of 
m  {(?„),  which  is  a  number  that  does  not  decrease  as  n  increases.     It  thus 
appears  that  m(G)  is  the  limit  of  m(Gn)  as  n  is  indefinitely  increased  ;  and 
hence  it  has  been  proved  that : — 
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The  measure  of  the  limit  of  a  tefpi.en.ce  of  non-dense  doted  tet.s  is  the  upper 
limit  of  the  -measures  of  the  sets  of  the  segu-ence. 

The  measure  of  a  closed  set  being  identical  with  its  content,  we  obtain 
Osgood'*  theorem*  that: — 

If  the  limit  of  a  setpience  of  doted-  sets  is  itself  a  dosed-  set,  then  the 
content  of  the  limiting  set  is  the  -upper  limit  of  the  contents  of  the  sets  of  the, 


It  should  be  observed  that,  when  (?„is  not  closed.it  is  in  general  not  true 
that  the  content  of  (?„,,  or  of  GJ,  is  the  limit  of  the  content  of  (?„.  For 
example,  if  all  the  sets  Gn  have  zero  content,  the  points  of  each  Gn  can  be 
enclosed  hi  a  finite  number  of  intervals  of  arbitrarily  small  sum;  but  this  is 
not  in  general  true  of  Ga,  unless  Ga  is  closed.  The  points  of  GM  can  however 
in  this  case  be  enclosed  in  an  indefinitely  great  number  of  intervals  whose 
limiting  sum  is  arbitrarily  small. 

The  content  of  any  closed  component  of  a  measurable  set  (<„,  cannot  exceed 
the  measure  of  G^,;  we  have  therefore  the  theorem  that : — 

7/  (?„  is  the  limiting  set  of  a  sequence  of  nan-dense  closed  sets  G,,  G.t,...  Gn, ... 
each  one  of  which.  cent-tarns  the  preceding  one.  then  no  dosed:  component  of  Gu  can 
have  oontetd  greater  than  the  limit  of  the  content  of  G,,. 

An  important  particular  case  of  this  theorem  arises  when  all  the  sets  Gn 
have  zero  content;  in  that  case  every  closed  component  of  Ga  has  zero 
content. 

If  e  is  an  arbitrarily  small  number,  and  t„.(e).  s(e)  arc  the  sums  of  those 
complementary  intervals  of  Ga,  GJ,  respectively,  each  of  which  is  £e;  and 
Rn(e),  11(e)  the  sums  of  those  complementary  intervals  of  Gn,  GJ  each  of 
which  is  <  e,  we  have 

fc(.)  +  *.(t)-«i(0(0J),     «(e)  +  ii(«)  =  »|C(G.')); 
hence  m  Iff.'  -  0.)  =  {«. («)  -  s («))  +  |i!. (« )  -  R  («)}. 

Now,  as  we 'have  above  shewn,  if  n  K'.v.,  where  m  depends  on  e, 

*(.)-«»<»; 

and  we  can  choose  e  so  that  R(e)  is  as  small  as  we  please.  Therefore  we 
see  thatf  the  necessary  and  sufficient  condition  for  l.he  measure  of  GJ  being 
the  same  as  that  of  Ga  is  that  e  can  be  so  chosen  that,  from  and  after  some 
fixed  value  of  n,  Rn(e)  may  be  less  than  an  assigned  arbitrarily  small  number. 
If  -Bn(e)  has  not  the  limit  zero,  when  n  is  indefinitely  increased,  It  is  certain 
that  G0,  is  unclosed,  and  has  a  measure  less  than  the  content  of  GJ. 


ii  Jour  mil  til  Until.,  vol.  six,  p.  178. 
+  W.  H.  Young,  Proc.  Land.  Math.  Soe.  vol.  %x 
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SETS    OF    THE    FIRST   AND    OF    THE    SECOND    OATHUUUY. 

89.  1/  Pi,  P2.  ■•■  Pm  ■■■  is  a  sequence  of  non-dense  dosed  sets,  the  set 
M(Plr  Pa,  ...  Pa,  ...),  ivltich  contains  nil  point*  belonging  to  one  at  least  of  the 
sets,  is  said  to  be  a  set  of  the  first  category. 

A  set  of  the  first  category  can  be  exhibited  as  the  limit  of  a  sequence  of 
non-dense  closed  sets  each  of  which  contains  the  preceding  one.  For  such 
a  sequence  is 

P„  AliP^P,),  M(Plt  PS,P,),...M(P1,PZ,.  ..P„,..  .),.... 

It  is  clear  that  a  set  of  the  first  category  is  of  cardinal  number  a  or  c,  the 
former  in  case  all  the  sets  P  are  enumerable)  and  the  latter  in  ease  some  or 
all  are  unenumerable. 

It  has  boon  shewn  in  §  87  that  a  set  of  the  first  category  may  be  every- 
where-dense in  its  domain ;  or  it  may  be  non-dense. 

A  set,  which  is  complementary/  to  a  set  of  the  first  category  *  is  said  to  be 
of  the  second  category. 

It  will  be  shewn  that  such  a  set  is  not  of  the  first  category. 

In  the  first  place,  the  set  complementary  to  a  set  of  the  first  category  is 
every  where- dense.  For  if  (a,  /3)  is  any  interval  of  the  domain,  there  exists  in 
the  interior  of  (a,  j3)  an  interval  (a^,  0,),  which  contains  no  points  of  Pj ;  and  in 
C«u  8i)  ^  contained  an  interval  («a,  0.2)  which  contains  no  points  of  M(Plt  Pa)  ; 
and  so  on :  there  is  consequently  a  point  interior  to  all  the  intervals  (a,  ft), 
(«,,&),  (a,,  ft).  ■••(«»>  &>).-•■  which  is  not  a  point  of  M(Plt  Pa, ...  P„,  ...); 
hence  the  complementary  set  is  everywhere-dense.  It  follows  from  this 
result  that  the  continuum  (a,  b)  is  not  a  set  of  the  first  category. 

Next,  suppose  if  possible  that  the  set  complementary  to 
Jf(P1,Pl,...P«,...) 
is  itself  the  limit  of  a  .sequence  Qlt  Q3,  ...  Q„,  ...  of  non-dense  closed  sets.  The 
sets  P,  4-  Qi,  Pa-t-  Qt, ...  Pn  +  Qn,  ■■■  are  all  closed  non-dense  sets,  and  their 
limiting  sum,  which  is  of  the  first  category,  is  identical  with  the  continuum; 
but  this  we  have  shewn  to  be  impossible.  Hence  the  complement  of  a  set  of 
the  first  category  is  not  of  the  first  category. 

A  set  of  the  second  category  has  the  cardinal  number  c  of  the  continuum. 

This  is  obvious  in  case  the  limiting  set  G„  of  a  sequence  G,,  Gs,  ...  Gn,  ... 
of  non-dense  closed  sets,  each  of  which  is  contained  in  the  following  one,  has 
any  complementary  intervals.  We  can  therefore  confine  ourselves  to  the  case 
in   which   G«,   is  everywhere-dense ;    in   which   case   the   greatest  intervals 

*  The  distinction  between  sets  of  the  first  and  second  category  is  dr.,-  to  Baire,  Annali  di 
Mat.  (3),  vol.  jii,  p.  65. 
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Si j  $„ ...  Sn>  ■■■  which  are  complementary  to  (?,,  (?g,  ...<?«, ...  respectively, 
form  a  sequence  which  converges  to  zero.  Taking  any  complementary 
interval  A  of  G„  a  number  n,  can  be  found  such  that  A  contains  at  least  two 
intervals  complementary  to  6'...,  in  its  interior,  and  these  we  denote  by  A,,  Aa. 
Again  %>%,  can  be  found  such  that  in  each  of  the  intervals  A„,  A,  are  con- 
tained at  least  two  intervals  complementary  to  G,,/.  those  interior  to  A„  we 
denote  by  AM,  AH,  and  those  interior  to  At  by  Aw,  At0.  Proceeding  in  this 
way  we  obtain  a  sequence  of  intervals 

Ap,  AM,  Aw„... 
each  of  which  contains  the  next  in  its  interior,  and  p,  q,  r,  . . .  have  definite 
values  each  of  which  is  either  0,  or  1.  The  point  interior  to  all  the  intervals 
of  this  sequence  is  a  point  of  (?„,'  which  does  not  belong  to  (?„,  unless,  from 
and  after  some  iixod  index,  all  the  indices  are  alike  0,  or  alike  1.  Therefore 
those  points  of  GJ  which  do  not  belong  to  t?„  have  a  (1,  1)  correspondence 
with  all  those  numbers  between  0  and  1,  expressed  in  the  dyad  scale,  which 
do  not  contain  identical  digits  from  and  after  some  fixed  one;  and  it  thus 
appears  that  the  points  complementary  to  (?„,  form  a  set  of  cardinal  number  c. 

Any  two  sets  of  the  second  category  have  in  common  o,  set  of  points  which 
is  also  of  the  second  category. 

If  Gu  is  the  limit  of  Gn,  and  Hm  is  the  limit  of  Hn,  where  Gn,  Hn  are  the 
ath  sets  of  two  ascending  sequences  of  non-dense  closed  sets,  then  the  set 
M ((?„,  Hn),  which  is  also  closed,  has  for  its  limit  a  set  of  the  first  category. 
But  the  complement  of  this  set  is  the  set  common  to  the  two  sets  of  the 
second  category  which  are  complementary  to  (?„,  H„;  and  this  common  set 
is  itself  of  the  second  category. 

The  definitions  of  sets  of  the  first  and  of  the  second  category  can  be 
extended  to  the  case  in  which  ali  the.  sets  concerned  are  contained  in  a  perfect 
set  H,  which  tak.es  the  place  of  the  continuous  interval  (a,  h). 

If  Gu  (?2, ...  (?„, ...  are  closed  sets  all  contained  in  H,  and  each  one  non- 
dense  in  H,  then  the  set  M(GS,  Gs, ...  Gn, ...)  is  said  to  be  a  set  of  the  first 
category  relatively  to  the  -perfect  set  H,  and  its  complement  relatively  to  H 
is  said  to  be  a  set  of  the  second  category  relatively  to  H. 

The  perfect  set  H  may  be  non-dense  in  the  continuum ;  or  it  may  contain 
continuous  intervals,  finite  or  indefinitely  great  in  number. 

It  will  appear,  from  the  theory  of  order-types  developed  in  the  next 
chapter,  that  the  points  of  any  perfect  set  can  be  made  to  correspond 
uniquely  with  the  points  of  a  continuous  interval  (a,  b),  in  such  a  manner 
that  the  relative  order  of  two  points  of  the  perfect  set  is  the  same  as  the 
relative  order  of  the  corresponding  points  in  the  continuum,  the  end-points 
of  a  complementary  interval  of  the  perfect  sot  corresponding  to  one  point  of 
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the  continuum.  To  a  closed  set  non-dense  in  II.  there  corresponds  a  closed 
set  non-dense  in  the  continuum  ;  and  a  set  of  the  first  or  second  category 
relatively  to  H  corresponds  to  a  set  of  the  first  or  the  second  category,  re- 
spectively, in  the  continuum.  It  thus  appears  thai,  the  properties  of  sets  of 
the  first  and  of  the  second  categories  in  the  continuum,  which  have  hecn  ahove 
established,  can  he  immediately  extended  to  the  case  of  sets  of  the  first  and 
second  categories  relatively  to  any  perfect  set  H. 

This  is  a  particular  case  of  the  general  property  of  any  perfect  set  H 
considered  as  the  domain  in  which  sets  of  points  are  defined;  viz.  that  H 
plays  the  same  part  relatively  to  such  sets,  as  a  continuous  interval  does 
relatively  to  sets  of  points  defined  in  it. 

EXAMPLES. 

1.  Let  ]\,  /*2,  Ps,  ...  Pn,  ...  be  im  enumerable  sot  of  points  in  nn  interval  (a,  b) ;  the 
sot  may  "be  every  where -dense  hi  [a,  b).     The  finite  sots 

(I\),  (P„  I\),  (/>,,  Pa,  P9) ...  (P„  P2,  ...  A)  ... 
arc  each  closed,  and  the  given  set  is  the  limiting  set  which  is  therefore  of  the  first  category. 
The  remaining  points  of  («,  h)  form  a  set,  of  the  second  category. 

%     Denoting  the  points  of  the  interval  (0,  1),  as  in  Ex.  5,  §  ?5,  by 

where  c„<  £„  ;  let  the  fixed  integers  ku  £a,  ...  ks,  ...  form  a  sequence  which  i. 
without  limit.  If*  ai}  a2,  ...  o„,  ...  is  any  sequence  of  positive  integers  which  i; 
without  limit,  lei.  G„  denote  the  set  of  these  numbers  .r,  which  are  such  that  the  integers 
elt  Cj,  ...  c„,  ...  are  all  <an.  The  sots  Gl:  G2,  Gs,  ...  (?„,  ...  are  a  sequence  of  perfect  sets, 
each  one  of  which  cousins  the  preceding  ones;  the  set  <<,„  is  then  a  set.  of  the  first  category. 
3.  The  numbers  of  the  continuum  (0,  J.)  may  be  divided  into  sots,  of  the  first  and  the 
second  categories,  in  the  following  manner  :— All  the  numbers  in  (0,  1)  may  be  expressed 
as  endless  decimals  ;  the  finite  decimals  being  therefore  not  used.  Lett  the  set  //consist 
of  all  those  numbers  in  which  the  digit  9  occurs  only  a  finite  number  of  times,  and  of 
those  numbers  also  in  whieh,  from  and  after  some  place,  all  the  figures  are  9.  The  com- 
plementary set  A*  consists  of  all  those  numbers  in  which  0  occurs  an  infinite  number  of 
times,  except  those  in  which  every  figure  is  9  from  and  after  some  place.  The  set  II  is 
the  limit  of  >:-  sequence  of  non-dense  closed  sets  fflt  H2,  ...  //„,  ...  each  of  which  is  of 
cardinal  number  a.  For,  let  Ht  consist  of  the  numbers  of  the  form  'abc  ...  £999  ...,  in 
which  every  figure  is  (■),  after  some  fixed  place,  and  in  which  none  of  the  figures  a,  b,  a,  ...  k 
is  9  ;  together  with  these  decimals  in  which  no  figure  is  9.  No  number  of  the  set  //,  can 
lie  within  the  interval  l/aba  ...  IciV-Y.) ...,  -abo  ...  £-999  ,..)  which  is  therefore  a  complementary 
interval  of  the  set.  The  set  //„  may  be  taken  to  consist  of  the  numbers  of  the  form 
■abc  ...  MQQ'J  ...,  in  which  h  is  not  9,  and  not  more  than  n—  1  of  the  figuros  a,  b,  c,  ...  A, 
are  9;  together  with  those  decimals  in  which  !)  does  not  occur.  That  each  of  the  sets  Hn 
is  of  cardinal  number  c.  follows  from  the  fact  that  it  contains  all  the  decimals  in  which  9 

*  Broden,  Math.  Annalen,  vol.  Li, 

t  See  Sohonfliei,  Btrh-hi  \ibrr  d'u:  Meitgentehre,  p.  106. 
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does  not  000111' ;  and  these,  if  inici-f  ii-i;toil  in  the  soide  of  '■).  represent  ail  the  numbers  of  the 
continuum  (0,  I).  The  set  TI  is  every  where-dense,  since  it  cod  tains  that  every  where-dense 
set  of  numbers  in  winch  every  ienire  isv,  Lifter  some  pl;Lce.  The  set  A',  being  of  tho  second 
category,  is  also  everywhere-dense,  and  of  cardinal  number  e. 

4.  The  following  method  of  dividing  the  continuum  (0,  1)  into  two  portions,  each  of 
which  is  o  very  where -dense,  and  of  ai.viliui.il  number  c,  litis  beeu  given  by  lirodon*: — Let 
ltl  +  ll  +  ls  +  ...+l,i  +  ...  denote  a  divergent  series  of  positive  numbers,  such  that  the  limit 
of  lx,  as  n.  is  indotuiitely  increased,  is  zero.  Let  a  be  a  positive  number  <1,  and  let 
n.y,  »2l  ...  bd,  ...  be  a  sequence  of  h.icreasuie;  positive;  integers,  it  is  possible  to  choose  the 
divergent  series  so  that  each  of  the  ratios  lm!ltll>  l,JlK„  ...  is  <a  :  if  this  be  done,  the 
series  S/,,  is  convergent,  its  sum  being  <  "'  .  Each  of  the  series  obtained  from 
2  iBt,  by  leaving  out  ;i  finite  number  of  terms,  is  also  convergent.  The  convergent  series 
so  obtained,  form  an  unenumorable  sot :  for  they  ;o-e  obtained  by  multiplying  the  terms  of 
the  series  2  l,h,  each  either  by  0,  or  by  1  ;  And  thus  there  is  a  series  corresponding  to  eaeh 
fractional  number  expressed  in  (be  dyad  scale.  Corresponding  to  cadi  convergent  series, 
there  is  a  divergent  series  which  consists  of  ^,  +  £,  +  ...+lK+ ...,  with  the  convergent  scries 
removed  from  it.  We  obtain  it;  this  manner  an  unenumerable  set  of  divergent  series.  The 
convergent  and  divergent  .series,  each  of  which  consists  of  terms  of  lll-\-ll  +  ...  +  ln  +  .... 
may  now  be  correlated  with  the  numbers  of  the  continuum  (0,  1),  Let  these  numbers  be 
expressed  in  the  dyad  scale,  in  the  form  '(^OjOj..,,  where  every  a  is  0,  or  1,  and  the 
case  in  which  every  figure  is  zero  after  some  place,  is  excluded.  To  one  of  the  series 
l„  +  ^  +  h  +  ■■■<  we  may  take  that  number  in  which  «„,  aq,  ar,  ...  are  all  1,  and  the 
remaining  digits  0.  Tho  points  of  (0,  1)  are  thus  divided  into  two  classes  ;  one  of  these 
consisting  of  all  the  numbers  winch  correspond  to  convergent  series,  and  the  other  of  those 
corresponding  to  divergent  series. 

DIMINISHING  SEQUENCES   OF   CLOSED  SETS. 

90.     A  closed  set  may  be  either 

(1)  a  non-dense  clewed  set  defined,  as  we  have  shewn,  as  the  end-points 
of  an  everywhere-dense  set  of  n  on -overlapping  intervals,  together  with  the 
limiting  points  of  the  end-points,  or 

(2)  a  finite  number  of  non-abutting  closed  intervals,  or 

(3)  the  set  obtained  by  adding  to  a  non-dense  closed  set  the  internal 
points  of  some  of  the  complementary  intervals. 

The  sets  (2)  may  he  regarded  as  the  particular  ease  of  (3),  which  arises 
when  the  non-dense  closed  set  is  a  finite  one. 

The  closed  sets  here  considered  will  be  taken  to  be  of  any  one  of  the 
types  thus  indicated. 

Let  Pj ,  Pa,  P-i, ...  Pn,  ■  ■■  be  an  unending  sequence  of  closed  sets,  each  one 
of  which  contains  the  one  which  succeeds  it;  then  it  will  be  shewn  that  a 

*   Cri-llc',.  Junnial,  vol.  cxvin,  p.  29. 
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set  Pw  exists  the  points  of  which  are  contained  in  every  one  of  the  closed 
sets,  and  that  this  set  P„  =  D(PU  Pi,  ■  •■P»,  ■••)  is  itself  a  closed  set,  which 
may  however  contain  only  one  point  or  a  finite  number  of  points. 

To  prove  this  theorem,  suppose  (a,  b)  divided  into  a  finite  tmmber  of  parts  ; 
then  in  one  at  least  of  these  parts  (a,,  bj)  there  must  exist  points  which 
belong  to  Pn  for  every  value  of  n\  for  otherwise  the  sequence  would  he  a 
finite  one.  Dividing  (a,,  6,)  into  a  finite  number  of  parts,  in  one  (%,  b%)  at 
least  of  these  there  are  points  which  belong  to  every  Pn.  Proceeding  in 
this  manner,  and  choosing  the  mode  of  division  so  that  («,,,  bn)  converges  to 
the  limit  zero,  the  point  which  is  in  the  interior  of  all  the  intervals 

(ffli,  bj),  (oa,  &,),...  (an,  bn),... 
is  a  point  which  belongs  to  every  Pn,  and  is  therefore  a  point  of  PB;  thus 
Pu  contains  one  point  at  least. 

To  shew  that  P„  is  a  closed  set,  let  p1:  p,,... pr, ...  be  a  sequence  of 
points  in  it  which  has  p  for  its  limiting  point.  Then  plt  p,s,  ...pr,  ...  are  all 
points  of  P„  whatever  n  may  be;  and  since  Pn  is  closed,  p  is  a  point  of  Pn. 
This  holds  for  every  value  of  n,  hence  p  is  a  point  of  Pu  ;  which  establishes 
the  result. 

The  theorem  is  a  generalization  of  the  results  of  §  63.  In  fact,  if  Pj, 
PB,  ...  P„,  ...  are  taken  to  be  the  derivatives  G1",  Gw, ...  <?<">, ...  of  a  set  (?, 
the  existence  of  the  closed  set  GM  follows  from  the  theorem. 

Again  we  may  take  Pt  =  flW,  P^  =  G^,  ...  Pn  =  ffW, ...  where  ^a,,.,. 
«„,  ...  is  any  sequence  of  numbers  of  the  second  class,  of  which  /3  is  the 
limiting  number.  The  existence  of  the  closed  set  G'"4  then  follows  from  the 
theorem, 

91.  Let  us  now  suppose  that,  for  the  sequence  P„  ...  P,„  ...  of  closed 
sets,  each  one  of  which  contains  the  next,  a  positive  number  G  exists  such 
that  the  content  /„  of  P„  is,  for  every  n,  greater  than  0.  It  will  then  be 
shewn*  that  the  content  I0,  of  Pa  is  £(7. 

In  order  to  establish  this  theorem,  the  following  lemma  is  required: — ■ 

If  (?,,  (?2  be  two  closed  sets  with  contents  I,,  I.3  respectively,  then  the  set 
D(GU  G.j)  of  points  common  to  0lt  G2  is  a  closed  set  of  content  T ;  and  the 
set  M(Glt  (?,)  of  points  belonging  either  to  Gi  or  to  (?E,  or  to  both,  ia  a  closed 
set  of  content  I",  where  /'  +  J"  =  l,  + 1.£. 

That  D{Gt,  G^  is  closed,  follows  from  the  fact  that  any  limiting  point  of 
it  must  be  a  limiting  point  both  of  G-,  and  of  (?a,  and  therefore  belongs  to  the 
set.  That  M(G:,  G.:,)  is  closed,  follows  from  the  fact  that  any  limiting  point 
of  it  must  be  a  limiting  point  of  one  at  least  of  the  sets  G,,  G2.    If  the  points 

*  This  theorem  was  given  by  W.  II.  Young,  in  kla  paper  on  "Open  sets  and  the  theory 
of  content,"  Land.  3Iath.  Six-.  1'roc.  Her.  '2,  vol,  n,  p.  25. 
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of  Gi  be  removed  from  the  set  M (<?,,  (?D),  the  remainder  is  a  measurable  set 
of  measure  7"  —  7,,  in  accordance  with  the  theorem  of  \  82,  But  the  set  so 
obtained  could  also  be  obtained  by  removing  from  (?.;  those  points  which 
belong  to  D(Glr  0^);  hence  the  measure  of  the  set  is  also  I,  — I'.  Therefore 
it  follows  that  I'  +  I"  =  I,  +  72. 

Let  us  now  suppose  that,  if  possible,  the  set  Pu  has  its  content  7„  less 
than  ft  Now  the  set  Py  —  P„,  is  measurable,  and  lias  for  its  measure  7,  -  7M ; 
hence  P,  —  P„,  contains  as  component  a  closed  sot  Qt  of  content  greater  than 
7,  — 7U— e,  where  e  is  arbitrarily  small,  and  is  taken  <G  —  Ia. 

This  closed  set  Q,  has,  in  accordance  with  the  lemma,  in  common  with 
P5,  a  closed  component  Qa  whose  content  is  >  72  +  7,  —  Ia—  e  —  J,  where  J 
is  the  content  of  the  set  of  all  points  belonging  to  the  closed  component  Qj 
of  Pi  only,  or  to  Pa  only,  or  to  both  of  these;  and  it  is  clear  that  J0f>It. 
Therefore  the  component  Q.,  of  7J,  has  its  content  greater  than  the  positive 
number  72  —  7„  -  e,  and  is  itself  contained  in  the  component  Q,  of  Plt  of 
which  the  content  is  greater  than  7i  —  7„  —  e.  Proceeding  in  a  similar 
manner,  we  obtain  closed  components  Q3,  Q4,  ...  of  P,,  P4, ...  P„, ...,  each 
of  which  contains  the  next,  and  none  of  which  contains  points  of  P„.  Now 
these  closed  sets  Qu  Q2,  ...  Qa,  ...  have,  in  accordance  with  the  theorem  of 
§  90,  at  least  one  point  in  common;  hence  Pl,Pi,  ...  have  a  point  in  common 
which  does  not  belong  to  P„;  and  this  is  contrary  to  the  definition  of  Pa. 


THE    COMMOK    POl.NT.S    OF    A    SYSTICM    OF    OPEN    SKI'S. 

92.     If*  (?„  G.i,  ...  <?„,  ...  be  a  sequence  of  set*  of  point*,  Much  that  each 

set  Gn  contain*  the  next  Gn\\-.  and  if  the  interior  measure  of  each  set  is 
greater  than  some  limed  number  0.  whatever  u,  'may  be,  then  the  set  Ga  of  points 
common  to  all  the  sets  hits  an  interior  measure  £  0. 

It  will  be  observed  that  the  sets  are  not  assumed  to  be  measurable. 

Let  mt{Gn)  denote  the  interior  measure  of  a  sot  G„;  then,  by  §  81,  closed 
components  P„  Q2,  Qs,  ...  Qn,  ■-■  of  the  sets  G„  G2,  ...  can  be  found  such 
that  the  content  of  P„ 


I  (}',)>■« 
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*  W.  H.  Young,  loc.  tit.  p,  25. 
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where  e  is  an  arbitrarily  small  positive  number.     The  set  Q2  has  a  closed 
component  Pa  which  is  also  a  component  of  P,,  of  content; 

I(Pa)  =  I(Qa)  +  I{P1)-I{M(Pl,  Q,)}%I(P,)  +  I(Qs)~mfG,) 


>/(&> 


1 


«• 


Next  take  that  closed  component  of  Q3  which  is  also  a  component  of  P2 : 
it  can  be  shewn  as  before  that 


/TO  >».(<?.)- g+ j+§)«, 


and  so  on.  We  have  now  a  sequence  of  closed  sets  Ps,  Pi,  ...  Pn,  ■■■  each  of 
which  contains  the  next,  and  such  that  the  content  of  each  of  them  is 
>  C  —  e ;  therefore  the  set  Pa  of  points  common  to  all  these,  has  its  content 
£  G  —  e,  and  Pa  is  a  component  of  (?u.  It  follows,  since  e  is  arbitrarily  small, 
that  the  inner  measure  of  (?„  cannot  be  less  than  G. 

93.  We  are  now  in  a  position  to  establish  the  following  general 
theorem : — 

If*  G,,  Gs,  ...  (?M,  ...  is  a-  sequence  of  sets  of  points,  each  of  winch  sets  is 
a  component  of  a  closed  set  of  finite  content  I,  and  if  the  interior  measure  of 
each  of  the  sets  (?,,  (?„  ...  Gn>  ■•■  is  greater  than  a  fired  number  C,  then  there 
exists  a  set  of  points  of  interior  measure  £  G,  and,  of  the  power  of  the  con- 
tinuum, such  that  each  point  of  the  set  belongs  to  an  infinite  number  of  the 
given  sets. 

The  conditions  of  the  theorem  are  satisfied  if  all  the  sets  lie  in  the 
same  finite  interval  of  length  I;  also  the  sets  are  not  assumed  to  be 
measurable  ones. 

Choose  a  closed  component  of  each  of  the  given  sets,  of  content  >0; 
let  these  components  be  Qu  Qa,  ...  Qn,  ....  Choose  an  integer  m  such  that 
mO  &  I  <  (m  + 1)  G,  and  let  us  consider  the  first  w(>m  +  l)  of  the  sets 
Qi>  Qs.  ■■■  ■  The  points  common  to  any  pair  of  these  closed  sets  form  a  closed 
set,  and  the  set  which  contains  all  the  points  which  belong  to  at  least  two  of 
the  n  closed  sets  is  also  a  closed  set  Qi,™  of  content  Iln.  Those  points  of  Q1>n 
which  belong  to  Q,  form  a  closed  set  of  content  g  Im,  hence  there  is  a  set  of 
points  of  Qi,  of  measure  ^I(Q1)  —  Im,  which  do  not  belong  to  any  of  the  sets 
Qi,Qs'  ■■■  Qn'r  ana  the  measure  of  this  set  is  >G  —  Iln.  Similarly  each  of  the 
3ets  Qs,  Qs,  ...  Qn  has  a  component  of  measure  >  0  —  /,„,  consisting  of  points 
which  do  not  belong  to  any  of  the  other  sets,  or  to  Q,.     The  measure  of  all 

*  W.  H.  Young,  Joe  eft.  p.  25. 
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these  sets  added  together  is  >n(G  —  I,n) ;  and  it  must  be  less  than  I,  since 
the  sets  do  not  contain  any  points  common  to  two  of  them,  and  they  are  all 
enclosed  in  a  set  of  measure  I.     Hence 


n(G-I>n)<(m+l)G,   or  Iln>(l-7^~J 


G. 


It  has  thus  been  shewn  that  the  closed  set  Qun  has  the  power  of  the  con- 
tinuum, since  its  content  is  proved  to  be  positive ;  and  this  holds  for  every 
value  of  n  which  is  >m+  1.     Considering  now  the  nest  n  sets  Qn+„  Qn+v,  ■■■ 

Qw,,  there  is  a  closed  set  of  content  >  ( 1 )  G,  consisting  of  points  each 

of  which  belongs  to  two  at  least  of  the  sets;  and  a  similar  result  holds  for 
each  system  of  n  sets  Qm+i,  Qm+2,  ■■■  Qtr+i)n- 

We  have  now  an  infinite  sequence  of  closed  nets  Qv„.  Q.,t>i,  Qa,u,  ■-■  Qr.n,  ■■■ 
each  of  which  has  content  >  (1  —  ■ J  G,  and  the  points  of  each  of  them 

belong  to  two  at  least  of  the  given  sets.  By  applying  similar  reasoning,  and 
taking  n'  sets  at  a  time,  we  see  that  there  are  an  infinite  number  of  sets  each 

of  content  >  (l J  (l  —  — ; — J  G,  and  such  that  each  point  of  any  one 

of  them  belongs  to  four  at  least  of  the  given  sets.  Proceeding  in  this 
manner  we  obtain  sets  of  points,  each  of  content 

and  such  that  each  point  of  each  set  belongs  to  at  least  2S+1  of  the  given 
sets.     Now  let  n,  ri,  ...  nm  be  so  chosen,  that 

then  the  content  of  each  of  the  sets  which  contains  points  belonging  to  2S+1 
at  least  of  the  given  sets  is 

>o(.-i.)(i-i.)...(i-^.)>°{i-S+i*-^)} 

>C(l-e). 

The  process  can  be  carried  on  without  limit ;  and  we  see  that  the  set 
which  consists  of  all  points  belonging  to  2a+1  at  least  of  the  given  sets  con- 
tains closed  components  of  content  >G(l—e).  Considering  the  sequence 
Pi,  PSl  ...  of  sets  such  that  Pi  contains  all  points  that  belong  to  two  at  least 
of  the  given  sets,  Ps  contains  all  points  that  belong  to  22  at  least  of  the 
given  sets,  and  so  on,  it  is  clear  that  P,  contains  Pt>  and  P2  contains  P3,  etc. 
But  the  interior  measure  of  each  set  is  >G  (1  —  e)  ;  hence,  in  accordance  with 
the  theorem  of  §  92,  there  exists  a  set  of  points  common  to  all  the  sets 
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P„  P2,  ...  of  interior  measure  £  0(1  —  e).  This  set  consists  of  points  which 
belong  each  to  an  infinite  number  of  the  given  sets ;  and  its  interior  measure 
is  3  G,  since  e  is  arbitrarily  small.  The  set  has  the  power  of  the  continuum, 
since  it  contains  closed  components  of  content  greater  than  zero. 

The  theorem  that  has  been  now  established  is  of  considerable  importance 
on  account  of  the  application*  of  it  which  can  be  made  in  various  parts  of 
the  theory  of  functions;  it  is  due*  to  W.  H.  Young.  That  particular  ease 
of  the  theorem  in  which  the  sets  are  all  measurable  was  first  statedf,  without 
proof,  by  Borel. 

An  important  case  of  the  theorem  arises  if  we  suppose  each  of  the  sets 
to  consist  of  a  finite,  or  an  enumerably  infinite,  set  of  closed  intervals;  in 
which  case  the  sots  are  all  measurable.  The  theorem  may  then  be  stated  as 
follows  :— 

If  there  be  given  an  infinite  number  of  sets  of  intervals,  in  a  finite 
segment,  each  set  con  sis  Unit  of  a  finite,  or  enuinerably  injlnUe,  number  of  non- 
overlapping  intervals,  ami  if  the  measure  of  each  set  of  intervals  is  greater 
than  some  fixed  positive  number  0,  then  there  exists  a  net  of  points  having  the 
power  of  the  continuum,  and  of  interior  measure  K  C,  sv.vh  that  each  point  of 
the  set  belongs  to  an.  infinite  number  of  the  given  sets  of  intervals. 

This  theorem  contains  the  completion,  and  generalization,  of  a  theorem  due 
to  Arzelaj"  which  is  stated  by  him  as  follows: — 

Let  y„  be  a  limiting  point  of  any  set  of  numbers  (y),  and  let 

e.-(!/„  ?„...) 

be  a  sequence  of  numbers  of  (y)  which  converges  to  the  limit  ya.  Assuming 
the  variables  to  be  orthogonal  coordinates  of  a  point  in  a  plane,  let  the  set  of 
straight  lines  y  =  yu  y=ya>y=yt,  ■■■  >  be  drawn,  and  let  a  set  of  intervals 
be  taken  on  the  portion  of  each  of  these  straight  lines  which  is  in  the  interval 
{a,  b)  of  x.  Suppose  that  each  set  of  intervals  is  finite  in  number,  and  that 
this  number  is  variable  from  one  straight  line  to  another,  but  increases 
indefinitely  as  the  index  in  ye  increases  indefinitely.  Let  the  sum  of  the 
intervals  5,^,  8,ftJ  ...  cV,s  on  the  line  y  =  y„,  be  de.  If  for  every  value  of  s, 
ds  is  greater  than  0,  a  determinate  positive:  number,  there  necessarily  exists 
at  least  one  point  x0  in  the  interval  (it,  b),  such  that  the  straight  line  x  —  x0 
intersects  an  infinite  number  of  the  intervals  S. 

Areola,  subsequently  removed  the  condition  that  each  set  of  intervals  is  ft 
finite  one. 

*  Proc,  Land.  Math.  Soc.  See.  9,  vol.  II,  p.  26. 
+  Cvtnptes  Rendus,  December  1903. 

X  Itetid.  th'W  Ac.  <l?i  L-ina'i  (■]}  1 ,  (1-SS.Vi,  ['■  IJ;J7:  ii.  sc-cmiil  pr»'>f,  wliieli  ;-  Uov.tvbi-  not  rigorous, 
Las  been  given  by  Arisidii  in  the  Mimm-ie  de.Ua  11.  Ace.  d.  So,  di  Hflntjna,  Ser.  S,  vol.  viu,  1899. 
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THE   ANALYSIS    OF    SETS    TX    GENERAL. 

94.  It  has  been  proved  that  a  closed  set  can  ahvn.ys  be  analysed  into  an 
enumerable  set  and  a  perfect  one,  either  of  which  may  be  absent ;  we  now 
proceed  to  consider  the  case  of  a  set  which  is  not  necessarily  closed.  Before 
doing  so,  it  is  necessary  to  classi  ly  the  points  of  a  set,  according  to  the  cardinal 
number  of  those  points  of  the  set  which  arc  contained  in  the  immediate 
neighbourhoods  of  such  points*. 

An  isolated  point  of  a  set  0  is  such  that  in  a  sufficiently  small  neighbour- 
hood of  the  point  there  are  no  other  points  of  G.  For  this  reason  an  isolated 
point  may  be  said  to  be  of  degree  zero  in  ike  set. 

A  point  P,  which  is  a  limiting  point  of  G,  and  is  such  that  in  a  sufficiently 
small  neighbourhood  of  P  there  is  an  enumerable  set  of  points  of  G,  is 
said  to  be  a  point  of  envmeraMe  degree  in  the  set,  or  of  degree  a  in 
the  set. 

If  a  limiting  point  P  of  the  set  G  is  such  that  in  any  neighbourhood  of 
P,  however  small,  there  is  an  on  enumerable  set  of  points  of  G,  the  point  P  is 
said  to  be  of  unenum.erable  degree  in  the  set  G. 

In  case  the  point  P  is  such  that,  in  evei'y  neighbourhood  of  it,  the  cardinal 
number  of  the  points  of  G  contained  in  such  neighbourhoods  is  c,  the  point 
is  said  to  be  of  degree  o  in  the  set. 

It  is  not  definitely  known  whether  cardinal  numbers  exist  which  lie 
between  a  and  c;  but  if  any  such  cardinal  number  :c  exists,  a  point  would  be 
of  degree  ce  in  the  set,  if  a  neighbourhood  of  P  exists  such  that  in  that 
neighbourhood,  and  in  every  smaller  neighbourhood,  there  is  contained  a 
part  of  the  set  which  is  of  cardinal  number  x. 

The  points  of  unenum entitle  degree  consist  of  all  the  points  whose  degrees 
in  the  set  are  greater  than  a. 

If  a  set  G  contains  no  point  which  is  of  nnenvrneridile  degree  in  the  set,  the 
set  is  enumerable  or  finite. 

If  P  be  any  point  of  the  set,  an  interval  which  contains  P  can  be  found, 
such  that  the  part  of  6*  contained  in  this  interval  is  enumerable:  and  the  same 
holds  for  any  point  Q  of  G  which  is  not  contained  in  the  interval  round  P. 
In  this  manner  we  can  proceed  until  we  have  a  non-overlapping  set  of 
intervals  which  contain  all  the  points  of  G.  Since  these  intervals  form  an 
enumerable  or  a  finite  set,  and  in  each  of  them  there  is  a  finite  or  enumerable 
part  of  G,  it  follows  that  G  is  an  enumerable  set. 

*  The  analysis  here  carried  out,  of  sets  in  general,  was  given  by  Cantor,  Acta  Math.  vol.  vn. 

A  more  elementary  pristiUiUion  of  the  subject  has  been  given  by  W.  II.  Young,  Quart.  Jmirn.  of 
Math.  vol.  xxxv,  1903. 
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It  is  clear  that,  if  G  contains  even  one  point  of  unenumerable  degree  in 
the  set,  then  the  set  is  unenumerable. 

The  part  of  a  set  G  which  consists  of  -paints  of  unenumerable  degree  is 
itself  unenumerable,  and  forms  a  set  which  is  dense-in-itself. 

For  the  points  of  G  which  are  of  degrees  0  or  a  form  an  enumerable 
set;  this  being  seen  to  be  the  ease  if  we  remove  from  G  the  points  of  un- 
enumerable degree  in  the  set.  If  the  points  of  unenumerable  degree  could 
form  a  finite  or  enumerable  set,  then  the  whole  set  G  would  be  enumerable, 
which  cannot  be  the  case. 

To  prove  that  the  set  of  points  P,  of  unenumerable  degree  in  G,  is  dense- 
in-itself,  we  have  to  prove  that  in  every  arbitrarily  small  neighbourhood  of  P 
there  exist  points  of  the  same  kind.  In  an  arbitrarily  .small  neighbourhood 
of  P,  there  is  an  unenumerable  sot  of  points  of  G,  and  these  cannot  all  be 
points  of  degree  0  or  a  in  the  set,  for  (here  are  only  an  enumerable  set  of  such 
points  altogether.  Hence,  in  any  arbitrarily  small  neighbourhood  of  P,  there 
are  points  which  are  themselves  of  unenumerable  degree  in  G ;  therefore  P 
is  a  limiting  point  of  the  set  of  those  points  which  are  of  unenumerable 
degree  in  G. 

It  follows  from  this  theorem  that  every  set  G  which  is  unenumerable 
contains  a  component  which  is  dense-in-ifl.se If.  An  enumerable  set  may  or 
may  not  contain  a  component  which  is  dense-in-itself;  but  if  it  does  contain 
such  a  component,  its  derivative  contains  a  perfect  set,  and  thus  the  enu- 
merable set  is  irreducible. 

The  more  general  theorem  can  be  established  that,  if  G  is  an  nnemimer- 
able  set,  those  points  of  G  which  are  of  the  same  degree  x(£a)  in  G 
form  a  set  of  which  the  cardinal  number  cannot  exceed  w,  and-  which  is  dense- 
in-itself 

If  Px  be  such  a  point,  we  can  include  Px  in  an  interval  such  that  x  is  the 
cardinal  number  of  the  points  of  G  in  the  interval.  Doing  the  same  with  any 
other  point  Qx  of  the  same  kind  which  is  not  in  the  interval  round  P,  and 
proceeding  until  all  such  points  are  in  intervals,  we  have  a  finite,  or 
an  enumerable,  set  of  non-overlapping  intervals,  in  each  of  which  is  a  set  of 
points  of  G  of  cardinal  number  x,  and  all  the  points  of  degree  x  are  included 
in  these  intervals.  It  will  appear  from  the  general  theory  of  cardinal  numbers, 
that  the  cardinal  number  of  all  the  points  of  G  included  in  this  enumerable 
set  of  intervals  cannot,  exceed  ie\  hence  the  set  of  points  Px  cann'ot  have  a 
cardinal  number  greater  than  x. 

To  shew  that  the  set  is  dense-in-itself,  we  observe  that,  in  a  sufficiently 
small  neighbourhood  (a,  /3)  of  Px,  there  is  a  set  of  points  of  67,  of  cardinal 
number  x;  and  that  none  of  these  points  can  be  of  degree  in  G  higher  than#. 
For  if  there  were  such  a  point  Q  of  degree  higher  than  x,  in  some  interval 
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(«',  #')  contained  in  (a,  /3)  and  containing  Q  in  its  interior,  there  would  be 
a  set  of  points  of  G  of  cardinal  number  higher  than  x\  but  this  is  impossible, 
as  all  these  points  would  be  in  («,#).  Again,  tiie  points  of  6?  in  (a, fi)  cannot 
be  all  of  degree  lower  than  x;  for  if  they  were  so,  their  cardinal  number 
would  be  lower  than  x,  which  is  contrary  to  the  hypothesis.  Moreover, 
since  in  any  arbitrarily  smo.lt  neighbourhood  of  Px  there  are  points  of  the 
same  degree  x  in  G,  P%  is  a  limiting  point  for  sucb  points.  Therefore  the 
set  of  points  such  as  Px  is  dense-in-itself. 

The  set  of  points  of  degree  c  is  dense-in-itself,  and  of  cardinal  number  a 

95.  Any  set  G  consists  of  isolated  points  which  form  an  enumerable 
set  called  the  adherence  of  G,  and  of  limiting  paints;  which  form  a  set  called 
the  coherence  of  G.  Denoting  the  adherence  and  the  coherence  of  G  by  Ga, 
Gc  respectively,  we  have  G  =  Ga  +  Gc, 

The  set  Gc  can  in  a  similar  manner  be  split,  up  into  its  adherence  and  its 
coherence,  which  we  denote  by  Geo,  and  Gc-  respectively;  thus 

Gc  =  Gca  +  Gc". 
The  set  Gca  is  an  isolated  set,  and  therefore  enumerable  ;  and  if  we  proceed 
to  resolve  G<?  in  a  similar  manner  into  its  adherence  Gc2a,  and  its  coherence 
Gc3,  and  then  to  resolve  Gc',  it  is  clear  that  the  process  may  be  continued 
any  number  n  of  times.     We  thus  obtain 

G  =  Ga  +  Gca  +  G&a  +  ...+  Gcn~'a  +  Gcn. 
The  set  Gcn~\i  may  be  named  the  adherence  of  G  of  order  n,  and  67c"  may  be 
denominated  the  coherence  of  G  of  order  n. 

It  may  happen  that,  for  some  value  of  «.,  Gcn  vanishes ;  in  that  case  Q 
has  been  split  up  into  a  finite  number  of  enumerable  sets,  and  is  consequently 
itself  enumerable.  If  this  be  not  the  case,  the  process  may  be  continued 
indefinitely,  and  Gcn  then  exists  for  every  value  of  n.     We  then  define 

D(G,  Gc,  Gc\  ...  Gcn,  ...), 
the  set  of  points  common  to  all  the  coherences  of  G,  to  be  the  coherence  of 
order  w,  and  denote  it  by  Gc".     ft  is  clear  that  every  point  of  G  which  does 
not  belong  to  one  of  the  sets  Gc"~'a,  belongs  to  Gc'",  hence  we  have 

G^ZGc^a  +  Gc, 
the  summation  being  taken  for  all  values  of  n. 

We  now  split  up  Gc"  into  its  adherence  Gc"'a,  and  its  coherence  Gc""+',  and 
proceed  further  to  obtain  the  adherence*  and  coherences  of  G  of  the  orders 
of  the  various  numbers  of  the  second  class.  If  «,,  a2,  ...  an,  ...  is  a  sequence 
of  numbers  of  the  second  class,  which  has  ft  for  its  limit,  the  coherence  of 
order  /3  is  defined  by 

G(f  =  B(Gc\  Gc-,  ...  GO,...). 
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We  now  obtain  a  resolution  of  G  of  the  form 
ff-SOtti  +  ftP, 

where  y  is  any  number  of  the  first  or  second  class,  and  the  summation  refers 
to  all  values  of  p  which  are  less  than  7.  Each  adherence  GV'«  is  an  isolated 
set,  and  therefore  enumerable;  and  if  G  contains  a  component  which  is  dense- 
in-itself,  this  component  is  contained  in  GV. 

First  suppose  G  to  he  an  enumerable  set ;  the  process  of  analysis  must 
then  cease  for  some  number  7  of  the  first  or  second  class.  For  if  Gc^a  existed 
for  every  number  7  of  the  second  class,  we  should  have  obtained  an  uncnu- 
merable  set  of  inherences  containing  no  points  in  common,  and  all  belonging 
to  G :  thus  G  could  not  be  enumerable. 

The  cessation  of  the  process  may  Lake  place  in  two  different  manners; — ■ 

(1)  if  for  some  number  7  of  the  first  or  second  class,  Gcy  =  (!,(?  has 
been  resolved  into  an  enumerable  set  of  a.dherenees,  and  it  contains  no  com- 
ponent which  is  dense-in-itself: 

(2)  if  for  some  number  7, 

Go*  a  =  0, 

in  which  case  Gc">  —  Gcv+l,  the  set  Gtf  then  contains  no  adherence,  and 
every  point  of  it  is  a  limiting  point,  and  Gey  is  there  fore  dense -in -itself.  The 
set  G  has  consequently  been  resolved  into  an  enumerable  component  which 
contains  no  part  that  is  dense-in-itself,  and  into  a  set  which  is  enumerable 
and  dense-in-itself. 

Nest,  let  us  suppose  that  G  is  an  unenumcrable  set.  Then  it  has  been 
shewn  that  those  points  of  G  whicli  are  of  unoinimerable  degree  in  G  form  a  set 
that  is  dense-in-itself;  and  those  points  which  belong  to  the  adherenees  of  all 
orders  are  points  of  zero,  or  of  enumerable,  degree,  and  thus  form  an  enumer- 
able set.  It  follows,  .since  all  points  that  do  not  belong  to  that  part  of  G  which 
is  dense-in-itself  belong  to  the  adhercnees,  that  the  number  of  adherences 
must  be  enumerable ;  and  thus  that,  for  some  number  7  of  the  first  or  second 
class,  Gcy  is  dense-in-itself.  The  set  6V  may  consist  of  an  enumerable  set 
dense-in-itself,  and  of  sets  of  higher  cardinal  numbers  dense-in- them  selves. 

It  has  thus  been  shewn  that  any  set  G  mag  be  represented  by 

G  =  u+va+%vB+rei 

where  U  is  an  enumerable  set  which  contains  no  component  that  is  dense-in- 
itself,  Va  is  an  enumerable  set  of  points  of  degree  a  dense-in-ilself  Yc  is  a  set 
of  cardinal  number  c  consisting  of  points  of  degree  e  den se-in -itself,  Vx  is  a 
set  dense-in-itself  consisting  of  points  of  degree  a:,  where  «.<  x<o. 
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If,  as  is  probable,  no  cardinal  numbers  exist  between  a  and  c,  the  sets  Vx 
can  be  omitted.  A  set  such  as  Va,  Vx,  Vc  is  denominated  a  homogeneous  set 
of  degree  a,  x,  o,  in  the  set  G. 

If  0  is  a  closed  set,  then  as  has  been  shewn  in  §  73,  Vc  is  perfect,  and 
%Va  cannot  exist. 

INNER  LIMITING   SETS. 

96.     Let  us  suppose  that  each  rational  point  -  in  the  interval  (0,  1)  is 

enclosed  in  tho  interval  (-  — - ,    --  +   ■  ) ,  whore  X  has  the  same  valuo  for  all 
\q      q1      q      fl 

the  points.  In  this  manner  the  rational  points  are  enclosed  in  a  set  of  over- 
lapping intervals,  whose  sum  is  less  than  XS  (q  —  1)  — ; ,  or  than  2X2  —  ,  which 

can  be  made  as  small  as  we  please  by  choosing  X  small  enough.  The 
equivalent  set  of  n  on  -overlapping  intervals  defines,  by  means  of  the  end- 
points  and  their  limits,  a  closed  set  (j,j,  such  that  lor  any  point  of  the  set 

t  V  I  ->  *■     r         ii         ■    i     P 

- —  2i    =  ~i  >    or         points  -  . 


Now  consider  the  set  of  points  denned  by 


Oi  ffl3 

"I0  +  1021 


where  each  a  is  &9,  and  the  a  are  such  that  an  infinite  number  of  them  are 
different  from  zero.  It  has  been  shewn  by  Liouville  that  these  numbers  w  are 
transcendental.     Let 

,,  p        an+1  1  fan+1         \      1 

then  x  —  s- ■  =  —=-.--. , ,,  ,  +  ...<— h  . . .    <  —  . 

q      lO'"^1  q"  V  q  I      qn 

It  follows  that,  if  at  is  one  of  the  above  transcendental  numbers,  whatever 
value  X  may  have,  it  is  interior  to  an  interval  I- j ,   -+—„)•    For  suppose 

a  =  1 u"! ;  then  "  —  x  <  —  <  - ■ ,  provided  X  £  ,„.„  ..„■ ;  and,  however  small 
j  |  q  \      qn      q3    r  lO1"""*'"1 

X  may  be,  values  of  n  can  be  found  for  which  this  inequality  is  satisfied.  There- 
fore rational  points  -  can  be  found  however  small  X  may  be,  such  that  %  lies 

within  the   intervals   |- ■    - -I — ).     It   thus   appears    that,  besides   the 

\q      q*      q      fj 

original  points  -  enclosing  which  the  intervals  are  drawn,  there  are  other 
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points  which  lie  inside  the  intervals  tor  ail  values  of  X,  when  X  is  diminished 
indefinitely. 

This  example,  which  is  due  to  Borel*,  shows  that  it  each  point  a;  of  a  set 
be  enclosed  in  a  series  of  intervals  8,  (re),  8.., (,-/;), . . .  Sj, (.»), . . .  assigned  according 
to  some  prescribed  law,  and  such  that  the  upper  limiting  value  of  Bn(x)  for 
all  the  points  of  \x\  has  the  limit  zero  when  n  is  increased  indefinitely,  the 
magnitude  and  position  of  5„(fl?)  being  assigned  for  each  n  and  each  x,  then, 
in  general,  there  are  points  which  do  not  belong  to  the  given  sot  [x]  remaining 
in  the  interior  of  the  set  of  intervals  [8„  (;/.■)},  however  great  n  may  be.  It 
is  clear  that  every  point  x'  not  belonging  to  \x'\,  which  is  in  the  interior  of  an 
interval  of  the  set  {Z:i(xj\,  for  every  value  of  it,  roust  be  a  limiting  point  of  the 
set  {x}.  For  if  p  is  a  point  which  is  not  a  limiting  point  of  {x\,  the  distances 
of  p  from  the  points  of  the  set  have  a  definite  finite  minimum  c;  hence, 
when  n  is  so  great  that  the  upper  limit  of  8„  (&■),  for  a  fixed  value  of  n,  and 
for  all  points  of  \x],  is  less  than  e,  the  point  p  is  exterior  to  all  the  intervals 
of  the  set  [§„(#)}. 

The  points  not  belonging  to  the  unclosed  set  [*]  which  are  interior  to  the 
set  JS„(a;)}  for  every  value  of  n,  are  among  the  limiting  points  of  the  set  [x]  : 
and  it  will  appear  that  some  or  all  of  the  limiting  points  of  [$}  may  have  this 
property,  according  to  the  law  of  choice  of  the  intervals  of  the  set. 

If  all  the  intervals  {Sn  («)}  be  taken  of  equal  length  2c„,  with  the  x  in  the 
centre  of  its  interval,  where  c„  has  the  limit  zero  when  n  is  indefinitely 
increased,  then  every  limiting  point  of  {xn}  lies  within  the  set  \Bn(x)}.  For, 
however  small  c„  may  be,  there  are  points  of  the  set  whose  distance  from  a 

limiting  point  p  is  loss  than  c„. 

If  the  points  of  a  set  G  be  enclosed  in  a,  series  of  sets  of  intervals  {£«(#)), 
which  are  subject  to  the  comfit  ion  that  the  -maxinmnt  of  the  lewjths  BH{x)  for  all 
points  of  the  set  has  the  limit  zero,  when  n  is  increased  indefinitely,  then  the 
set  G,  together  with  those  points,  'if  way,  of  the  derivative  G\  not  being  points  of 
G,  which  are  within  the  intervals  [Sn  (x)}  for  every  value  of  n,  is  said  to  be  the 
inner  limiting  set\  for  the  sequence  {8„(#)j  of  sets  of  intervals, 

If  G  is  a  given-  set  of  points,  and  it  is  -possible  so  to  choose  the  sequence  of 
sets  [Sn(x)}>  that  no  points  which  do  not  belong  to  G  remain  in  the  interior 
of  the  intervals  'fnix')}  for  every  value  of  u,  then  the  set  G  is  said  to  be  an  inner 
limiting  set  of  points. 

It  has  been  shewn  above  that  every  closed  set  is  an  inner  limiting  set. 

*  I,etpn&  mr  la  theiirie  den  jemctiaus,  p.  44, 

t  This  term  is  due  to  W.  H.  Young,  who  lias  investigated  the  properties  of  such  sets, 
see  Leipdger  Berirhte,  August,  1!W:J.,  "Zui  Li;lire  rtev  niclit  iiLi^rhki^or.o^  J-h;ngen."  For  further 
properties  aaa  also  Pros.  Lcmd.  Math.  Soc.  Ser.  2,  vol.  i,  p.  262. 
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If  a  point  which  does  not  belong  to  an  inner  limiting  set  is  interior  to  one 
or  more  of  the  Intervals  i£„_i  («■)■,  bub  is  not  interior  to  any  of  the  intervals 
{Bn(ce)},  then  that  point  will  be  said  to  be  shed  from  the  sequence  of  sets  of 
intervals  at  the  index  n. 

In  accordance  with  the  theorem  of  §  (if!,  the  set  !S„  (;-(.■)]  may  be  replaced 
by  a  set  of  non-overlapping  intervals  {A„;  which  have  the  same  interna! 
points  as  {c~n  («))  ;  and  the  points  which  are  not  interior  to  {A„}  or  to  {S„  (a:)) 
form  a  closed  set.  It  thus  appears  that  every  -timer  limiting  set  is  complemen- 
tary to  a  set  of  points  which  is  the  limit  of  a  sequence  <V.,  of  dosed  sets,  such  that 
Gn  is  contained  in  Gn+i-  Conversely,  every  set  which  -is  complementary  to 
(?„,  the  limit  of  an  ascending  sequence  of  closed,  sets,  is  an  inner  limiting  set, 
the  intervals  complementary  to  (< ,,  being  taken  as  {A„}, 

In  case  the  closed  sets  Gn  are  all  non-dense,  the  set  £?„  is  a  set  of  the  first 
category,  and  the  complementary  set  is  of  the  second  category.  Therefore 
it  follows  that  every  set  of  the  second  category  if  an  inner  limiting  set. 

Every  enumerable  set  is  a  set  of  the  first  category,  Cor  if.  may  be  exhibited 
as  the  limit  of  a  sequence  of  finite  sets;  hence  the  complementary  set  is  of 
the  second  category,  and  is  therefore  an  inner  limiting  set. 

In  the  case  of  any  enmneroJAe  set  ■!/'},  those  of  its  limiting  points  which  do 
not  belong  to  \P\  form,  an  inner  limiting  set. 

To  prove  this,  let  Q  be  the  set  of  those  limiting  points  of  the  set 
Pu  P2,  ...Pn,  ...  which  do  not  belong  to  that  set;  then  the  points  of  Q 
can  be  enclosed  in  intervals  :o\|  which  do  not  contain  P,;  and  in  the  interior 
of  the  intervals  [5,!  a  sot.  [$.,'■  may  be  ch»sen  enclosing  the  set  Q,  and  excluding 
the  point  P2,  and  so  on.  Then  the  sequence  of  sets  {8„}  has  for  its  inner 
limiting  set  [Q]  ;  and  the  only  limiting  points  of  \Q)  which  do  not  belong  to 
\Q)  are,  or  may  be,  I. be  points  I\,  P2,  ...P„, ...  which  have  each  been  shed  at 
a  definite  index. 

It  can  easily  be  seen  that  an  inner  limiting1  set  remains  such,  if  a  finite 
number  of  points  be  a/hied  to,  or  subtracter]  from  the  set.  Also  the  sum  of  a 
finite  number  of  inner  limiting  sets  is  itself  an  inner  limiting  set;  but  this  is 
not  in  general  true  of  the  sum  of  an  indefinitely  great  number  of  inner 
limiting  sets. 

97.  It  will  now  be  shewn  that  every  inner  limiting  set  is  either  enumer- 
able or  else  of  the  jiower  of  the  continuum. 

Let  an  inner  limiting  set  P  be  defined  by  means  of  a  sequence  of  sets 
{A„1!1,  An(s\  ■■■  An1*1,  ...J,  each  of  which  consists  of  n  on  -overlapping  intervals, 
The  set  |A„}  is  measurable,  and  its  measure  is 

L  {A»w  +  A^>  +  ...  +  A„"*>  +  ...}=mn, 
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where  mn  diminishes  as  n  increases.  If  ra,  has  a  limit,  when  n  is  in- 
definitely increased,  which  is  greater  than  zero,  say  0,  then  mn>G,  for 
every  value  of  n;  and  thus,  in  accordance  with  the  theorem  of  §  92,  the 
inner  limiting  set  has  a  measure  =  0,  and  therefore  contains  closed  com- 
ponents of  positive  content;  therefore  in  this  case  the  inner  limiting  set  has 
the  power  c  of  the  continuum. 

There  remains  now  to  consider  the  case  in  which  ma  has  the  limit 
zero,  when  n  is  increased  indefinitely.  It  is  clear  that  in  this  case  no 
interval  of  |A„;  can  also  be  au  interval  of  all  the  sets  !An+1),  [An+2\,  ... ;  for,  if 
it  were  so,  the  measure  of  all  these  sets  would  exceed  the  length  of  the 
particular  interval,  which  is  contrary  to  the  hypothesis  Lm.^0,  Let  us 
first  suppose  that  the  sets  {A„}  are  all  every  whore- dense  in  the  interval  in 
which  they  are  all  contained;  then  any  particular  interval  Anm,  since  it 
cannot  be  an  interval  of  all  the  following  sets,  must  contain  at  least  two 
intervals  of  one  of  the  following  sets  { A„.}.  Let  us  denote  these  two  intervals 
by  d„,  ch.  Applying  the  same  argument  to  each  of  the  intervals  da,  dlt  each 
must  contain  two  intervals  of  some  following  set;  and  thus  we  have  four 
intervals  dm,  d0„  dia,  du,  all  contained  in  An"1.  Proceeding  in  this  manner, 
we  have  intervals  d  with  indices  con.-iisting  of  every  permutation  of  the  digits 
1  and  0;  and  if  we  consider  any  sequence,  such  as  dai,  dai,  dmo,  d01lw, ... , 
the  indices  form  a  sequence  of  radix  fractions  expressed  in  the  dyad  scale, 
'each  interval  containing  the  next  in  its  interior:  for  it  is  clear  that  at  each 
stage  of  the  process  the  intervals  in  a  particular  interval  may  be  so  chosen 
that  they  have  no  end-point  in  common  with  it.  Since  a  sequence  of  intervals 
can  thus  be  found  which  corresponds  to  any  irrational  fraction  expressed  in 
the  dyad  scale,  and  since  there  must  be  a  point  of  P  in  the  interior  of  all  the 
intervals  of  such  sequence,  it  appears  that  in  AaM  there  is  a  set  of  points  of 
P  which  has  the  same  power  as  the  set  of  irrational  numbers  between 
0  and  1 ;  and  that  power  is  c. 

Next,  let  us  suppose  that  the  sets  of  intervals  {A,,.;  are  not  all  of  them 
everywhere-dense  in  their  domain  ;  and  .suppose  that  the  inner  limiting  set 
P  contains  a  part  Q  which  is  dense-in-itself,  so  that  the  derivative  Q'  is 
perfect.  The  perfect  set  Q'  may  be  placed  into  correspondence  with  all  the 
points  of  the  continuum  (0,  1)  so  that  the  order  of  corresponding  points  in 
the  two  sets  is  the  same  ;  and  to  each  point  in  the  second  continuum  there 
corresponds  a  single  point  of  Q\  except  that  the  end-points  of  an  interval 
complementary  to  Q'  correspond  to  a  single  point  in  the  second  continuum. 
The  points  of  Q  correspond  to  points  of  a  set  Q,  every  where -dense  in  the 
second  continuum  ;  and  those  intervals  of  the  set  ■  A„]  which  contain  points 
of  Q,  correspond  to  intervals  of  a  set  [A,,.'},  which  is  everywhere-dense  in  the 
second  continuum. 

Those  points  of  the  second  continuum  which  are  Ulterior  to  all  the  sets 
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(An'],  form  a  set  of  power  c,  as  has  been  shewn  above;  it  therefore  follows 
that  the  set  Q  has  also  the  power  of  the  continuum,  lor  the  points  interior 
to  all  the  sets  [A„')  are  all  either  points  of  Q„  or  else  points  which  corre- 
spond to  the  end-points  of  intervals  complementary  to  Q',  and  these  latter 
form  at  most  an  enumerable  set. 

The  following  theorem  has  now  been  established:— 

An  inner  limiting  set  has  the  power  of  the  continuum  if  it  contains  a 
component  which  is  dense-iii-itwlf,  and,  if  it  contains  no  tuck  component  it  must 
be  enumerable.  Its  measure  is  the  lower  limit  of  the  ■measures  of  the  non- 
overlapping  set  of  -intervals  l>y  which,  it  is  defined. 

For  the  only  sets  which  contain  no  component  dense-in-itself  are  enumer- 
able ;  and  it  has  been  shewn  that  an  inner  limiting  set  which  contains  such 
component  has  the  power  of  the  continuum. 

It  thus  appears  that  an  enumerable  set,  which  contains  a,  component 
which  is  den.se-in -itself,  cannot  be  an  inner  lirnihitg  set 

98.  It  will  now  be  shewn  that  every  enumerable  set,  which  contains  no 
component  that-  is  dense-in-ilsef  is  a,n  timer  limiting  set. 

Let  P  be  an  enumerable  set,  and  let  us  first  suppose  that  I. lie  derivative 
P'  is  also  enumerable;  then  in  this  case  P  contains  no  component  dense-in- 
itself,  for  the  derivative  of  such  a  component  would  be  perfect,  and  would  be 
a  component  of  P',  which  is  impossible  when  P'  is  enumerable.  Divide  P 
into  two  parts  Ps  and  Pa ;  and  of  these  let  P,  consist  of  those  points  which  are 
not  limiting  points  of  the  set  P'  —  D(P,  P'),  com  posed  of  these  points  of  P' 
which  do  not  belong  to  P;  while  the  other  part  P.,  consists  of  those  points  which 
are  limiting  points  of  P'  —  P(P,  P').  Since  all  the  limiting  points  of  the 
enumerable  set  P'  —  D  (P,  P')  which  do  not  belong  to  the  set  itself  belong 
to  P2,  the  set  P2  is,  as  has  been  shewn  in  §  96,  an  inner  limiting  set.  The 
points  of  Pi  not  being  limiting  points  of  P'  ~  2)  (P,  P'),  each  point  of  P-,  can 
be  enclosed  in  an  interval  which  contains  no  points  of  P'  —  P(P,  P');  and  the 
set  of  intervals  thus  obtained  can  be  taken  as  the  set  {S,}  of  intervals 
enclosing  P,.  It  follows  that,  since  the  points  of  P'  —  D(P,  P')  are  not 
contained  in  a  properly  chosen  sequence  of  sets  of  intervals  enclosing  the 
points  of  P,,  and  arc  each  shed  at  a  definite  index  from  a  properly  chosen 
sequence  of  intervals  enclosing  the  points  of  P2,  the  set  P,  +  Ps  or  P  is  an 
inner  limiting  set.     We  have  now  shewn*  that:— 

Every  reducible  set  is  an  inner  limiting  set. 

Next  let  us  suppose  that  P\  the  derivative  of  the  enumerable  set  P,  has 
the  power  of  the  continuum.  If  P'  contained  all  the  points  of  any  interval 
(a,  /3),  P  could  not  be  an  inner  limiting  set ;  for  the  points  of  P  in  (a,  /3)  would 

*  See  Hobson,  1'roc.  I.nuih.  J!ii<h.  Soc,  Set,  2,  vol.  u. 
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be  everywhere  -dense  in  this  interval,  n.mrl  won  id  form  a  set  dense-in-itself,  which 
has  been  shewn  to  be  impossible.  Since  P'  does  not  contain  all  the  points  in 
any  interval,  and  is  closed,  it  can  be  resolved  into  the  sum  of  a  perfect  set  ft 
and  an  enumerable  set  Lu  consisting  of  points  interior  to  the  intervals  comple- 
mentary to  ft.  The  set  P  may  be  divided  into  two  parts  Pj  and  ft,  where  P; 
consists  of  those  points  which  are  interior  to  the  complementary  intervals  of  ft, 
and  ft  consists  of  those  points  wrhich  belong  to  ft :  it  may  happen  that  ft  does 
not  exist.  It  can  be  shewn  that  P,  is  an  inner  limiting  set,  whether  ft 
exists  or  not.  For  P,  consists  of  a  series  of  sel.s  P„ ,  P12, . . .  Plvl, . . .  interior  to 
the  complementary  intervals  («lf  b,),  («a,62), ...  (an,bn\  ...  of  ft ;  but  the  set  Pln 
in  (an,  bn)  has  all  its  limiting  points  in  that  interval,  and  those  belonging  to 
L,  are  enumerable  ;  and  therefore,  in  view  of  wrhat  has  been  proved  above,  Pm 
is  an  inner  limiting  set. 

The  sequence  of  sets  of  intervals  which  enclose  the  points  of  Pm  may  be 
so  chosen  that  all  the  intervals  of  every  set  are  inferior  to  (a^,  b„);  thus  no 
limiting  points  of  P  not  belonging  bo  P2.  except  those  belonging  to  Pln',  are 
ever  interior  to  any  interval  of  the  sequence  assigned  to  Pm  ;  and  as  this  holds 
for  every  n,  it  follows  that  P,  is  an  inner  limiting  set,  and  its  points  are  such 
that  they  can  be  enclosed  in  a  sequence-  of  sets  of  intervals  which  from  the 
beginning  contain  no  points  of  ft. 

The  set  ft  consists  of  points  which  belong  to  G, .  and  therefore  ft  has  no 
limitingpointsini!.  If  every  point  of  ft  were  a  limiting  point  of  ft,  the  set  Q-, 
being  dense  in  ft,  would  be  dense-in -itself ;  were  it  so,  ft  could  not  be  an  inner 
limiting  set.  It  follows  that  ft  is  not  dense  in  ft,  and  thus  ft'  does  not  contain 
all  the  points  of  ft.  Let  Q,'  be  resolved  into  an  enumerable  set  Lt  and  a 
perfect  set  ft:  the  latter  may  be  absent.  The  set  ft  may  then  he  resolved 
into  a  component  P2  contained  in  the  intervals  complementary  to  ft,  and  a 
component  ft  contained  in  ft ;  thus  P  =  Pi  +  P2  +  ft.  The  same  argument 
applied  to  P3,  as  was  applied  to  P,,  shews  that  P2  is  an  inner  limiting  set; 
and  the  intervals  of  the  sequence  which  encloses  its  points  may  be  taken 
to  be  all  interior  to  the  complementary  intervals  of  Gs.  The  set  ft  in  ft 
may  be  treated  as  ft  in  ft  was  treated,  and  we  thus  have  Qs  =  Pa  +  Q», 
where  Ps  is  an  inner  limiting  set,  and  Q3  is  contained  in  a  perfect  set  Gs. 
Proceeding  in  this  manner,  it  may  happen  that  for  some  integer  n,  Qn  does 
not  exist,  and  then  P  is  expressed  as  the  sum  of  a  finite  number  n  of  inner 
limiting  sets,  and  is  itself  therefore  an  inner  limiting  set.  If  no  integer  n 
exists  for  which  this  happens,  we  consider  the  set  M{Pr,  Pa,  ...  P„, ...), 
where  n  has  every  integral  value.  It  may  happen  that  this  set  contains 
every  point  of  P;  but  if  not,  we  take  the  set 

P-M(PT,Pa,...Pn,...), 
and  resolve  it  as  before  into  an  inner  limiting  set  Pu,  and  a  set  Qm  contained 
in  a  perfect  set  Got  but  which  cannot  be  dense  in  ft,,  since  it  cannot  be  dense- 
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in-itsolf.  We  then  proceed  to  resolve  Qa  into  Pa+1  and  a  set  Q„,+1  contained  in 
a  perfect  set  (?u+1.  We  proceed  further,  and  may  obtain  in  this  manner  sets 
whose  index  is  any  transfhiil.e  ordinal  number  of  the  second  class;  and  thus 
P  is  resolved  into 

P,  +  P,  +  . . .  +  P„  +  Pu+1  +  . . .  +  P,  +  Q„ , 
where  &  is  a  non-limiting  number  of  the.  second  class,  or  else  into 

P1  +  P,  +  ...  +  Pm+...  +  Pp  +  ... 
with   no   last  term.     Since  P  is  enumerable,  this  process   must   come  to 
an  end  at,  or  before,  some  definite  number  a  of  the  second  class  ;  and  the  end 
can  only  come,  either  when  there  is  no  component  Q*  in  (?„,  or  when  there 
is  no  <?.. 

It  has  thus  been  shewn  that,  when  P  contains  no  component  that  is  dense- 
in-itself,  it  can  be  resolved  into  a  finite,  or  enumerably  infinite,  set  of  inner 
limiting  sets,  of  which  there  may,  or  may  not,  be  a  last  set.  Let  P„  be  one 
of  the  components  into  which  P  has  been  resolved,  y  denoting  a  number  of 
the  first  or  second  class.  We  now  fix  on  a  sequence  of  sots  of  intervals  enclosing 
the  points  of  PT,  such  that  all  the  intervals  are  interior  to  the  intervals 
complementary  to  6y ;  then  the  set  PT+, +  PT+a+  ...,  which  is  contained  in  Gy, 
has  no  limiting  points  in  any  of  the  intervals  which  enclose  the  points  of  PY, 
for  all  its  limiting  points  must  be  in  Gy.  The  sequence  of  sets  of  intervals 
having  thus  been  fixed  for  every  Py,  we  can  now  shew  that  each  limiting  point 
p  of  P,  which  does  not  belong  to  P,  is  shed  from  the  whole  sequence  of  sets  of 
intervals,  at  a  definite  index.  The  point  p  is  either  a  limiting  point  of  Pu 
belonging  to  £,,  or  is  contained  in  Qt.  In  the  former  case  it  is  shed  from  the 
intervals  enclosing  P,  at  a  definite  index ;  and,  not  being  a  limiting  point  of 
Ps  +  P3+  ... ,  it  is  shed  from  the  intervals  enclosing  the  points  of  that  set,  at  a 
definite  index;  consequently  it  is  shed  from  the  intervals  enclosing  P,  at  a 
definite  index,  the  greater  of  the  two  former  ones.  In  the  latter  ease,  unless  p 
is  in  Gi  or  in  Pa',  it  is  not  a  limiting  point  of  Pa  +  Ps  +  . .  - ,  and  never  comes 
into  any  of  the  intervals  enclosing  the  points  of  P1;  it  is  therefore  shed  at 
a  definite  index.  If  p  belongs  to  (?,,  <?a, ...  and  to  every  G  before  Ga,  but  is 
not  in  G„,  it  may  be  a  point  of  P„'.  In  that  case  it  is  not  a  limiting  point 
of  the  set  P„+i  +  P„+2+  ■--,  and  does  not  come  into  the  interior  of  any  of  the 
intervals  which  enclose  the  points  of  P„  P2,...,  or  any  P  with  index  less 
than  «.  It  is  therefore  shed,  at  a  definite  index,  from  the  sequence  of  sets 
of  intervals  enclosing  the  points  of  P.     It  has  thus  been  established  that: — ■ 

The  necessary  and  sufficient  condition  that  an  enumerable  set  may  be 
an  inner  limiting  set  is  that  it  contains  no  component  winch,  is  dense-in- 
itself. 

A  corollary  to  the  above  proof  is  that  every  enumerable  set  is  the  sum 
of  an  inner  limiting  set,  and  of  a  set  which  is  dense-in-itself. 
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Any  u n enumerable  set  can,  in  accordance  with  the  result  of  §  95, 
1  in  the  form  P  =  U  +  Va  +  2  Va  +  V„ ;  and  we  observe  that  if  Ve 
is  absent,  the  necessary  and  sufficient  conditions  that  P  may  be  an  inner 
limiting  set  are  that  Va  and  SFa  should  both  be  absent;  this  follows  from 
the  preceding  results. 

If  Vc  exists,  we  obflerve  that  no  point  of  U  +  Va  +  %VX  can  be  a  limiting 
point  of  Vc;  for  any  limiting  point  of  Vc  must  be  a  point  of  degree  c  in  the 
set  P.  If  Vs  is  everywhere  dense  in  (a,  b)  it  follows  that  U  +  Va  +  2  Vx  is 
absent.  The  Bet  Vc  may  be  non-dense  in  (a,  b),  or  it  may  be  dense  in  some 
parts  of  (a,  b)  and  non-dense  in  other  parts. 

It  will  be  shewn  that  Ve  is  in  general  made  up  of  a  part  which  is  non- 
dense  in  (a,  b)  and  of  a  Unite,  or  indefinitely  great,  number  of  parts  each  of  which 
is  everywhere-dense  in  a  particular  interval  in  which  it  lies.  Suppose  that  an 
interval  (a,  /S)  can  be  found  in  which  Vc  is  every  where-dense  ;  and  let  #  be  a 
point  in  (a,  b)  such  that  .*■  =  ft  Then  those  values  of  x  for  which  Vc  is  every- 
where-dense in  (a,  x),  together  with  those  values  for  which  this  is  not  the  ca.se, 
define  a  section  of  all  the  numbers  of  the  continuum  (ft  b) ;  and  this  section 
defines  a  number  ft  £  ft  Similarly  we  may  assign  a  number  a,  S  a,  so  that 
(a„  ft)  is  the  greatest  interval  containing  («,  ft  which  is  such  that  Vc  is 
everywhere-dense  in  it.  If,  in  the  parts  of  (a,  b)  external  to  (a1,  ft),  the  set 
Fc  is  dense  iu  any  interval,  then  we  proceed  to  fix  the  greatest  interval  for 
which  it  is  everywhere-dense.  Iu  this  manner  we  obtain  a  finite,  or  enumer- 
ably  infinite,  set  of  detached  intervals  contained  in  (a,  b),  in  each  of  which  Vc 
is  every  where -dense  ;  and  the  remainder  of  (a,  b)  may  consist  of  a  set  of 
detached  intervals  and  of  a  set  of  points.  In  this  remainder  the  points  of  Vc 
form  a  non-dense  set. 

No  point  of  U+  Va  +  XVx  can  be  in  an  interval  (a,,  ft)  in  which  Vc  is 

everywhere-dense.  If  VI:  is  the  part  of  Vc  which  is  non-dense  in  (a,  b),  every 
point  of  U+  Va  +  XVX  must  lie  in  one  of  the  intervals  complementary  to  the 
perfect  set  Vt'.  It  is  to  be  observed  that  in  Vc  are  included  the  end-points  of 
the  intervals  (a,,  ft),  in  case  those  end-points  belong  to  Ve. 

In  order  that  P  may  be  an  inner  limiting  set,  it  is  necessary  that  the 
part  of  IT+  Va  +  XVX,  which  is  iu  each  interval  complementary  to  Vc',  should 
be  an  inner  limiting  set ;  and  this  cannot  be  the  ease  unless   Va  and  %VX  are 

absent. 

It  has  thus  been  shewn  that : — 

In  order  that  an  uvemummble  set  of  points  may  be  an  inner  limting  set.  it- 
is  necessary  that  the  set  should  contain  no  points  whose  degrees  in  the  set  are 
other  than  0,  a,  or  c,  and  that  it  should  contain  no  component  which  is  dense- 
in-itself,  and  of  which  the  -points  are  of  degree  a  in  the  set. 
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The  determination  of  the  necessary  and  sufficient  conditions  that  any  given 
unenumerable  set  of  points,  however  defined,  may  be  an  inner  limiting  set  has 
now  been  reduced  to  the  problem  of  determining  the  criteria  for  the  case  of 
a  set  which  is  dense-in -itself  and  all  the  points  of  which  are  of  degree  c  in 
the  set.  The  case  in  which  the  latter  set  is  non-dense  in  its  domain  may  be 
reduced,  by  the  method  of  correspondence,  to  that  in  which  it  is  everywhere 
dense;  and  the  problem  is  therefore  reducible  to  that  of  determining  the 
conditions  under  which  a  given  everywhere-dense  .net  of  points  all  of  degree  c 
in  the  set  may  be  a  set  of  the  second  category.  No  investigation  of  all  the 
possible  types  of  such  sets  has  yet  been  carried  out,  and  therefore  the  problem 
remains  as  yet  unsolved.  A  set  which  is  every where-denae  in  (a,  o),  and  of 
which  the  points  in  every  sub-interval  have  the  power  of  the  continuum, 
may  be  of  the  first  category,  and  thus  not  be  an  inner  limiting  set ;  or  it 
may  be  of  the  second  category,  and  therefore  be  an  inner  limiting  set.  The 
question  has  been  raised  by  Schonflies*  whether  every  such  set  is  necessarily 
either  of  the  first  or  of  the  second  category ;  this  question  must  certainly 
be  answered  in  the  negative.  For,  if  we  divide  (a,  b)  into  any  finite  number  of 
parts,  and  place  in  them  alternately  inner  limiting  sets  which  are  dense  and 
of  power  c,  and  dense  sets  of  the  first  category  and  of  power  c,  it  is  clear 
that  the  whole  set  so  constituted  cannot  be  either  of  the  first  or  of  the  second 
category.  The  outstanding  question  as  to  the  criteria,  that  such  sets  may  be 
of  the  second  category,  is  of  considerable  importance  in  relation  to  the  Theory 
of  Functions, 


KOX-TJXEAR    SETS    OF    POINTS. 

100.  Most  of  the  properties  of  linear  sets  of  points  can  be  extended 
without  essential  modification  to  the  case  of  sets  of  points  in  two,  three,  or 
more  dimensions ;  and  those  respects  in  which  sets  of  points  in  more  than  one 
dimension  differ,  as  regards  the  formulation  of  their  properties,  from  linear 
sets  are  sufficiently  exempliiied  by  the  ca.se  of  plane  sets.  It  will  therefore  be 
sufficient,  for  the  purpose  of  indicating  the  principal  properties  of  non-linear 
sets,  to  confine  our  account,  to  the  case  of  plane  sets. 

Each  point  (x,  y)  of  a  plane  set  is  defined  by  the  two  numbers  x,  y 
which  are  the  rectangular  Cartesian  coordinates  of  a  point.  A  set  which 
extends  over  the  whole  plane  may  be  made  to  correspond  with  the  points  of 
a  set  which  lies  in  a  finite  rectangle  ;  this  correspondence  may  be  made  by 
means  of  the  relations  x  —  tan  -=-  ,  y  —  tan  -=- ,  when  X,  Y  are  each 
restricted  to  have  values  between  +  1  and  —  1.  We  shall  consequently 
assume  that  the  plane  sets  under  consideration  consist  of  points  lying  in  a 
finite  rectangle  whose  sides  are  parallel  to  the  axes  of  coordinates. 

;-   S^e  ScliiinfiieK,  HoUhujcr  XackricUten,  lfi'J'J,  p.  M2,  nh.o  Brricht  uhr-r  die  Mtmgenlehre,  p.  81. 
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In  the  case  of  plane  sets,  a  rectangular  area  whose  sides  are  parallel  to 
the  coordinate  axes,  plays  the  same  part  as  a  linear  interval  in  the  case  of 
linear  sets.     A  set  contained  in  such  a  rectangle,  is  said  to  be  bounded. 

Corresponding  to  the  fundamental  principle  that  a  series  of  intervals, 
each  of  "which  contains  the  subsequent  ones,  has  one  point  interior  to  all  the 
intervals,  provided  that  the  lengths  of  the  intervals  converge  to  zero,  we  have 
the  principle  that  the  points  interior  to  a  set  &,,  Sa,  ...  Bn,  ...  of  rectangles 
each  of  which  contains  the  next,  consist  of  a  single  point  or  of  a  linear 
interval,  according  as  both,  or  only  one,  of  the  pairs  of  sides  of  the  rectangles 
have  the  limit  zero,  when  n  is  indefinitely  increased. 

The  theorem,  that  every  infinite  bounded  plane  set  has  at  least  one  limiting 
point,  is  then  proved  by  dividing  the  rectangle,  in  which  the  set  is  contained, 
into  a  finite  number  of  parts  by  means  of  lines  parallel  to  the  axes.  At  least 
one  of  the  resulting  rectangles  must  contain  an  infinite  number  of  points  of 
the  set  either  in  its  interior  or  on  its  boundary ;  choosing  such  a  rectangle,  we 
proceed  to  divide  it  as  before  into  a  finite  number  of  parts,  and  continually 
apply  the  same  argument;  in  all  these  rectangles,  there  is  at  least  one  point 
which  must  be  a  limiting  point  of  the  given  set,  since  we  may  choose  the 
mode  of  subdivision  so  that  both  pairs  of  sides  of  the  rectangles  have  their 
limit  zero.  In  any  rectangular  area  whatever,  which  has  a  limiting  point  P 
of  the  set  in  its  interior,  there  are  an  infinite  number  of  points  of  the  set. 

A  plane  set  is  everyvjhere-deN.se  when.  points  of  the  set  lie  -within  every 
rectangle,  with  sides  jiamllel  to  the  tunes,  which,  can  be  drawn  in  that  rectangle 
in  which  the  set  lies. 

A  -plane  set  is  non-dense  when  in  every  such  rectangle  another  can  he  found 
which  contains  no  points  of  the  set. 

The  definition  of  the  successive  derivatives  of  a  plane  set,  and  the  proof 
that  all  these  derivatives  are  closed  sets,  is  on  exactly  the  same  lines  as  in  the 
case  of  linear  sets. 

101.  The  frontier  of  a  set  of  points  67  in  plane  space  or  space  of  any 
number  of  dimensions,  being  de lined,  as  in  §  84,  to  be  the  set  of  points  each  of 
which  belongs  to  one  of  the  sets  Q,  G  (G),  and  is  a  limiting  point  of  the  other 
set,  it  will  be  shewn  that* : — 

If  the  complementary  set  G  (67)  exists,  then  the  frontier  of  67  and  C  (67) 
always  exists,  and,  is  a  closed  set. 

Let  P  be  any  point  of  67,  and  P'  a  point  of  the  complementary  set  67(67), 
and  consider  those  points  of  67  which  are  on  the  straight  segment  PP',  i.e. 

those  points  of  which  the  coordinates  are  ,   ,   -^ j- ,  where  (#,  y)  and 

*  Jordan,  Cours  d' Analyse,  vol.  i,  p.  20. 


/Google 


100-102]  Non-linear  sets  137 

(V, «/')  are  the  coordinates  of  P  and  P'  respectively,  and  k  denotes  a  positive 
number  (including  zero).  The  linear  Bet  of  points  of  67  on  PP'  has,  in  accord- 
ance with  the  theorem  of  §  46,  an  upper  boundary  Q.  This  point  Q  which 
may  coincide  with  P,  is  a  point  of  the  frontier  of  67  and  0(G);  for  if  Q  is  a 
point  of  G  it  is  also  a  limiting  point  of  G(G),  and  if  it  is  a  point  of  0(G),  it 
is  a  limiting  point  of  G.  Therefore,  if  0(G)  exists,  there  is  always  a  frontier 
of  G  and  67(67).  Again  let  Q1:  Qs,  ...  Qn...  he  an  infinite  set  of  points  of 
the  frontier;  this  set  has  at  least  one  limiting  point  Q.  Such  a  point  Q  is 
itself  a  point  of  the  frontier  ;  for,  in  the  set  [Qn\,  there  is  an  infinite  number 
of  points  all  of  which  belong  to  G,  or  all  to  C(G),  of  which  Q  is  the  limiting 
point.  If  these  points  all  belong  to  67'  and  to  C  (G),  then  Q  belongs  to 
0'  and  to  {0(G)}' ;  if  they  belong  to  G  and  to  [0(G)]',  then  Q  belongs  to  67' 
and  to  |C(67)}'.  In  either  case  Q  is  a  point  of  the  frontier;  and  thus,  since 
every  limiting  point  of  the  frontier  belongs  to  it,  the  frontier  is  a  closed  set. 

If  all  points  of  the  plane  belong  to  the  f  rem  tier  of  G  aval  (J  (8),  then  67  has 
no  interior  points.  If  every  point,  of  0(G)  belongs  to  the  frontier,  then  there 
are  no  points  exterior  to  67. 

102.  If  (x,  y)  and  (V,  y')  are  two  points  P,  P',  then  the  positive  number 
{(ic  —  x'f  +  (y  -  y'f}*  is  said  to  measure  the  distance*  of  P  from  P'. 

If  P  is  a  point  of  a  set  67,,  and  P'  a  point  of  another  set  67aj  then  the 
distance  PP'  has  either  a  lower  limit  or  a  lower  extreme  value,  for  all  pairs 
of  points  of  the  sets  Qlt  675.  In  case  this  lower  limit,  or  lower  extreme,  is  a 
positive  number  A  {>  0),  the  sets  Gj  and  67,  are  said  to  be  detached  from  one 
another. 

If  two  bounded-  and  closed  sets  G\,  Oy  are  detached  from  one  another,  they 
contain  at  least  one  pair  of  points  P,P'  such  that  their  distance  from  one 
another  is  measured  by  A. 

For  let  e„  e,, ...  e„, ...  be  a  sequence  of  decreasing  positive  numbers 
converging  to  the  limit  zero.  A  pair  of  points  P„  P,'  of  67,,  672  can  be 
determined,  such  that  P,  P/2  <  A!  +  e, ;  again  a  pair  P2 ,  P.J  can  be  determined, 
such  that  PsPt"<  A2  +  e5,  and,  in  general,  a  pair  Pn,Pn'  of  points  can  be 
determined,  for  which  PnPn^<  A2  +  e„.  If  (xn,y„)  and  (ivn',ya')  are  the 
coordinates  of  Pa,Pn',  the  coordinates  (xn,yn,wn',y,,!)  determine  a  point  pn 
in  the  four-dimensional  continuum.  Tin:  sob  of  points  p,,  p^, ...  pn, ...  has  at 
least  one  limiting  point  (x,  y,  x' ,  y') ;  let  P,P'  denote  the  two  points  (#,  y), 
(%',$/')  in  the  two-dimensional  domain.  It  will  be  shewn  that  P,  P'  belong  to 
f?i,  67a  respectively,  and  that  PP'  is  measured  by  A.  A  number  m  can  be 
found  such  that  x  —  <en,  y—  yn,  x' —  <vn',  y'  —  yn'  are  all  numerically  less  than 
an  arbitrarily  chosen  positive  number  v,  provided  n  £  m  ;  it  follows  that  P  is 

*  Instead  of  the  distance  so  dr^iruid.  Jovdf.n  cmpbvs,  in  ll:!s  mr.yi.-c.iioti,  the  "ecort,"  defined 
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a,  limiting  point  of  the  set  P,,P2, ...  Pn, ...,  and  that  P'  is  a  limiting  point 
of  the  set  P,',  P2', . . .  Pn', ....  Since  these  sets  belong  to  the  closed  sets  G1 ,  (72 
respectively,  it  follows  that  P  belongs  to  Gu  and  P?  to  ff2.    We  have,  further, 

|*-*|  a  |«-«i,|  +  |*,-*:| +  [«*,'-*' |ss*  +  |*-«w'|, 

and  similarly,  |  y  —  y  \  S  2tj  +  \  yn  —  yn'  | ,  for  n  £  m.  From  these  inequalities, 
we  see  that  (*  -  aPp  +  (i/  —  y'f<  8>f+  At)  +  PnPn'*,  where  A  is  some  fixed 
number ;  hence  PP'2  <  8173  +  At\  +  en  +  A2,  and  since  v,  en  are  both  arbitrarily 
small,  it  follows  that  PP'2  s  A2;  and  thus  PP',  which  is  certainly  not  less 
than  A,  must  be  equal  to  A.     The  theorem  has  thus  been  established. 

103.      A  bounded  and  dosed  set  of  points  is  said-  to  be  cornier  or  single- 
sheeted  (d'un  seul  tenant),  when  it  cannot  be  decomposed  into  two   or  more 


If  P,  P'  are  any  two  points  of  a  connex  dosed-  set  G.then  if  e  is  any  positive 
number  whatever,  points  p,.  pitps,  ...  pn  can  be  determined,  all  of  which  belong 
to  the  set,  and  are  sv.ck  that  the  distances  Ppi:  p^p-i, psp3,  ...pnP'  are  all  &  e; 
and  conversely,  if  this  condition  is  satisfied,  then-  G  is  connex. 

The  condition  stated  in  the  theorem  is  sufficient  to  ensure  the  connexity 
of  the  set  G.  For  if  G  can  be  divided  into  two  separated  closed  sets  GS,G2, 
such  that  A  is  the  lower  limit,  or  the  lower  extreme,  of  the  distances  of  pairs 
of  points  of  G,,  Gai  we  may  choose  e  to  be  <A.  If  P  is  a  point  of  G1,andp1  is 
a  point  such  thatPp,<  e,  the  point  p1  belongs  to  G, ;  again  if  p,  is  a  point  such 
th&t  p1p!l<  e,  p2  also  belongs  to  Glt  and  so  on.  Since  pK  belongs  to  G„  what- 
ever finite  value 'ft  may  have,  it  is  impossible  that  p,f"  ~  e,  because  pAP'  ~  A. 
Again  the  condition  is  a  necessary  one.  For  let  us  suppose  that,  for  some  value 
of  e,  the  condition  is  not  satisfied  for  every  pair  of  points.  If  P  be  a  point 
belonging  to  such  a  pair,  the  set,  G  may  be  divided  into  two  parts  <?,  and  G2, 
where  (7,  is  such  that,  for  each  point  P'  belonging  to  it.  a  definite  set  of  points 
of  (7,,  viz.  puPt, ...  Pn,  exists  such  that  Ppi,  pip*, ...  pnP'  are  all  S  e,  and  (?2 
is  such  that  for  each  point  of  it  this  condition  is  not  satisfied.  The  two  sets 
Gu  (?2  are  closed,  and  are  such  that  the  lower  limit,  or  the  lower  extreme,  of 
the  distance  between  pairs  of  points  in  them  is  >e.  For  if  p  is  a  limiting 
point  of  G-l,  it  belongs  either  to  Gi  or  to  G.2 ;  and  since  there  are  points  pn  of 
Gi,  such  that  pjiu<e,  the  point  p  clearly  belongs  to  G1 ;  therefore  G,  is  a 
closed  set.  Again  if  q  is  a  limiting  point  of  G,,.,  it  cannot  belong  to  Gt;  for  a 
point  P'  of  Gt  can  be  found  such  that  qP'<  e,  hence  if  <f  belonged  to  G„  so 
also  would  P'.  It  is  clear  that  no  pair  of  points  of  Gi:  ff2  can  exist,  of  which 
the  distance  is  S  e,  hence  for  these  sets  A  >  e.  It  has  thus  been  shewn  that, 
if  for  any  e  the  condition  is  not  satisfied,  G  can  be  divided  into  two  detached 
closed  sets,  and  it  is  therefore  not  connex. 

A  connex  closed  set,  vjkich  does  not  consist  of  a  single  point,  is  a 
perfect  set. 
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For  an  isolated  point  of  the  set  could  be  considered  as  a  set  detached 
from  the  set  which  consists  of  ali  the  remaining  points,  and  hence,  if  such  an 

isolated  point  existed,  the  set  could  not  be  coimex. 

It  will  be  observed  that  a  connex  closed  one-dimensional  set  can  only 
consist  of  a  single  interval. 

The  theory  of  plane  sets  and  of  sets  of  three  or  more  dimensions  is  of 
great  importance  in  relation  to  its  application  to  the  Analysis  Situs.  Jordan*, 
having  given  an  arithmetical  definition  of  a  simple  closed  curve,  has  esta- 
blished the  fundamental  theorem  that  such  a  curve  divides  the  plane  into 
two  parts,  respectively  external  and  internal  to  the  curve.  The  subject  has 
been  further  developed  by  Solionfiiosf,  from  the  point  of  view  of  the  theory 
of  sets  of  points, 

104.  The  mode  in  which  a  non-dense  plane  set.  is  determined  by  means 
of  areas,  free  in  their  interiors  from  points  of  the  setj,  is  not  in  all  respects 
similar  to  the  mode  in  which  a  non-dense  linear  set  is  determined  by  means 
of  the  complementary  intervals.  In  the  latter  ease  each  point  P  which  does 
not  belong  to  the  set  is  enclosed  in  an  interval  which  contains  no  points  of 
the  set,  and  this  interval  has  a  maximum  length  in  both  directions  from  the 
point  P,  the  end-points  of  such  maximum  interval  S  being  points  of  the 
closed  and  nun-dense  linear  set,  and  this  maximum  interval  is  identical  with 
8,  for  all  points  P  interior  to  S.  But  in  the  case  of  a  plane  set,  if  we  confine 
ourselves  to  areas  of  given  shape,  such  as  rectangles,  and  these  take  the 
place  of  the  linear  intervals  5,  it  is  not  the  case  that  a  closed  set  is  defined 
as  the  set  of  boundary  points,  together  with  their  limits,  of  a  unique  system 
of  such  rectangles. 

If  P  be  a  point  which  does  not  belong  to  a  given  non-dense  plane  closed 
set,  and  if  we  draw  through  P  a  straight  line  parallel  to  the  line  whose 
equation  is  y  —  nix,  then  those  points  of  the  given  set  which  lie  on  this  straight 
line  are  easily  seen  to  form  a  closed  set,  and  the  point  P  must  be  interior  to 
a.  complementary  interval  A,„  (P),  of  this  closed  set.  If  on  one  side  of  P 
there  are,  in  this  straight  line  through  P,  no  points  of  the  given  set,  then  on 
this  side  the  extremity  of  the  interval  Affl  (P)  may  be  regarded  as  the  point 
in  which  the  straight  line  intersects  a  side  of  the  rectangle  in  which  the 
plane  set  is  contained.  The  interval  Am(P)  exists  for  every  value  of  m,  and 
the  extremities  of  the  intervals  Am  (P),  for  a  fixed  P,  are  in  general  points 
of  the  plane  set ;  the  region  of  plane  space  Ap,  in  which  these  intervals 
Am  (P)  lie,  is  free  in  its  interior  from  points  of  the  plane  set ;  and  such  a 
region  is  the  true  analogue,  for  place  sets,  of  the  complementary  interval  of  a 

:;   See  tin;  Coin's  d'Jnaliife,  vol.  i,  pp.  !)0—  101. 

t  Giiltiiigcr  Nachriclticii,  1309.  also  Mail:.  Amtoh-a,  vols,  Lvni  and  lix.  The  subject  has  also 
been  treated  by  Yul-lei;,  Trans,  of  tin-.  American  Math.  Sac.  vol.  ti. 

J  Sue  Sehiinilio*,  Gi'-'ttuHjcr  Naehricht^ii,  1809,  p.  282,  also  .He He. lit  HUr  dh-  Meiigenlehre.  p.  81. 
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linear  set.  The  plane  closed  set  consists  of  points  on  the  boundaries  of  a 
system  of  such  regions  AP  which  do  not  overlap,  and  of  the  limiting  points 
of  these  points  on  the  boundaries ;  and  every  point  which  does  not  belong  to 
the  set  is  interior  to  one  of  the  regions  AP.  In  this  sense  there  is  for  each 
point  P  of  the  complementary  set  a  single  region  AP  which  is  the  maximum 
free  region  containing  P  in  its  interior;  and  all  points  interior  to  AP  have 
their  maximum  free  regions  identical  with  AF. 

If,  however,  we  work  only  with  rectangular  areas,  which  are  usually  the 
most  convenient  in  view  of  applications  of  the  theory  to  the  theory  of  inte- 
gration, there  exists  in  general  no  rectangular  area  corresponding  to  a  point 
P  which  has  analogous  properties  to  the  region  AP.  If  wo  describe  a  square 
of  sides  2p  parallel  to  the  axes  of  coordinates  and  with  its  centre  at  P,  then, 
for  any  point  P  of  the  complementary  sot,  when  p  is  small  enough  there  are 
no  points  of  the  given  set  interior  to  or  on  the  boundary  of  the  square;  and 
p  may  be  increased  until  one  of  the  sides  of  the  square  contains  a  point  of  the 
set,  or  is  coincident  with  a  side  of  the  rectangle  in  which  the  whole  set  is 
contained.  When  either  of  these  things  happens,  we  may  keep  this  particular 
side  fixed  in  position,  letting  the  other  three  increase  their  distances  from  P 
by  the  same  amounts;  if  a  corner  of  the  square  comes  to  be  a  point  of  the  set, 
then  both  the  sides  intersecting  at  that  comer  are  kept  fixed  ;  the  square  now 
becomes  a  rectangle,  and  ultimately  another  side  will  either  contain  a  point 
of  the  set,  or  will  fall  on  a  boundary  of  the  space  in  which  the  set  exists. 
Proceed  in  this  way  until  we  have  a  rectangle  such  that  each  of  its  sides 
contains  one  or  more  points  of  the  plane  set,  or  else  falls  upon  a  boundary  of 
the  domain  of  the  set ;  we  have  then  a  definite  rectangle  corresponding  to  the 
point  P.  But  if  we  take  a  point  Q  inside1  this  rectangle,  and  construct  the 
corresponding  rectangle  for  Q,  this  need  not  coincide  with  the  rectangle  con- 
structed for  P ;  because  a  side  of  the  rectangles,  drawn  with  Q  as  centre,  may 
come  into  a  fixed  position,  by  meeting  a  point  of  the  given  set,  before  it  has 
reached  the  final  position  of  the  corresponding  side  of  the  rectangles  con- 
structed for  P ;  and  the  maximum  ('roe  rectangle  for  a  point  P,  does  not  then, 
in  general  coincide  with  the  maximum  free  rectangles  for  points  inside  the 
first. 

105.  It  is  however  possible,  for  a  given  closed  non-dense  plane  set  67,  to 
construct  an  enumerable  set  of  rectangles  which  is  everywhere-dense,  and 
such  that  every  point  of  G  lies  on  the  boundary  of  a  rectangle,  or  is  a  limiting 
point  of  points  which  lie  on  the  boundaries  of  such  rectangles.  Let  us 
denote  by  S  the  rectangle  in  which  the  whole  set  G  lies,  and  let  B  be  the 
rectangle  constructed  as  above  for  a  point  P  of  the  set  G.  Produce  the  sides 
of  S,  when  necessary,  until  they  cut  the  sides  of  S,  thus  dividing  S  into  at 
most  nine  different  rectangles,  of  which  one  is  8,  and  the  others  may  be 
denoted  by  8,-,  where  r=  1,  2,  ...  8.     In  each  rectangle  Sr  take  any  point  Pr 
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which  does  not  belong  to  G,  and  construct  for  P.,  the  maximum  free  rectangle 
S,.  as  before;  let  the  sides  of  Bt,  be  produced  when  necessary  until  they  meet 
the  sides  of  8r,  then  Sr  is  divided  into  at  most  nine  rectangles,  which  consist 
of  Br  and  at  most  eight  rectangles  iS're  when  s  =  1,  2,  ...  8. 

Proceeding  in  this  manner  we  obtain  a  set  of  rectangles 
S,  8ri  Sts,Srst  ..., 
and  in  them  a  set  of  rectangles  8,  Sf,  Bra,  Brst  .....  each  of  which  contains  no 
points  of  G  in  its  interior,  each  of  the  numbers  r,  s,t,  ...  being  one  of  the  digits 
1,  2,  3,  ...  8.  If  p  be  a  point  of  G  which  is  not  on  a  boundary  of  any  rect- 
angle B„,  it  must  be  in  the  interior  of  each  of  an  unending  series  of  rectangles 
Sr,  STS,  Srst,  ...,  where  r,  s,  t,  ...  have  definite  values;  and  this  set  of  rect- 
angles must  converge  either  (1)  to  a  point  in  the  interior  of  all  of  them,  or 
(2)  to  a  linear  interval,  or  (3)  to  a  definite  rectangle  Sa  in  the  interior  of  all 
of  them.  In  case  (1),  the  point  to  which  the  rectangles  converge  is  a  limiting 
point  of  those  points  of  G  which   He  on  the  boundaries   of  the   definite 

sequence  of  rectangles  S„  Brs,  S,.K(, In  ease  (2),  there  must  be,  on  the 

limiting  linear  interval,  at  least  one  point  which  is  a  limiting  point  of  G :  for, 
if  not,  the  whole  interval  could  be  enclosed  in  a  rectangle  which  contains  no 
points  of  G;  and  this  is  impossible.  In  case  (3),  we  start  with  the  rectangle 
S„,  and  take  a  point  P„,  not  belonging  to  G  inside  it,  construct  the  maximum 
free  rectangle  B^,  produce  its  Hides  as  before  to  meet  those  of  S*,  and  proceed 
as  before  to  construct  S*nt ...  and  B^,.xt ....  This  process  can  be  continued 
until  an  index  is  reached  which  may  be  any  number  of  the  second  class,  but 
the  point  p  must  be  reached  before  some  definite  number  of  the  second  class 
appears  as  index  ;  this  following  from  the  fact  that  the  number  of  non-over- 
lapping regions  which  are  contained  in  a  given  space  must  be  enumerable. 
Thus  the  point  p  is  reached  after  an  enumerable  set  of  steps  of  the  process. 

It  has  therefore  been  shewn  that : — 

If  G  is  a  non-dense  cloned  ['lane  set  of  points,  an  everyvjh.ere-deuse 
enumerable  set  of  -rectangles  can  be  detenu-wed,  su.ch.  that  every  point  of  G  is 
on  a  boundary  of  one  or  more  of  the  rectangles,  or  is  a  limiting  point  of  such 
points,  or  lies  in  a  linear  interval  which  is  the  limit  of  a  sequence  of  the 
-recta  i  iff  I  es, 

In  case  the  set  G  is  perfect,  the  rectangles  of  the  set  -must  either  not  abut 
on  one  another,  or  every  common  side  must  contain  either  no  points  of  G,  or 
else  a  perfect  set  of  points  of  G. 

106.  That  a  perfect  plane  set  G  has  the  power  of  the  continuum*  maybe 
proved  by  projecting  the  set  on  a  straight  line  which  we  may  take  to  be 
a  side  of  the  rectangle  in  which  the  set  is  contained.     The  set  of  points 

1  See  Bcndixson,  Bib.  Svensfc.  Vet.  liundl.  vol.  ix  (lHS-i),  where  the  first  proof  of  this  theorem 
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which  are  the  projections  of  points  of  G  is  a  closed  set.  For,  if  P  be  one  of 
the  limiting  points  of  the  set  of  projects,  let  pp  be  an  arbitrarily  small  neigh- 
bourhood of  P,  of  which  P  is  the  centre ;  draw  straight  lines  PQ,  pq,  p'q1 
perpendicular  to  pp'  to  the  side  qq  of  the  containing  rectangle.  Then  in 
the  rectangle  pqt/'p'  there  sire  an  infinite  number  of  points  of  G;  and  if  we 
divide  this  rectangle  into  (2n  +  l)2  equal  parts  by  means  of  straight  lines 
parallel  to  pp'  and  to  PQ,  then  in  one  of  these  parts  at  least  there  are  an 
infinite  number  of  pointy  of  t<  in  the  interior  or  on  one  of  the  boundaries 
parallel  to  pp'.  Also  one  such  rectangular  part,  at  least,  exists  with  its  centre 
on  PQ  ;  for  otherwise  P  could  not  be  a  limiting  point  of  the  projection  of  G. 
Divide  this  rectangle  into  (2n  +  If  equal  parts  as  before,  then  in  one  of 
these  at  least  with  its  centre  on  PQ,  there  must  be  an  infinite  number  of 
points  of  G;  proceeding  in  this  manner  we  shew  that  there  is  one  point 
at  least  on  PQ  which  is  a  limiting  point  of  G,  and  this  point  therefore 
belongs  to  G;  thus  the  projection  of  G  is  a  closed  sot.  An  isolated  point 
P  of  the  projected  set  must  bo  such  that  there  is  a  perfect  component  of 
P  on  the  straight  line  PQ.  If  the  projected  set  is  perfect,  then  it  has  the 
power  c  of  the  continuum  ;  and  if  it  contains  isolated  points  these  must  be 
the  projections  of  perfect  linear  components  of  G ;  therefore  in  either  case 
G  has  the  power  of  the  continuum. 

It  is  clear  that  this  method  can  bo  extended  to  the  case  of  a  set  in  any 
number  of  dimensions ;  and  we  show  that  the  power  of  an  ?i-dimensional 
perfect  set  is  c,  if  that  of  an  n—  1  dimensional  perfect  set  is  c. 

107.  The  content  of  a  closed  plane  set  may  be  defined  in  a  manner 
strictly  analogous  to  Harnaek's  definition  of  the  content  of  a  linear  closed 
set.  If  the  rectangle  in  which  the  set  is  contained  Ik;  divided  into  rect- 
angular portions,  by  drawing  ;L  Unite  number  of  straight  lines  parallel  to  the 
sides  of  the  rectangle,  and  the  sum  of  the  areas  of  those  rectangular  portions 
be  taken  which  contain  in  their  interiors,  or  on  their  boundaries,  points  of 
the  closed  set,  then  the  content  of  the  set  is  the  limit  of  the  sum  when  the 
number  of  the  rectangular  portions  is  increased  indeiinitely  in  such  a  manner 
that  the  greatest  of  the  sides  of  all  the  rectangles  has  the  limit  zero.  That 
the  content  so  defined  has  a  definite  value  independent  of  the  mode  in  which 
the  successive  subdivisions  of  the  original  rectangular  area  are  carried  out, 
provided  only  that  the  greatest  of  all  the  sides  of  the  rectangular  areas 
diminishes  indefinitely  as  the  number  of  the  rectangles  is  increased  in- 
definitely, may  be  proved  in  precisely  the  same  manner  as  in  the  case  of 
linear  sets. 

For  plane  sets  in  general,  the  exterior  and  interior  measure  may  be 
defined  as  in  the  case  of  linear  sets. 

The  exterior  measure  m,.  (G)  of  a  set  G  is  the  lower  limit  of  the  sum  of  the 
areas  of  a  finite,  or  indefinitely  great,  number  of  redo-rujles  winch  enclose  all 
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the  points  of  G  in  their  interiors,  when  every  possible  svch  system  of  rectangles 
is  taken  account  of.  The  interior  Measure  ro,-((r)  is  the  excess  of  the  area  of 
the  rectangle  in  which  G  is  contained  over  the  exterior  measure  of  the  set 
itaryto  G  ;  or  we  may  take  the  et/itwaleitt  definition,  that  the  interior 
e  is  the  'tipper  limit  of  the  contents  of'  the  dosed  components  of  G. 

A  plane  set  is  measurable  wlien  the  exterior  av.d  interior  ■measures  have 
identical  values. 

All  the  theorems  which  have  been  proved  in  §§  81-84  relating  to  the 
measures  of  linear  sets  hold  also  for  plane  sets,  and  for  sets  .in  any  number  of 
dimensions. 

In  the  case  of  a  set  of  points  on  a  straight  line,  the  content,  or  the 
measure  of  the  set,  considered  as  a  set  in  two  dimensions,  is  always  zero, 
whatever  value  the  content,  or  the  measure  of  the  set,  considered  as  a  linear 
set,  may  have.  The  latter  may  be  spoken  of  as  the  linear  content,  or  the 
linear  measure  of  the  sen. 


108.     If  G  be  any  closed  set  of  points : 
the  points  P  of  AB  straight  lines  PP'  a 


l  the  rectangle  ABCD,  and  through 
;  drawn  perpendicular  to  AB,  and 


P'v        Q'  P' 

— ',  Q  P  I 


if  f(P)  denote  the  linear  content  of  the  linear  component  of  G  which  is 
on  the  straight  line  PP',  then  the  se!  of  points  /■'  on  AB,  which  is  such  that 
f(P)  =  <r,  is  a  closed  set,  <r  denoting  any  positive  number. 

Let  Pi  be  a  limiting  point  of  the  set ;  and  if  possible,  let  the  linear 
content  of  that  component  of  G  which  is  on  Pi-P/  be  <  <r  ;  we  can  then  find 
a  finite  number  of  intervals  6,,  SE,  ...  Sr  on  PXP{  whose  sum  is  >AD  —  al 
and  which  are  free  in  their  interiors  and  at  their  ends  from  points  of  Q.  On 
each  of  these  intervals  S  we  can  describe  a  rectangle  which  contains  no  points 
of  G  in  its  interior  or  on  its  boundaries:  this  may  be  done  on  either  side  of 
PjP/;  for  each  point  of  &  can  he  enclosed  in  a  rectangle  free  from  points  of 
G,  and  by  the  Heine-Eorel  theorem,  a  finite  number  of  these  rectangles, 
enclosing  all  the  points  of  6",  exists.  Take  a  point  Q  belonging  to  the  set  of 
points  for  which  f(Q)  £  <r,  and  let  PjQ  be  less  than  the  breadth  of  all  the 
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rectangles  described  on  the  intervals  (8)  on  one  side  of  P1PI'.  On  QQ'  there 
is  a  finite  number  of  intervals  free  from  points  of  <?,  whose  sum  is  >  A  D  —  a, 
by  the  assumption  as  to  PlP1';  hence  the  linear  content  of  the  component 
of  G  which  is  on  QQ'  must  be  <  tr,  which  is  contrary  to  the  hypothesis.  It 
follows  that  /(Pi)  =  <t  ;  hence  the  set  of  points  on  AB  is  closed. 

It  will  now  be  shewn  that,  for  a  closed  set  of  points  G,  if  for  every 
position  of  P  on  AB,  the  linear  content  of  the  component  of  G  upon  PP'  is 
<  <r,  then  the  content  of  G  is  <  <r .  AB. 


?'       v 


Taking  any  point  P  of  AB,  on  PP'  a  finite  number  of  intervals,  whose 
sum  is  >  AD  —  a,  can  be  found  which  arc  free  from  points  of  G  ;  and  on  each 
of  these  intervals  a  rectangle  can  be  drawn  on  each  side  of  PP'  containing 
no  points  of  G  in  its  interior  or  on  its  boundary.  We  can  now  draw  two 
straight  lines  pp',  qq',  one  on  each  side  of  P,  so  that  each  of  them  passes 
through  the  interiors  of  all  the  rectangles  so  described.  We  have  now  found 
an  interval  pq  containing  P,  -such  that  in  pqq'p'  there  is  ati  area 

>pq(AD-<,) 
free  from  points  of  G.  Correspond  i  rig  to  each  point  P  of  AB  such  an  interval 
pq  can  be  found;  and,  in  accordance  with  the  H.eine-Borel  theorem,  a  finite 
number  of  these  intervals  can  he  selected  such  that  every  point  of  AB  is  in 
the  interior  of  one  at  least  of  them.  The  end-points  of  these  intervals 
divide  AB  into  a  finite  number  of  parts  such  that,  above  any  one  part  of 
length  a,  there  is  an  area  >  a  (AB  —  a-)  free  from  points  of  G ;  and  hence 
there  is  altogether  an  area  >  AB(AD  -  a)  free  from  points  of  G.  It  follows 
therefore  thai,  the  content  of  Q  is  <AB ,<r. 


which  i 


nportance  i 


We  shall  now  establish  the  following  thei 
the  theory  of  double  integration : — 

If  G  be  a  closed  vet,  and  if  the  linear  content  of  the  net  of  points  P  on  AB 
for  which  the  linear  content  if  that  component  of  G,  which,  lies  on  PP',  is  =  <r, 
have  the  value  zero  for  every  positive  value  of  a,  than  /he  set  U  is  of  zero  content, 
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The  points  on  AB,  for  which  f(P)  £  <r,  can  be  enclosed  in  a  finite  number 
of  intervals  whose  sum  is  <  e,  where  e  is  an  arbitrarily  small  number;  and  in 
each  of  the  remaining  parts  of  AB,  the  value  of  f{P)  is  <  a ;  hence  by  the 
foregoing  theorem  the  content  of  G  is  <  <r  {AB  —  e)  +  e  .  AD  ;  and  since  this 
holds  for  arbitrarily  wmai!  values  of  <r  and  e,  it  follows  that  the  content  of  G 
must  be  zero. 

Conversely,  it  may  be  shewn  that: — 

If  G  be  a  closed  set  of  zero  'plane  content,  tlie  set  of  points  P  on  AB,  for 
which  the  linear  content  of  the  component  of  Q  on  PP'  is  %  a,  has,  for  every 
positive  value  of  <r,  content  zero. 

Let  /  denote  the  linear  content  of  the  set  (P)  for  which /(P)  So-;  divide 
AB  into  n  equal  parts,  and  AD  also  into  n  equal  parts,  and  through  the  end- 
points  of  these  parts  draw  straight  lines  dividing  the  rectangle  into  equal  parts 

each  of  area  — .  AB .  AG.    Then  the  sum  of  those  parts  of  AB  which  contain 

points  of  the  set  (P),  is  always  greater  than  / ;  and  in  each  such  part  there  is 
at  least  one  point  P,  such  that  the  sum  of  the  parts  of  PP'  which  contain 
points  of  G  is  >  <r.  It  follows  that  the  sum  of  those  rectangular  portions 
which  contain  points  of  G  is  >  crl,  however  great  n  may  be;  and  hence  that 
the  content  of  G  is  £  a-I.  Therefore  it  follows  that  G  cannot  have  zero 
content  unless  /  is  zero. 

EXAMPLES. 

1.  Let  a  set  of  points  (.v.y)  in  the  rectangle  for  which  0d.!'£l,  0  ,"=  ;/:-==  1,  be  defined 
as  follows*  ;— -The  numbers  .v,  yaro  expressed  in  the  dyad  serde,  and  on'y  those  values  of  se 
and  y  are  taken  which  are  uspreiHso.il  by  terminating  radix  fractions,  the  number  of  digits 
being  the  same  for*  as  for  y.  If  y  denol.es  a  terminating  radix-fraction,  there  are  only  a 
finite  number  of  points  {#',»/)  of  the  sot.  on  the  straight  line  .•'•'  =  . ■■';  similarly  if  y'  denotes 
a  terminating  rail i.v- fraction,  there  are  only  a  finite  number  of  points  of  the  act  on  the 
straight  line  y=y.  The  t\\  o-ditrioiisional  set.  is  however  everywhoi  e- dense  ;  for,  considering 
a  straight  line  y  =  x  +  a,  where  «  is  a  positive  or  negative  radix -fraction  with  a  finito 
nuuiher  of  digits,  we  see,  that.  corresponding  to  any  number  x  exprossetl  by  a  finite  number 
of  digits  greater  than  tlie  number  of  digits  by  which  a  is  expressed,  tliero,  is  a  point  (x,y) 
on  the  straight-  line  belonging  to  the  sut.  The  component  of  the.  set  on  the  straight  line 
y  =  .'e  +  a,  being  everywh ere- dense,  and  vfie  values  of  «■  being  everywhere-dense  in  the 
interval  (-1,  ]),  it  follows  that  the  sot  is  evorywhere-dense  in  the  rectangle. 

This  example  shews  that  an  everywhere -dense  two-dimensional  set  may  be  linearly 
non-dense  on  each  straight,  line  belonging  to  two  parallel  sets.  II.  also  shews  that  a  two- 
dimensional  set  may  exist  which  is  e.\tendcd,  but  is  unes tended  mi  straight  lines  belonging 
to  either  of  two  parallel  sets. 

2.  Let  a  cross  +  formed  by  two  pairs  of  straight  lines  parallel  to  the  pairs  of  sides  of 
a  square  be  constructed,  and  so  that  the  remainder  of  the  -a-juare  consists  of  four  equal 

5    I'liDgslirini,  8!i;!iii!ifil,sr/i::iti-  it.  ;l/"«i  ii.'nin;  .-Until,  vol.  xxix,  p,  ■13. 
■■'  Vellilialll],  Scklumilchx  Ze.ilic.h.  vol,  xxvn,  pp.  178,  314. 
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squares  at  the  comers.  Let  the  interior  [mints  of  the  cross  lie  removal  from  the  square, 
and  then  let  a  similar  cross  he  removed  from  each  of  the  remaining  four  squares.  Pro- 
ceeding in  this  manner,  k't  the  crosses  ho  so  chosen  that  tiie  ii.ro: i  of  each  square  after  the 

with  stage  of  the  process  is  ah  i'"'  times  tho  area  iif  each  square  .■l-i'ior  the  preceding  .stage. 
The  sum  of  the  areas  of  I. lie  squares  which  remain  af'toi'  the  mill  stage  is 

where  Q.  is  the  ai'oa  of  the  original  .square.  A  non-rlen.se  closed  set  oT  points  is  defined 
as  the  points  which  remain  when  this  process  is  carried  on  indefinitely.  The  limit  of  the 
sum  of  the  crosses  is  that  of 


[l-WS"*'1'**']*; 


and  this  is  Q  or  <  Q,  according  as  «.;£|  ;  it  follows  that  the  closed  set  has  zero  content  if 
a<  J,  but  if  a  =  |,  the  content  is  b~''Q. 

SETS   OF   SEQUENCES  OF   INTEGERS. 

109.  A  theory  of  sets  of  sequences  of  integers,  of  which  the  formal 
character  is  similar  to  the  theory  of  sets  of  points  in  any  number  of 
dimensions,  lias  been  developed  by  Bairo*,  with  a  view  to  application  to 
the  Theory  of  Functions. 

A  group  of  integers  (a,,  «s, ...  ap),  of  order  p,  consists  of  a  system  of  p 
positive  integers  arranged  in  a  definite  order. 

The  group  (a,,  as,  ...  ap),  of  order  p,  is  said  to  lie  contained  in  each  of  the 
groups  (a,),  (a,,  «2),  (a,,  a2,  as), ...  (a,,  aaj ...  Op_,)  of  orders  1,  2,  S,...p  —  1, 
respectively. 

A  sequence  of  integers  (a,,  a^, ...  ctp, ...)  consists  of  an  infinite  number  of 
integers,  defined   in  any  manner,  and  arranged  in  an  order  similar  to  the 

sequence  1,2,3, This  sequence  is  said  to  be  contained  in  each  of  the 

groups  (a,),  («!,  a,), ...  (a,,  k2,  ...  ap), ....  Let  P  be  a  set  of  such  sequences  of 
integers,  and  let  A  be  any  other  sequence  of  integers;  then  if,  for  every  n, 
there  are  sequences  in  P,  other  than  A.  itself,  which  arc  contained  in  the  same 
group  of  order  n  as  A  itself  is  contained  in,  i.e.  sequences  having  their  first 
n  integers  the  same  as  the  first,  n  integers  in  A,  then  the  sequence  A  is  said 
to  be  a  limit  of  the  set  of  sequences  P.  The  sequence  A  may  or  may  not 
itself  belong  to  P. 

The  set  P  is  said  to  be  eloped,  in  case  all  its  limits  belong  to  it.  The  set 
is  said  to  be  perfect  when  it  is  closed,  and  also  every  sequence  in  tho  set  is  a 
limit  of  the  set. 

A  set  E  of  groups  of  integers  is  said  to  be  complete  if,  when  g  is  any  group 
of  order  p  belonging  to  E,  the  groups  of  orders  1,  2,  S, ...  p  —  1,  which  contain 
g,  also  belong  to  E. 

*  Gomptes  Rendus,  vol,  csxix,  1899,  p.  9411. 
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A  complete  set  E  of  group?  of  integers  is  said  to  be  dosed,  if  every  group 
g  belonging  to  E  contains  sit  least  one  group  of  higher  order  Chan  itself,  which 
is  also  contained  in  E. 

Having  given  a  complete  set  of  groups  E,  a  sequence  A  may  exist  such 
that  all  the  groups  containing  A  belong  to  E,  The  set  F  of  all  sequences 
such  as  A,  is  said  Co  be  determined  by  Che  set  of  groups  E.  The  set  F,  if  it 
exists,  is  closed. 

Every  closed  set  of  groups  E  determines  a  closed  sot  of  sequences  F,  and 
conversely,  every  closed  set  of  sequences  F  is  determined  by  a  unique  closed 
set  of  groups  E.  In  ease  A'  is  perfect,  E  is  also  said  to  be  perfect.  In  order 
that  E  may  be  perfect,  it  is  necessary  and  sufficient  that  every  group  belonging 
to  E  should  contain  at  least  two  groups  of  one  and  the  same  order  superior  to 
its  own  order,  and  belonging  to  E. 

HP  is  a  set  of  sequences,  then  the  set  I"  of  those  sequences  which  arc 
limits  of  the  set  P  is  said  to  be  the  derived  set  of  P,  and  may  be  denoted  by 
P'.     The  derived  set  P'  is  closed. 

The  successive  derivatives  P",P'", ...  P'u\ ...  PM,  of  finite  or  transfinite 
orders,  are  then  defined  as  in  the  theory  of  sets  of  points.  If  P  is  a  closed 
set  of  sequences,  there  exists  a  number  a  of  the  first  or  the  second  class,  such 
that  P1"1  =  Pl'-i-1'.  Unless  P  is  an  enumerable  set,  it  can  be  resolved  into  the 
sum  of  an  enumerable  set  and  a  perfect  set, 

Let  us  consider  a  perfect  set  of  groups  E  determining  a  perfect  set  of 
sequences  F.  A  set  P  of  sequences  all  belonging  to  F  is  said  to  be  non-dense 
in  F  or  in  E,  provided  that  every  group  of  E  contains  at  least  one  group  of  E 
which  contains  no  sequence  of  P. 

A  set  of  sequences  P  all  belonging  to  F  is  said  to  bo  of  the  first  category, 
relative  to  F,  if  there  exists  an  enumerable  sequence  of  sets  P„  P°,  ...  P„, ..., 
each  of  which  is  non-dense  in  F,  and  such  that  each  sequence  of  P  is  part  of 
one  at  least  of  the  sets  PltP», ...  Pn, ....  The  sot  obtained  by  removing  the 
set  P  from  F  is  said  to  be  of  the  second  category  relative  to  F.  The  same 
generic  distinction  between  sets  of  the  first  and  of  the  second  category  holds, 
as  in  the  theory  of  sets  of  points. 
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CHAPTER   III. 


TRAIN  SEMITE    NUMBERS   AND    ORDER-TYPES. 

110.  A  preliminary  account  has  been  given  in  Chapter  II,  of  the 
theory  of  transfinite  ordinal  and  cardinal  numbers;  it  was  shewn  that  the 
introduction  of  such  numbers  was  suggested  by  the  exigencies  of  the  theory 
of  linear  sets  of  points,  and  that,  in  particular,  the  necessity  for  the  use  of 
transfinite  ordinal  numbers  arises  whenever  a  con  vei.'gern,  sequence  of  points  is 
transcended  by  adjoining  to  the  points  of  the  sequence  their  limiting  point  and 
any  further  points  which  it  may  bo  desirable  to  regard  as  belonging  to  the  same 
set  as  the  points  of  the  sequence.  The  fundamental  discovery  of  G.  Cantor, 
that  the  rational  points  of  an  interval  form  an  enumerable  set,  whereas  the 
set  of  points  of  the  continuum  is  unenumerable.  by  establishing  the  existence 
of  a  distinction  between  the  characters  of  two  infinite  sets,  suggests  the 
development  of  a  general  theory  of  cardinal  numbers  of  infinite  aggregates. 
The  procedure  we  adopted,  of  introducing  |,he  fund  amen  ted  notions  of  trans- 
finite ordinal  and  cardinal,  numbers  in  connection  with  the  theory  of  sets  of 
points,  is  in  accord  with  the  historical  order  in  which  the  whole  theory  of 
transfinite  numbers  and  order-types  was  developed.  The  account  of  the 
theory  of  transfinite  numbers  given  in  Chapter  u,  is  in  general  agreement 
with  Cantor's  earlier  presentation*  of  his  idea*  ;  his  later  j"  and  more  abstract 
treatment  of  the  subject  is  the  one  upon  whieh  the  account  given  in  the 
present  Chapter  is  founded. 

In  order  that  the  reader  may  be  put  into  a  position  to  form  his  own 
conclusions  as  to  the  validity  of  a  scheme  which  must  be  regarded  as  still, 
to  some  extent  at  least,  in  the  controversial  stage,  it  has  been  thought  best 
to  postpone  any  discussion  of  the  difficulties  of  the  theory,  until  after  the 
conclusion  of  the  detailed  account  of  the  theory  in  its  constructive  aspect. 

*  Sec  his  *'  Gnmilkiji-en  uhicr  all-onirimni  Main  ui!nLlti«l;eits-le  lire,"  Leipzig.  1883,  en'  Math. 
Annalen,  vol.  sxi;  sec  also  Zriischrifl  fiir  Phil,  mid  ph.il.  Kri.tih,  vole.  lxxxviu,  xci  and  son. 
Cantor's  ideas  were  tores!  imlowod  in  n  [nii-Jiilnxicfi.]  t'orm  by  llnlvant'  in  his  "  i'atadoxion  dos 
Cnendliohen,"  Luip/.if;,  18&1  ;  anil  jLiflimigli  Infinite  nnmceis  had  boon  discussed  by  earlier 
writers,  Uolzauo  is  tho  only  vsul  predecessor  ot'  Giini.ov  in  this  cli>j.i  ail  merit  o(  thought. 

■\  This  is  contained  in  the  hvo  articles  "  Boitrii.pe  7xv  Bc'aunduni;  dor  l.ianstiiiaon  Meu;;ui- 
lehre,"  in  trie  Math.  Annalen,  vol.  xlvi  (1895),  and  vol.  xlix  (1897). 


,Google 


110,  111]  Cardinal  numbers  149 

In  the  last  part  of  the  Chapter,  Home  critical  remarks  upon  the  logical 
basis  of  the  theory  will  be  made ;  these  must  necessarily  be  of  an  incomplete 
character,  partly  (Von)  consideration?  of  space,  and  also  because  any  complete 
criticism  of  such  a  scheme  as  Cantor's  theory  of  transfinite  numbers  would 
involve  the  consideration  of  questions  of  an  epistemological  character  which 
for  obvious  reasons  cannot  bo  adequately  dealt  with  in  a  work  of  a  pro- 
fessedly mathematical  complexion.  Objections  which  may  be  urged  against 
some  parts  of  the  theory,  will  however  be  fully  staled.  Some  consideration 
will  also  be  given  to  the  question,  whether,  aud  how  far,  the  theory  is  in- 
dispensable as  a  logical   basis  of  continuous  Analysis. 


Till':    CARDINAL    NUMoRP,    OF    AX    A  (It!  I  WO  ATE. 

111.     A  collection*'  of  definite  distinct  object*  w/rich  is  rc;]0,rded  as  a  single 
hole  is  called  an  a 


An  aggregate  may  be  denoted  symbolically  by  a  large  letter  M,  the 
elements  of  the  aggregate  by  small  letters  m;  and  the  constitution  of 
the  aggregate  may  bo  denoted  by  the  equation  M={m}. 

The  consideration  of  questions  which  arise  in  connection  with  this 
definition,  as  to  the  mode  in  which  the  objects  of  the  aggregate  must  be 
specified,  in  order  that  the  aggregate  may  be  adequately  defined,  and  as 
regards  the  conditions,  if  any,  which  must  be  satisfied  in  order  that  a 
collection  may  be  regarded  as  a  whole,  or  aggregate,  of  such  a  character 
that  it  can  bo  an  object  of  mathematical  thought,  will  be  postponed.  For 
the  present,  it  is  sufficient  to  remark,  that  an  adequate  definition  of  any 
particular  aggregate,  which  is  not  necessarily  finite,  must  contain,  as  a 
minimum,  a  set  of  rules  or  specifications  by  means  of  which  it  is  theoretically 
determinate,  in  respect  of  any  object  whatever,  whether  such  object  does  or 
does  not  belong  to  the  aggregate.  The  set  of  prime  numbers,  for  example, 
is  regarded  as  an  aggregate,  although  when  a  particular  number  is  presented 
to  us,  we  may  be  practically  unable  to  decide  whether  that  number  is  prime 
or  not.  In  this  case  however,  a  finite  number  of  processes  will  suffice  to 
decide  the  question.  If  however,  we  take  the  case  of  the  algebraical 
numbers,  the  state  of  things  is  different;  for  we  arc  not  in  possession  of  any 
general  method  which  enables  us  to  decide  whether  a  given  number  is 
algebraic  or  not.  "Nevertheless,  the  question  being  regarded  as  having  a 
definite  answer,  the  algebraical  numbers  are  regarded  as  forming  an  aggre- 
gate, in  the  sense  hefe  employed. 

"  This  definition  is  j<ivc-n  by  Cantor,  Math.  Amialat,  vol.  xlvi,  p.  481,  an  follows: — "  Unter 
einer  'Menge'  verstelien  wii'  jede  Znsamineni'aKssiiig  31  von  inistimmlen  wolil  untei'Eohie&enen 
Objectea  m  unBCrui  Aim  cl  la  111.1115:  oder  misses  I'luikc-is  (v.-rl(;!:o  din:   :  Elemeute  '  von  M  gcnannl 

wfjt'f'iji)  ku  oiuem  G-a'iztm." 
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An  aggregate-  does  not  depend,  for  its  validity  as  a  mathematical  entity, 
upon  the  possibility  of  producing  all  its  members,  successively  or  otherwise, 
bufc  upon  the  sufficiency  of  the  rules  by  which  its  elements  are  to  be 
distinguished,  as  belonging  to  it,  in  that  particular  kind  of  objects  to  which 
they  belong ;  that  is,  upon  the  sufficiency,  in  this  direction,  of  its  definition 
of  membership. 

Two  aggregates  M,  N  are  said  to  be  equivalent  to  one  another  when 
they  are  such  that  a  law  of  correspondence  can  be  established  between  the 
elements  of  one  aggregate  and  those  of  the  other,  such  that  to  each  element 
of  one  of  the  aggregates,  there  corresponds  one  and  only  one  element  of  the 
other  a 


This  relation  of  equivalence  between  two  aggregates  M  and  N,  may  be 
■reaaed  symbolically  by  M  •*  N,  or  N*~M. 

It  is  clear  that,  if  each  of  two  aggregates  is  equivalent  to  a  third,  the  two 
re  equivalent  to  one  another. 


Aggregates  wlduh  ore  equivalent,  to  una  another  are  said  to  have  the  same 
■iver  or  cardinal  number. 
A  cardinal  number  is  accordingly  characteristic  of  a  class  of  equivalent 


The  question  whether  two  defined  aggregates  have  or  have  not  the  same 
cardinal  number,  is  thus  equivalent  to  the  question  whether  it  is,  or  is  not, 
possible  to  establish  a  systematic  (1.  1)  correspondence  between,  the  elements 
of  the  two  aggregates,  in  accordance  with  the  above  definition  of  equivalence. 


A  particular  aggregate  can  ordinarily  be  shewn  to  be  equivalent  to  itself. 
The  law  of  correspondence  between  an  element  and  another  element  which 
can  be  set  up,  is  in  general  of  a  character  which  admits  of  a  certain 
arbitrariness.  The  cardinal  number  is  accordingly  regarded  as  independent 
of  the  notion  of  order  in  the  aggregate. 

The  power  or  cardinal  number  of  an  aggregate  M  has  been  defined  by 
Cantor  as  the  concept  wdiieh  is  obtained  by  abstraction  when  the  nature 
of  the  elements  of  M,  and  the  order  in  which  they  are  given,  are  entirely 

llisJ'Cs 


Cantor  regards  the  fact,  that  equivalent  aggregates  have  the  same 
cardinal  number,  as  a  deduction  from  this  definition.  Some  critical  remarks 
upon  the  definition  of  the  cardinal  number  of  an  aggregate;  will  be  made 
in  §  155. 

The  cardinal  number  of  M  is  a  characteristic  of  M  which  may  be  denoted 
by  M,  to  indicate  that  both  the  order  of  the  elements,  and  their  precise 
individual  nature,  are  irrelevant  as  regards  the  cardinal  number, 
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The  relation  of  equivalence  M-~N,  between  two  aggregates,  implies  the 
equality  M  —  N;  and  this  equation  expresses  the  necessary  ami  sufficient  con- 
dition for  the  equivalence  of  M  and  JV. 

Since  Cantor  regards  the  cardinal  number  of  M  as  independent  of  the 
precise  nature  of  the  elements  of  M,  wo  may  in  accordance  with  this  view, 
substitute  for  each  clement  the  number  unity.  We  have  thus  a  new 
aggregate  which  is  a  collection  of  elements  each  of  which  is  the  number  1, 
and  is  equivalent  to  M;  and  this  new  aggregate  is  regarded  by  Cantor 
as  a  symbolical  representation  of  the  cardinal  number  j¥. 

THE    RELATIVE   O.UDER    OF    CARDINAL    NUMBERS. 

112.  Every  aggregate  Mu  which  is  such  that  all  its  elements  are  also 

elements  of  M,  is  called  a  part  or  cub-a.gri  regale  of  M. 

If  M2  is  a  part  of  Mlr  and  Mj  is  a  part  of  M,  then  M.A  is  a  part  of  M. 

A  finite  aggregate  cannot  be  equivalent  to  any  of  its  sub-aggregates;  but, 
as  will  be  seen  in  detail  further  on,  an  infinite  aggregate  always  possesses 
sub-aggregates  which  are  equivalent  to  itself.  This  is  the  characteristic 
distinction  between  finite  and  infinite  aggregates,  and  has  in  fact  been 
employed  by  Dodekind  and  others  to  define  an  infinite  aggregate,  as  one 
which  is  equivalent  to  one  of  its  parts. 

If  two  aggregates  M,  N  with  the  cardinal  numbers  a  =  M,  ft  =  if ,  are 
such  that,  (1)  there  exists  no  part  of  M  which  is  equivalent  to  N,  and 
(2)  there  exists  a  part  N^  of  N  which  is  equivalent  to  M,  it  is  clear  that  the 
corresponding  conditions  are  satisfied  for  any  two  aggregates  which  are 
equivalent  to  M,  N  respectively ;  and  thus  the  two  conditions  characterise 
a  relation  between  the  cardinal  numbers  a,  ft  of  the  two  aggregates.  When 
the  above  conditions  are  satisfied  we  say  that  a  is  l<iss  than  ft,  and  that  ft  is 
greater  than  a  ;  which  is  expressed  symbolically  by  a  <  ft,  ft  >  a.  This  is  the 
definition  of  inequality  for  two  cardinal  numbers,  and  of  the  relations  greater 
and  less  in  the  purely  ordinal  sense  in  which  they  are  here  used. 

The  condition  contained  in  the  definition  is  inconsistent  with  the  relation 
of  equality  between  a  and  ft  being  satisfied.  For  if  a  =  ft,  then  M  ~  N,  hence 
since  if, -v-M",  we  have  iV"!"- if:  therefore,  since  M~  N,  there  must  be  a  part 
of  M,  say  Mlt  such  that  Mt~M,  which  would  involve  M-^-^N;  but  this  is 
contrary  to  one  of  the  conditions  contained  in  the  definition  of  inequality. 

It  is  easily  seen  that  if  a  <  ft,  and  ft  <  y,  than  a  <  y. 

113.  It  has  been  seen  that  the  three  relations  <t  —  ft,  a  <  ft,  ft>  a  are 
mutually  exclusive;  but  the  question  arises  whether  any  two  cardinal  numbers 
a,  ft  whatever  must  satisfy  one  of  these  relations.  An  aflirmative  answer  to 
this  question  would  be  required  before  it  could  be  maintained  that  all  cardinal 
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numbers  can  bo  regarded  as  being  alike  capable  of  having  relative  rank 
assigned  to  them,  in  a  single  ordered  aggregate. 

Two  aggregates  M,  N  of  which  we  may  denote  parts  by  M1}  IV,,  must 
satisfy  one  and  only  one  of  the  following  four  conditions: — 

(1)  M,  if  have  parts  Mlr  N1:  such  that  M,~N,  and  N3~M. 

(2)  M  has  a  part  M,,  such  that  M,~  N;  but  no  part  of  N  exists  which 
is  equivalent  to  M. 

(3)  There  is  no  M,  which  is  equivalent  to  JV;  but  there  is  an  N,  which 
is  equivalent  to  M. 

(4)  There  exists  no  M,  equivalent  to  IV;  and  also  no  iVj  equivalent  to  M. 
It  will  be  proved  that,  if  the  condition  (1)  is  satisfied,  then  M  =  IV.     The 

condition  (2)  expresses  the  relation  defined  as  M  >  JV.  The  condition  (3) 
expresses  the  relation  defined  as  M  <  JV. 

It  has  not  yet  been  proved  that  the  relation  (4)  is  an  impossible  one; 
except  that,  in  the  case  of  Unite  aggregates,  it  may  be  easily  seen  that  it 
involves  M  =  N.  Until  this  point  is  cleared  up,  it  cannot  be  maintained  as 
an  established  fact  that  the  eardiual  numbers  a,  ft  of  any  two  aggregates 
whatever  satisfy  one  of  the  three  relations  a  =  ft,  a.  >  ft,  a  <  ft. 

Two  aggregates  which  are  such  that  their  cardinal  numbers  a,  ft  stand  to 
one  another  in  one  of  the  relations  a  =  ft,  a  >  ft,  or  a  <  ft,  may  be  said  to  be 
comparable  with  one  another.  Otherwise  they  are  incomparable  with  one 
another. 

THE   ADDITION   AND  MULTIPLICATION   OF   CARDINAL  NUJIUCTs. 

114.  If  M,  N  are  two  aggregates  which  have  no  element  in  common, 
then  the  aggregate  which  lias  for  its  elements  all  those  of  j¥  and  all  those  of 
N  is  called  the  sum  of  the  two  aggregates  M,  N,  and  may  be  denoted  by 
(M,  N).  A  similar  definition  applies  to  the  case  of  the  sum  of  any  number 
of  aggregates  no  two  ot'whieh  have  an  element  in  common. 


If  M',  N'  are  two  oilier  aggregates  with  no  element  in  common,  such 
that  M~M',  N~N',  it  is  clear  that  (M,  N)~(M',  JV');  and  thus  the 
cardinal  number  of  (M,  N)  depends  only  on  those  of  M  and  JV. 

If  M—ol,  N  =  ft,  vie  define  the  result-  of  the  operation,  of  addition-  of  a  and  ft 
to  be  (BOh 

From  the  independence  of  cardinal  numbers  of  the  order  of  elements,  we 
deduce 

a  +  ft  =  ft  +  a,    a  +  (ft  +  y)  =  (a  +  ft)  +  y! 

thus  the  operation  of  addition  of  cardinal  numbers  obeys  the  commutative 
and  associative  laws. 
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115.  If  an  element  m  of  M  be  associated  with  an  clement  n  of  N,  so 
as  to  form  a  new  element  (m,  n),  the  aggregate  of  all  possible  elements 
which  can  be  formed  in  this  way  is  called  the  product  of  M  and  N,  and  may 
be  denoted  by  (M.N). 

If  M~M',  N~N',  it  is  clear  that  to  each  element  (m,  n)  of  (M.N), 
there  is  a  corresponding  element  of  (M\  N'),  hence  (M .  N)-v(M'.N'),  and 
thus  (M.N)  depends  only  on  M  and  N. 

The  cardinal  number  of  the  product-a.ggre</ale  {31 .  N)  is  defined  to  be  the 
product  of  the  cardinal  n  timbers  of  M  and  N. 

The  -product  of  M  and  N  muni  also  be  defined:  us  the  cardinal  number  of  the 
aggregate  which  is  obtained  by  aubdiinting  f.,r  each-  clement  uf  N,  an  aggregate 
■which,  is  equivalent  to  M. 

It  is  seen  on  reflection  that  this  definition  is  equivalent  to  the  first  one. 

Since,  as  can  be  shewn  from  the  definition, 

(M.N)~(N.M),    (M.(N.M))~((M.N).S) 
and  (M.(N,  R))~((M.N),  (M.R)), 

we  see  that  cardinal  numbers  satisfy  the  relations 

a. £  =  £.«,     a.O3.7)  =  (a.0)7j     a(/3  +  7)  =  «/3  +  a7. 

It  has  thus  been  shewn  that  the  multiplication  of  cardinal  numbers  obeys 
the  commutative,  associative,  and  distributive  laws. 

The  definition  of  multiplication  may  be  extended*  to  the  case  in  which 
the  number  of  factors  is  not  necessarily  finite.  Let  us  consider  a  class  of 
aggregates  M,  where  the  class  contains  either  a  finite  or  an  infinite  number 
of  aggregates,  and  suppose  no  two  of  the  aggregates  have  an  element  in 
common.  Let  there  be  chosen  from  each  of  the  aggregates  in  the  class,  one 
element,  and  conceive  that  this  is  done  in  every  possible  way ;  we  have  now 
a  new  aggregate,  each  element  uf  which  consists  of  an  association  of  elements, 
one  from  each  of  the  aggregates  of  the  given  class.  The  new  aggregate  is 
said  to  be  the  product-aggregate  of  the  given  class  of  aggregates,  and  its 
cardinal  number  is  defined  to  he  the  product  of  the  cardinal  numbers  of  all. 
the  aggregates  of  the  given  class. 

CARDINAL   NUMBEBS  AS   EXPONENTS. 

116.  If  we  have  two  finite  aggregates  M,  N  containing  a:  and  y  elements 
respectively,  we  may  suppose  that  to  each  of  the  y  elements  of  N,  one 
element  of  M  is  made  to  correspond,  so  that  the  same  element  of  M  may 
be  used  any  number  of  times ;  any  particular  such  correspondence  we  call 

*  f^ii  "Whitehead,  .1  mmen-n  Jountnl  of  M".lh.  vol.  xxiv,  whoro  tin:  theory  of  cardinal  numbers 
is  tres'&i.  &;;■■  -..to  IVimo-ilui-^dl  i-ynibo'.iciil  method. 
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a  covering  (Belegung)  of  N  by  M.     The  total  number  of  ways  of  covering  N 

by  M  is  «".  To  put  the  matter  m  a  concrete  form,  the  total  number  of  ways 
of  distributing  y  things  among  x  persons,  where  any  number  of  the  y  things 
may  be  given  to  one  person,  is  xt' ;  any  particular  mode  of  distribution  is 
what  we  have  called  a  mode  of  covering  the  aggregate  of  y  things  by  the 
aggregate  of  x  persons. 

The  definition  of  covering  an  aggregate  JV  by  an  aggregate  M  is 
immediately  extensible  to  the  case  of  infinite  aggregates.  As  before,  the 
covering  denotes  any  system  by  which  to  each  element  of  N  is  made  to 
correspond  a  particular  element  of  M,  the  same  element  of  M  being 
employed  any  number  of  times,  or  not  at  all.  Denoting  by  NjM  each 
particular  mode  of  covering  N  by  M.  we  thus  form  the  new  aggregate  (NjM) 
which  contains  as  its  elements  all  such  coverings, 

It  is  seen  at  once  that,  if  Mm*  It,  N~N',  then  {NjM)  ~(JV 'j W).  Thus 
the  cardinal  number  of  (;V/.1/)  depends  only  on  the  cardinal  numbers  of  M 
and  N. 

The  cardinal  number  of  the  aggregate  (NjM),  each  element  of  which  is 
a  covering  of  N  by  M,  and  in  which  every  possible  mode  of  such  covering 
occurs  as  an  element,  is  denoted  by  the  symbol  a0,  where  a=  M,  ft  =  N;  thus 

ttP  E  (Wjff). 

It  is  easy  to  shew  that 

((N/M).(RIM))~((N,E)jM) 
((RIM).(R/N))~(RI(M.N)) 
JiS/(ff/*))~((H.iV)/»). 

Hence  if  M  =  a,  N~j3,  Ji  —  j,  we  see  that,  in  accordance  with  the 
above  definition  of  exponentials, 

*».av-a"T,     a*. £*  =  («.  pytf     fa*)rDa'-r; 

and  thus  the  same  laws  hold  as  for  exponents  in  which  only  finite  cardinal 
numbers  are  involved. 

THE  SMALLEST   TEANSFHTITE  CARDINAL   NUMBER. 

117.     The  cardinal  number  of  the  aggregate  of   all   the   finite   integers 

1,  2,  3,  ...n,  is  called  Alef-zero,  and  is  denoted  by  N0 ;   thus  N0={iJ. 

The  number  Nu  is  identical  with  the  number  which  has  previously  been 
denoted  by  a. 

If  we  add  to  [n]  a  new  element  e,  we  obtain  the  sum-aggregate  ([n],  e), 
and  this  is  equivalent  to  {«},  for  we  may  make  e  in  the  first  of  these 
aggregates  correspond  to  1  in  the  second,  and  in  general  n  to  n  +■ 1 ;  and  thus 
({«},  e)*'  {n}.  From  this,  we  obtain  N„  +  1  =  N„,  a  relation  which  differentiates 
N0  from  all  the  finite  cardinal  numbers. 
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The  cardinal  number  N0  is  greater  tha.n  all  the  finite  cardinal  numbers, 
and  it  is  less  than  any  other  transjliute  cardinal  number. 

Since  the  finite  aggregate  (1,  2,  3,  ...  k)  is  a  part  of  {n},  but  no  part  of 
the  finite  aggregate  is  equivalent  to  {»>,},  by  the  definition  of  inequality  we 
have  N„  >  k. 

To  prove  that,  if  a  is  ;uiy  translinite  number,  say  thi.it  of  an  aggregate  Jlf, 
which  is  not  equivalent  to  [n],  then  N0  <  a,  we  have  to  shew  that  M  contains 
a  part  which  is  equivalent  to  [n],  and  that  there  exists  no  part  of  {n} 
which  is  equivalent  to  M.  A  first,  second,  third,  ...  nth  element  can  be 
chosen  from  the  elements  of  M  in  any  manner,  and  this  process  can  be  con- 
tinued without  limit;  thus  M  always  contains  a  part  which  is  equivalent  to 
(n).  Any  part  of  the  aggregate  [u]  which  is  not  finite,  consists  of  finite 
numbers  chosen  from  1,  2,  3, ...  n, ... ;  and  of  these  there  must  be  one  which 
is  smallest:  denote  it  by  eL.  Then  the  next  greater  can  be  denoted  by  e3] 
and  so  on.  Thus  this  part  of  {n}  is  fa,  e3,  es,  ...),  which  is  equivalent  to 
[n] ;  and  therefore  the  theorem  is  established. 

118.  It  has  been  shewn  that  N0  +  1  =  N„:  a  similar  proof  would  shew  that 
N„  +  w  =  N0,  where  n  is  any  finite  integer. 

In  accordance  with  the  definition  of  addition,  N0  +  N„  is  the  cardinal 
number  of  the  aggregate  {1,  3,  5, ...  2,  4,  G, . , .),  for  N„  is  the  cardinal  number 
of  each  of  the  aggregates  (1,  3,  5,  ...)  (2,  4,  6, ...);  hence,  since  the  cardinal 
number  of  (1,  3,  5,  ...  2,  4,  6,  ...)  is  the  same  as  that  of  {»},  we  have 
N0  +  NU=N0,  which  we  may  write  as 

K„.2  =  2.N0  =  K0. 

From  this  relation,  by  repeated  addition  of  N0  to  both  sides  of  the  identity, 
we  find 

In  order  to  express  the  product  N0 .  N0  we  form  the  aggregate  {(n,  n')}  ol 
which  the  elements  (n,  n)  consist  of  every  pair  of  finite  cardinal  numbers. 
Let  n  +  n'  =  s,  then  s  has  the  values  2,  3,  4, ... ;  and  for  any  fixed  value  of  s 
the  numbers  n,n'  have  a  definite  number  of  sets  of  values.  Let  s  =  2,  we 
then  have  one  element  (1,  1):  let  s  =  3,  we  then  have  two  elements  (1,2). 
(2,  1):  for  e  =  4,  we  have  (1,  3),  (2,  2),  (3,  1),  and  so  on.  The  elements  of 
{(n,  n')\  may  thus  be  arranged  in  order  so  that  the  element  (n,  n)  is  at  the 

pth  place,  when  p  —  n  -f 4> — " ~~ —  >  tnus  *<ne  aggregate  {(n,  n')} 

is  equivalent  to  {p},  which  has  the  cardinal  number  N„. 

It  has  now  been  proved  that  N,.  N0  =  H0,  or  tt*=*  Nn;  and  from  this  the 

theorem  N0"  =  Nt,,  follows  by  repeated  multiplication  by  N0. 
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The   theorems  m.N0  =  N0,  N,,5  =  N„,   express   in  a   symbolical   form  the 
results  which  have  been  proved  in  §  54,  that  a  finite,  or  enuraerably  infinite., 

number  of  enumerable  aggregates  makes  an  enumerable  aggregate. 


THE    EQUIVALENCE   THEOREM. 

119.  The  proof  referred  to  in  §  113,  will  now  be  given,  that  if  M,  N  arc 
any  two  aggregates  such  that  M  contains  a  part  M:  which  is  equivalent  to 
If,  and  N  contains  a  part  N-,  equivalent  to  M,  then  M =  N.  This  theorem, 
which  may  he  called  the  equivalence  theorem,  was  -first  proved  by  Schriidcr* 
and  independently  by  Bernstein  f\  but  the  form  in  which  the  proof  is  here 
given  is  due  to  ZermeloJ. 

L&mma  I.  If  a  cardinal  number  a  remains  unaltered  by  the  addition  of 
any  one  of  the  enumerable  set  of  cardinal  numbers  p:,  p.it  ...p„,,  ■■■,  it  remains 
unaltered  if  all  these  cardinal  numbers  p  are  added  to  it  at  once. 

If  M,  P1,  PSl ...  P„,  ...  be  aggregates  of  which  the  cardinal  numbers  are 
«.  pi j  p°,  ■■-  Pn>  ■■■ ;  and  such  that  P,,  P2,  ...  P,t,  ...  are  all  parts  of  M, 
We  have  then,  M=(PU  #I)  =  (PS,  M3)  =  ...  =  (P„,  Mn)  ... ;  where  if,,  Jfa, ... 
are  all  parts  of  M,  and  in  virtue  of  the  hypothesis  made  in  the  statement  of 
the  theorem, 

M  =  Wl  =  M3  =  ...  =  Mn.... 
We  may  denote  the  (1,  1)  correspondence  which  can  be  set  up  (see  §  111) 
between  M  and  M„,  by  Mn  =  <fiuM;  and  this  for  every  n.     Now  it  is  clear 
that  this  relation  of  correspondence  is  such  that 

0Jf  =  (0Pt,  0Jf1)  =  (0P3,  0JQ=.... 
Hence  M=*(Plt  MJ, 

jtf1  =  0]af=(^1p„  ^jfo-(P.',  mii 

where  P(,  M2'  are  those  aggregates  which  correspond   to  P2,  M3  respectively 
in  the  correspondence  denoted  by  <f>,. 
Also,  with  a  similar  notation, 
^'  =  0,0^=  (0,0^,  ^.10aJf3)  =  (P,',  M'), 


Jfef',._,  =  0,05...  0^_I.3f=(010a...  ^P,.,  0!02...  0r-iJtf,)  =  (Pr',  M,!). 
From  these  results  we  deduce 

M=(Plt  P,\  p.;,  ...  Pr',  M^; 
and  no  two  of  the  parts  Pj,  P./,  P/,  ...  PP'  of  M,  have  elements 

*  SeeJahresberichtd.  Devh-ch.  Mutli.  Vert},  vol.  v,  p.  SI  (lH'JG) ;  also  A'uoa  Acta  Leap,  vol, 
p.  303  (1898). 

■(■  Wcu  Uurci's  f.r.r.mtt  sur  la  thiinri,-  ilc:a  fonr.iwm,  \i.  10:3. 

J  GiMiwjer  NachrkhUn,  U101,  [i.  34,  '■  O.bov  (Ik  Addition  iriLEiiifiuLlor  (Jai'dmalaahlen." 
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This  process  of  division  of  M  can  bo  continued  indefinitely  ;  and  we  then  have 

M  =  (P1,  Pa',  P3',  ...MJ), 
where  P/  for  every  r  is  included,  and  MJ  consists  of  those  elements  which 
belong  to  MJ  for  every  value  of  r.     From  this  we  see  that 

a  =  p,+p2+ps  +  ...+  a; 
where  a'  is  the  cardinal  number  of  MJ. 

Let  us  now  consider  the  special  case  of  the  lemma  which  arises  when 
Pi,  pi,  ...  are  all  equal,  say  to  p.  In  this  case,  we  see  that,  from  the 
hypothesis  a  —  p  +  a,  the  result  a  =  tt0p  +  a'  follows,  where  N0  denotes  the 
cardinal  number  of  the  series  of  finite  integers. 

Now  since  bi0  —  2Ha,  we  have  tiap  +  a'=  2N„p  +  a'  =  Nop  +  a;  it  has  thus 
been  shewn  that  if  a  =  a  +  p,  then  a  —  a  +  tt<,P- 

Returning  to  the  general  ease,  we  have 

it  now  follows  that  «  =  tt0p,  +  ktaps  +  . . .  +  a", 

where  a."  is  the  value  which  a!  takes  when  N„p,,  N0p9, ...  are  substituted  for 

a.  Pt,  ■■■■ 

We  now  have 

a  =  2X0  (#  +jfe  +  ...)  +  «"  =  a  +  No  (pi  +Pz  +  -..) 

=  (N0  +  1) (j>,  +ps  +  ...)  +  a"  =  a  +  ^  +#,  +  ... : 
and  therefore  the  Lemma  has  been  established  in  an  extended  form, 

Lemma  II.  If  the  sum  of  two  cardinal  numbers  p  and  q  when  added  to 
a  leaves  a  unaltered,  then  a  is  unaltered  by  the  addition  of  either  p  or  q. 

For  if  a^a+p  +  q, 

we  have  seen  that  a  =  a  +  N„  (p  +  q) ; 

hence  a  =  a  +  <N0  +  l)p  4  N09, 

and  also  a  =  a  +  N„p  +  (N„  +  1)  5 ; 

from  these  equalities  we  have 

a  =  a  +p,  and  a  =  a  +  3. 
We  are  now  in  a  position  to  prove  the  equivalence  theorem.     If 

a  =  /3+p,  and  0  —  a  +  q, 
we  have  a  =  a  +p  +  q, 

and  hence,  by  Lemma  II,       <x^a  +  p  =  a  +  q  =  &; 

therefore  if  M  has  a  part  equivalent  to  N,  and  N  has  a  part  equivalent  to  M, 
it  follows  that  l5d=^if. 
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In  case  the  condition  a  —  0+p,  holds,  but  there  is  no  corresponding 
condition  f}  =  a  +  q,  we  have  in  accordance  with  the  definition  in  §  112,  a  >  ,3. 

It  follows  that  the  sum-  of  two  or  more  cardinal  nnndjers  is  greater  than,  or 
equal  to,  any  one  of  the  cardinal  numbers. 

The  following  theorem  may  he  established  : — 

If  the  cardinal  number  «  is  unaltered  by  the  addition  of  p,  then  tJ^Sii, 
the  cardinal  number  j3  is  unaltered  by  the  addition  of  q,  where  q  ?=p. 

For  let  /S  =  a  +  7,  p  =  q  +  r;  then  from  a  =  a+p  =  a.  +  q  +  r,  we  deduce 
that  a  =  a  +  q.     It  then  follows  that 

fi  =  a  +  'y  =  a  +  q  +  y  =  a  +  r  +  y  =  fi  +  q  =  /3+r. 

120.  A  proof  has  boon  given  by  Cantor"*  that  if  an  aat/regate  ecvists  of 
which  the  cardinal  number  is  a,  then  a/n  a<j<j ccjaie  always  exists  of  which  the 
cardinal  num.ber  is  <irmt.nr  than  a. 


The  proof  is  a  generalization  of  the  second  proof  given  in  §  56,  that  the 
cardinal  number  c  of  the  continuum  is  greater  than  that  of  the  rational 
numbers.     The  proof  may  be  put  into  the  following  form  : — 

Suppose  M  —  [m]  to  bean  aggregate  of  cardinal  number  a:  which  aggregate 
M  may  be  supposed  to  be  simply  ordered  in  any  manner.  In  M  let  each 
element  m  be  replaced  either  by  A  or  by  B,  where  A,  B  are  two  given 
objects ;  then  M  is  replaced  by  a  similar  aggregate  (see  j;  122),  in  which  each 
element  is  either  A  or  B.  An  infinity  of  such  aggregates  will  be  obtained 
differing  from  one  another  in  respect  of  whether  A  or  B  has  been  put  in  the 
place  of  each  element  of  M ;  denoting  the  aggregate  of  all  such  possible 
aggregates  MAB,  by  \MAB],  it  will  bo  shown  that  the  cardinal  number  of 
\MAB\  is  greater  than  that  of  M.  'In  the  first  place,  it  can  be  seen  that  the 
cardinal  number  of  {MAB}  is  equal  to,  or  greater  than,  that  of  {m} ;  for,  taking 
any  one  element  m0  of  [m],  replace  it  by  A,  and  all  the  other  elements  by  B; 
we  have  then  an  element  of  [MAB],  and  there  is  such  an  element  corre- 
sponding to  each  element.  m„  of  \m)  ;  thus  those  elements  of  \MAB\,  in  which 
there  is  only  one  A,  form  an  aggregate  of  cardinal  number  equal  to  that  of 
{m}.  Next,  let  us  assume  that,  if  possible,  all  the  elements  of  [MAB]  are 
placed  into(l,  1)  correspondence  with  those  of  \m\  ;  it  will  then  be  shewn  that 
an  MAB  can  always  be  found  which  is  net  included  in  the  correspondence.  Each 
M"AB'm  [MAB]  now  corresponds  to  a  definite  m0  in  [m]  :  form  a  new  aggregate 
M'AIt  in  the  following  manner:— For  each  element  M"Al.  in  \MA1!},  in  which  A 
takes  the  place  of  m0  in  [m\,  write  B;  and  for  each  element  M"AB  in  \MAB),  in 
which  B  takes  the  place  of  ma  in  jmj,  write  A ;  in  this  manner  we  form  an 
aggregate  M'AB  in  which  each  element  is  either  A  or  B,  which  is  similar  to 
[m\,  and  which  is  not  identical  with  any  MAJj  that  occurs  in  the  correspondence 

:    Bee  Jitkivsiifi-iclit  rh  /)n->tt.-.-ch.  Mutli.   Vi-n-iiiitiiuiij.  181(7, 
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between  {If^u}  and  [m\.  It  has  thus  been  shewn  that,  the  cardinal  number  of 
the  aggregate  of  all  the  M .,,.  is  greater  than  that  of  M.  If  M  is  the  aggregate 
ffl],aSJ  ttjj,  ...  tt„,  ...  which  is  similar  to  the  aggregate  of  integral  numbers,  and  if 
for  j!  am]  fi  we  write  0  and  1,  then  the  aggregate  U/I1LS  may  be  interpreted  as  the 
aggregate  of  all  the  rational  and  irrational  binary  fractions  ;  and  this  aggregate 
is  thus  shewn  to  bo  unenumerable.  Instead  of  replacing  the  elements  of 
[m]  by  two  letters  A,  B,  we  might  have  taken  any  finite  number  of 
letters  without  altering  the  principle  of  the  proof.  In  §  56,  the  ten  digits 
0,  1,  ...  9,  were  taken  instead  of  A  and  B.  It  will  be  observed  that,  even  if 
[m]  is  normally  ordered  (see  §  130),  the  new  aggregate  [M\  is  not  given  as  a 
normally  ordered  aggregate  ;  and  in  default  of  proof  it  cannot  be  assumed 
that  it  is  capable  of  being  aiTanged  in  normal  order. 

To  replace  all  the  elements  of  an  aggregate  either  by  A  or  by  B,  is 
equivalent  to  taking  a  part  *  of  the  given  aggregate.  The  theorem  has  thus 
been  established  that,  the  cardinal  number  of  the  aggregate,  each  element  of 
vjhieh  is  a  part  of  a  given-  aaijrej'.de..  w  greater  tha:n  the  cardinal  number  of  the 
given  aggregate,  all  possible  jiarti  being  coida-ined  in  the  new  aggregate. 

DIVISION    01"   CARDINAL  NUMBERS   BY   FINITE   NUMBERS. 

121.  If  two  aggregates  have  the  same  cardinal  number,  and  if  each  of  the 
two  aggregates  be  divided  into  the  same  finite  number  n  of  parts,  such  that 
the  n  parts  of  the  first  aggregate  all  have  the  same  cardinal  number,  and 
also  the  n  parts  of  the  second  all  have  the  same  cardinal  number,  then  it 
can  bo  proved  that  the  cardinal  number  of  one  of  the  parts  of  the  first 
aggregate  is  the  same  as  that  of  one  of  the  parts  of  the  second  aggregate, 
Symbolically,  the  theorem  may  be  stated  in  the  form  : — if  a,  /3  are  cardinal 
numbers  such  that  no.  =  n/3,  then  a  =  j3. 

This  theorem  has  been  proved  by  Bernsteinf-  It  will  be  sufficient  to 
give  the  detailed  proof  in  the  case  n  =  2,  as  the  proof  in  the  general  case  is 
obtained  by  generalization  of  that  employed  in  the  particular  case. 

Since  an  aggregate  is  equivalent  to  itself,  any  special  mode  of  exhibiting 
such  equivalence,  by  which  each  clement  is  made  to  correspond  to  a  definite 
other  element,  is  called  a  transformation  of  the  system  into  itself.  As  regards 
all  such  possible  trans  formations  the  following  propositions  may  be  seen  to 
hold:— 

(I)'   The  transformations  of  an  aggregate  _¥  into  itself  form  a  group  <$>u. 

(2)  Let  1,  j(u  %2,  %s,  ...  denote  a  sequence  of  transformations  of  M  into 
itself,  1  denoting  the  identical  transformation,  and  let  this  sequence  form  a 
group  which  is  necessarily  a  sub-group  of  <f>M;   then  the  condition  that  the 

*  Sec  JSovd,  Lermis  svrr  hi  iheorii:  des  foaniiiius,  p.  108. 

t  Inaugural  Dissertation,  "  Untei'sueliungeii  aus  der  Mim^nlohre,"  Halle,   1901.     This   ia 

j't!]ji'i>;li.ieocl  in  Miit'n.  Annaltm,  vol.  lsi. 
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sequence  forms  a  group  is  (.hat,  corresponding  to  any  two  integers  m,  n,  there 
is  a  third  r,  such  that  %mXn  ~  X'i-  Further,  let  us  suppose  that  to  every  Xn 
there  corresponds  a  definite  ^'„,  such  that  X"X'-»  =  1-  If  m  ^e  an  element  of 
M  such  that  m  jt^;,L(m),  for  n  —  1,  2,  3, ...,  then  x«  (''"'-)  ^  X"'  ("')>  "'here  n and  n' 
are  any  unequal  integers. 

(3)  If  m  and  m'  are  any  two  distinct  elements  of  M,  and  if  m  £  Xn  (»»'), 
for  w=  1,  2,  3, ...,  then.  Xi»(w'-)^%n'  ('>'0-  ''or  ^  X«(w-)=  XV  (m')>  we  should 
deduce  that  m  —  x'X"(m)  =  XX^'  (''"') =  X»"  (m')>  which  is  contrary  to  the 
hypothesis  made. 

(4)  If  2*,,  2'5,  ...  are  parts  of  M,  such  that  each  one  2"  has  no  element  in 
common  with  another  2',  we  may  say  that  the  2"s  form  a  system  of  separate 
parts  of  M. 

If  T=\i\  is  a  part  of  M,  and  if  tj=fat{t'),  for  n  =  l,  2,  3,  ...,  then  the 
equivalent  aggregates  T,X\  (T),Xi(T),  ...  form  a  system  of  separate  parts  of  M. 

(5)  If  T  is  a  part  of  if  which  satisfies  the  condition  stated  in  (4),  then 

For  2",  %i(2"),  %i(2I),  ...  are  all  parts  of  M  having  the  cardinal  number  T  ; 
and  if  R  is  the  part  of  M  which  remains  when  all  these  separate  parts  are 
removed,  we  have 

M=R  +  K-T-> 
hence  !+?=  Jf+(K0+1)F 

=  R  +  aa-T  =  M. 
To  proceed  to  the  proof  of  the  theorem :— Let 
(a)  I-Si  +  ^-^  +  Si,, 

(6)  ^  =  *2, 

(c)  *-*,;_ 

then  it  is  required  to  shew  that  x,  =  ^s,  which  involves  £■»  =  y,. 

The  three  equations  («.),  (b),  (c)  may  he  regarded  as  denoting  that  there 
are  three  reversible  transformations  of  the  aggregate  M  into  itself,  which 
may  be  denoted  by  fa,,  fa,  fa  respectively  ;  the  reversibility  of  these  trans- 
formations is  expressed  by  fa2  -  fas  =  0„2=  1. 


The  transformation  fa  involves  as, 
of  ic,  which  are  transformed  into  el 
transformed  into  elements  of 


Oil 


(iEia,  ii!14),  where  x13  are  those  elements 
laments  of  x3,  and  aii^tho'se  !whicH)are 
the  whole  we  have 

where  Sa.=  aw, 
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If  2\  is  any  part  of  xu  and  Ts  an  equivalent  part  of  xa,  we  may  denote  by 
x,*,  iBj*  the  aggregates  obtained  by  interchanging  those  elements  of  x,  which 
belong  to  Tj  with  those  of  xs  which  belong  to  T,/,  we  have  then  a  similar  set 
of  equations  to  (6)  for  the  new  starred  aggregates,  and  Sz*  =  5s,,  Sa*  =  §El 
»3*=  xs,  #4*  =  Sj.  If  then  the  theorem  be  proved  for  the  starred  aggregates, 
it  holds  for  the  original  ones. 

We  have  to  shew  that,  after  suitable  trans  fori  nations,  a  system  of  division 
of  the  aggregates  into  parts,  of  the  form  in  (6),  can  be  found,  such  that 
^is  +  ^h  =  *14,  and  xSL  +  xia  =  xta.  For  from  these  equations  we  deduce 
x1  =  x1~xu,  %  =  S4  =  »-a,  and  then  the  aggregates  x2,  xt  are  such  that  each 
has  a  part  which  is  equivalent  to  the  other;  and  consequently,  in  accordance 
with  the  equivalence  theorem,  x.,,  x4  are  equivalent  to  one  another;  or  x^  =  xt. 
It  has  in  fact  to  be  shewn  that  xa  can  be  so  chosen,  that  it  is  negligible 
with  respect  to  cardinal  number,  in  comparison  both  with  xn  and  with  x.&. 

We  form  the  systems  of  transformation 


=  X*,  &&&=*., 


>»-»» 


'<^  =  X»'    0=9 


each  transformation  x  in  this  system  has  one  inverse,  given  by  the  scheme 
X*n,%m+i  =  1j  X*n+aXjn+a  =  1,  X««fr+i =  1  >  ^ua  ^he  transformations  x  form  a 
group  of  reversible  transformations  of  M  =  (x1:  x2)  into  itself. 

An  element  e^  of  xvi  is  either,  (i)  transformed  into  an  element  of  #M  by  a 
transformation  x  with  finite  index,  or  else,  (ii)  eyj  is  not  transformed  into  an 
element  of  a^.,  by  any  of  the  transformations  x-  Suppose,  then,  that  for  every 
element  e,3  of  xls  the  second  of  these  cases  arises,  then  ■%■&•  %ar+i  transform 
the  elements  of  xn  into  aggregates*  which  are  respectively  in  x,a  and  «,4,  and 
in  them  these  aggregates  form  an  enumerable  system  of  separate  parts  of 
each.  For,  in  the  case  coote  in  plated,  X-  transforms  xn  into  a  part  of  a^  ;  by 
Xa,  the  elements  of  w-.,  become  elements  ol',*w  or  x.,4,  consequently  in  accordance 
with  (ii),  x*(x™)  ^  il  Part'  °f  *'"■  'n  tn'R  manner  it  is  seen,  that  «,a  is  trans- 
formed, by  every  x™<  i*1*0  a  Part  "*  ■*»>  anl^  by  every  x^+i  into  a  part  of  x„. 
It  then  follows,  by  Lemma  (o),  that  Su  +  Si*=Su,  *u  +  S,*  =  3*m»  an(l  the 
theorem  is  thou  completely  established.  The  remainder  of  the  proof  consists 
in  shewing  that,  by  an  exchange  of  elements  of  a;,:i  with  elements  of  ;%,  ifc  is 
possible  to  arrange  so  that  the  case  just  considered  always  arises, 

Suppose  xu'  are  those  elements  of  s;1;t  which  are  transformed  by  ^2  into 
elements  of  x^',  let  x13"  denote  those  elements  different  from  x!S'  which  are 
transformed  by  %s  into  elements  of  x.a  which  were  not  affected  by  ^2,  and  so 
on:  we  have  then  the  scheme 


V  Xs  (fa) 

<  +  «ib"  X*  (#is')  f  Xs  00 

aW  #  aha"  ^  a-..'"  %2  (V)  f  X=  W)  ^  X*  (*»'") 

.<  *  . . .  +  «.*  fc  fo.*)  *  x,  «)  . ..  f  Xn  0%P 


n  %,, 
in  a^4, 
n  a^,, 
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Wo  take  now  the  equivalent  sums 

M  = J  «.»,  and  M  -  S*m  (*.."). 

and  we  carry  out  an  exchange  of  [*,3]  with  [.%J  ;  we  then  have 

«t,  =  M  +  K«b)],    «*-M +  [(*)]. 

When  the  exchange  lias  been  made  of  the  elements  of  [.v.s]  with  those  of 
[i%],  we  denote  the  new  aggregate*  by  starring  the  original  ones;  we  have 
then,  in  accordance  with  the  formulae  (6),  expressions  for  *,*  x2*,  cca*,  <b4*. 
and  we  can,  as  has  been  shewn  above,  attend  to  these,  instead  of  to  the 
original  #,,  #a,  <es,  <c4.  Now  no  element  of  x^*  is  transformed  into  an  element 
of  #M*  by  any  of  the  transformations  %,  it  being  understood  that  the 
transformations  ^  are  not  to  affect  the  substituted  elements;  and  thus  by  the 
reasoning  which  has  been  given,  above  for  the  case  in  which  no  element  of 
xls  is  transformed  into  an  element  of  x„„  the  theorem  is  established.  Bernstein 
has  also  proved  that  if  2n  =  a  +  /3,  where  a,  j3  are  cardinal  numbers,  then  a  £  0. 

THE    ORDER-TTPE    OF    SIMPLY    ORDERED   AGGREGATES. 

122.  An  aggregate  M  w  said  to  be  a.  simply  ordered  aggregate  when  each 
element  m  has  a  definite  rank  relatively  to  Ike  other  elements  of  M,  so  that,  of 
any  two  elements  -m,  ni  'whatever,  it  is  known  which  has  the  higher  and  which 
has  the  lower  rank. 

If  m  has  a  lower  rank  than  w.',  the  tact  is  denoted  symbolically  by  m  <  m'; 
and  if  a  higher  rank,  by  in  >  m. 

If  an  aggregate  is  given  at  first  unordered,  it  may  be  possible  to  order 
the  aggregate  in  a  variety  of  essentially  distinct  ways.  If  the  aggregate  is 
finite,  the  ordering  of  it  may  be  accomplished  by  arbitrarily  assigning  to  each 
element  its  rank  relatively  to  the  others.  In  case  the  aggregate  is  an  infinite 
one,  the  ordering  of  it  consists  in  the  setting  up  of  some  general  rule  which 
suffices  logically  to  assign  the  relative-  order  of  any  two  elements. 

Besides  simply  ordered  aggregates  there  exist  also  doubly  or  trebly 
ordered  aggregates,  or  also  aggregates  with  higher  degrees  of  multiplicity 
of  order.  Each  element  of  such  an  aggregate  possesses  two,  three,  or  more 
distinct  characteristics  of  an  ordinal  character.  Simply  ordered  aggregates 
only  will  be  here  considered. 

Two  simply  ordered  aggregates  M,  N  are  said  to  be  similar,  when  a 
(1,  1)  correspondence  can  be  established,  in  accordance  with  some  law,  sweft 
that  to  any  two  definite  elements  'in,  m  of  M  there  correspond  two  definite 
elements  n,  ri  of  If,  in  such  a  manner  that  the  relalire  order  of  m,  m'  in  M, 
is  the  same  as  that  of  the  corresponding  elements  n,  ii  in  JV. 

This  relation  of  similarity  may  be  represented  symbolically  by  M  —  N, 
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Every  simply  ordered  aggregate  fa  similar  to  itself. 

Two  simply  ordered  aggregates  which  are  similar  to  a  third  are  similar  to 
one  another. 

All  simply  ordered  wjitregules  which-  are  similar  to  one  another  are  said  to 
have  the  same  order-type. 

An  order-typo  is  accordingly  characteristic  of  a  class  of  similar  aggregates. 

Tho  order-type  of  a  simply  ordered  aggregate  M  is  defined  by  Cantor 
as  tho  concept  which  is  obtained  by  abstract  ion  when  the  nature  of  the 
elements  of  M  is  disregarded,  their  order  being  alone  retained.  The  order- 
type  of  M  is  then  denoted  by  M.  This  definition  will  be  further  discussed 
in  §  155.  That  similar  aggregates  have  the  same  order-type  is  regarded 
by  Cantor  as  a  deduction   from  this  definition. 

If  in  M,  we  further  disregard  the  order  of  the  elements,  we  obtain  M,  the 
cardinal  number  of  if. 

The  order-type  of  M  is,  from  Cantor's  point  of  view,  regarded  as  a  simply 
ordered  aggregate  similar  to  M,  such  that  each  element  is  the  number  1.  If  any 
order-type  be  denoted  by  a,  the  corresponding  cardinal  number  is  denoted  by  a. 

Corves  ponding  to  any  given  transmute  cardinal  number,  there  is  a 
multiplicity  of  order-types,  which  form  a  {.'lass  of  order-types  ;  each  such  class 
of  order-types  is  characterised  by  the  common  cardinal  number  of  all  the 
order-typos  of  the  class. 

The  order-types  which  belong  to  the.  class  corresponding  to  a  cardinal 
number  ct,  form  an  aggregate  which  has  a  cardinal  number  a.  It  will  appear 
thai  a  is  always  greater  than  a. 

If  the  order  of  every  pair  of  elements  in  a  simply  ordered  aggregate  M  be 
reversed,  the  aggregate  in  the  new  order  is  denoted  by  *M. 

If  M  =  a,  then  the  order-type  *M  is  denoted  by  *«. 

The  order-type  of  the  aggregate  of  all  the  finite  integers  in  their  natural 
order  (1,  2,.  3,  ...),  is  denoted  by  to.  This  is  therefore  the  order-type  of 
every  aggregate  (a,,  tt2,  ...  a„  ...)  which  is  similar  to  (1,  2,  3,  ...). 

The  aggregate  (...  an  ...  a3t  a2,  a-j)  has  the  order-type  *a>, 

THE  ADDITION  AND  MULTIPLICATION  OF  ORDER-TYPES. 
123.  If  M,  N  denote  two  simply  ordered  aggregates,  and  if  the  aggregate 
(M,  N)  be  formed,  in  which  all  the  elements  of  both  M  and  N  occur,  and 
which  is  such  that  any  two  elements  of  M  have  the  same  relative  order  as  in 
M,  and  that  any  two  elements  of  N  have  the  same  relative  order  as  in  N, 
and  further  that  each  element  of  M  has  a  lower  rank  than  all  the  elements 
of  N,  then  the  new  simply  ordered  aggregate  (Mt  N)  is  said  to  be  the  sum 
of  the  two  simply  ordered  aggregates  M  and  N.     It  is  clear  that  if  M  -  M', 
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N  =lN\  then  (M,  N)-(M',  N'),  and  thus  that  the  order-type  of  (M,  N) 
depends  only  on  the  order-types  of  .17"  and  N. 

If  M=a,  N  =  ft,  the  sum  a  +  @  is  defined  to  be  the  order-type  of  the  sum 
(M,  N)  of  the  two  shv.jihi  orderul  aggregates,  as  defined  above. 

This  defines  the  operation  of  addition  of  order-types.  It  will  be  seen 
that  the  addition  of  ordor-types  does  not  obey  the  commutative  law. 
For  if  a  =  M,  0  =  N,  then  a+&  =  (M,N):  hut  @  -f  a  =  (W,  M)\  and  the  two 
order-types  (M,  N),  (N,  M)  are  in  general  different  from  one  another. 

If  n  denotes  a  finite  integer,  eo  +  n  is  the  order-type  of  the  ordered 
aggregate  (e1?  e3,  e3,  ■■■  f,  f,  ...  f,i),  whereas  n  +  w  is  the  order-type  of 
ifi.f,  ■■■  /»,  eXl  e,,  e3, ...).  It  is  clear  that  the  first  of  these  aggregates  is 
not  similar  to  ((?i,^a,ff3 . ..),  but  If  WQlctf.f,  .../J,,  correspond  to  g1,g2,g»...gn1 
then  e1  to  gn+i<  eg  to  gn+-ly ...  and  in  general  e.m  to  gn+m,  i*  is  see11  that  the 
second  of  the  above  ordor-types  is  similar  to  (g„  g.2,  gs  ...).  It  thus  appears 
that  n  +  a>  =  a,  but  m  +  n  ^  to. 

124.  In  the  simply  ordered  aggregate.  JV.  let  us  suppose  that  in  the  place  of 
each  element  is  substituted  a  simply  ordered  aggregate  similar  to  M,  whereby 
a  new  simply  ordered  aggregate  is  formed;  this  may  be  denoted  by  M.N. 
It  is  clear  that  if  M^M',  N^-N',  then  M.N=-M'.N',  thus  the  order-type 
of  M .  N  depends  only  on  the  order-types  of  M  and  .;V. 

Ifa  =  M,fi  =  N,  the  product  a.fHia  defined  to  be  M . N,  the  order-type  of 
M.N,  as  just  defined. 

It  will  be  seen  that  the  product  a .  0  is  in  general  different  from  ft .  a,  and 
thus  that  the  multiplication  of  order-types  does  not  obey  the  commutative 
law.  For  example  w.2,  is  the  order-type  of  the  aggregate  formed  by  sub- 
stituting in  («!,  Og)  for  each  of  the  two  elements  an  aggregate  of  type  a>: 
w.  2  is  therefore  the  order-type  of  (/),,  b.2,  bs,  ...  cu  c2,  cs ...),  in  which  there  is 
no  last  element,  and  no  element  immediately  preceding  c,.  On  the  other 
hand,  2.ai  is  the  order-type  obtained  by  substituting  for  each  element  in 
(a,,  Oj,  as  ...),  an  aggregate  consisting  of  two  elements;  and  2 .  a  is  thus 
the  order -type  of  the  enumerable  aggregate  (tin,  ari,  a^,  a&,  asu  a^  ...),  which 
is  similar  to  (6lf  b2,  bs  ...),  as  may  be  seen  by  making  am  correspond  to  bm^, 
and  Owi  to  bm.    It  has  thus  been  shewn  that  2 .  o>  —  w,  but  o> .  2  =fc  «. 

THE   STRUCTURE   OF   SIMPLY   ORDERED   AGGREGATES. 

125.  An  examination  of  the  structure  of  a  simply  ordered  aggregate  M 
can,  in  general,  only  be  attempted  by  considering  the  nature  of  those 
aggregates  which  are  its  parts,  and  in  each  of  which  parts  the  order  of 
the  elements  is  the  same  as  that  of  the  same  elements  in  the  whole 
aggregate.  The  simplest  transfinite  part  of  an  ordered  aggregate  is  that 
which  has  one  of  the  types  &>,  *&>.  Such  parts  we  speali  of  as  ascending 
sequences,  and  descending  saqu-enccs,  respectively,  contained  in  M. 
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Two  ascending  sequences  ■«■„.},  \a,.'\,  contained  in  M,  are  said  to  be  r 
to  one  another,  provided  that,  corresponding  to  any  element  an  of  the  first, 
there  arc  elements  a'n-  of  the  second,  such  that  a,t<  a'n-;  and  provided  also 
that,  corresponding  to  any  element  an'  of  the  second,  there  are  elements  a^ 
of  the  first  sequence,  such  that  a^'  <  o»<. 

Two  descending  sequences  [(>.,],  [!.>.„' \  contained  in  17,  are  said  to  be  related 
to  one  another,  provided  that,  corresponding  to  any  element  bn  of  the  first 
sequence,  there  are  elements  b'^  of  the  second,  such  that  bn>b'nl;  and 
provided  also  that,  corresponding  to  any  element  &„'  of  the  second,  there 
are  elements  bm  of  the  first  sequence,  such  that  bn' >bn'. 

An  ascending  sequence  [«„!,  and  a  descending  sequence  [bn\,  contained  in 
M,  are  said  to  be  related  to  one  another,  if  aH  <  &„-,  for  every  n  and  ri ;  and 
further,  provided  there  exists  in  M  no  element,  or  only  one  element  m,  which 
is  such  that  a„  <  m  <  6,„  for  every  n. 

Two  sequences  contained  in  an  ordered  aggregate,  which  are  both  related 
to  a  third  sequence,  are  related  to  one  another. 


Two  sequences  in  an  ordered  aggregate,  which  are  both  ascending,  or 
both  descending,  and  of  which  one  is  a  part  of  the  other,  are  related  to  one 
another. 

126.  Suppose  that  in  an  ordered  aggregate  M,  there  is  an  element  m„ 
which  satisfies  the  following  conditions,  with  respect  to  an  ascending  sequence 
contained  in  M : 

(1)  for  every  n,  an<m0; 

(2)  for  every  element  m  of  M  which  is  <  m.„,  there  exists  a  number  n 
such  that  a„,  att+1,  nn+s, ...  are  all  >m;  then  the  element  m„  is  said  to  be 
the  limiting  dement,  or  limit  of  [an]  in  M ;  and  m0  is  said  to  be  a  principal 
elewAdt  of  M. 


Similarly,  if  we  suppose  that  in.  M,  there  is  an  clement  m„,  which  s 
with  reference  to  a  descending  sequence  ■;«,,)  contained  in  M,  the  following 
conditions : 

(1)  for  every  n,  On  >  n\ ; 

(2)  for  every  element  m  of  M  which  is  >  m„,  there  exists  a  number  n 
such  that  On,  On+\,  ffin+s,  ■•■  arG  all  <  m',  then  the  element  nia  is  said  to  be  a 
limiting  element,  or  limit  of  {a„j  in  M;  and  mo  is  said  to  be  a  pnnoi/pal 
element  of  M. 

A  sequence  contained  in  M  can  never  have  more  than  one  limiting 
element  in  M. 

If  a  sequence  in  M  has  a  limiting  element  m„  in  M,  then  m„  is  the 
limiting  element  of  every  sequence  in  if  which  is  related  to  the  first  one. 
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Two  sequences  which  have  the  same  limiting-  element  in  M,  must  be 
related  to  one  another. 

It  is  clear  that,  if  M,  M'  arc  similar  ordered  aggregates,  an  ascending  or 
a  descending  sequence  in  M  corresponds  to  a  sequence  of-  the  same  kind  in 
M'.  To  every  principal  element  in  M,  there  corresponds  a  principal  element 
in  M'. 

An  ordered  aggregate  -which,  is  such  that  evert/  element  is  a  principal 
element  is  said  to  be  den.se-in-itself. 

If,  in  an  ordered  aggregate,  every  sequence  vjhicii-  is  contained  therein  has 
a  limiting  element  in  the  aggregate,  then  the  ordered  aggregate  is  said  to  be  a 
tinned  « 


An  ordered:  aggregate  winch  is  dev.se-in -itself,  and  also  closed,  is  said  to  be 


An  ordered  aggregate  which  is  suck  that  between  any  two 
elements,  there  are  other  elements  of  the  aggregate,  is  said  to  be 
dense. 

The  properties  of  an  ordered  aggregate  thus  defined,  are  also  properties  of 
any  similar  aggregate;  hence  the  terms  may  be  applied  to  the  order-types 
which  are  symbolised  by  replacing  the  elements  of  the  ordered  aggregates 
by  1 ;  there  can  exist  therefore  an  order-type  which  is  dense-in-itself,  or 
closed,  or  perfect,  or  everywhere-dense. 

The  terms  which  have  been  here  employed  for  the  purpose  of  describing 
certain  peculiarities  which  may  exist  in  an  ordered  aggregate,  or  in  the 
corresponding  order- type,  are  identical  with  those  which  we  have  employed 
in  analogous  senses  in  Chapter  II,  in  the  ease  of  sets  of  points  or  numbers. 
There  is  however  a  distinction  which  must  be  noticed  between  the  use  of  the 
terms  in  the  two  cases.  To  illustrate  this  distinction,  let  (Plt  Pa,  Pa  ...  Pn  ...) 
be  a  sequence  of  points  on  a  straight  line,  which  sequence  has  a  limiting 
point  P„  on  the  right  of  the  points  P„;  then  if  Q  be  any  point  of  the 
straight  line  on  the  right  of  Pw,  the  two  ordered  aggregates  (P1?  Pa,  Pa,  ... 
P„,  ...  P„),  and  (Pj,  P2,  P3,  ...  P„,  ...  Q),  are  similar,  and  have  the  same 
order-type  to  + 1.  In  the  first  of  these  aggregates,  P„,  is  the  limiting  element 
of  the  sequence  (Pu  Pa,  ...  P„  ...);  and,  in  the  second  aggregate,  Q  is  the 
limiting  element  of  the  same  sequence;  and  therefore  both  the  ordered 
aggregates  are  closed,  in  the  sense  explained  above.  The  first  of  these 
aggregates  forms  a  closed  set  of  points,  in  the  sense  of  the  term  defined  in 
Chapter  n ;  but  the  second  does  not,  since  Q  is  not  a  limiting  point  of  the 
set  of  points  {Pn}.  The  distinction  rests  upon  the  different  use  of  the  terms 
limiting  clement  and  limiting  point,  in  the  two  cases  of  an  ordered  aggregate 
of  elements  in  general,  and  that  of  a  set  of  points  in  the  continuum.  The 
question  whether  an  element  is  a  limiting  element  of  an  aggregate  to  which 
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it  belongs,  or  not,  in  the  sense  defined  above,  is  answered  by  examining  the 
structure  of  the  ordered  aggregate  itself.  In  the  case  of  a  set  of  points  in 
the  continuum,  a  particular  point  may  be  a  limiting  element  of  the  aggregate 
of  points  considered  merely  as  an  aggregate  of  elements  with  a  particular 
order-type ;  but  the  question  as  to  whether  the  same  point  is  a  limiting 
point  of  the  set  of  points,  considered  as  chosen  out  of  the  continuum,  can 
only  be  answered  after  an  examination  of  the  ordinal  relation  of  the  point 
to  other  points  of  the  continuum  which  do  not  belong  to  the  set;  in  fact, 
the  set  must  be  regarded,  for  this  purpose,  as  an  aggregate  which  is  only  a 
part  of  another  aggregate,  the  continuum.  It  is  now  clear  that  a  set  of 
points  considered  solely  as  an  ordered  aggregate  of  elements,  without 
reference  to  the  fact  that  it  is  essentially  a  part  of  the  continuum,  may  be 
closed,  or  perfect ;  and  yet  that  the  same  set  of  points  need  be  neither  closed 
nor  perfect,  in  the  sense  of  the  terms  employed  in  the  theory  of  sets  of  points, 
which  has  been  dealt  with  in  Chapter  II. 


THE    ORDER-TYPES   i},    0,    7T. 

127.  Certain  order-types  which  are  of  special  importance  will  be  now 
examined. 

The  first  of  these  is  the  order-type  y,  of  the  set  11  of  rational  numbers 
between  0  and  1  (both  exclusive),  in  (.heir  order  as  denned  in  Chapter  I. 

It  will  be  shewn  that  the  order-type  ij,  is  exhaustively  characterised  by 
the  following  properties : — 

(1)  $7  =  N0  =  «. 

(2)  In  ij,  there  is  no  lowest  and  no  highest  element. 

(3)  i)  is  everywhere-dense. 

In  fact,  every  simply  ordered  aggregate  M,  which  has  these  three 
characteristics,  is  similar  to  the  aggregate  R. 

To  prove  this,  we  first  observe  that,  on  account  of  the  condition  (1),  the 
order  of  the  elements  in  both  M  and  R  can  be  so  altered  that  each  of 
thera  is  reduced  to  the  order-type  w.  Let  this  be  done;  and  denote  by  M0, 
Rv  the  new  ordered  aggregates 

R^(run,r3...). 
Wo  have  to  shew  that  M~R;  and  to  do  this  we  have  to  shew  how  to 
establish  the  requisite  correspondence  between  the  elements  m  of  M,  and 
r  of  R.  Let  m,  be  made  to  correspond  to  rt ;  then  there  are  an  indefinitely 
great  number  of  elements  of  M,  which  have  the  same  relation,  as  regards 
order,  to  m,,  as  r.£  has,  in  R,  relatively  to  r5 ;  of  all  these  elements  choose  that 
one  m£l,  which  has  the  smallest  index  as  it  appears  in  M0 ;   and  let  mEj  be 
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made  to  correspond  to  r2.  Of  all  the  elements  of  M,  whieh  are  related  to 
nix  and  m^,  in  the  same  manner,  as  regards  order  in  M,  as  r,  is  related  to 
r-i  and  r„  as  regards  order  in  R,  choose  that  one  mtj,  which  has  the  smallest 
index  as  it  appears  in  Mit\  and  make  in,,  correspond  to  r3. 

Proceeding  in  this  manner,  we  make  the  elements  r,,  r3,  r3..,rn  of  jB, 
correspond  to  the  elements  m^,  toIs,  mtt  ...  m,u  of  M;  and  so  far  as  these 
elements  are  concerned  the  relations  of  rank  are  preserved  in  the  corre- 
spondence:  we  proceed  then  to  choose,  in  the  same  manner  as  before,  the 
element  ut,  ,  which  is  to  be  made  to  correspond  to  rn+1;  and  thus  we  obtain, 
for  every  r„,  the  corresponding  mtn.  It  must  however  be  shewn  that  this 
process  exhausts  all  the  elements  m.  of  M,  that  is  to  say,  that  in  the 
sequence  1,  e2,  es,  ...  e„,  ...  every  integral  number  p  occurs  in  some  definite 
place.  This  can  be  proved  by  the  method  of  induction.  Let  us  assume 
that  the  elements  ?it,,  mtl  ms,  ...  m„  all  occur  in  the  correspondence  that 
has  been  set  up  between  the  whole  of  M  and  at  least  a  part  of  M,  then 
we  shall  prove  that  m„+J  also  occurs.  Upon  this  assumption,  let  X  be  so 
great  that  among  the  elements  m„  m,s,  mH,  ...  m  ,  all  the  elements  in,,  m^, 
ma,  ...  m„  occur.  Then  if  mtt+1  is  not  also  among  those  elements,  choose  out 
of  rx+i,  r\+1,  j'a+jj  ...  that  element  rA+s  with  the  am  all  est  index  which  has  the 
same  relation  to  r„  r2,  ...  »\,  as  regards  order  in  R,  that  m,M.,  has  relatively 
to  m,,  mti,  mSj,  ...  ms  ,  as  regards  order  in  M.  Then  the  element  m„+1  has 
the  same  relation  to  to,,  to„l,  mH,  ...  me  ,  as  regards  order  in  M,  as  r>,+s 
has  to  ru  r2,  ...  jv^-h,  as  regards  order  in  R.  It  thus  appears  that  w,n4.,  is 
the  element  with  the  smallest  index  as  it  appears  in  M„,  which  has,  in  M, 
the  same  relation  as  regards  order  to  m^,  mH,  . ..  mt  ,  that  rK+a  has 
relatively  to  r:,  ra,  ...  r*+,_i  in  R\  hence  m,  =mn+l;  that  is,  the  clement 
mll+1  occurs  in  the  correspondence  which  has  been  established  between  M 
and-R.  It  has  now  been  shewn  that  M  and  ft  are  similarly  ordered  aggregates, 
Examples  of  the  order- type  ij  are  the  following: — 

(1)  The  aggregate  of  all  negative  and  positive  rational  numbers  in- 
cluding aero,  in  their  natural  order. 

(2)  The  aggregate  of  all  rational  numbers  which  are  greater  than  a,  and 
less  than  b,  where  a,  b  are  two  real  numbers  such  that  a  <  b. 

(3)  The  aggregate  of  all  real  algebraical  numbers  in  their  natural  order 
in  the  continuum,  or  of  all  such  of  these  numbers  as  lie  between  two  real 
numbers  a,  b. 

(4)  The  aggregate  of  a  set  of  non-abutting  linear  intervals  which  are 
such  that  their  end-points  and  the  limiting  points  of  these  end-points  form 
a  non-dense  perfect  set  of  points  in  a  linear  interval. 

The  rational  numbers  of  the  interval  (0,  1),  including  0  and  1,  form 
an  aggregate  of  the  order-type  l  +  97  +  l. 
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128.  We  now  proceed  to  the  consideration  of  the  order- type  0,  of  points 
(('inning  ;i  linear  continuum. 

It  will  be  shewn  that  any  simply  ordered  aggregate  ,1/  is  similar  to  the 
aggregate  X  of  all  real  numbers  of  the  continuum  (0,  1),  in  their  natural 
order,  provided  (1)  M  is  perfect,  and  (2)  in  M,  an  aggregate  S,  with  the 
cardinal  number  N0,  is  contained,  which  is  so  related  to  M,  that,  between  any 
two  elements  m,,  m;  of  M,  there  are  elements  of  S. 

If  S  has  a  lowest  and  a  highest  element,  these  can.  be  removed  without- 
affecting  its  relation  to  M ;  and  thus  we  may  suppose  S  to  be  of  the  type  ■*;, 
of  the  aggregate  R  of  rational  numbers  which  lie  between  0  and  1,  both 
exclusive,  in  their  natural  order. 

Since  S  —  R,  we  may  suppose  the  elements  of  8  to  be  made  to  correspond 
in  order  to  the  elements  of  R ;  and  it  will  be  shown  that  this  correspondence 
enables  us  to  establish  a  correspondence  between  the  elements  of  M  and  of  X. 

We  suppose  that  each  element  of  31,  which  belongs  to  S,  coiTesponds  to 
that  element  of  X  which  belongs  to  R,  just  as  in  the  correspondence  of  S 
with  R  already  established.  Any  element  m  of  M,  which  does  not  belong  to 
8,  is  the  limiting  element  of  a  sequence  \m,„]  of  elements  of  8.  To  this 
sequence  \mn\,  there  corresponds  a  sequence  [rn\  in  A'",  all  the  elements  of 
which  belong  to  R;  and  this  sequence  {?■„}  has  a  limiting  element  x  in  X 
not  belonging  to  R ;  we  take  therefore  m  in  M  to  correspond  to  x  in  X.  If 
we  take  a  different  sequence  {,■>;„.'!,  which  lias  the  same  limiting  element  m  as 
before,  in  M,  then  there  corresponds  to  it  a  sequence  \ru'}  in  R,  which  has  the 
same  limiting  element  x  as  before,  in  X.  It  will  now  he  shewn  that,  in 
the  correspondence  so  established  between  the  elements  of  M  and  of  X,  the 
relative  order  of  two  elements  of  M  is  the  same  as  that  of  the  corresponding 
elements  of  X.  This  clearly  holds  of  any  two  elements  of  M  which  are  also 
elements  of  8.  Consider  next  two  elements  m  and  s,  of  M,  the  first  of  which 
does  not,  and  the  second  of  which  does,  belong  toS;  and  let  xltr  be  the  corre- 
sponding elements  of  X.  If  r  <  xit  there  exists  an  ascending  sequence  in  R, 
of  which  (C,is  the  limiting  element,  such  that  all  its  elements  are  >r;  then  to 
this  sequence  there  corresponds  an  ascending  sequence  in  8,  all  the  elements 
of  which  are  >  s,  and  of  which  m  is  the  limiting  element;  hence  5  <m.  If 
r>%-1,  it  can,  in  a  similar  maimer,  be  shewn  that  s>m.  The  proof  that, 
corresponding  to  any  two  elements  lit,,  m2  of  M  which  do  not  belong  to  8, 
the  elements  xu  «2  of  X  are  such  that  w^  <  mY,  according  as  m,  <  a;a,  is  of 
a  precisely  similar  character  to  that,  just  given.  It  has  thus  been  shewn  that 
M  and  X  are  similar  aggregates,  and  that  the  type  6  is  characterised  by  the 
conditions  (1)  and  (2). 

The  above  characterisation*  of  the  type  8  contains  Cantor's  ordinal  theory 
of  the  constitution  of  the  linear  continuum. 

:i  Hiic  Husscll,  I'll  in -in  it..'  <>f  i'ltt.thtmiaUt-:;,  vol.  i.  p.  303,  aUo  Viiijleu,  Trans.  Amur.  Math.  Sac., 
vol.  vi,  and  Huntinytui;,  Aiin--i:>-  uf  Mnih.,  Her.  2,  vols,  vi  anil  vii. 
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A  non-dense  perfect  set  of  points  in  a  linear  interval  has  not  the  order- 
type  0,  but  the  set  of  complementary  intervals  together  with  the  limiting 
points  of  their  end-points  does  form  an  aggregate  of  order-type  6,  when  the 
elements  consisting  partly  of  points  and  partly  of  intervals  are  taken  in  the 
order  in  which  they  occur  in  the  continuum. 

129.  The  order-type  *w  +  w  may  be  denoted  by  it,  and  is  the  order-type 
of  the  negative  and  positive  integers  in  their  natural  order.  This  order-type 
has  properties  distinct  from  that  of  w.  For  example,  n  +  m  has  been  shewn 
to  be  identical  with  <o,  where  n  is  a  finite  integer,  but  n  +  w  is  not  identical 
with  ir.  From  either  of  the  equations  n  +  it  =  m  +  w,  or  it  +  n  —  it  +  m, 
there  follows  m  =  n,  or  more  generally! :—- 

If  n,  ri  are  finite  integers,  £  and  £'  other  order-types,  from  the  equation 
n  +  it  +  ?=  ri  +  it  +  %',  there  follows  n  =  ri,  £  =  %'. 

To  prove  this  theorem,  we  observe  that,  if  the  two  aggregates  be  placed 
into  similar  correspondence,  the  lowest  elements  correspond  to  one  another, 
then  the  second,  and  so  on ;  hence  n  =  ri  is  proved  at  once  :  and  we  now  have 

■■+t=-ir+r- 

When  two  simply  ordered  aggregates  M„  +  Z,  N~„-\-  Z'  of  order-types 
tt+£,  tt  +  Z'  arc  placed  in  correspondence  in  order,  either  M„  corresponds 
to  Nr>  or  M„  corresponds  to  a  part  of  N„,  or  else  N„  corresponds  to  a  part 
of  M„.  In  the  last  two  cases  the  order-type  it  must  be  split  up  into 
7r  =  TT!  +  7ra,  where  it  =  tt,  ,  and  7Ta  is  some  other  order-type;  but  from  the 
definition  w  =  *<u  +  a>,  it  is  clear  that  every  mode  of  dividing  it  into  two 
parts  without  altering  the  relative  order  of  the  elements,  leaves  it  in  the 
form  *co  +  w;  hence  it  is  impossible  that  tt  =  it1  +  tt2,  and  tt  =  irj,  and  there- 
fore M„  corresponds  to  N„.     Hence  also  Z  corresponds  to  Z',  or  %—  £'. 

NORMALLY    ORDERED    AGGREGATES, 

130.  The  order- type  of  a.  simply  ordered  aggregate  is,  as  we  have  already 
seen,  such  that  the  structure  of  the  aggregate  as  revealed  hy  an  examination 
of  the  sequences  contained  in  it,  may  be  of  the  most  varied  character;  the 
various  sequences  may  be  ascending  or  descending  ones,  and  may  or  may  not 
have  a  limiting  element  within  the  aggregate. 

Of  all  the  possible  order-types,  those  are  of  especial,  importance  which 
have  been  defined  by  Cantor  as  1  lie  order-types  of  normal  ly  ordered  aggregates 
(wohlgeordnete  Mengen). 

A  normally  or  dared,  ti.ofjreyttte  M  is  one  which  satisp'et:  the  following 
conditions : — 

(1)     M  has  an  dement  m,  of  lower  rank  than  all  the  other  elements. 

t  IScniHliiiu,  loe.  tit.,  p.  9. 
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(2)  If  M-l  is  any  part  of  M,  and  if  M  contains  one  or  more  elements 
which  are  of  higher  rank  than  all  ike  elements  of  Ms,  then  there  exists  one 
element  rri  of  M,  which  immediately  follows  tin;  port-aggregoAe  Mu  so  that 
there  are  no  elements  of  M  -which  an;  intermediate  in  rti.uk  between  m'  and  all 
the  elements  of  Mlt 

The  special  case  of  (2)  which  arise-  when  M,  consists  of  one  element, 
shews  that  a  normally  ordered  aggregate  in  such  that  each  element  has  one 
which  immediately  follows  it,  unless  the  element  is  the  highest  element  of 
M.     It  is  however  not  necessarily  the  case  chat  M  has  a  highest  element. 

lie,,  e2j  e3,  ...  e„,  ...  is  an  ascending  sequence  of  elements  contained  in  M. 
and  such  that  elements  exiafc  in  M,  which  are  of  higher  rank  than  every  en, 
then  there  exists  an  element  e'  of  M  which  is  higher  than  all  the  e„,  and 
such  that  every  element  e"  of  N  which  is  lower  than  e  is  lower  than  e„,  en+1, 
e„+2,  ...  for  some  definite  value  of  n. 

Every  part  of  a  normally  ordered  aggregate  las  a  lowest  element. 

Let  M,  be  a  part  of  M ;  if  M,  contains  m^  the  lowest  clement  of  M,  then 
n\  is  the  lowest  element  of  M±.  If  Af  does  not  contain  m,,  consider  that 
part  of  M  which  contains  all  those  elements  every  one  of  which  is  of  lower 
rank  than  all  the  elements  of  Ml;  this  part  of  M  must  have  an  element 
which  immediately  follows  it;  and  this  element  belongs  to  M„  and  is  its 
lowest  element. 

If  a  simply  ordered  aggregate  M  itself,  and,  also  voerg  part  of  M,  has  a 
loivest  element,  M  is  normally  ordered. 

The  condition  (1)  is  fulfilled.  Let  J/,  be  a  part  of  M  such  that  M  contains 
elements  which  are  higher  than  all  those  of  M,;  let  these  form  the  aggregate 
Kf,s,  and  let  m  be  the  lowest  element  of  M,.  Then  m  is  the  element  which 
immediately  follows  Ms ;  and  thus  the  condition  (2)  is  satisfied. 

This  properly  of  a  normally  ordered  aggregate,  that  every  part  of  it  has  a 
lowest  element,  might  be  adopted  as  the  definition  of  a  normally  ordered 


A  somewhat  simpler  property  which  might  he  employed  to  define  a 
normally  ordered  aggregate  is  the  following : — 

An  aggregate  Mis  normally  order  edf  if,  a.nd  only  if,  it  contains  no  part  of 
which  the  order-type  is  *«. 

If  M  is  not  normally  ordered  at  least  one  part  of  it  must  have  no  lowest 
element,  and  this  part  contains  a  sequence  whose  order-type  is  *a>.  An 
aggregate  which  has  a  lowest  element,  and  is  also  such  that  each  element 
has  one  that  immediately  succeeds  it,  is   not  necessarily  normally  ordered, 

t  See  Jyurdain,  Phil.  Mag.,  Ser.  6,  vol.  vit,  p.  65. 
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even  if  each  element  has  one  immediately  preceding  it.      This  can  be  seen 
by  considering  a.n  aggregate  with  the  order-type  w  +  *o>. 

131.  The  following  properties  of  normally  ordered  aggregates  can  be 
proved  in  a  very  simple  manner  :— 

Every  part -aggregate  of  a  normally  ordered  aggregate  is  itself  normally 
ordered. 

Every  ordered  aggregate  which  is  similar  to  a  normally  ordered  aggregate 
is  itself  normally  ordered. 

If  in  a  normally  ordered  aggregate  M  there  be  substituted  for  the 
elements  normally  ordered  aggregates,  in  such  a  manner  that  if  Mm,  Mm' 
arc  the  aggregates  substituted  for  any  two  elements  m,  m',  then  Mm>Mm; 
t  as  tn  J  m',  the  resulting  new  aggregate  is  normally  ordered. 


132.  The  pari  of  a  normal/-;/  ordered  ayr/vegafe  M  v.:liieii  consists  of  all 
those  elements  which  are  of  lower  rank  thou  an  dement  m,  of  M,  is  called  the 
segment  of  M  determined  Jig  the  dement  in. 

The  aggregate  which  remains  when  the  segment  of  M,  determined  by 
the  clement  m,  is  removed  from  M,  is  called  the  remainder  of  M  determined 
by  the  element  in.     The  element  m  is  the  lowest  element  of  the  remainder. 

If  S  is  the  segment  of  M  formed  by  in,  and  R  is  the  remainder,  then 
M=(S,R). 

Of  two  segments  S,  8'  determined  by  the  elements  in,  m  of  which  m  <  id, 
we  say  that  S  is  the  smidler  and  S'  the  larger  segment,  or  S<  S'. 

It  can  easily  bo  seen  that,  if  M,  Mt  are  two  similar  normally  ordered 
aggregates,  a  segment  of  if  corresponds  to  a  similar  segment  of  Jf,,  the 
element  by  which  the  segment  of  M  is  determined  corresponding  to  the 
element  of  Jf,  by  which  the  segment  of  Mt  is  determined. 

A  normally  ordered  aggregate  is  not  siiuilo.r  to  any  of  iu  segments. 

Assume  that,  if  possible,  S  —  M,  and  suppose  the  elements  of  S,  M  are 
put  into  correspondence.  To  the  segment  8  of  M,  there  must  correspond  a 
segment  S,  of  S,  so  that  S,  —  M  —  S,  where  £,  <  S.  Since  fif,  —  M,  we  find  in 
a  similar  manner  a  segment  S2  <  8lt  which  is  similar  to  M.  and  so  on;  and  in 
this  way  we  obtain  an  unending  sequence  S  >  S,  >  S2 ...  >  Sn  ...  of  segments 
of  M  which  are  all  similar  to  M.  Let  m,  m,,  mi...mn...  be  the  elements 
which  determine  the  segments  S,S,,S2,  ...#„.,.;  then  m  >-m1>ms...  >mn  .... 

The  aggregate  ( ra„  ...  m1,m1,  m)  would  be  a  part  of  If  which  has  no 

lowest  element,  and  is  of  type  *<u,  which  is  impossible  if  M  is  normally 
ordered. 

If  if  is  an  infinite  normally  ordered  aggregate,  it  always  has  parts  which 
are  similar  to  M,  although  such  a  part  cannot  be  a  segment. 
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A  normally  ordered  aggregate  cannot  he  similar  to  air;/  part  of  one  of  its 


Let  us  assume  that,  if  possible,  8'  a  part,  of  a  segment,  8,  of  M,  is  similar 
to  M.  Since  8'  —  M,  we  can  place  the  elements  of  S',  M  in  correspondence, 
then  to  the  segment  S  of  M  there  will  correspond  a  segment  8,  of  S',  where 
S^  —  S;  let  then  jS,  be  determined  by  the  element  e,  of  3'.  Since  e2  is  also 
an  element  of  M,  it  determines  a  segment,  M-i  of  M,  of  which  ^  is  a  part, 
and  which  has  a  part  similar  to  M.  Proceeding  in  the  same  manner,  we 
determine  a  segment  J/s  of  if,  which  has  a  part  that  is  similar  to  M ; 
and  in  this  way  we  obtain  an  unending  sequence  of  segments  of  M,  all 
similar  to M,  so  thati¥>  M,  >  M2  ...>  Mn  ....  The  elements  which  determine 
these  sequences  form  a  part  of  M  which  is  of  type  *w,  and  this  is  contrary  to 
the  hypothesis  that  M  is  normally  ordered. 

Two  different  seg-m.ents  of  a  normally  ordered  aggregate  cannot  be  similar. 
For  one  of  these  segments  is  a  segment  of  the  other. 

There  is  enly  one  mode  of  putting  the  elements  of  two  similar  normally 
ordered  aggregates  into  correspondence,  so  that  the  relative  orders  of  the 
elements  are  unaltered  in  the  correspondence.^ 

For  if  in  two  modes  of  placing  the  aggregates  in  correspondence  two 
elements/,/'  of  one  aggregate  M,  correspond  to  one  element  e  of  the  other 
M',  the  segments  of  M  determined  by//'  are  each  similar  to  the  segment  of 
M'  determined  by  e;  but  it  has  been  shewn  to  be  impossible  that  M  can  have 
two  different  segments  which  are  similar  to  one  another. 

A  segment  of  one  of  two  normally  ordered,  aggregates  has  at  most  one 
segment  of  the  oilier  a.gqregate  which  is  similar  to  it. 

If  S,  8'  are  similar  segments  of  (wo  normally  ordered  aggregates  M,  M', 
then  to  every  smaller  segment  Si  <  S,  of  M,  there  corresponds  a  similar 
segment  S,'<8',  of  M'. 

If  8„  S2  ftre  two  segments  of  the  normally  ordered  aggregate  M,  and 
Si,  S.J  are  two  similar  segments  of  a  normally  ordered  aggregate  M',  then  if 
S,'  <  S„  it  follows  that  8J  <  Sa. 

If  a  segment.  8  of  M  is  not  similar  to  any  segment  of  another  normally 
ordered  aggregate  M ',  then  no  segment  S'  >  8  of  M  is  similar  to  any  segment 
of  M'  nor  to  M'  itself ;  and  the  same  holds  of  M  itself. 

If  M,  M',  two  normally  ordered  aggregates  are  so  related,  that,  to  any 
segment  of  either,  there  corresponds  a,  similar  segment  of  the  other, then  M  —  M.'. 

Any  element  e  of  M  determines  a  segment  of  M  which  corresponds  to  a 
similar  segment  of  M'.  Let  this  latter  be  determined  by  an  element  e'  of 
M ' ;  we  then  take  e  to  correspond  to  e1.     To  every  element  of  M  we  therefore 
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find  a  corresponding  clement,  of  M' ,  and  it  is  seen  by  applying  the  foregoing 
theorems  that  the  relative  order  of  tho  elements  is  preserved. 

133.  If  two  nomw.Uij  ordered  aggregates  M/.M'  are  so  related  that,  (1)  to 
every  segment  S  of  M,  there  corres'poiuls  a  similar  segment  >S"  of  M',  and  (2) 
at  least  one  segment  of  M'  exists  to  which  there  is  no  corresponding  similar 
segment  of  M ;  then-  there  exists  a  definite  segment  £/  of  M'  such  that  Si  —  M. 

Consider  all  those  segments  of  M',  which  do  not  correspond  to  similar 
segments  of  M.  Among  these,  there  must  he  one  jSj'  which  is  the  least  of 
all;  this  follows  from  the  fact  that  tho  elements  which  determine  these 
segments  of  M'  form  an  aggregate  which  has  a  lowest  element,  and  this 
lowest  element  determines  the  segment  8,'.  Every  segment  of  M'  which  is 
greater  than  Si,  is  such  that  there  exists  no  corresponding  .similar  segment 
of  M ;  hut  every  segment  of  M'  which  is  less  than  Si  has  a  corresponding 
similar  segment  of  M,  Since  to  every  segment  of  M  there  corresponds  a 
similar  segment  of  S',  and  to  every  segment  of  >S'L'  there  corresponds  a  similar 
segment  of  M,  it  fellows  that  M~  Si. 

If  the  norma/J.'/  ordered  aggregate  M'  has  at  leas!-  one  segment  to  which 
there  corresponds  no  similar  segment  of  M,  then  to  every  segment  of  M  there 
corresponds  a  sim.i/ar  segment  of  M', 


Let  Si  be  the  smallest  segment  of  M',  to  which  there  c 
similar  segment  of  M.  If  there  existed  segments  of  M  to  which  no  corre- 
sponding similar  segments  of  M'  exist,  let  S,  be  the  smallest  of  all  such 
segments  of  M.  To  every  segment  of  SL  there  corresponds  ;i  similar  segment 
of  Si,  and  conversely;  hence  S,  —  Si,  which  is  contrary  to  the  hypothesis 
that  there  exists  no  segment  of  M  which  is  similar  to  S,', 

If  M,  M'  are  any  two  normally  ordered  aggregate*,  then  either  (1)  M  and 
M'  are  similar,  or,  (2)  there  exists  a  segment  S'  of  M'  which  is  similar  to  M, 
or,  (3)  there  exists  a  segment  S  of  M,  which  is  similar  to  M',  and  these 
■ilities  are  mutually  exclusive. 


The  following  four  possibilities  may  he  contemplated,  as  regards  the 
relation  of  M  to  M' : — 

(1)  To  every  segment  of  either  M  or  M'  there  corresponds  a  similar 
segment  of  the  other  aggregate. 

(2)  To  every  .segment  of  M  there  exists  a  corresponding  similar  segment 
of  M';  but  there  is  at  least  one  segment  of  M'  to  which  no  similar  segment  of 
M  corresponds. 

(3)  To  every  .segment  of  M'  there  corresponds  a  similar  segment  of  M; 
but  there  is  at  least  one  segment  of  M  to  which  no  similar  segment  of  M' 
corresponds. 
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(4)  There  is  at  least  one  segment  of  M  to  whieh  no  similar  segment  of 
M'  corresponds,  and  also  at  least  one  segment  of  M'  to  which  no  similar 
segment  of  M  corresponds. 

It  has  heen  shewn  that  (4)  is  impossible.  In  the  case  (1),  it  has  been 
proved  that  M—M'.  In  the  case  (2),  it  has  been  shewn  that  a  definite 
segment  S,'  of  M'  exists,  such  that  Sj'  —  M;  and  in  the  case  (3),  that  there 
is  a  definite  segment  Si  of  M  such  that  3,  —  M', 

It  is  impossible  that  at  the  same  time  M—M',  and  also  M  —  S/:  for,  in 
that  case,  M'  —  S,';  and  it  has  been  shewn  to  he  impossible  that  M'  is  similar 
to  one  of  its  own  segments. 

It  is  also  impossible  that  M  —  S,',  and  also  M'  —  .S',;  for  there  must  then 
exist  a  segment  of  $/,  which  is  similar  to  S„  and  therefore  to  M' ;  but  this 
is  contrary  to  the  theorem  that  a  normally  ordered  aggregate  cannot  be 
similar  to  one  of  its  segments. 

If  any  part  of  M  is  swli  that  thai  part  is  nut  similar  to  any  segment  of  M, 
then  that  part  is  similar  to  M  itself. 

Any  part  M2  of  M  is  normally  ordered  '■  if  then  M-,  be  similar  neither  to  M 
nor  to  any  segment  of  M,  there  must  exist  a  segment  of  Mt'  of  Ml  which  is 
similar  to  M ;  and  Mi  is  a  part  of  that  segment  of  M  which  is  determined 
by  the  same  element  that  determines  the  segment  ML'  of  i¥,.  Therefore  itf, 
would  be  similar  to  a  part  of  one  of  its  segments,  which  has  been  shewn  to 
be  impossible. 

THE   THEORY    OF    ORDINAL    NUMBERS. 

134.  The  order- type  M  of  a  normally  ordered  aggregate  M,  is  said  to  be 
the  ordinal  number  which  belongs  to  M;  all  similar  normally  ordered 
aggregates  have  consequently  the  same  ordinal  number. 

If  M,  M'  are  two  normally  ordered,  aggregates  such-  (hut  .17  has  a  segment 
which  is  similar  to  M\  whilst  M'  has  -no  segmeid  -which  is  similar  to  M,  then 
the  ordinal  number  a  =  M,  is  said  to  be  greater  than  the  ordinal  number 
/3  =  M' ;  and  this  relation  is  denoted  by  a>  ft.  If  M  has  no  segment  similar 
to  M',  but  M'  has  a  segment  similar  to  M.  the  ordinal  number  a  is  said  to  be 
less  than  /3,  and  the  relation  is  denoted  by  a  <  /9. 

It  follows  from  these  definitions  in  conjunction  with  the  theorem  of  §  133 
that  if  a,  ft  are  any  two  ordinal  numbers  whatever,  they  satisfy  one,  and  one 
only,  of  the  relations  a  =  /3,  a>/3,  a<@;  and  that  if  a  >  0,  then  0<a. 

Further  it  is  seen  that  if  a  <  /3  and  fl  <y,  then  <x<y;  hence  the  aggregate 
of  all  ordinal  numbers  is  a  simply  ordered  aggregate,  when  arranged  in  such 
a  manner  that  any  one  a,  which  has  been  defined  as  less  than  another  one  /3: 
;  it. 
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The  sum  a  +  ft  of  two  ordinal  numbers  is,  in  accordance  with  the  g 
definition  of  the  sum-  of  two  order-type?:,  the  order-type  of  the  normally  ordered 
aggregate  (if,  Ar),  where  M,  N  are  two  normally  ordered  aggregates  such  that 
<x  =  M,  8  =  N. 

Since  if,  JV  each  contains  no  part  of  type  *<o,  the  same  is  true  of  (M,  N). 
Hence  the  aggregate  (M,AT)  is  normally  ordered;  and  thus  a  +  ft  is  an  ordinal 
number. 

Since  if  is  a  segment  of  (if,  iV),  we  see  that  a<a  +  ft 

iV"  is  a  remainder  of  (if,  N~)  determined  by  the  lowest  element  of  if, 
hence  N  may  be  similar  to  (if,  N) ;  or,  if  not,  it  is  similar  to  a  segment  of 
(if,  iV) :   thus  either  ft  =  a  +  ft  or  ft  <  a  +  ft. 

The  addition  of  ordinal  numbers  obeys  the  associative  law,  but  not  in 
general  the  commutative  law;  thus  (a  +  ft)  +  7  =  a 4- (ft  +  7),  but  a  +  £  is  in 


135.  The  product  a.^S  of  two  ordinal  numbers  is,  in  accordance  with  the 
definition  of  §  124,  the  order-type  of  the  aggregate  obtained  by  substituting 
for  each  element  of  an  aggregate  of  order-type  ft  au  aggregate  of  order-type  a. 
In  accordance  with  the  theorem  of  §  131,  the  aggregate  thus  obtained  is 
no  cm  ally  ordered,  and   of  typo  dependent  only  on  a  and  ft 

In  general  a.  ft  is  not  equal  to  ft.  a. 

It  is  easily  seen  that  «./3>a,  provided  ft>l;  and  that  if  aft  =  ay, 
then  /S  =  7. 

If  a,  ft  are  two  ordinal  numbers  such-  that  a<ft,  there  exists  an  ordinal 
number  7  such  that  a  +  7  =  ft  ;  a/ad.  this  number  7  is  defined  to  be  ft  -  a. 

For  if  M  =  ft  there  is  .1  segment  of  if  which  may  be  denoted  by  _¥j,  such 
that  j?,=  a ;  let  then  M=  (il/„  ft),  therefore  M=  M,  +  ft  and  ft  -  a  =  & 

136.  Let  ft,  ft,  ...  ft,  ...  denote  a  simple  sequence,  of  ordinal  numbers, 
and  suppose  M,,  M3,  ...  Mn,  ...  are  aggregates  of  which  the  order-types  are 
respectively  the  numbers  of  the  sequence,  The  aggregate  (M1:M2, ...  Mn, ...), 
which  is  obtained  by  replacing  each  element  of  the  normally  ordered  aggregate 
(1,  1,  1,  ...)  of  type  a>,  by  a  normally  ordered  aggregaie,  is,  in  accordance  with 
the  theorem  of  §  131,  itself  normally  ordered;  and  it*  ly|>n  defines  the  sum 
ft  +  ft  +  ...  +ftn+  ...  =ft.  If  «»  denotes  the  sum  ft  +  ft  +  ...  -h ft,,  we  see 
that  «„  =  (if|,  ifo,  ...  if,,);  and  it  is  clear  that  a„+1  > a„ :  hence 

ft  =  aq,   &  =  «,-«!,    ...,   |8n=«n-«»-i. 
It  will  now  be  shewn  (1)  that  ft>ttn,  for  every  value  of  n;  and,  (2)  that,  if  ft'  is 
any  ordinal  number  <ft  there  is  some  definite  value  of  n  such  that  a,, 
a„+l ,   ...  are  all  >  ft. 
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(1)  follows  from  tbo  fact  that  each  «„  is  the  ordinal  number  of  a  segment 
of  (Jf,,  Ms,  ...  Mn,  ...)  of  which  /3  is  the  ordinal  number. 

To  prove  (2),  we  observe  that  a  segment  of  (Mu  M9I  ...  Mn,  ...)  exists,  of 
which  /3'  is  the  ordinal  number,  and  therefore  the  element,  which  determines 
this  segment  must  belong  to  one  of  the  aggregates  Hflt  Mt,  ..'.  Mn,  ...  say  i¥B|. 
It  follows  that  the  segment  is  also  a  segment  of  {Mlt  Mt,  ...  Mn,)',  and  there- 
fore, $ <ttn,,  or  an>0,  n  being  £n,. 

It  has  thus  been  proved  that  /3  is  the  ordinal  number  which  immediately 
follows  all  the  ordinal  numbers  alt  a3,  ...  a,,,  ... ;  and  it  may  be  spoken  of  as 
the  limit  of  the  sequence  a,,  at',  ...  an,  .... 

Thus  every  asoeiidiny  sequence  aL,  «2,  ...  a„,  ...  of  ordinal  numbers  deter- 
mines a  limiting  number  /3=  L  a,,.,  which  i.m.iii.ca'iately  flllo-ms  all  the  numbers 
oft, 


THE    ORDINAL    S  l/MJJ  li-HN    01'    TIIL    MKCOND    CLASS, 

137.  Every  linite  ordered  aggregate  is  normally  ordered,  and  its  order- 
type  is  the  ordinal  number  of  the  aggregate.  The  finite  ordinal  numbers 
may  be  spoken  of  as  the  ordinal  numbers  of  the  first  class;  to  each  such 
ordinal  number  there  corresponds  a  single  cardinal  number,  and  the  properties 
of  the  finite  ordinal  numbers  are  identical  with  those  of  the  finite  cardinal 
numbers,  the  terms  ordinal  and  cardinal  simply  defining  the  two  uses  of  the 
same  number.  In  the  ease  of  translinite  aggregates  there  is  no  such 
identity  between  ordinal  and  cardinal  numbers;  in  fact  the  arithmetic  of  the 
one  kind  of  numbers  is  essentially  different  from  that  of  the  other  kind. 

Corresponding  to  a  single  translinite  cardinal  number  there  is  an  infinity 
of  transfinite  ordinal  numbers;  all  those  transiinite  ordinal  numbers  which 
correspond  to  aggregates  thai,  have  one  and  the  same  cardinal  number  a  are 
said  to  form  a  class  Z(a),  the  class  of  normal  order-types  which  have  the 
cardinal  number  a. 

The  ordinal  numbers  of  all  those  order-types  which  have  the  same 
cardinal  number  Nn  as  the  aggregate  of  finite  numbers,  are  said  to  be  of 
the  second  class  Z(kt0). 

The  ordinal  number  as=  L  .  n,  and  is  the  smallest-  number  of  thi>,  second 
class. 

If  M  denotes  the  aggregate  (m,,  m5,  ...  mn,  ...),  then  M=io,  and  3  =  tiv. 
Any  number  0  which  is  <  ay,  must  be  the  order-type  of  a  segment  of  M,  and 
M  has  only  segments  (m,,  m2,  ...  mn)  with  finite  ordinal  numbers  n;  thus  # 
must  be  a  finite  number;  and  therefore  the  only  ordinal  numbers  <  a>  are 
finite  ones. 

H.  12 
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ruber   a    of  the  second    class   has   a  number  a  + 1    ■ 


following  it. 

For  if  a  —  M,  S  =  N0,  we  have  a  +  1  =  <il/,  e),  where  e  is  a  new  element;  and 
since  M  is  a  segment  of  (M,  e),  we  have  a  +  1  >  a-     Also 

aTT  =  S  +  l  =  N0  +  l=K,,. 
It  has  thus  been  shewn  that  a+1  is  a  number  of  the  second  class.     Every 
number  <  a  +  1,  is  the  order-type  of  a,  segment,  of  (J/,  e) ;  and  such  segment 
can  only  be  M,  or  a  segment  of  M  ■  hence  no  number  <  a  +  1  is  >  a  :  therefore 
a  +  1  is  the  next  number  greater  than  a. 

If  0L\,  ok,  ■■•  «»i  ■-■  is  an;/  sequence  of  numbers  of  the  second  clans,  there  is 
a  number  L.a„.  also  of  the  second  class,  which  in  the.  sntaUest  number  that  is 
greater  than  ever;/  number  an  of  the  sequence, 

If,  as  in  §136,  we  write  &  =  «„  &  =  «,-«,  ...  &,  =  <*„-  an_„  ...  then  if 
Gn  —  0n,  we  have  Lan—(Gj,  G2,  ...  (?„,  ...);  and  this  number  Xa„  has  been 
shewn  to  be  the  smallest  number  which  is  >  a„  for  every  value  of  n.  To 
shew  that  this  number  Lnn  is  of  the  second  class,  we  have,  since  0n  ^  tt„,  for 
every  value  of  n. 

L  .  a„  ^  No .  N„  .S  K„ ;  and  since  L .  a,,  is  not  finite  it  must  therefore  =  N„. 

Two  sequences  {an},  {a'n\  of  numbers  of  the  second  class,  have  the  same 
limiting  number,  when,  and  only  when,  the  sequences  are  related  to  one  another, 
in  accordance,  with  the  definition  of  §  125. 

Let  j3,  7  be  the  two  limiting  numbers,  and  first  assume  that  the  sequences 
are  related  to  one  another.  If  j3  <  7,  then  for  some  value  of  n,  a'.n>0, 
a'„+I  >/3,  ...;  and  hence  for  some  value  of  n',  we  must  have  aa-  >  fi,  an-+1>  ft,  ... 
which  is  inconsistent  with  /?  being  the  limit  of  the  sequence  {a„}. 

If  we  assume  (8  =  7,  then,  since  a„  <  7,  for  some  fixed  number  r  we  must 
have  a'r>tt»t  a',,+1  >«„,,  ... ;  and  similarly,  since  a'n</3,  for  some  fixed 
number  s  we  must  have  as>a'„,  as+1>a!n,  ...;  hence  the  two  sequences  are 
related  to  one  another. 

If  n  is  a  finite  ordinal  number,  and  a  a  number  of  the  second  class,  thou 
n  +  a  =  a,  and  hence  a.  —  n=a. 

For  v.  +'«  =  », 

since  n  +  to  =  (ei,e,,  ...  en;  f,,f,  ...fn,  ...) 

=  (ffi.J7*.  ■■■  g»,9w  ■■■)> 
where  gt  =  e1,  ff3  =  e„  ...ga  =  e„,  ?„+,=/„  gn+)=f» 

Further,  n  +  a  =  n  +  to  +  (a  -  a)  =  ro  +  (a  -  to)  =  a. 

If  n  is  a  finite  number,  then  nto  =  w.  This  is  seen,  by  taking  an  aggregate 
of  the  type  to,  and  replacing  each  clement  by  n  new  elements;  then  it  is  clear 
that  the  new  aggregate  is  also  of  type  to. 


,Google 


137-139]  Ordinal  numbers  179 

It  can  easily  he  proved  that  (a  +  n)io  —  ao>,  where  a  is  of  the  second  class, 
and  n  of  the  first  class. 

138.  If  a  is  any  number  of  the  second  clans,  then  the  numbers  of  the 
first  and  second  clauses,  which  are  less  than  a,  form  a  normally  ordered  aggregate 
of  type  a,  'when  they  are  arranged  in  order  us  defined  above. 

If  M  is  an  aggregate  such  that  M  —a,  and  if  a  is  an  ordinal  number  <  a, 
then  there  is  a  segment  M'  of  M  .such  (hut  M'  =  a  :  and,  conversely,  every 
segment  of  M  determines  a  number  of  the  first  or  second  class  which  is  <  a. 
For,  since  M  =  tt!>,  any  segment  M'  must  have  cither  a  finite  cardinal  number,  or 
else  must  have  H(  for  its  cardinal  number.  If  e,  is  the  lowest  element  of  M, 
a  segment  M'  is  determined  by  an  element  e'  >  e, ;  and  every  element  e',  of  M, 
determines  a  segment  M'.  If ~e\  e"  are  two  elements  of  M,  both  >  e„  and  M', 
M"  the  segments  of  M  determined  by  these  elements,  and  a,  a"  their  order- 
types,  then  if  e'  <  e",  it  follows  by  §  132,  that  M'  <  M",  and  hence  a'  <  a". 

If  then  M  ={eu  M'),  and  to  the  element  e  of  M',  we  make  the  element  a 
of  {a!},  correspond,  the  two  aggregates  M'  and  !a'j  are  placed  in  the  relation 
of  similarity.  It  has  thus  been  shewn  that  \tx'}  —  M' ;  now  M'  =  a  —  l=a. 
hence   {a}  =  a. 

Since  a  =  H0,  we  have  [«'}  =  H0 ;  and  therefore  the  following  theorem  is 
established  : — 

The  aggregate  {a']  of  all  those  numbers  -/  of  the  first  and  second  classes, 
which  are  ordinal!-!/  smaller  than  a-  number  a  of  the  second  class,  has  the 
cardinal  number  N„. 

139.  Every  number  a  of  the  second-  class  is  either  (1)  such  that  it  is 
obtained  from  a  number  of  the  same  class  immediately  -preceding  it,  by  the 
addition  of  unity,  or  else,  (2)  such  that  there  e.rists  a,  sequence  [am\  of  numbers 
of  the  fir d  or  second  class,  having  a  for  its  limit. 

Let  a  =  M\  then  if  M  has  a  highest  element  e,  M  =  (M',  e)  where  M'  is 
the  segment  of  M  determined  by  e;  in  this  case  M  =  J/'  +  l,ora  =  (a-l)  +  l. 

If  M  has  no  highest  element,  then  the  aggregate  \a!\  of  all  numbers  <  a, 
which  is  similar  to  M,  has  no  greatest  number ;  and  this  aggregate  {a'}  being 
of  cardinal  number  N„  can  be  re-arr;mgcd  as  an  aggregate  {<*'„}  of  type  to.  In 
this  aggregate  \a'n},  some  of  the  numbers  a,',  ct3' ,  ...  will  in  general  be  less 
than  a,',  but  others  must  be  greater  than  a/;  for  a,'  cannot  be  greater  than 
all  the  other  numbers  of  the  aggregate,  there  being  in  {«'}  no  greatest 
number.  Let  a'p,  be  that  number  of  [a'n]  with  the  smallest  index,  such  that 
rfp,  >  ai  ;  similarly  let  a'Ps  be  that  number  with  the  smallest  index  such  that 
a'Pj>a'^,  and  so  on.     We  have  now  an  infinite  sequence 
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of  numbers  such  that,  they  are  in  ascending  order,  and  such  that  their  indices 
are  also  in  ascending  order.  Since  n  =  pn,  we  have  a'n  ^  a'Pn;  hence  for  every 
number  a  which  is  less  than  a  there  exists  a  number  a'PlI  which  is  >  a'. 
Since  a  is  the  number  which  follows  next  after  all  the  numbers  a,  it  is  also 
the  number  which  follows  next  after  all  the  numbers  a/,  afPl,  a'P3,  . . .,  which  we 
may  write  as  alt  a.3,  at,  ...  a,„  ...;  thus  a  =  Zafl. 

It  has  thus  been  shewn  that  there  are  two  kinds  of  numbers  of  the 
second  class.  (1)  those  which  have  an  immediate  predecessor  in  the  aggregate 
of  all  such  numbers  arranged  in  ascending  order,  and  (2)  those  which  have 
no  such  immediate  predecessor,  ami  are  called  limiting  numbers. 

A  number  of  the  first  kind  is  obtained  by  means  of  the  first  principle  of 

generation,  (see  ^  61.),  from  the  immediately  preceding  number. 

A.  number  of  the  second  kind    is  obtained  by  the   second    principle   of 
generation,  as  the  number  a  which  next  follows  all  the  numbers  «n  of  *ny 
i  |n„]  of  numbers  of  the  second  class. 


THE    CARDINAL    XUW.I'.F.li    OF    Till:    SECOND    CLASS    OK    OKDINAi.S. 

140.  The  foiiditg  of  the,  ro.tiid>er*  of  the  xev-ond  f/tws  arranged  in  ascending 
order  forms  a  normally  ordered  aggregate. 

If  Aa  denotes  the  ordered  aggregate  of  all  those  numbers  of  the  second 
class  which  are  less  than  the  given  number  a,  then  j!„  is  normally  ordered 
and  of  type  a  —  «.  For  the  aggregate  [a']  of  numbers  of  the  first  and  second 
classes,  which  consists  of  [n]  and  Aa.  has  been  shewn  in  §  1:18,  to  be  normally 

ordered,  and  thus 

hence  {«')  =  [raj  +  Aa ,  or  A  „  =  a  -  at. 

Let  M  denote  any  part  of  the  aggregate  \a\  of  all  the  numbers  of  the 
second  class,  such  that  in  {a}  there  are  numbers  which  are  greater  than  all 
the  numbers-  in  M ;  and  let  a„  be  one  such  number  :  then  M  is  a  part  of  AH+ll 
which  is  such  that  all  the  numbers  ofi!/  are  less  than  at  least  one  number  a„ 
of  jl,i+1.  Since  Au+,  is  normally  ordered,  there  must  be  a  number  a'of  j1„u+1, 
being  itself  consequently  a  number  of  {a},  which  is  the  next  greater  number 
than  all  the  numbers  of  M.  Thus,  since  [a]  has  a  lowest  number  <o,  the 
conditions  are  satisfied  that  \a)   is  a  normally  ordered  aggregate. 

It  follows  by  applying  the  results  of  §  130,  that: — 

Every  part  of  the  aggregate  [a]  of  all  numbers  of  the  second  class  has  a 
least",  number. 

Every  such  part,  in  order,  is  normally  ordered, 
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It  will  now  be  shewn  that  the  aggregate  [a]  of  all  the  numbers  of  the 
second   class,  has  a  cardinal  number  greater  than  N0. 

If  ja]  =N(,  the  numbers  of  {'>]  could  be  arranged  in  the  form 
7i.  7a>   ■•■   7»>   ■■■ 
of  type  a>,  in  which  of  course  the  order  would  not  be  that  of  generation. 
Starting  from  ylt  let  yFt  be  the  y  with  the  smallest  index  which  is  such  that 
Yi>i  >  7ii   *oeu  'et  Yj>!  ke  *hat  7  w^h  t,ne  smallest  index  such  that  yPs  >yp,\ 
and  so  on.     We  obtain  in  this  manner  a  sequence 

Yi.  7ft.  7^.  ■■■ 
in  ascending  order,  the  indices  \,ptlpit  ...  being  also  in  ascending  order.  In 
accordance  with  §  137,  there  must  be  a  definite  number  S  of  the  second  class, 
namely  8  =  LyPa,  such  that  8>yPn,  for  every  p^,  and  consequently  such  that 
S  is  greater  than  every  y„;  but  this  is  impossible  since  [y„]  contains  every 
number  of  the  second  class  ;  hence  [a]  cannot  equal  N„. 

Every  pari  of  the  aggregate  [a]  of  all  numbers  of  the  second  class  has 
either  the  cardinal  number  of  [a],  or  else  the  cardinal  number  K„,  unless  it  is  a 
finite,  part. 

Every  such  part,  when  the  elements  of  it,  are  in  order  of  generation,  being 
part  of  the  normally  ordered  aggregate  {a},  is  either  similar  to  {a},  or  else  to 
some  segment  A^  of  [a] ;  hence  the  cardinal  number  is  either  that  of  [o\  or 
is  A^  =  «,  —  «,  and  this  last  is  either  tt0,  or  is  finite. 

The  cardinal  number  of  {«:■  is  the  cardinal  number  neui  greater  than  N„. 

If  there  existed  a  cardinal  number  less  than  («},  and  greater  than  N0,  it 
must  be  the  cardinal  number  of  some  part  of  [a] ;  but  it  has  been  shewn  that 
every  such  part  of  {«}  has  either  the  cardinal  number  of  {a},  or  is  Nu,  or  is 
■finite. 

The  cardinal  number  of  jaj,  or  of  Z  [X0j  is  denoted  by  Nj. 

THE   GENERAL  THEORY  OF   ALEPH-NUMBERS. 

141.  It  has  now  been  shewn  that  the  ordinal  numbers  of  the  second 
class  in  their  order  of  generation,  form  a  normally  ordered  aggregate  of  which 
the  cardinal  number  is  N,,  the  next  greater  cardinal  number  to  N„.  The 
ordinal  type  of  the  normally  ordered  aggregate  {a}  of  all  numbers  of  the 
second  class,  is  a  number  ii,  which  is  the  smallest  number  of  the  third  class. 
In  analogy  with  the  definition  of  the  second  class,  and  in  accordance  with 
what  Cantor  has  denominated  the  principle  of  limitation  (ITeuimungsprinzip), 
the  third  class  is  taken  to  include  all  the  ordinal  types  of  normally  ordered 
aggregates,  of  which  the  cardinal  number  is  N,,  and  this  class  is  consequently 
denoted  by  ^(Nj).    The  number  il,  which  is  the  order-type  of  all  the  numbers 
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of  the  first  and  second  classes,  in  the  order  of  generation,  and  which 
comes  after  all  those  numbers,  is  not  the  limiting  element  of  any  sequence 
a,,  a.2,  ...  aHI  ...  of  numbers  of  the  second  class;  for,  as  we  have  seen,  every 
such  sequence  has  a  limiting  number  within  the  second  class.  From  the 
point  of  view  adopted  by  Cantor  in  his  earlier  writings,  and  explained  in 
§  61,  in  which  the  successive  ordinal  numbers  arc  regarded  as  successively 
generated,  in  accordance  with  postulated  principles  of  generation,  the  number 
fi  must  be  regarded  as  generated  by  a  third  principle  of  generation,  different 
from  the  two  principles  of  generation  employed  iu  the  case  of  the  numbers  of 
the  first  and  second  classes.  This  third  principle  of  generation  affirms  that 
every  set  of  ordinal  numbers  similar  to  the  aggregate  of  all  the  numbers  of 
the  first  and  second  classes,  in  their  order  of  generation,  is  immediately 
succeeded  by  a  new  number,  ordinally  greater  than  all  the  numbers  of  the 
set,  so  that  every  number  which  is  less  than  this  new  number  is  also  less 
than  some  of  the  numbers  of  the  set.  When,  proceeding  from  fi,  the 
numbers  12  +  1,  X2+2,  ...  Sl+fl,  ...  are  formed,  all  three  principles  of 
generation  will  be  required,  in  forming  the  numbers  of  the  third  class. 

From  the  point  of  view  adopted  later  by  Cantor,  and  explained  in  the 
present  chapter,  XI  is  simply  defined  to  be  the  order-type  of  the  totality  of 
the  numbers  of  the  first  and  second  classes,  iu  their  normal  order.  The 
numbers  higher  than  12  are  then  defined  in  the  same  manner,  each  one  as 
the  order-type  of  the  totality  of  the  preceding  numbers  in  normal  order. 

The  existence  of  a  whole  series  of  classes  of  order-types  of  normally 
ordered  aggregates,  i.e.  of  ordinal  numbers,  has  been  speculatively  asserted 
by  Cantor*  who  has  however,  up  to  the  present  time,  in  his  published  works, 
confined  his  detailed  investigations  to  numbers  of  the  first  and  second  classes. 

To  each  of  the  successive  classes  of  numbers,  there  corresponds  a  single 
cardinal  number,  that  of  the  totality  of  the  ordinal  numbers  up  to,  and 
including  all  the  ordinal  numbers  of  that  class.  The  first  ordinal  number  of 
each  class  is  the  order-type  of  all  the  numbers  of  the  preceding  classes  in 
their  order  of  generation.  A  new  principle  of  generation  is  required  for  the 
first  number  of  each  new  class,  since  that  number  cannot  be  regarded  as  the 
limiting  number  of  any  sequence  of  which  the  ordinal  number  is  less  than 
that  of  the  number  in  question.  All  the  successive  principles  of  generation 
are  however  included  in  the  one  principle,  that  an  aggregate  of  normally 
ordered  ordinal  numbers  has  itself  an  order-type  which  is  a  new  number; 
and  thus,  from  this  point  of  view,  all  the  principles  of  generation,  from  the 
second,   onwards,   arc   replaced   by   this   one    principle. 

142.     In  accordance  with  this  theory,  there  exists  an  ordered 
1,  2,  3,  ...  n,  ...   m,  to  +  1,   ...   w\  ...  »-,  ...  12,  12  +  1,   ... 

*  See  Math.  Aitnuhit,  vol.  xxi,  pp.  ;">S7,  .riSS,  duo  vol.  slvi,  p.  495. 


,Google 


141-143]  Alepk-numbers  183 

which  contains  every  ordinal  number  of  every  class;  and  there  also  exists  a 
similar  aggregate 

1,  2,  3,  ...  n,  ...  K„,  K„  Id,  ...  K,,   .-  K,  ...  Nd,  ...  K?,  ... 

of  cardinal  numbers,  each  clement  of  which  is  the  cardinal  number  of  a  single 
class  of  numbers  of  the  first  aggregate!. 

That  the  first  of  those  aggregates  is  normally  ordered,  may  be  seen  by 
remarking  that  if  it  contained  any  part,  of  the  type  '*«,  thou  such  part  would 
also  be  part  of  the  normally  ordered  aggregate  formed  by  the  numbers 
1,  2,  3,  ...  (o,  ...  a;  where  a  is  the  highest  number  in  the  hypothetical  part, 
of  type  *r».  This  is  impossible,  and  hence  the  first,  aggregate  is  normally 
ordered. 

Cantor  has  proved  (see:  §  117)  that  ti0  is  less  than  or  equal  to  the  cardinal 
number  of  any  trans-finite  aggregate,  and  chat  X:  Is  (.he  cardinal  number  next 
greater  than  N0.  A  proof  litis  been  given  by  Jourdainf,  that  N2  is  the  next 
greater  cardinal  number  than  N, ,  who  has  also  considered  in  some  detail,  the 
ordinal  numbers  of  the  third  class,  and  has  given  indications  of  extension  to 
the  higher  classes. 

The  question  whether  every  trans-finite  cardinal  number  is  necessarily  an 
Aleph-number,  which  is  equivalent  to  asking  whether  every  aggregate  is 
capable  of  being  normally  ordered,  has  engaged  a  considerable  amount  of 
attention.  That  the  answer  should  be  an  affirmative  one,  has  been  regarded 
by  Cantor  as  probable.  Some  discussion  of  attempts  which  have  been  made 
to  settle  this  matter,  will  be  considered  in  §161.  A  case  of  great  importance 
is  that  of  the  continuum,  which  is  defined  as  a  simply  ordered,  but  not  as  a 
normally  ordered  aggregate.  No  proof  has  yet  been  discovered,  of  the  cor- 
rectness of  Cantor's  view,  that  c  —  tt, .  In  case  c  occurs  at  all  in  the  aggregate 
of  Aleph-numbers,  the  continuum  is  capable  of  being  normally  ordered.  The 
possibility  has  also  been  contemplated  that  c  may  be  greater  than  all  the 
Ale  ph.-  numbers. 

THE    ARITHMETIC    OF    ORDINAL   NUMBERS   OF    THE    SECOND    CLASS, 

143.  The  ordinal  numbers  of  the  second  class  have  been  defined  as  the 
order-types  of  normally  ordered,  ennmcrably  infinite,  aggregates;  and  the 
operations  of  addition  and  multiplication  have  been  defined  for  these  numbers, 
in  §§  134  and  135.  It  now  remains  for  us  to  define  exponentials  for  numbers 
of  this  class;  and  the  definition  is  founded  upon  the  following  theorem: — 

If  %  is  a  variable  of  which  the  domain  consists  of  the  numbers  of  the  first 
and  second  classes,  including  zero,  and  if  y,  8  denote  two  constants  belonging 

t  SeePkil.  Ma^i.  for  1904,  "On  the  trims'!  nik-  ca.nl 'nift!  mimhevH  of  uuml]i>r-eks3C5  in  general.'' 
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to  the  same  domain,  such  that  S  >0,  7>  1,  then  there  exists  a  single- valued 

determinate  function  /(f),   which   satisfies  the  conditions 

(1)  /«>)-& 

(2)  If  f ,  I"  are  any  two  values  of  f,  such  that  f  <  f,  then /(f)  </(£")■ 

(3)  For  every  value  of  f,  /(f  +  !)=/(£)  ■  7- 

(4)  It'  jfM]  is  a  sequence  of  which  f  is  the  limiting  number,  then  {/(f«)j 

is  a  sequence  of  which  /(f)  is  the  limiting  number. 

In  the  case  8=1,  the  function  /(f)  is  denoted  by  y% ;  and  then /(f), 
satisfying  the  above  conditions,  defines  the  exponential  function  y£,  for  all 
numbers  7,  f  of  the  first  and  second  classes. 

To  prove  the  theorem,  in  the  first  place  we  have 

/(i).s7, /(2)-sy,  ...,/oo-Syi 

thus /(l)  </(2)  </(3),  ...,and  the  function  is  determined  for  every  f<o>. 
Next  assume  that  the  function  is  determined  for  every  f  <  a,  a  number  of  the 
second  class.  If  a  is  not  a  limiting  number, /(a)  =/(a  — 1)7  >/(a  —  1); 
and  thus /(a)  is  determined.  If  a  is  a  limiting  number,  and  is  preceded  by 
the  sequence  {a,t},  then  {/(£»)}  is  a  sequence,  and  /(«)  =  £/'(«„).  If  {<*»'}  is 
another  sequence  such  that  a  = -£«„',  then  the  two  sequences  ;/(«»)}>  {/(«»')) 
are  related  to  one  another,  and  therefore  have  the  same  limit;  and  thus  /(a) 
is  uniquely  determined,  /(f)  is  now  determined  for  every  f :  for  if  there  were 
values  of  a  for  which  it  were  not  determined,  there  must  be  a  smallest  of 
such  values;  the  theorem  would  then  hold  for  f<a,  but  not  for  fSa; 
which  is  contrary  to  what  has  been  proved  above. 

144.     If  a,  /3  arc  numbers  of  the  first  or  second  class,  ry»+P  =  y .  r^. 
The  function  <£(f)  =  7"+?,  satisfies  the  conditions 
(1)     *(0)-7-. 

(2)  if  r<r,  *<f)<*<r> 

(3)  #({  +  l)-*(f>.* 

(4)  If  (£„}  is  a  sequence  such  that  £f„  =  f ,  then  aV  (f)  =  Z^>  (f„). 

It  follows  by  §  143  that,  if  we  take  B  —  y"-,  then  $(f)=7a7^;  hence  if 
f  =  0,  we  have 

Again,  if  a,  /S  are  two  numbers  of  the  fi  ret  or  second  class 

f -(;•)'■ 

If  we  put/(f)  =  7"f,  we  find  by  applying  the  theorem  of  the  last  section, 
that/(f)  =  (7*y,  where  70  replaces  7. 

7  being  >  2,  it  can  he  proved  that,  for  every  f,  7s  £  f.  The  theorem  holds 
for  f  =  0,  f  =  1 ;  and  if  it  he  assumed  to  hold  for  all  values  of  f  which  are 
less  than  a  given  number  a,  then  it  holds  also  for  f  =  a. 
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For,  first  let  a  be  not  a  limiting  number :  then,  if  a  —  1  =  y-*,  we  have 
(«-l)7£7*; 
hence  7"  £  (a  —  1)  +  (a  —  1)  (7  ~  1) :  therefore  since  a  —  1  and  7  —  1  are  >  1, 
and  («-l)+l=et,we  have  7°  =  a.  If  «  is  a  limiting  number=Za„,  then 
since  an  £  7°",  we  have  Lan  2i  L-y°-»,  or  «  £  7*.  If  there  were  values  of  £  such 
that  £  >  74,  there  must  be  one  of  such  values  which  is  the  least  of  all ;  and  if 
this  were  a,  then  £  £  7^  if  f  <  a,  but  a  >  7° ;  which  is  contrary  to  what  has 
been  proved  above. 

145.  Of  all  the  numbers  of  the  second  class,  the  smallest,  ones  are  those 
which  arc  algebraical  functions  of  w,  of  the  form 

w"  .  pn  +  oy't-1 . pn-,  +  . . .  +  a  . p,  +  p0. 
where Pa,Pi,  ■■■  pn  are  finite  numbers.     If  we  write 

&),  =  &)"',  (y2  =  ww',  &>a  =  co"\  ... 
then  we  obtain  the  number  eli  =  La>n.  This  number  ee  is  the  smallest  of  a 
species  of  numbers  of  the  second  class  which  are  characterised  by  the  property 
e  =  <d!,  and  which  Cantor  has  designated  e-numbcrs.  Cantor  has  shewn  that 
the  e-numbcrs  form  a  normally  ordered  aggregate  of  type  il,  and  therefore 
similar  to  the  whole  second  class  of  numbers.  He  has  further  shewn  that 
every  number  a  of  the  second  class  is   uniquely  re  presentable  in  the  form 

a  =  g>">k„+  to*'*,  +  ...  +w"Kr, 
where  aB,  a,,  «a,  ...  a,,  are  numbers  of  the  first  or  second  class  which  satisfy 
the  conditions  all>a1>  Kg ...  >  a,.  £  0,  and  k0j  «j,  «a,  ...  Kr,  r  +  1,  are  numbers 
of  the  first  class  which  are  different  from  zero.  For  the  detailed  investigation 
of  the  normal  form,  and  for  that  of  the  special  class  of  e-numbers,  we  must 
refer  to  Cantor's  original  discussion*. 

THE    THEORY   OF    ORDER  -FUNCTIONS. 

146.  A  method  of  representation  of  any  mode  of  ordering  a  given 
aggregate  M  has  been  given  by  Bernsteinf.  "When  the  elements  of  the 
aggregate  are  numbers,  this  method  lends  itself  to  a  diagrammatic  repre- 
sentation of  the  aggregate  as  ordered  in  any  particular  order-type. 

An  aggregate  M  is  ordered,  in  the  mus!  general  sense  of  the  term,  when 
it  is  known  as  regards  every  pair  of  elements  a,  b,  whether  a  J  b;  but  a 
particular  mode  of  ordering  the  aggregate  can  he  represented  by  means  of 
a  function  f(a,  b)  of  the  pairs  of  elements,  which  is  defined  by 

f(a,  b)  =  l,  if  a  <  b ;  f(a,  b)  =  -  1,  if  a  >  b,  and  f(a,  a)  =  0. 

*  Math.  Antmleii,  vol.  xlix,  pp.  235 — 24(5. 

I  Sr-e  his  DisnBvtution,  also  W.  II.  Yoim<r,  on  "  C^osou  st:t-:i  <>i'  [luints  and  Cantor's  immbers," 
Pros.  Loud.  Math.  Soc,  Ser.  2,  vol.  1. 
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This  function  /(a,  b)  may  be  denominated  an  order- function  of  the  aggre- 
gated"; and  there  is  one  ore  I  or- function  for  each  possible  mode  of  ordering  the 
aggregate.  The  function  must  satisfy  the  condition  that,  if  f(a,  b)=f(b,  c), 
then  each  equals  f(a,  c). 

Two  order-functions  f,  (a,  b),  f,  (a,  b)  of  a  given  aggregate  kl,  represent 
two  methods  of  ordering  the  aggregate  in  one  and  the  same  order-type, 
provided  there  exist  a  reversible  transformation  <£,  of  the  aggregate  M  into 
itself,  such  that  /,  {<£  (a),  $  (&))  =/a  (a,  b). 

All  those  order-functions  of  a  given  aggregate  M,  which  correspond  to  an 
arrangement  of  M  in  one  and  the  same  order-type,  constitute  a  family  of 
order -functions  ;  and  there  is  one  such  family  of  order-functions  corresponding 
to  each  order-type  in  which  the  given  aggregate  M  can  be  arranged. 

It  is  clear  that  the  order- functions  of  a  family  corresponding  to  M  form 
an  aggregate  with  the  same  cardinal  number  as  the  group  of  transformations 
of  M  into  itself. 

If,  in  particular,  the  aggregate  M  is  that  of  the  positive  integer's,  then  a 
pair  of  elements  (a,  b)  is  represented  by  a  cross-point  of  the  rectangular  trellis 
formed  in  the  positive  quadrant  by  drawing  ail  the  straight  lines,  x  =  a,  y=a, 
for  positive  integral  values  of  a,  referred  to  rectangular  Cartesian  coordinates 
x,y. 

The  natural  order  of  the  numbers  1,  2,3,  ...  will  be  represented  hyf(x,y), 
defined  for  all  the  cross-points,  so  that /(.?,?/)  =  1,  when  x<  y,  and/(a>, y)  =  -l, 
when  x>y,  and  also  f(x,  x)  =  0. 

Any  particular  mode*  of  ordering  the  numbers  1,  %  3,  ...  will  be  repre- 
sented by  marking  one  set  of  cross-points  +1,  and  another  set  —1,  those  on 
the  diagonal  x  =  y,  being  marked  zero. 

It  is,  however,  not  every  mode  of  so  marking  the  cross-points  that  repre- 
sents a  possible  ordering  of  the  aggregate.  That  a  mode  of  marking  may 
represent  a  possible  order,  two  conditions  must  be  satisfied.  First,  we  must 
have/(a;,  y)  ~  —f(y,  «');  and  thus  points  which  are  optical  images  relatively  to 
the  diagonal  y  =  x,  must  be  marked  with  unities  of  opposite  sign.  Secondly, 
the  condition  that  if  /(a,  b,)  =/(';,,  c),  then  each  =/(((,  c)  must  be  satisfied. 
This  condition  may  be  expressed  as  follows: — -Join  every  cross-point  which  is 
marked  +1,  or  0,  with  every  other  such  cross-point,  then  the  resulting  figure 
may  be  called  the  positive  frame-work  ;  join  similarly  all  the  pairs  of  points 
marked  —1,  0;  in  this  way  we  obtain  the  negative  dame-work.  Let  lines 
joining  the  two  pairs  of  points  (,*■,,  yt),  (x2,  y2),  arid  (celt  y2),  (.«a,  y,)  be  called 
conjugate  lines.  The  condition  which  must  be  satisfied  is  that  no  side  of  the 
positive  frame-work  can  be  conjugate  to  a  side  of  the  negative  frame-work. 
It  can  easily  be  seen  that-  the  condition  so  stated  is  necessary  and  sufficient. 


"'  Bonn'!  o.(!Lmjilt''!i  of  oictji'- types    L-tpi'tHHiitcil   in    tliin   muniiBi'   sire  givuu    by  W.  H.   Young, 
Lond.  Math.  Soe.  Proa.,  Ser.  2,  vol.  i,  p.  244. 
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THE    CARDINAL    NUMRIIH    OF    THE    COXTIXUCM. 

147.  The  arithmetic  continuum  has  been  defined  as  an  aggregate  of  the 
order-type  0  (see  §128),  and  it  is  thus  not  normally  ordered  It  has  been 
held  by  Cantor*  that  this  aggregate,  and  perhaps  every  aggregate,  is  capable 
of  being  arranged  as  a  normally  ordered  aggregate;  but  no  proof  of  the 
correctness  of  this  view  has  been  obtained.  If  the  continuum  be  capable  of 
arrangement  as  a  normally  ordered  aggregate.,  its  cardinal  number  c  must  be 
identical  with  one  of  the  Aleph -numbers ;  and  in  fact  Cantor  has  believed 
that  c  —  tiu  the  cardinal  number  of  the  aggregate  of  all  the  order-types  of 
normally  ordered  enumerable  aggregates.  As  evidence  of  the  probable  truth 
of  this  view,  the  facts  may  be  cited  that  all  the  sets  of  points  which  have 
actually  been  defined  in  connection  with  the  theory  of  sets  of  points,  have  one 
or  other  of  the  two  cardinal  number*  N„  and  r,  and  that  no  such  set  of  points 
has  been  defined  of  which  it  is  known  that  the  cardinal  number  is  >bt„  and 
<  c.  This  negative  evidence  is  however  clearly  insufficient  to  settle  the 
question  whether  every  part  of  the  continuum  has  one  of  the  powers  N„ 
or  c,  a  question  which  has  hitherto  defied  all  attempts  to  obtain  a  conclusive 
answer.  As  has  already  been  pointed  out,  it  cannot  be  assumed  that  every 
two  cardinal  numbers  are  such  as  to  be  comparable  with  one  another;  but 
a  proof  has  been  given  by  G.  H.  Hardy f  that  c,  and  presumably  any  cardinal 
number  whatever,  must  either  be  an  Aleph-number,  or  else  be  greater  than 
all  the  Aleph-nu  rubers.  The  mode  of  reasoning  is  a  generalization  of  that 
employed  by  Cantor  in  his  proof  (see  §Ili)  that  N0  is  less  than  any  other 
transfinite  cardinal  number. 

Because  c  £  t^,  it  is  possible  to  take  elements  from  the  number-continuum 
corresponding  to  all  the  numbers  of  the  first  and  second  classes  of  ordinals. 
For  if  this  process  came  to  an  end,  we  should  have  c  =  a0t  which  has  been 
proved  by  Cantor  not  to  be  the  case.  It  follows  that  a  set  can  be  selected 
from  the  continuum  equivalent  to  the  aggregate  of  ordinal  numbers  of  the 
first  and  second  classes.  Now  if  a  set  could  be  selected  from  this  aggregate 
equivalent  to  the  continuum,  it  would  follow  from  the  equivalence  theorem, 
proved  in  §  119,  that  c  =  fc^ ;  and  if  no  such  set  could  be  selected  it  follows 
from  the  definition  of  inequality  in  §  1 12,  that  c>  Nj ;  thus  it  has  been  proved 
that  c  =  tij.  If  now  c  >  S„  a  similar  proof  would  shew  that  c  £  ftf2,  and  so 
on.  If  c  >  Hn  for  every  finite  n,  then  c  £  bim,  and  this  process  may  be  con- 
tinued indefinitely  through  the  Aleph  series.  A  criticism  of  the  validity 
of  this  proof*  will  be  given  in  §  160. 

It  is  known  that  every  infinite.!  closed  linear  set  of  points  has  one  or  other 
of  the  two  cardinal  numbers  Nrj,  c;  and  if  a  set  of  points  can  exist  of  which 

*   Matli.  Aumtkii,  vol.  sxi,  p.  550. 
t  Quarterly  J.  oj  Math.  1903,  p.  87. 
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the  cardinal  number  has  neither  of  these  two  values,  it  must  bo  unclosed,  and 
raay  without  loss  of  generality  be  taken  aw  dense -in -it.se  If.  The  difficulties  of 
dealing  with  open  sets  dense-in-themselves  are  so  great,  that  attempts  to  find 
a,  contradiction  involved  in  the  assumption  of  the  existence  of  such  a  set, 
possessing  a  cardinal  number  different  from  both  N0  and  c,  liave  hitherto  been 
a  complete  failure. 

148.  A  very  remarkable  relation  has  been  given  by  Cantor  between  the 
cardinal  number  of  the  continuum  and  that  of  the  integral  numbers.  This 
relation  is  expressed  by  c  =  2N»,  or  more  generally  c  =  n$»,  where  n  is  a  finite 
integer. 

This  theorem  was  applied  by  its  discoverer  to  obtain  a  simple  arithmetical 
proof  that  the  No-dimensional  continuum  has  the  same  power  as  the  one- 
dimensional  continuum. 

In  accordance  with  the  definition  of  an  exponent  given  in  §  116,  2"«  is  the 
cardinal  number  of  the  proper  fractions  in  the  dyad  scale, 

h_i    h   h. 

2+2a  +  23+'"; 
where  every  b  is  either  0  or  1.     In  this  aggregate  each  number  of  the  form 
-^— —  <  1,  where  p  and  q  are  integers,  occurs  twice  :  hence 

where  X  is  the  aggregate  of  real  numbers  between  0  and  1,  and  s  is  an 
enumerable  aggregate. 

It  follows  from  the  above,  that  2««  =  c  +  N0.  Now  c  +  N„  =  c  +  2N„,  since 
N0  =  2N0;   therefore  c  —  o  +  Nn ;  whence  we  have  2X«  =  a. 

From  this  theorem  we  deduce  c.c  =  2N».  2"°  =  2ax°  =  2Ns  =  c;  and  hence 
by  repeated  multiplication  by  o,  we  find  cn  =  c,  where  n  is  any  finite  integer. 

Again  c*«  =  (a*)*  -  »«■■"■  =  2«°  =  c, 

and  therefore  the  continuum  of  finite,  or  of  enumerable  dimensions,  is 
equivalent    to   the  (me-dnnenwional   continuum. 

The  aggregate  defined  by  all  possible  modes  of  covering  the  numbers  of 
the  continuum  by  themselves,  has  the  power  ccs/,  and  this  number/  is 
greater  thane.  This  has  been  proved  in  §120;  for  a  part  of  the  now  aggregate 
is  equivalent  to  that  obtained  by  replacing  the  numbers  of  the  continuum 
either  by  A  or  by  B,  and  taking  all  possible  aggregates  which  arise  in  this 
way.  Since  this  part  has  been  shewn  to  have  a  cardinal  number  greater  than 
that  of  the  original  aggregate,  it  follows  then  that_/">  a 

More  generally,  if  a  is  any  cardinal  number,  we  have  a"  >  a. 

If  the  continuum  be  divided  into  any  fmile  number  n  of  ports,  such  that 
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all  the  parts  haae  the  name  cardinal  unw-ber,  then  that  cardinal  number  is  the 
same  as  that  of  the  continuum*. 

The  parts  may  consist,  of  sets  of  points  of  any  kind. 

The  theorem  may  also  be  stated  thus :— if  na  —  c,  then  a  =  c. 

To  prove  it,  we  have  na  =  c  =  nc;  and  therefore  by  applying  the  theorem 
of  §  121,  it  follows  that  a  =  c. 

149.  The  continuum  in  e<juimdent  to  tin:  aggregate  of  all  possible  order- 
types  of  simply  ordered  aggregates  of  cardinal  number  N„. 

This  theorem  points  the  contrast  between  the  aggregate  of  al!  order- 
types  of  simply  ordered  enumerable  aggregates,  whieh  is  of  power  2Xu,  and 
the  aggregate  of  all  the  order-types  of  normally  ordered  enumerable  aggre- 
gates, which  is  Nn.  The  latter  aggregate  is,  of  course,  a  part  of  the  former 
one,  and  thus  the  theorem  Na  S  2X«,  can  be  deduced. 

The  theorem  maybe  also  stated  in  the  form:  The  total  number  of  ways 
of  ordering  the  integral  v-Hitibers  1,  2,  3, ...  is  o. 

If  fi  is  the  order-type  of  an  enumerable,  aggregate  arranged  aw  a  simply 
ordered  aggregate,  then  a  part  of  an  aggregate  of  the  type  n,  considered  in 
§  127,  can  always  be  found  which  is  of  the  type  fi.  To  establish  this,  it  can 
be  shewn  that  an  aggregate  of  type  /j,  can  always  bo  changed  into  one  of 
type  y,  by  insertion  of  new  elements.  If,  between  every  pair  of  elements 
m,,  m-z  of  fi,  there  are  other  elements,  then  /i  is  of  one  of  the  types  y, 
l  +  i?i  V  +  li  l  +  i?  +  l  5  so  that  A  i8  reduced  to  57  by  the  removal  of  the 
lowest  and  the  highest  elements,  when  such  elements  exist.  In  any  such 
case,  if  we  add  to  fi,  aggregates  of  type  y,  at  the  beginning  and  at  the  end, 
we  obtain  an  aggregate  of  type  y  +  ft  +  y  which  is  of  type  y,  whichever  of 
the  types  y,  1  +  v,  y  +  ~L>  1  + 17  + 1  may  be  identical  with  ft.  If  pairs  of 
elements  exist  in  the  aggregate  of  type  fi,  such  that  there  are  no  elements 
between  them,  an  aggregate  of  type  y  can  be  inserted  between  every  such 
pair,  until  a  new  aggregate  of  one  of  the  types  y,  1  +1),  y  + 1,  1  +  y  + 1,  is 
obtained ;  then  as  before,  by  adding  aggregates  of  type  y,  at  the  beginning 
and  end,  we  obtain  an  aggregate  of  type  y.  It  has  thus  been  shewn  that 
any  aggregate  of  type  fi  is  a  part  of  another  aggregate  of  type  1;.  Since  the 
rational  numbers  in  their  totality  naturally  e-sist  in  the.  order-type  17,  it  follows 
that  an  aggregate  of  any  type  fi  can  be  made  by  taking  a  part  of  the  aggre- 
gate of  rational  numbers,  of  type  y.  It  follows  that  the  aggregate  of  all 
types  ft  has  a  cardinal  number  less  than,  or  equal  to,  that  of  the  aggregate 
of  all  part-aggregates  of  the  set  of  rational  numbers  arranged  in  type  tj. 

Now  every  aggregate  (rlt  r2, ...),  of  which  all  the  elements  are  rational 
numbers,  corresponds  to  a  single  point  of  a  eon  tinunm  of  an  enumerable  number 

0  Bernstein,  loc  cit.,  p.  31, 


/Google 


190  Transfinite  numbers  and  order-types  [ch.  in 

of  dimensions,  of  which  the  coordinates  are  #i=ri,  #a  =  r,, Hence  the 

cardinal  number  of  the  aggregate  of  all  part -aggregates  of  the  sot  of  rational 
numbers  is  less  than,  or  equal  to,  the  cardinal  number  of  the  N0- dimensional 
continuum,  that  is,  £  c ;  and  therefore  the  cardinal  number  of  the  aggregate 
of  all  types  fi  is  &  c. 

It  will  now  be  proved  that  c  £  the  aggregate  of  all  types  /j..  To  every 
real  number  between  0  and  1,  there  corresponds  an  infinite  sequence  b,^^... 
whore  every  b  is  either  0  or  1,  expressing  the  number  in  the  dyad  scale. 
After  each  b,  insert  an  aggregate  of  type  -a,  and  we  then  have  an  aggregate 

\irhtfeb%Tr...,  of  type  y  =  &i  + -n- -(- 65  +  tt  +  68  +  tt  4- Here,  some  of  the  b's 

may  be  zero,  and  these   may  be  simply  omitted;    thus  7T  +  0  +  7T  =  7t  +  tt. 

Hence  to  any  real  number  x  between  0  and  1,  there  corresponds  the  type 

V=bi  +7T  +  bis+  ... . 

It  is  now  necessary  to  shew  that  the  two  order-types  v,  v ,  which  correspond 
to  two  different  numbers,  x,  x',  are  necessarily  distinct  from  one  another. 
If  y  =  v1,  we  can  write  the  equality  Gt-i  ir  +  £  =  G,'  +  ti  +  gi',  where  Gu  C/  are 
each  either  0  or  1 ;  and  from  this  we  obtain,  by  means  of  the  theorem  of 
§  129,  C,  =  C,',  and  &  =  £,'.     The  last  equation  can  be  written 

0a  +  w  +  &  =  c:  +  w+k. 

and  from  this  we  conclude  that  (?a  =  (?/,  &=?a';  an^  we  can  proceed  onwards 
in  the  same  manner.  From  b1  =  b1',  &a  =  V> ...,  we  conclude  that  x  =  af.  It 
has  thus  been  shown  that  {%}  —  [v] ;  and  from  this,  we  conclude  that  c  £  the 
cardinal  number  of  all  order-types  /i.  ■ 

This  part  of  the  theorem  is  duo  to  Cantor*,  and  the  first  part  to 
Bernstein.  By  combining  the  two  results,  the  complete  theorem  is  estab- 
lished. 

This  important  result  may  also  be  expressed  by  saying  that  the  totality 
of  all  permutation;-!  of  the  sequence  of  punitive  integer*  has  the  power  of  the 
continuum. 

It  may  also  be  shewn  that  the  totality  of  all  parts  of  the  sequence  1,2,3,... 
has  the  power  of  the  continuum. 

For  if  we  form  a  sequence  by  writing  0  for  each  of  the  numbers  1,  2,  3,  ... 
which  does  not  occur  in  a  given  part  of  (1,  2,  3, ...);  and  t  for  each  number 
which  does  occur  in  the  given  part,  then  the  sequence  of  O's  and  l's  thus 
obtained,  corresponds  to  a  real  number  expressed  in  the  dyad  scale,  and 
therefore  the  numbers  of  the  continuum  are  put  into  correspondence  with 
the  parts  of  the  sequence  (1,  2,  3;  ...). 

150.     It  can  be  shewn  that   the  aggregate   of  all  sets   of  points  in   the 

ii-diiitensiw-na.f  c.cmt.in>uim  box  a.  cardinal  number  greater  than  v. 

■-    Sph  l!i:;  ostein's  Dissertation,  p.  7. 
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For  in  the  aggregate  [P]  of  all  points  in  an  re-dimensional  continuum, 
we  can  substitute  0  for  each  point  P  which  does  not  occur  in  a  given  set 
of  points  of  the  continuum,  and  1  for  each  point  P  which  does  occur;  we 
then  obtain  an  aggregate  consisting'  of  O's  and  l's:  hut  it  is  known  that 
the  totality  of  all  such  aggregates  has  the  power  2l,  which  is  >  c. 

On  the  other  hand,  the  totality  of  all  closed  sats  of  points  in  the  n-dimen- 
sicmal  coidiiii.ti.uii.  has  the  same  power  c  as  the  continuum. 

livery  closed  set  is  the  derivative  of  an  enumerable  set  of  points;  and  to 
every  enumerable  set  of  points  there  corresponds  a  single  closed  set. 

It  follows  thai,  the  card i mil  number  o.f  the  totality  of  closed  sets  is  £  the 
cardinal  number  of  the  totality  of  enumerable  sets  of  points  chosen  out  of  the 
continuum.  To  shew  that  the  latter  is  c,  we  observe  that  it  is  £  the  aggre- 
gate of  all  combinations  of  points  of  the  continuum  in  sets  of  N„  elements, 
that  is,  £  c««,  or  £  e. 

Again,  every  single  point  of  the  N„-dimensionat  continuum  corresponds 
to  a  single  point  of  the  one-dimensional  continuum,  and  this  point  is  an 
enumerable  part  of  the  continuum ;  hence  the  totality  of  enumerable  sets 
of  points  of  the  ".-dimensional  continuum  is  £  c.  On  combining  this  with 
what  has  been  proved  above,  we  see  that  the  totality  of  all  enumerable  sets 
of  points  in  the  ^-dimensional  continuum  is  c;  hence  the  totality  of  all 
closed    sets  of  points  in   the  H-dimensiotiai  continuum  is  £  c. 

Again,  the  totality  of  all  closed  sets  of  points  in  the  re  dimensional 
continuum  is  =  c.  For  one  such  closed  set  can  be  taken  in  each  of  an 
infinity  of  the  domains  a.,  =  a,  where  x,  is  one  of  the  n  coordinates  which 
determine  the  position  of  a  point  in  the  n-dimensional  continuum;  and  the 
aggregate  of  all  possible  values  of  a  has  the  power  c.  We  thus  obtain 
ite  of  closed  sets  which  has  the  power  c;  and  it  follows  that  the 
c  of  all  closed  sets  in  the  ^.-dimensional  continuum  is  =c. 

Since  the  totality  of  all  closed  sets  of  points  in  the  re-dimensional 
continuum  is  £c,  and  at  the  same  time  is  5  c,  it  must  have  the  cardinal 
number  c. 

Since*  every  curve  or  surface  in  a  continuum  is  formed  by  a  closed  sot  of 
points,  we  see  that  every  possible  curve  or  surface  corresponds  uniquely  to 
a  single  definite  real  number. 

151.  A  method  of  constructing  a  set  of  points  of  which  the  cardinal 
number  is  Hlt  has  been  givenf  by  G.    H.  Hardy. 

If  we  start  from  the  sequence 

1,  2,  3,  4,  5,  (1) 

*  Bernstein,  loc.  cit.,  p.  43. 

■|-  Quarterly  Journal  of  Math.,  vet  xxxv,  1003,  "A  iheorum  eoiioeimng  tli«  infinite  cardinal 
numbers."     A  criticism  -.u'  this  ''ixisti'i'/tion  v.-ill  l>r>  sjiven  in  §  162. 
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dI'  integral  numbers,  a  new  sequence 

2,  3,  4,  5,  (2) 

is  formed  by  omitting  the  first  term. 

Con  tinning  this  process,  we  form 

3,  4,  5,  6, (3) 

4,  5,  6,  7, (4) 

5,  6,  7,  8,  (5) 

We  now  form  a  new  sequence 

1,     3,     -5,     7,     9,  (w) 

by  traversing  the  above  inl'mite  array  of  sapiences  diagonally.    Then  we  form 

3,     5,     7,     9,  11 O  +  l) 

5,     7,     9,  11,  13, («  +  2) 

7,     9,  11,  13,  15, (q.4-3) 

9,  11,  13,  15,  17 (<b  +  4) 

1,     5,     9,  13,  17,  (».2) 

5,     9,  13,  17,  21,  («.2  +  l) 

9,  13,  17,  21,  25, (w.2+3) 

1,     9,  17,  25,  33,  ((o.3) 

Thus  sequences  corresponding  to  all  the  numbers  w  .  p  +  v  can  be  formed. 
To  form  the  sequences  corresponding  to  to2,  we  take  the  array  of  sequences 

1,     3,     5,     7,        9,  (a>) 

1,     5,     9,  13,     17,  (w.2) 

1,     9,  17,  25,     33,  (w.S) 

1,  17,  33,  49,     65,  (w.4) 

1,  33,  65,  97,  129,  (w.5) 

and  traverse  it  diagonally ;  we  thus  obtain 

1,     5.  17,  49,   129,  (V). 

Generally,  if  bs,  b,,  bs,  b.,,  ...  is  the  sequence  corresponding  to  j3,  the 
sequence  b3,  bs,bt,b5,  ...  corresponds  to  ,8  +  1.  To  obtain  a  sequence  cor- 
responding to  a  number  7  which  is  a  limiting  number  of  the  second  class, 
we  take  the  array  of  sequences  corresponding  to  any  ascending  set  of 
numbers  &,  /3a, ...  of  which  the  limit  is  7,  and  traverse  if  diagonally.  It  is 
clear  that,  in  this  manner,  a  sequence  can  be  found  for  any  given  number  of 


/Google 


151]  The  Continuum  193 

the  second  class ;  but  that  the  set  of  sequences  so  obtained  is  not  unique.  For 
example,  &>  might  have  been  taken  as  the  limit  of  1,  3,  5,  7, ... ,  or  aP  might 
have  been  taken  as  the  limit  of  w  +  1,  a>.2  +  2,  a>.3  +  3 

It  will  be  shewn  that  the  sequences  b,,  68,  &3, ...  can  be  so  chosen  that 
in  every  case  b,  <b,i<bs, ... ;  and  that,  if  the  sequences  &i,  b2, ...  and  &,'»  V.  •■■ 
correspond  to  any  two  numbers  0,  #',  where  $<$,  then  there  exists  a 
number  N  such  that  bn'>bn,  for  n^N;  and  thus  that  the  sequences  are 
distinct  from  one  another. 

Let  us  assume  that  sequences,  corresponding  to  all  numbers  <  7,  have 
been  constructed  in  such  a  manner  that  this  condition  is  satisfied.  First, 
let  7  be  a  non-limiting  number,  so  that  7  =  7'  +  !.  Then  if  0<y',  there  is 
a  number  JVsuch  that  an'>bni  for  n  £  jV,  where  a,',  a/,  as\  ...  is  the  sequence 
which  corresponds  to  7".  But  if  «;,  0%,  as,  ...  is  the  sequence  which  cor- 
responds to  7,  we  have  ra„  =  a'B+l  >  a,,' >  &„,  for  ft  =JV, 

Hence,  if  the  construction  is  possible  for  all  numbers  <  7,  it  is  possible 
for  all  numbers  ■§  7,  where  7  is  a  non-limiting  number. 

Next,  let  us  suppose  that  7  has  no  immediate  predecessor,  and  that 
7  =  L .  0m ;  then  also  y  —  L  {j3m  +  vm),  where  the  vm  are  finite  numbers. 
Now  there  is  a  number  Nit  such  that  &a,«>&i,iu  for  »  =  JVi,  where  &,„,„ 
denotes  the  wth  number  in  the  sequence  corresponding  to  /3m.  A  fortiori,  if 
7™  =  &»  +  vm,  we  have  c.2t„  =  6b,„+„,  >b!t„>  bh„,  for  wS^where  cm,n  is  the 
nth  number  in  the  sequence  corresponding  to  y,„..  But  if  we  take  «*a  >  tj.jv.-n 
we  have  c?>n  =  fi^n+r,  =  «  +  ys  >  6i,ai-i  >  &i,»  for  w  <  ^11  an<^  hence  we  have 
<h,n>f>i,n,  for  all  values  of  n.  Similarly  ya  can  be  so  chosen  that  73>7a,  and 
C3,it><^>,M,  for  all  values  of  n;  and  so  on  generally.  If  we  write  71  for  /3,, 
and  <;,,„  for  6liB,  we  have  a  doubly  infinite  array 


C3,l'        CS,2.       CS,3>  •■■ 

and  we  define  the  sequence  corresponding  to  7,  by  traversing  it  diagonally, 
so  that  cn=c)liW.  If  then  0  <  7,  we  can  find  in  so  that  0  <  ym;  then  there 
is  a  number  K,  such  that  o„wn  >  bn,  for  n=K.  But  if  n>m,  we  have 
c»  =  Cn,»>Cm>„;  and  thus  if  n  is  greater  than  the  greater  of  the  two  numbers 
m,  K,  we  have  c„>6„.  It  has  thus  been  shewn  that  if  the  construction  is 
possible  for  all  numbers  <  7,  it  is  possible  for  all  numbers  s  ^,  whether  7  is 
a  limiting  number  or  not. 

In  this  manner  a  sequence  is  obtained  which  corresponds  to  any  assigned 
number  7  of  the  second  class,  and  this  sequence  is  distinct  from  those  which 
correspond  to  the  numbers  <y,  such  sequences  being  also  distinct  from  one 
another. 

H.  13 
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The  sequences  may  be  correlated  with  points  in  the  linear  continuum 
(0,  1).  To  correlate  a  sequence  &,,  b\,  &,,  ...,  we  may  take  the  binary  radix 
fraction  in  which  the  6,th,  b.,tb.,  6ath, ...  figures  are  all  1,  and  the  remaining 
figures  all  0.  In  this  manner  a  set  of  points  is  shewn  to  exist,  such  that 
one  point  of  the  set  corresponds  to  each  number  of  the  first  or  of  the  second 
class.  This  amounts  to  the  construction  of  a  set  of  points  of  cardinal 
number  ttlt  Just  as  an  enumerable  set  of  points  is  determinate,  when  the 
point  which  corresponds  to  any  assigned  number  n  of  the  first  class  is 
determinate,  so  the  set  of  cardinal  number  N,  is  determinate,  in  the  sense 
that  a  definite  point  is  determined  corresponding  to  any  assigned  number 
0  of  the  first  or  of  the  second  class. 

It  may  he  remarked  that  a  set  of  points  of  cardinal  ■number  K,,  or  of  any 
cardinal  number  >N0,  when  arranged  in  normal  order,  cannot  possibly  be  m 
the  order  in  which  they  oocnr  in  the  continuum. 

For  if  a  set  of  points,  in  the  order  in  which  they  occur  in  the  continuum, 
forms  a  normally  ordered  aggregate,  each  point  and  the  next  succeeding  one 
define  a  linear  interval  of  which  they  are  the  end-points.  We  have  thus  a 
set  of  intervals  which  must  have  the  same  cardinal  number  as  the  given 
set  of  points.  Each  interval  of  the  set  abuts  on  the  next  one,  and  thus  the 
end-points  together  with  their  limiting  points  define  an  enumerable  closed 
set.     Hence  the  given  set  must  he  enumerable. 

GENERAL   DISCUSSION    OF   THE   THEORY. 

152.  An  account,  having  now  been  given  of  the  abstract  theory  of  aggre- 
gates, as  developed  by  Cantor  and  others,  the  remainder  of  this  chapter  will 
he  devoted  to  a  critical  discussion*  of  the  theory. 

In  accordance  with  Cantor's  general  theory  of  ordinal  numbers,  and  of 
aleph -numbers,  there  exist  two  aggregates 

i,    2, ...  n,  ...  a,  a+i, ...  a,a  +  i, ...  &  .... 

the  first,  the  aggregate  of  all  ordinal  numbers,  and  the  second  that  of  all 
K  cardinal  numbers.  These  aggregates  are  both  normally  ordered,  and  are 
similar  to  one  another;  and  they  contain,  respectively,  every  ordinal  number, 
and  every  cardinal  number  which  belongs  to  a  normally  ordered  aggregate. 

In  accordance  with  the  principle  which  is  fundamental  in  the  whole 
theory,  that  every  normally  ordered  aggregate  has  a  definite  order-type, 
which  is  its  ordinal  number,  and  has  also  a  definite  cardinal  number,  it  is 
seen  that  the  above  aggregates  have  an  ordinal  number  7,  and  a  cardinal 

irks  here  made  have  been  published  In  the  Prof.  Loud.  Math,  Hoc, 


,Google 


151,  152]  General  (Uwvsxiou  of  the  theory  195 

number  XY.  The  ordinal  number  7  must  itself  occur  in  the  first  aggregate, 
and  must  therefore  be  the  greatest  ordinal  number,  i.e.  the  last  element  of 
the  aggregate;  moreover  NT  must  occur  in  the  second  aggregate,  and  must 
be  the  last  element  of  that  aggregate.  There  can,  however,  be  no  last 
ordinal  number ;  for,  on  the  assumption  of  the  existence  of  7,  an  aggregate  of 
ordinal  number  7  +  I,  can  be  formed.  For  example,  by  placing  the  first 
element  of  either  .of  the  above  aggregates  after  7  or  after  Nv  respectively; 
it  can  at  once  be  shewn  that  there  is  no  last  ordinal  number,  and  con- 
sequently no  last  aleph-number  tiy.  We  have  thus  arrived  at  a  contra- 
diction. 

Burali-Forti,  who  first  pointed  out  this  contradiction  Jr,  accounted  for  it 
by  denying  the  truth  of  the  theorem,  that  any  two  distinct  ordinal  numbers 
«],  «3  must  necessarily  satisfy  one  of  the  relations  o\  >  a2,  o,  <  o^,  in  accordance 
with  the  definition  which  lias  been  given  in  §  134,  of  the  meaning  of  these 
relations.  However,  Cantor's  proof  of  this  theorem  (sec  §  133),  does  not 
appear  to  be  capable  of  refutation,  and  consequently  the  origin  of  the  con- 
tradiction cannot  be  explained  in  the  manner  indicated. 

B.  Russell  has  suggested":  chat  the  aggregates  of  all  ordinal  numbers 
and  of  all  aleph-numbers  are  not  normally  ordered,  and  therefore  that  these 
aggregates  have  no  ordinal  number,  and  that  their  cardinal  number  is  con- 
sequently not  necessarily  an  aiepb -number.  He  admits,  however,  that  the 
segments  of  either  aggregate  are  normally  ordered.  This  explanation  is 
confuted  by  the  argument  that,  if  the  above  aggregates  are  not  normally 
ordered,  then  they  must  contain  parts,  of  type  *w ;  such  a  part  would  then 
be  a  part  also  of  a  segment  of  one  of  the  aggregates,  and  such  segment 
would  not,  be  normally  ordered. 

The  contradiction  has  been  explained  by  Jourdain§,  by  means  of  the 
suggestion  that  there  are  ordered  aggregates  which  have  no  order-type, 
and  no  cardinal  number;  and  that  the  above  aggregates  belong  to  such 
class.  To  such  aggregates  lie  gives  the  name  wconswten.f,  aggregates,  in 
virtue  of  the  fact  that,  of  such  an  aggregate  it  is  impossible  to  think, 
without  contradiction,  as  a  "  collection  by  the  mind  of  definite  and  distinct 
objects  to  a  whole."  It  appears  from  a  statement  made  by  Jourdain||,  that 
Cantor  had  himself,  some  years  previously,  arrived  at  the  same  conception 
and  name. 

In  accordance  with  this  view  of  the  matter,  there  exists  an  ordered 
aggregate,  viz.  that '  of  all  the  ordinal  numbers,  every  segment  of  which  is 
normally  ordered,  and  has  a  cardinal  number,  and  yet  such  that  the  aggregate 

+  Rend.  del.  circo'o  mat,  di  Palermo,  vol.  xi,  1897,  "  Una  questions  sui  numeri  transficiti." 

X  The  Principle?  of  Mathematics,  veil.  I,  p.  323. 

§  PHI.  Mag.  1904,  "On  the  transfinite  numbers  of  well-ordered  aggregates." 

|]  Loe.eit.-p.  67, note:  fee  also  HiUwri,  ,i!ihr,'dh:ri'.M<ki-dwtsch.  niu-ih.  I'ereiKig.val.vm,  p.  194. 
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itself,  being  "inconsistent,"  cannot,  without  contradiction,  be  thought  of  as 
having  a  definite  order-type.  This  amounts  to  a  denial  of  the  universal 
validity  of  the  fundamental  principle  that  every  ordered  aggregate  has  a 
definite  order-type;  and  yet  it  is  by  means  of  this  very  principle  that  the 
existence  of  the  successive  ordinal  numbers  is  regarded  as  having  been 
established.  Each  successive  ordinal  number  was  defined  to  be  the  order- 
type  of  the  ordered  aggregate  of  all  the  preceding  ordinal  numbers.  The  doubt 
thus  thrown  upon  the  validity  of  the  principle  by  means  of  which  the  exist- 
ence of  the  complete  series  of  ordinal  numbers,  and  simultaneously,  that  of 
the  aleph -numbers,  is  established  in  Cantor's  theory,  naturally  suggests  that 
a  further  scrutiny  of  the  foundations  of  that  theory  is  required.  It  is  not 
clear,  a  priori,  that  an  aggregate  which  is  inconsistent,  in  the  sense  employed 
above,  may  not  be  reached  at  an  earlier  stage  of  the  process  of  forming  the 
successive  classes  of  ordinal  numbers,  before  the  aggregate  of  all  such 
numbers,  in  the  sense  of  Cantor's  theory,  is  reached.  Moreover,  it  would 
seem  reasonable  to  expect,  that  so  fundamental  a  distinction,  as  that  in- 
volved in  the  notion  of  an  inconsistent  aggregate,  should  be  indicated  in  the 
general  definition  of  an  ordered  aggregate,  or  in  close  connection  therewith, 
In  any  case,  an  explanation  of  the  contradiction,  on  these  lines,  cannot  be 
regarded  as  satisfactory,  until  criteria  have  been  obtained  which  shall  suffice 
to  decide,  in  respect  of  any  particular  ordered  aggregate,  whether  such 
aggregate  has  an  order-type  and  a  cardinal  number,  or  whether  it  is  an 
inconsistent  i 


153.  Before  proceeding  to  attempt  the  consideration  of  how  far  Cantor's 
general  theory  of  ordinal  numbers  and  aleph -numbers  can  be  accepted, 
we  shall  examine  the  definition  of  an  aggregate  in  general,  with  a  view  to 
discovering  whether  it  has,  in  the  form  given  in  §111,  the  requisite  degree 
of  precision.  An  attempt  will  then  be  made  to  decide  what  limitations 
or  qualifications  must  be  imposed  upon  the  nature  of  an  aggregate,  so 
that,  in  the  development  of  the  theory,  the  possibility  of  being  confronted 
by  such  a  contradiction  as  that  which  was  pointed  out  by  Burali-Forti,  may 
be  removed  at  its  source. 

The  term  aggregate  being  taken  as  denot.i  ng  a  collection  of  distinct  objects, 
in  the  most  general  sense,  the  difficult  question  arises  as  to  the  conditions 
under  which  the  elements  that  form  the  aggregate  can  be  regarded  as 
adequately  defined.  In  the  case  of  a  finite  aggregate,  the  elements  may 
be  defined  by  means  of  individual  specification,  but  this  is  not  possible  in 
the  case  of  a  transfinite  aggregate;  individual  specification  must  then,  in 
the  latter  case,  be  replaced  by  a  law,  or  by  a  finite  set  of  laws,  forming  the 
norm  by  which  the  aggregate  is  defined.  Prima  facie  the  most  general 
definition  of  an  aggregate  which  presents  itself  is  that  an  aggregate  consists 
of  all   objects,  such  that  each  satisfies  certain  specified   conditions.     It  is 


/Google 


152-154]  General  discussion  of  the  theory  197 

however  convenient  to  admit  the  case  of  two  or  more  alternative  seta  of 
conditions;  thus  an  aggregate  may  contain  all  objects,  each  of  which  satisfies 
either  the  conditions  (A),  or  else  one  of  the  sots  of  conditions  (_B),  ...(K). 
The  conditions  forming  the  norm  by  which  the  aggregate  is  defined  must 
be  of  a  sufficiently  precise  character  to  make  it  logically  determinate,  as 
regards  any  particular  object  whatever,  whether  such  object  does  or  does  not 
belong  to  the  aggregate.  As  we  have  seen,  for  example,  in  the  case  of  the 
aggregate  of  algebraical  number.-,  the  means  at  our  disposal  may  not  suffice 
to  render  the  actual  determi nation  possible,  in  any  particular  case;  we  there- 
fore agree  to  fall  back  upon  the  logical  detorminacy  as  sufficient;  thus  it  is 
logically  determinate  an  regards  a  number,  defined  in  any  particular  manner, 
whether  that  number  13  algebraic  or  not,  and  consequently  we  regard  all  the 
algebraical  numbers  as  forming  an  aggregate  in  accordance  with  the  definition 
of  that  notion.     We  shall  accordingly  define  the  term  aggregate,  as  follows: — 

All  objects  which  are  such  as  to  satisfy  a  prescribed  norm,  ore  sa.id  to  belong 
to  an  aggregate  dcjlne.d.  by  thai  norm..  The  norm  consists  of  a  set  of  specified 
conditions,  or  of  a  specified  sd  of  alter  no.  live  specified,  conditions;  and  this 
norm,  must  be  sufficient  to  render  it  logically  determinate,  as  regards  any 
particular  object  whatever,  w/iel/i.ei-  ih.ut  object  belongs  to  the  aggregate  or  not. 

It  is  clear  that  the  elements  of  an  aggregate,  being  subject  to  a  common 
norm,  must  have  a  certain  community  of  nature  which  constitutes  the  ground 
of  the  aggregation. 

In  the  case  of  a  finite  aggregate,  the  norm  may  take  the  form  of  individual 
specification  of  the  objects  which  form  the  aggregate. 

154.  It  is  not  clear  that  an  aggregate  defined  in  the  above  sense  is 
necessarily  capable  of  being  ordered  at  all.  For  example,  it  is  difficult  to 
see  that  such  an  aggregate  as-  that  of  "  all  propositions  l!  could  conceivably  be 
ordered ;  where  it  is  assumed  that  the  meaning  of  the  word  "  proposition  "  is 
taken  as  so  definite,  that  this  aggregate  has  a  norm  in  accordance  with  the 
definition  above.  Again,  to  take  an  example  among  aggregates  of  the  kind 
usually  considered  in  Mathematical  theory,  we  may  consider  the  aggregate 
obtained  by  covering  the  aggregate  of  real  numbers  by  itself.  This  aggregate 
which  has  the  cardinal  number  f^  C°,  is  equivalent  to  the  aggregate  of  all 
the  functions  of  a  real  variable;  it  is  difficult,  if  not  impossible,  to  see  how 
order  could  bo  imposed  upon  this  aggregate.  If  then,  a  transfinite  aggregate 
is  to  be  given  as  an  ordered  aggregate,  or  is  to  have  an  order  imposed  upon 
it,  or  rather  discovered  in  it,  it  would  appear  to  be  necessary  that  the  norm, 
which  constitutes  the  definition  of  the  aggregate,  should  be  of  such  a  character, 
that  a  principle  of  order  is  contained  therein,  or  can  at  all  events  be  adjoined 
thereto;  so  that,  when  any  two  particular  elements  are.  considered,  the  con- 
ditions which  they  satisfy  in  virtue  of  their  belonging  to  the  aggregate,  when 
individualized  for  the  particular  elements,  may  be  sufficient  also  to  allow  of 
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relative  rank  being  assigned  to  those  elements  in  accordance  with  a  principle 
of  order.  This  is  in  fact  the  case  in  such  aggregates  as  those  of  the  integral 
numbers,  the  rational  mini  hers,  or  the  real  numbers.  In  the  case,  tor  example, 
of  the  positive  rational  numbers,  the  relative  rank  of  any  two  particular  elements 
(p,q),  (p',</)  is  assigned  by  the  system  of  postulat.i.ons,  contained  in  §11, 
which  defines  the  aggregate.  It  may,  of  course,  also  be  possible  in  other 
cases,  as  in  this  one,  to  re-order  the  aggregate,  in  accordance  with  some 
other  law,  extrinsical ly  imposed  upon  the  aggregate;  but  the  nature  of  the 
elements  must  be  such  that  this  is  possible. 

We  can  now  state  that : — 

In  order  thai  a  trait sfi idle  aggregate  defined  as  in  §  lf>3,  may  be  capable 
of  being  ordered,  a  principle  of  order  inn  si  be  explicitly  or  implicitly  contained  . 
in  the  -norm  by  which  the  aggregate  it  dejined. 

The  relative  order  of  any  two  element*  chosen  from-  an  ordered  aggregate 
depends  upon  the  iudlvidv.al  clu'racterisiics  of  those  elements,  in  accordance 
with  the  principle  of  order. 

In  the  definition  of  order- type  given  by  Cantor  (see  §  122),  according  to 
which  the  order-type  of  an  aggregate  is  obtained  by  making  abstraction  of 
the  particular  nature  of  the  elements  of  the  aggregate,  it  is  assumed  that 
the  aggregate  is  given  as  an  ordered  aggregate.  Again,  in  his  definition 
of  cardinal  number  (see  §111),  Cantor  has  assumed  that  the  aggregate  is 
given  as  an  ordered  one ;  the  cardinal  number  there  appears  as  the  result  of 
a  double  abstraction,  viz.  of  the  particular  nature  of  the  elements,  and  of  the 
order  in  which  they  are  given.  The  question  however  arises,  whether  the 
definition  of  cardinal  number  should  not  be  such  as  to  be  also  applicable  in 
the  case  of  aggregates  which  are  not  given  as  ordered  aggregates.  Cantor  has 
himself,  in  fact,  in  his  theory  of  exponentials  involving  transfinite  cardinal 
numbers,  contemplated  certain  aggregates  as  having  cardinal  numbers, 
whilst  such  aggregates  were  not  given  as  ordered  aggregates,  and  primA 
facie,  at  all  events,  are  not  capable  of  being  ordered. 

155.  Taking  the  case  of  an  aggregate  defined  as  an  ordered  aggregate, 
we  now  approach  the  consideration  of  the  fundamental,  question,  whether, 
and  under  what  conditions,  if  any,  such  an  aggregate  can  be  regarded  as 
having  a  definite  order-type,  and  a  definite  cardinal  number.  This  is  equi- 
valent to  asking  whether,  or  when,  meanings  can  be  given  to  those  terms, 
in  accordance  with  general  definitions,  of  such  a  character  that  they  can 
be  treated  as  permanent  objects  for  thought,  or  as  mathematical  entities 
which  may  themselves  be  elements  in  aggregates. 

With  reference  to  Cantor's  definition  (see  §111)  of  the  cardinal  number 
of  a  transfinite  aggregate,  by  abstraction,  in  accordance  with  which  the 
cardinal  number  is  represented  by  replacing  each  element  by  an  abstract 
unity,  it  must  be  observed  that  such  a  substitution  would  replace  the  given 
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aggregate  by  another  one  which  had  no  longer  any  intelligible  relation  with 
the  norm  by  which  the  original  aggregate  is  defined.  The  abstract  unities 
would  be  indistinguishable  from  one  another,  and  the  new  aggregate  would 
be  indistinguishable  from  any  other  non-finite  aggregate  of  such  unities.  It 
would  he  impossible  to  decide,  as  regards  any  particular  abstract  unity, 
whether  it  belonged  to  the  aggregate  or  not;  in  fact,  to  make  complete 
abstraction  of  the  individual  nature  of  the  elements  of  an  aggregate  is  to 
destroy  the  aggregate.  A  definition  by  abstraction  could  be  justified  only 
by  the  interpretation,  that  abstraction  is  made  of  those  characteristics  only, 
in  which  the  elements  of  the  aggregate  differ'  from  the  corresponding 
elements  of  all  possible  equivalent  aggregates.  Thus  the  existence  of 
aggregates  equivalent  to  the  given  aggregate  would  appear  to  be  essential, 
if  the  latter  is  to  he  regarded  as  having  a  oardinnl  number  to  which  any 
definite  meaning  can  be  attached.  On  the  grounds  stated,  the  definition  of 
a  cardinal  number,  as  the  characteristic  or  class-name,  of  a  class  of  equi- 
valent aggregates,  is  to  be  preferred  to  the  definition  given  by  Cantor. 
Accordingly,  an  aggregate  has  a  cardinal  number,  only  when  it  is  one  of  a 
plurality  of  equivalent  aggregates  distinct  from  one  another.  The  elements 
of  one  of  those  aggregates  must  be  essentially  different  from  those  of  another 
of  them  ;  it  would  not,  for  example,  he  admissible  to  consider  two  equivalent 
normally  ordered  aggregates  as  essentially  different  from  one  another,  when  the 
one  can  be  obtained  from  the  other  by  replacing  rlie  elements  of  some  segment 
by  other  elements,  the  remainder  being  left  unaltered.  In  all  cases  the  corre- 
spondence between  equivalent  aggregates  must  be  definable  by  some  norm. 

We  are  thus  led  to  the  following  statement  containing  a  definition  of 
cardinal  number: — 


of  any  particular  class  of  equivalent  aggregates  have  a 
quality  in  common-  in  virtue  of  their  eqvimleh.ee.  The  name  of  this  quality  of 
mutual  equivalence  is  the  cardinal  number,  and  -maij  be  regarded  as  character- 
istic of  each  o.gijre.ijaite  of  the  -particular  clo.su. 

In  Cantor's  definition  of  the  order-type  of  a  simply  ordered  transfinite 
aggregate  (see  §  1.22),  abstraction  is  made  of  the  nature  of  the  elements, 
their  order  in  the  aggregate  being  alone  retained.  The  order-type  is  then 
regarded*  as  represented  by  an  aggregate  of  abstract  unities,  in  the  order 
of  the  elements  of  the  given  aggregate.  In  any  ordered  aggregate,  it  is 
however  the  individual  characteristics  of  any  two  elements  which  determine 
their  relative  order  in  the  aggregate,  in  accordance  with  some  principle  of 
order  valid  for  the  whole  aggregate.  If  complete  abstraction  he  made  of 
the  characteristics  of  the  various  elements,  order  has  then  disappeared  from 
the  aggregate.  It  must  be  supposed,  that  in  Cantors  representation  of  the 
order-type,  there  are  attached  to  the  abstract  unities  marks  of  some  kind, 

*  See  Math.  Annalen,  vol.  xlvi,  p.  497. 
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which  may  m  particular  casus  bo  marks  indicating  position  in  space  or  time, 
by  which  the  order  of  the  various  abstract  unities  is  denoted;  the  given 
aggregate  is  then  really  replaced  by  an  aggregate  of  these  marks,  and  the 
abstract  unities  are  superfluous.  These  marks.,  by  which  order  is  determined, 
must  also  have  been  associated  with  the  elements  of  the  original  aggregate. 
It  thus  appears,  that  in  a  definition  by  abstraction,  it  can  be  only  those 
characteristics  (if  any)  of  the  various  elements  which  are  irrelevant  in 
determining  the  order,  of  which  abstraction  is  made:  thus  the  aggregate  is 
really  replaced  by  a  similar  one.  On  these  grounds,  that  definition  of  an 
order-type  is  to  be  preferred,  in  which  the  order-type  is  defined  as  the 
characteristic,  or  class-name,  of  a  class  of  similar  aggregates.  Accordingly, 
in  order  that  a  given  aggregate  may  have  an  order-type,  to  which  a  definite 
meaning  can  be  attached,  it  is  necessiiry  that  the  aggregate  be  one  of  a 
plurality  of  similar  aggregates. 

We  may  according!)  state  that:— 

The  members  of  any  particular  da.ss  of  .timilar  a.iyjregntes  have  a  quality 
in  common,  in  virtue  of  /heir  relation  uf  similarity.  This  quality  of  mutual 
similarity  possessed  by  the  aggregates  in  their  order-type,  and  may  be  repre- 
sented by  a  name  or  symbol,  regarded  '.is  ch.arueteristic  of  each  aggregate  of 
the  particular  class. 

The  considerations  above  adduced  may  be  applied  in  the  case  of  an 
aggregate  which  is  a  segment  of  the  hypothetical  aggregate  of  all  ordinal 
numbers.  In  this  case  it  is  impossible  to  make  abstraction  of  the  nature 
of  the  individual  elements  of  the  aggregate,  without  destroying  the  order, 
because  the  elements  arc  themselves  nothing  more  than  marks  indicating 
order.  Hence  it  would  appear,  that  the  aggregate  cannot  in  any  intelligible 
sense  be  considered  as  having  an  order-type,  unless  it  be  possible  to  define 
au  aggregate  of  objects  of  some  other  kind,  which  shall  be  similar  to  the 
one  under  consideration. 

156.  We  proceed  to  consider,  from  a  somewhat,  different  point  of  view, 
those  aggregates  which  consist  of  ordinal  numbers  in  their  order  of  generation. 

There  are  two  distinct  methods  of  establishing  the  existence  of  a  class 
of  mathematical  entities. 

(1)  Their  existence,  as  definite  objects  for  thought,  may  be  shewn  to 
follow  as  a  logical  eon  sequence  of  the  existence  of  other  entities  already 
recognized  as  existent,  or  of  principles  already  recognized  as  valid;  so  that 
the  existence  of  the  new  entities  in  question  cannot  be  denied  without 
coming  into  contradiction  with  truths  already  known.  This  method  may 
be  termed  the  genetic  -method. 

(2)  The  existence  of  the  entities  may  be  postulated;  and  their  mutual 
relations,  and  their  relations  with  other  entities  already  known  to  exist,  may 
be  defined  by  means  of  a  complete  system  of  definitions  and  postulations. 
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Accordingly,  the  objects  in  question  are  a  relatively  free  creation  of  our 
mental  activity.  The  validity  of  the  scheme  thus  set  up  is  established  when 
it  is  shewn  to  be  free  from  internal  contradiction.  Its  utility  is  to  be  judged 
by  its  applicability  to  the  general  purposes  of  the  science,  and  by  the  light 
it  may  throw  upon  the  fundamental  principles  of  that  science,  in  virtue 
of  the  scheme  containing  a  generalization  of  what  was  previously  known. 
This  method  may  be  termed  the-  method  of  paatvLttion.  It  may,  however, 
be  urged  that  the  failure  to  discover  contradictions  within  a  scheme  which 
has  been  postulated  is  no  proof  that  such  contradictions  do  not  exist,  and  that 
such  proof  can  only  be  supplied  by  the  exhibition  of  a  system  of  entities 
already  known  to  exist,  such  that  the  relations  between  them  are  in  accord- 
ance with  those  postulated  in  the  scheme  in  question. 

Both  these  methods  have  been  employed  by  Cantor  in  his  theory  of  trans- 
finite  numbers  and  order-types.  In  his  earlier  treatment  of  the  subject,  he 
employed  the  second  of  the  above  methods.  The  existence  of  the  new 
number  m,  and  of  the  limiting  numbers  of  the  second  class,  was  postulated. 
in  accordance  with  the  second  principle  of  generation.  Freedom  from 
contradiction,  and  utility  in  connection  with  the  theory  of  sets  of  points, 
which  suggested  the  postulations,  were  relied  upon  as  the  grounds  upon 
which  the  system  of  new  numbers  was  to  be  justified.  The  first  number  XI, 
of  the  third  class,  was  introduced  by  a  new  postulation. 

In  his  later  and  move  abstract  treatment  of  the  subject,  an  account  of 
which  has  been  given  in  the  present  chapter,  Cantor  applied  the  genetic 
method.  The  existence  of  the  number  m  is  not  directly  postulated,  but  is 
taken  to  follow  from  the  existence  of  the  aggregate  [n],  of  integral  numbers; 
w  is  denned  to  be  the  order-type  of  this  aggregate,  and  it  is  assumed  that 
such  order-type  is  a  definite  object  which  can  itself  be  an  element  of  an 
aggregate.  The  existence,  as  definite  entities,  of  the  cardinal,  numbers  being 
assumed,  the  successive-  ordinal  numbers  of  the  successive  classes  are  obtained 
by  assuming  as  a  general  principle,  that  an  ordered  aggregate  necessarily 
possesses  a  definite  order- type  which  can  be  regarded  as  itself  an  object,  the 
ordinal  number  coming  immediately  after  all  those  that  are  the  elements  of 
the  aggregate  of  which  it  is  the  order-type. 

It  has  been  seen  above,  that  the  assumptions  that  an  ordered  aggregate 
necessarily  possesses  a  definite  order-type,  and  that  it  also  possesses  a 
definite  cardinal  number,  both  of  which  can  be  regarded  as  objects,  lead  to 
the  contradiction  pointed  out  by  Burali-Forti.  It  appears,  therefore,  that 
the  class  of  entities,  which  is  constituted  by  the  ordinal  numbers  of  all  classes, 
and  the  similar  aggregate  of  aleph-numbers,  do  not  satisfy  the  condition  of 
being  subject  to  a  scheme  of  relations  which  is  free  from  contradiction. 
In  fact,  the  principle,  in  accordance  with  which  their  existence  is  inferred, 
conflicts   with   the  definition  of  the  aggregates  as   containing   respectively 


/Google 


202  Transfinite  numbers  and  order-types  [oh.  hi 

every  ordinal  number,  and  every  aleph-numbor.  It  would  then 
that  the  genetic  process  which  led  to  the  definition  of  the  ; 
of  all  ordinal  numbers,  and  of  all  aleph -numb era,  cannot  be  a  valid  one. 
Thus  the  principle  that  every  ordered  aggregate  lias  a  definite  order-type, 
which  may  be  regarded  as  a  permanent  object  of  thought,  cannot  be  ac- 
cepted as  a  universal  principle  to  be  used  in  a  genetic  mode  of  establishment 
of  the  existence  of  a  class  of  entities.  A  denial  of  the  validity  of  this 
principle  does  not  however  preclude  the  leas  ambitious  procedure  of  postu- 
lating the  existence  of  definite  ordinal  numbers  of  a  limited  number  of 
classes,  in  accordance  with  Cantor's  earlier  method.  So  long  as  the  postu- 
lation  of  the  existence  of  ordinal  numbers  does  not  go  beyond  some  definite 
point.no  contradiction  will  arise,  and  the  validity  of  the  scheme,  for  purposes 
of  representation,  will  suffice  to  justify  the  poshdations  which  are  made. 
An  attempt  to  examine  the  structure  of  such  a  class  of  ordinal  numbers, 
as  that  of  the  wth  class,  with  cardinal  number  bta,  or  that  of  the  £lth  class, 
with  cardinal  number  bta,  will  lead  to  the  conviction  that  such  conceptions 
are  unlikely  to  prove  capable  of  useful  application  in  any  branch  of  Analysis 
or  of  Geometry.  Nevertheless,  .should  inexorable  logic  compel  us  to  con- 
template the  existence  of  such  classes  of  objects,  they  would  be  a  proper  field 
of  exploration ;  we  have  however  seen  that)  there  arc  grave  doubts  as  to 
whether  this  be  in  fact  the  case, 

157.  The  genetic  method  being  rejected  on  the  ground  that  it  leads  to 
the  construction  of  a  class  of  entities  which  in  its  entirety  can  have  no 
existence,  we  have  to  fall  back  upon  the  method  of  postulation.  A  consi- 
deration of  the  essential  elements  in  the  conceptions  which  lie  at  the  base 
of  the  scheme  of  finite  integral  numbers  may  afford  guidance  as  to  how  far 
we  may  properly  proceed  In  the  construction,  by  postulation,  of  transfinite 
ordinal  numbers  of  successive  classes.  The  ordinal  numbers  of  any  one 
particular  class  are  I. hose  which  belong  to  rearrangements  of  the  elements  of  an' 
aggregate,  of  which  aggregate  the  order-type  is  the  lowest  number  of  that  class. 
We  may  therefore  consider  primarily,  the  lowest  numbers  of  the  classes  of 
which  the  cardinal  numbers  are  X0,  K,,  X2...  respectively.  It  was  pointed 
out  in  Chapter  L,  in  the  case  of  the  finite  numbers,  that  the  existence  of 
an  integral  number  does  not  follow  as  a  mere  logical  consequence  of  the 
existence  of  the  preceding  numbers,  but  that  each  ordinal,  or  each  cardinal 
number  appears  as  the  characteristic  of  the  members  of  a  family  of  similar, 
or  of  equivalent,  aggregates  of  objects,  the  number  in  question  being  then  the 
ordinal,  or  the  cardinal,  number  of  each  member  of  the  family.  Thus  the 
notion  of  correspondence  between  the  elements  of  different  aggregates  was 
seen  to  be  an  essential  element  in  the  conception  of  either  an  ordinal,  or 
a  cardinal,  number  as  characteristic  of  a  class  of  aggregates.  In  the  genetic 
method,  as  applied  to  the  construction  of  the  whole  series  of  classes  of 
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trans  finite  ordinal  numbers,  this  notion  of  correspondence  between  the 
elements  of  different  aggregates  having  the  same  number  plays  no  part; 
and  in  fact,  the  existence  of  a  number  is  constantly  inferred  from  that  of 
a  single  unique  ordered  aggregate.  For  example,  the  existence  of  II,  and 
of  N£,  is  inferred  from  the  existence  of  the  single  aggregate  of  numbers 
of  the  first  and  second  classes.  Generally,  in  the  whole  scheme,  the 
existence  of  a  new  number  is  inferred  from  the  existence  of  that  unique 
aggregate  which  contains  the  preceding  ordinal  numbers.  That  this  pro- 
cedure leads  to  contradiction  has  been  already  seen.  The  transfinite 
numbers  must  be  regarded  as  obtained,  or  defined,  in  accordance  with 
the  same  principles  as  hold  good  in  the  case  of  the  finite  numbers,  if 
they  are  to  be  regarded  as  numbers,  even  in  an  extended  sense  of  that 
term.  It  seems  then  highly  probable,  that  the  neglect  of  the  principle, 
that  correspondence  between  similar  or  between  equivalent  aggregates  is 
essential  to  our  right  to  consider  the  numbers  belonging  to  aggregates 
as  definite  entities,  may  bo  the  source  of  the  contradiction  which  arises  from 
the  thoroughgoing  appliealion  of  the  genetic  method  that  leads  to  Cantor's 
complete  series  of  ordinal  numbers  and  aleph-numberw.  In  accordance  with 
this  view  of  the  nature  of  Number,  finite  or  transfinite,  the  postulation 
of  the  existence  of  a  definite  entity,  which  entity  shall  be  entitled  to  be 
regarded  as  a  number,  is  only  justified  when  it  is  shewn  that  other 
aggregates  exist  besides  the  aggregate  which  consists  of  the  preceding 
ordinal  numbers,  of  which  ether  aggregate*  the  postulated  number  is  either 
the  characteristic  ordinal  or  the  cardinal  number.  Thus  the  postulation  of 
the  existence  of  the  numbers  to,  and  N0,  requires  for  its  justification,  the 
exhibition  of  other  aggregates  besides  {■»},  that  of  all  finite  numbers ;  in  this 
case  the  requirement  is  satisfied  by  the  definition  of  sets  of  points,  or  of  other 
geometrical  objects,  and  thus  there  really  exists  a  cla.ss  of  aggregates  which 
is  similar  to  the  ordered  aggregate  1,  2,  3, ...  n  ... ;  and  hence  the  postulated 
order-type  &>,  and  the  postulated  cardinal  number  X0,  are  really  entitled  to 
rank  as  ordinal  and  cardinal  numbers  respectively.  When  we  consider  the 
ordinal  number  Xi,  and  the  cardinal  number  H1:  the  state  of  the  case  is  very 
different.  In  order  that  the  existence  of  fl  might  be  on  a  parity  with  that 
of  «,  it  would  require  to  be  shewn  that  it  is  possible  to  define  a  set  of 
objects,  say  points  of  the  linear  continuum,  which  should  be  such  that,  to 
each  prescribed  ordinal  number  of  the  second  class,  there  corresponds  a 
definite  point  of  the  continuum,  i.e.  to  shew  that  a  norm  is  possible  which 
would  define  a  set  of  points  of  order-type  XI.  This  has  hitherto  not  been 
accomplished,  nor  have  aggregates  having  any  of  the  cardinal  numbers 
Ng,  ttSl...  been  defined  by  means  of  sets  of  rules.  If  it  be  urged  that  the 
postulation  of  the  order-type  CI,  and  of  the  corresponding  cardinal  number 
N,,  does  not  of  itself  lead  to  contradiction,  it  may  be  replied  that  such  postu- 
lation does  not  entitle  il  and  Nj  to  rank  as  numbers,  in  the  sense  in  which 
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to  and  Nu  are  numbers;  for,  in  the  latter  wise,  the  essential  elements  in  the 
original  conceptions  of  ordinal  and  cardinal  numbers  are  all  present,  whereas 
this  hag  not  been  shewn  to  be  true  of  il  and  X,.  Moreover,  the  postulation 
of  the  existence  of  il  and  N„  if  it  does  not  of  itself  lead  to  contradiction,  can 
only  be  made  by  means  of  a  principle  which,  when  applied  systematically, 
certainly  leads  to  contradiction.  In  accordance  with  the  criterion  laid  down 
above,  K,,  N2, ...  cannot,  at  the  present  time,  be  regarded  as  definite  entities, 
and  could  not  be  regarded  as  in  any  true  sense  numbers,  even  if  any  meaning 
could  be  assigned  to  them. 

It  may  conceivably  turn  out,  in  the  future,  to  be  possible  to  justify  the 
postulation  of  the  existence  of  certain  of  the  numbers  K1}  Na,  ...  ,  together 
with  the  classes  of  ordinal  numbers  which  would  belong  to  them.  It  will, 
however,  certainly  never  be  possible  to  do  so  for  the  whole  class  {Ns},  where 
/3  is  any  ordinal  number  of  the  aggregate  of  all  ordinal  numbers,  in  accord- 
ance with  Cantor's  complete  scheme,  because  such  post  illation  leads  to 
unavoidable  contradiction.  The  setting  up  of  a  scale  of  standards,  to  some 
of  which  standards  no  aggregates  not  consisting  of  the  preceding  numbers 
conform,  involving,  as  it  does,  the  employment  of  sphinx-like  aggregates, 
to  each  of  which  no  other  aggregates  can  be  shewn  to  be  similar,  would 
d  priori  appear  to  be  an  illegitimate  extension  of  the  notion  of  number, 
an  essential  element  having  dropped  out ;  and  a,  posteriori  it  has  been  shewn 
to  lead  to  contradiction. 

It  may  be  urged  that  no  contradiction  would  ensue  if.  in  single  instances, 
the  existence  of  order-types  and  powers,  considered  to  be  definite  entities, 
were  postulated  for  aggregates  of  the  unique  character  referred  to  above. 
But  if  this  were  done,  such  order-types  and  powers  would  not  be  entitled  to 
rank  as  numbers;  and  such  sporadic  creations  would  be  of  no  importance  in 
Mathematical  theory.  Systematic  postulation  of  this  character  is  just  what 
has  been  shewn  to  lead  to  a  self-contradictory  scheme  of  entities,  and  is 
therefore  illegitimate. 

A  cardinal  number  has  been  defined*  by  B.  Russell,  to  be  a  class  of 
equivalent  aggregates;  it  may  then  be  urged  that  such  class  may  contain 
only  one  member,  and  that  this  is  sufficient  for  the  existence  of  the  cardinal 
number.  In  fact,  Russell  infers -j-  the  existence  of  the  number  ra  +  1,  from 
that  of  the  numbers  0,  1,  2,  3,  ...n. 

*  Principles  of  Mathematics,  vol.  I,  pp.  Ill — 116. 

t  Ibid.  p.  497.  Since  Russell  vermis  the  activities  of  the  mind  as  irrelevant  in  questions 
ol  existence  of  entities,  his  view,  and  that  here  advocated,  have  no  premisses  in  common.  An 
advantage  claimed  for  the  conception  ol'  the  naUne  of  number,  here  advocated,  ovcr  that  of  Russell, 
is  that  it  does  not  lead  to  such  a  contradiction  as  that  pointed  out  ty  linrali-Forti.  Russell 
objects  (see  p.  Ill)  to  the  conception  of  a  number  ae  the  common  ciiavact eristic  of  a  family 
of  equivalent  agt;re;;a;.es,  ou  the  i;vound  that  there  is  no  reason  to  think  that  such  a  single  entity 
exists,   with  which   the  aggregates  have  a  special  relation,  but  that  there  may  be  many  such 
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la  accordance  with  the  view  here  advocated  of  the  nature  of  number,  this 
definition,  or  any  other  one  which  allows  the  existence  of  a  cardinal  number 
to  be  inferred  solely  from  the,  existence  of  a  Limip.ie  aggregate,  to  which  no 
other  aggregates  have  been  shewn  to  be  equivalent,  must  be  rejected. 

158.  The  conclusions  at  which  we  have  arrived  in  the  course  of  the 
above  discussion,  may  now  be-  summarized  as  follows  : — 

(1)  The  aggregates 

1,     2,    3,  ...   n,   ...   m,    (o  +  l,...  li,  ...  ft... 

K,,R,,M«...K.,...K1uICm.  •••  K„,...K*... 
of  all  ordinal  numbers,  and  of  all  aleph-numbers,  in  the  sense  in  which 
Cantor  contemplates  them,  have  no  existence.  Their  existence  cannot  be 
established  without  the  assumption  of  the  principle  that  every  normally 
ordered  aggregate  necessarily  has  a  definite  order-type,  and  a  definite 
cardinal  number,  which  can  themselves  be  regarded  as  objects  capable  of 
being  elements  of  an  aggregate.  This  principle  leads  to  contradiction,  and 
must  therefore  be  rejected  as  not  being  a  universally  valid  truth. 

(2)  Of  the  aleph-numbers,  the  postulation  of  the  existence  of  N„  has 
hitherto  alone  been  justified*,  by  shewing  that  it  is  possible  to  define 
aggregates  consisting  of  objects  other  than  the  ordinal  numbers  themselves, 
of  which  it  is  the  characteristic  cardinal  number.  The  numbers  &>,  at  +  1,... 
w .  2, . . .  <o!,  . . .  to"1, . . .  of  the  second  class  exist,  but  it  has  not  yet  been  shewn 
that  the  totality  of  all  such  numbers,  taken  in  order,  has  a  definite  order- 
type  or  a  definite  cardinal  number ;  even  if  it  be  legitimate  to  speak  of 
these  numbers  as  forming  a  totality.  To  do  this  it  would  be  necessary  to 
shew  that  a  finite  set  of  rules  can  be  set  up  which  will  suffice  to  define  a 
definite  object  corresponding  to  each  ordinal  number  of  the  second  class. 

(3)  The  existence  of  individual  ai.eph-numbers,  other  than  N„,  with  the 
classes  of  ordinal  numbers  belonging  to  them,  may,  in  the  future,  be  established  ; 
but  it  is  not  possible  that  this  should  be  done  beyond  some  definite  stage. 

It  thus  appears  that  there  is  at  present  no  sufficient  reason  for  thinking 
that  any  unenumerable  aggregate  is  capable  of  being  normally  ordered. 

It  may  be  observed  that  au  aggregate  which  consists  wholly  of  distinct 
physical  objects  which  do  not  penetrate  one  another  must  be  enumerable : 
for  each  such  object  occupies  some  definite  volume  in  space;  and  it  has 
been  shewn  that  any  set  of  distinct  portions  of  space  is  enumerable.  It 
follows  that  the  objects   contained   in   an   unenumerable   aggregate,  must, 


entities,  and  that  there  are  in  fact  an  infinite  number  of  them.  The  mind  does,  however,  in 
point  of  fact,  in  the  case  of  finite  agfiresates  at  k-iisl,  rtcnjmi/.,;  iAv:  raisrmco  of  such  a  single 
entity,  viz.  the  number  of  the  acfiresntes;  mid  this  is  si,  vnlid  creation  of  our  mental  activity, 
subject  to  the  law  of  contradiction. 

"  In  Math.  Annitlen,  vol.  Ms,  p.  183  in  a  paper  "  Ueber  woliJtffovdiieU'  lierigen,"  Schb'nflies 
hsis  expressed  a  view  which  is  to  a  ct'rtsiin  extent  in  sr-rcoment  with  that  here  stated, 
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with  the  possible  exception  of  an    enumerable  component  of  the 
consist  of  ideal  or  abstract  objects. 

159.  The  regarding  of  a  collection  as  a  "  whole"  has  been-  emphatically 
declared  by  Cantor,  to  be  essential  to  the  notion  of  an  aggregate.  It  is  no 
doubt  true  that,  in  a  certain  sense,  every  logical  class,  or  aggregate  as  defined 
in  §  153,  forms  a  whole,  as  being  dominated  by  a  certain  norm;  but  for 
the  purposes  of  Mathematical  Science,  the  fundamental  question  is,  under 
what  circumstances  such  an  aggregate  may  be  regarded  as  having  a  definite 
cardinal  number,  and  if  ordered,  a  definite  order-type.  This  question  has 
been  fully  discussed  in  the  case  of  normally  ordered  aggregates;  and.  the 
condition  for  an  affirmative  answer1  in  the  ca.se  of  any  other  aggregate  is  of 
a  similar  character,  viz.  that  it  be  possible  to  define  other  aggregates  which 
have  either  the  relation  of  similarity  or  that  of  equivalence  with  the  given  one. 

Ordered  aggregates  have  been  defined,  which  are  not  normally  ordered : 
and  of  such  aggregates,  the  most  important  is  the  arithmetic  continuum, 
defined  in  §  128,  as  of  order-type  6.  The  justification  for  regarding  6  as  a 
definite  object,  with  a  definite  cardinal  number,  must,  as  has  been  pointed 
out  in  §  158,  be  regarded  as  due  to  a  postulation,  subject  to  the  law  of  contra- 
diction. It  has  been  seen  that  a  class  of  aggregates  exists  which  are  similar 
to  the  linear  continuum,  and  thus  conform  to  the  type  $,  and  have  e  as  their 
common  cardinal  number;  and  this  is  in  accordance  with  the  regulative 
principle  which  we  have  maintained  to  be  essential  to  justify  our  regarding 
c  as  a  number. 

As  has  been  already  remarked,  aggregates  may  be  defined,  which  are 
unordered.  In  such  cases  no  question  arises  as  to  the  existence  of  an 
order-type;  but  there  is  no  reason  why  such  aggregates  should  not  have 
cardinal  numbers,  provided  that  in  the  case  of  such  an  aggregate  equivalent 
aggregates  can  be  found,  the  cardinal  number  in  question  being  then  their 
common  characteristic.  The  aggregates  of  which  the  cardinal  number  is 
f=c",  are  an  example  of  this  species  of  aggregate. 

Two  aggregates  which  have  been  independently  defined  are  not  neces- 
sarily comparable  with  one  another,  as  regards  either  order-type  or  cardinal 
number.  It  cannot  be  assumed  a  priori,  that  the  cardinal  number  of  one 
of  them  is  necessarily  either  greater,  equal  to,  or  less  than  that  of  the  other, 
in  the  sense  in  which  these  relations  have  been  defined  in  §  112.  Further,  it 
cannot  be  assumed,  that  an  ordered  aggregate,  such  as,  for  example,  the 
continuum,  is  necessarily  capable  of  boing  normally  ordered.  Two  aggregates 
of  abstract  objects,  which  have  been  independently  defined,  may  belong,  no 
doubt,  to  the  same  universe  of  thought;  but  nevertheless,  any  particular 
category  of  relations  may  be  too  narrow  to  formulate  any  nexus  between  the 
two  systems ;  so  that  it  is  conceivable  that,  so  far  as  such  relations  as  those 
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of  order,  or  cardinal  number,  are  concerned,  the  two  aggregates  .may  be 
completely  isolated  from  one  another. 

160.  In  some  proofs  of  theorems  which  have  been  given  by  writers  on 
this  subject,  which  proofs  have  for  their  object  the  establishment  of  relations 
of  inequality  or  equality  of  cardinal  numbers,  aggregates  are  employed,  the 
elements  of  which  arc  regarded  as  being  successively  defined  by  an  infinite 
number  of  separate  acts  of  choice.  When  we  leave  the  region  of  the  finite 
it  would  however  appear  that  we  have  passed  beyond  the  region  in  which 
definitions  by  arbitrary  acts  of  choice  can  be  regarded  as  adequate  specifi- 
cations of  definite  objects;  and  the  existence  of  a  norm  would  appear  to  be 
essential  to  our  right  to  regard  an  aggregate  as  really  defined,  and  therefore 
to  justify  our  making  use  of  the  conception  of  such  an  aggregate  in  the 
proof  of  a  theorem.  The  point  may  be  illustrated  by  a  discussion  given*  by 
Du  Bois  Reymond,  in  which  he  contemplates  the  existence  of  a  number 
represented  by  a  non -terminating  decimal,  in  which  the  figures  are  deter- 
mined by  no  law.  He  contemplates  each  figure  in  the  decimal  as  being  fixed 
by  a  throw  of  dice,  and  rejects  the  conception  of  such  a  decimal,  (ewig 
gesetzloses  Decimal),  as  representing  a  real  number.  A  non-finite,  or 
endless,  process  can  be  conceived  of  as  a  completed  whole,  only  when  it  is 
subject  to  some  kind  of  norm  ;  thus  a  non-terminating  decimal  represents  a 
number,  only  under  the  presupposition  that  a  set  of  rules  can  be  given,  which 
would  suffice  to  determine  the  figure  that  occupies  any  assigned  place  in 
the  decimal.  In  general,  the  proof  of  the  possibility  of  giving  a  norm  is 
required  before  an  aggregate  of  any  particular  character  can  be  contemplated 
as  existing,  or  can  be  legitimately  made  use  of  in  a  demonstration. 

Cantor,  in  his  proof  (see  §  117),  that  Xc  is  less  than  any  other  cardinal 
number,  has  assumed  that  it  is  possible  to  pick  out  of  any  given  transfinite 
aggregate  an  enumerable  component.  This  proof  can  only  be  accepted  as 
valid  in  case  it  is  possible  to  define  an  enumerable  component  of  the  aggregate 
in  question.  In  a  large  class  of  cases,  perhaps  in  all  which  are  of  importance 
in  Mathematics,  this  condition  can  be  satisfied;  for  example  in  the  case  of 
the  continuum.  In  the  aggregate  of  "all  propositions,"  for  example,  the 
enumerable  component  might  be  taken  to  be  that  aggregate  of  propositions 
which  asserts  the  existence  of  the  numbers  1,  2,  3, ...  . 

G.  H.  Hardy  has  extended f  Cantor's  method,  Cor  the  purpose  of  shewing 
that  every  cardinal  number  is  either  an  aleph -number,  or  is  greater  than 
all  the  aleph- numbers,  and  in  particular  that  2Ko  =  c  £  HL.  This  proof  runs  as 
follows  :— Having  given  any  aggregate  whose  cardinal  number  is  >  N0,  we  can 
choose  from  it  successive  individuals  td,  v3,  ...uai...  up,... ,  corresponding  to 
all  the  numbers  of  the  first  and  second  classes ;  and  if  the  process  came  to  an 

*  A I l-:i, ':?m' inn  Furtciiaiii'iithcorie,  p.  Ul. 

t  Quarterly  Journal  of  Math.,  vol.  xxxv,  1903,  p.  88. 
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end,  the  cardinal  number  would  be  N0.  Its  cardinal  number  is  therefore 
S  N, ;  and  if  >  M„  i  N„  and  so  on.  And  if  >  K„,  for  all  finite  values  of  m, 
it  must  be  £  X„, ;  for  we  can  choose  individuals  from  the  aggregate  corre- 
sponding to  all  the  numbers  of  the  first,  second, ...  jith, ...  classes.  And  by 
a  repetition  of  these  two  arguments,  we  can  shew  that,  if  there  is  no  N„  equal 
to  the  cardinal  number  of  the  aggregate,  it  must  be  at  least  equal  to  the 
cardinal  number  of  Liu.1  ;iggrc.'ga.to  of  all  Na's,  and  so  greater  than  any  ftp. 

Apart  altogether  from  the  question  as  to  what  constitutes  all  the  aleph- 
numbers,  this  argument  could  only  be  valid,  if  it  were  shewn  how  the 
successive  individuals  u„  m2,  ...  ue, ...  are  to  be  defined  by  means  of  some 
norm,  and  also  how  the  individuals  of  tin;  aggregate  which  may  correspond 
to  the  numbers  of  the  first,  second,  ...  nth,  ...  classes  can  be  assigned  by 
a  norm.  The  process  can  neither  come  to  an  end,  nor  he  regarded  as,  in 
any  sense,  a  completed  one,  unless  this  has  beeu  done. 

In  connection  with  the  definition,  given  in  §116,  of  the  aggregate  ob- 
tained by  covering  one  aggregate  by  another  one  it  must  he  assumed  that 
each  particular  element  of  the  aggregate  of  coverings  is  defined  by  a  norm. 
This  point  will  be  exemplified  in  the  discussion,  which  will  be  given  in 
Chapter  iv,  of  the  cardinal  number  of  ail  functions  of  a  real  variable. 

In  the  theorem  of  §  1.20,  the  aggregate  MAB  must  be  regarded  as  such 
that,  each  element  of  it  is  defined  by  a  norm.  It  is  further  necessary  that 
the  aggregate  M'AS  be  defined  by  a  norm.  This  point  may  be  illustrated 
by  referring  to  the  second  proof  in  §  56,  that  c>  a,  which  is  a  special  case 
of  the  theorem  of  §  120.  It  is  there  hypothetically  assumed  that  it  is 
possible  to  define  a  number  of  the  continuum  corresponding  to  each  integral 
number,  by  means  of  a  norm;  and  thus  the  existence  is  assumed  of  a  finite 
set  of  rules  by  means  of  which  the  nth  figure  of  the  number  which  cor- 
responds to  the  integer  n  can  be  calculated.  By  introducing  an  additional 
rule,  that,  when  this  figure  has  been  calculated,  it  is  to  be  increased  by 
unity,  unless  it  be  9,  in  which  case  it  is  to  be  replaced  by  zero,  the  existence 
of  a  norm  has  been  established,  by  which  a  number  is  defined  that  cannot 
correspond  to  any  integer;  and  thus  a  contradiction  is  shewn  to  arise  from 
the  hypothesis  made.  It  would  not  be  sufficient  to  say  that  we  may  write 
down  a  number  which  differs,  in  at  least  one  figure,  from  any  of  the  numbers 
in  the  correspondence;  it  is  essential  to  the  validity  of  the  proof,  that  such 
a  number  be  shewn  to  be  definable  by  a  finite  set  of  rules. 

181.  Two  proofs  have  been  advanced,  that  every  cardinal  number  is 
necessarily  an  ale  ph -number ;  but  this  is  equivalent  to  the  statement  that 
every  aggregate  which  has  a  cardinal  number  can  be  normally  ordered. 
If  these  proofs  could  be  accepted  as  valid,  the  particular  theorem  would  be 
established   that  the  arithmetic  continuum   is   capable  of  being  normally 
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ordered  ;  and  the  only  question  which  would  remain  open,  as  regards  this 
aggregate,  would  he  as  to  which  particular  a! eph -number  is  the  cardinal 
number  of  the  continuum. 

The  first  of  these  proofs,  that  of  Jourdain*,  is  founded  on  the  assumption 
that,  if  a  cardinal  number  is  greater  than  every  aleph,  there  must  be  a  part 
of  the  aggregate  to  which  this  cardinal  number  belongs,  which  can  be  made 
to  have  a  (1,  1)  correspondence  with  the  "inconsistent"  aggregate  of  all 
the  ordinal  numbers  arranged  in  normal  order.  This  assumption  is  regarded 
as  justified  by  the  process  of  making  the  successive  elements  of  the  aggre- 
gate of  ordinal  numbers  correspond  to  elements  of  the  given  aggregate:  it  is 
then  argued,  that,  if  this  process  comes  to  an  end,  the  cardinal  number  of  the 
aggregate  is  an  aleph  ;  and  that,  if  it  does  not  come  to  an  end,  the  given  aggre- 
gate must  contain  a  pari,  that  corresponds  to  the  "inconsistent"  aggregate 
of  all  the  ordinal  numbers;  and  thus  that,  in  the  latter  case  the  aggregate 
is  inconsistent,  and  has  no  cardinal  number.  The  objection  to  this  proof  is 
the  fundamental  one  which  has  been  already  stated,  viz.  that  no  norm  is 
forthcoming  by  which  the  correspondence  in  question  is  defined;  and,  in 
default  of  such  norm,  there  is  no  meaning  in  speaking  of  an  essentially 
endless  process  as  a  completed  one,  or  as  having  come  to  an  end. 

In  the  second  proof,  duef  to  E.  Zermelo,  no  account  is  taken  of  the 
possibility  that  an  aggregate  may  have  no  cardinal  number,  nor  of  the 
existence  of  "inconsistent"  aggregates.  The  proof,  which  is  fundamentally 
of  a  similar  character  to  that  of  Jourdain,  is  represented  as  demonstrating 
that  every  aggregate  can  be  normally  ordered,  and  thus  has  an  aleph  as 
its  cardinal  number. 

It  is  assumed  that,  in  each  part  M'  of  a  given  aggregate  M,  one  element 
m,  called  the  special  (auegezeichnetes)  element  of  M' ,  can  be  chosen. 
A  part  M'  must  contain  one  element  of  M  at  least,  and  may  contain  all  the 
elements ;  and  the  aggregate  \M'\  of  all  parts  of  M  is  considered.  Each 
element  M'  of  \M'\  corresponds  to  a  special  element  m  which  belongs  to  M ; 
and  this  particular  mode  of  covering  the  elements  of  \M')  by  elements 
of  M  is  called  a  "  covering  "  7 ;  the  employment  of  a  particular  "  covering  "  7, 
is  essential  to  the  proof.  A  7-aggregate  is  then  defined  as  follows: — ■Let>il/y 
be  a  normally  ordered,  aggregate  consisting  of  different,  elements  of  M,  such 
that,  if  a  be  any  arbitrarily  chosen  clement  of  M.,,  and  if  A,  be  the  segment 
of  My  defined  by  a,  which  segment  consists  of  all  the  elements  of  My  that 
precede  a,  then  a  is  always  the  special  element  of  M  -  4-  Every  such 
aggregate  My  is  a  7-aggregate.  If  every  element  of  M  which  occurs  in  a 
7-aggregate  be  called  a  7-element  of  M,  it  ia  shervn  that  the  aggregate  Ly 
of  all  7-elements  can  be  so  ordered  that  it  is  itself  a  7-aggregate,  and  contains 

"  Phil.  Muij.  January  1904,  pp.  67,  70. 

t  Math,  AnnnUn,  vol.  r.ix,  1904,  ".Bi:V,'<j!«si.  u^v;  jerks  Menge  lvohlooorJin.'!.  worden  kann." 
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all  the  elements  of  the  original  aggregate  M,  It  follows  then  that  M  can  be 
normally  ordered. 

Zermelo  himself  expressly  recognizes  the  assumption  made  as  to  the 
existence  of  a  definite  "covering "7.  The  objection  to  this  assumption  is 
of  the  same  character  as  before,  viz.  that  for  its  validity  a  norm  must  be 
shewn  to  be  possible;  this  norm  must  assign  to  each  part  of  the  given 
aggregate  a  definite  "  special  "  clement  belonging  to  that  part.  In  the  case 
of  such  an  aggregate  as  the  continuum  it  is  not  clear  how  such  a  norm 
could  be  devised  ;  indeed,  it  seems  probable  that  a  proof  of  the  possibility 
of  establishing  such  a  norm  involves  difficulties  comparable  with  those  which 
occur  in  any  attempt  to  prove  the  original  theorem  *.  The  non-recognition 
of  the  existence  of  "  inconsistent "  aggregates,  which  existence,  on  the  as- 
sumption of  Cantor's  theory,  cannot  be  denied,  introduces  an  additional 
element  of  doubt  as  regards  this  proof.  The  aggregate  Ly,  here  employed, 
is  parallel  with  the  normally  ordered  aggregate  which  occurs  in  Jourdain's 
earlier  proof 

162.  As  regards  the  method  of  G.  IT.  Hardy  (see  §  151)  for  constructing 
a  set  of  points  of  cardinal  number  N„  it  was  pointed  out  by  Hardy,  that 
an  infinite  freedom  of  choice  arises  in  the  case  of  each  limiting  number  7, 
since  there  are  an  indefinite  number  of  sequences  of  the  preceding  ordinal 
numbers,  of  each  of  which  sequences  7  is  the  limiting  number.  Thus,  for 
example,  at2  is  not   only  the   limit  of  m,  to  .  2,  o> .  3,  ...,  but   also  of  ro  +  1, 

w.2  +  2,  (0.3  +  S, In  the  case  of  the  smaller  Limiting  numbers  of  the 

second  class  Hardy  has  shewn  how  to  exercise  this  freedom  of  choice  so  as 
to   obtain   distinct   sequences;    thus  a>  is  taken  as  the  limit  of  1,  2,  3,  ...; 

to3  is  taken  as  the  limit  of  at,  at .  2,  at .  3, In  order  however  that  the 

method  should  really  suffice  to  define  sequences  of  integers  which  shall 
correspond  uniquely  to  each  prescribed  number  of  the  first  or  of  the  second 
class,  it  would  be  necessary  to  replace  this  freedom  of  choice  by  a  definite 
norm,  or  finite  set  of  rules,  which  would  decide,  in  the  case  of  any  particular 
limiting  number  7,  of  what  particular  sequence  of  the  preceding  ordinal 
numbers  7  must  be  regarded  as  the  limit,  for  the  purpose  of  forming  the 
sequence  of  integers  which  is  to  correspond  to  it,  in  accordance  with  the 
mode  of  formation  employed  in  the  method. 

Hardy  has  given  no  norm  of  this  character,  but  has  confined  himself  to 
the  selection  of  the  sequences  which  are  to  correspond  to  some  of  the  lower 
limiting  numbers  of  the  second  class.     When  wo  reach  the  region  of  the 


a  0!  Zeimclo's  ii'vn?  hn-,  n.lso  V-m  t : i ; / j I i ^1 1 1 ■  cl  by  Uorcl,  Math.  Ann,.,  vol.  ls,  p.  194, 
and  is  substantially  identical  with  the  above,  which  wag  published  in  the  Proc.  Load.  Math. 
Soe.,  ser.  2,  vol.  in.  Borcl  however  objects  to  the  ignition  of  av  ;u/e;ree;<ite  ivy  an  infinite  number 
of  acts  of  choice  only  when  the  ng"vey:Lti:  is  i.uji'!:unior;i,blo ;  whereas  the  objection  Is  really  valid 
in  the  case  of  any  non-finite  aggregate. 
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e-numbers  of  the  second  class,  it  is  difficult,  if  not  impossible,  to  imagine 
the  nature  of  the  norm  which  would  suffice  to  make  the  decision  referred 
to  above;  and  no  such  norm  is  in  fact  forthcoming.  On  this  ground,  the 
method  cannot  be  regarded  as  really  defining  a  set  of  points  such  that  a 
determinate  point  corresponds  to  each  ordinal  number  of  the  first,  or  the 
second  class. 

163.  In  case  the  criticisms  which  have  been  given  above,  of  the  general 
theory  of  classes  of  order-types  and  of  aleph-n  umbers,  be  accepted  as  wholly, 
or  in  part,  valid,  nevertheless  the  debt  which  Mathematical  Science  owes  to 
the  genius  of  G.  Cantor  will  be  in  no  material  respect  diminished.  The 
fundamental  distinction  between  enumerable  and  uoennmerable  aggregates, 
the  interpretation  of  the  arithmetic  doctrine  of  limits,  the  ordinal  theory  of 
the  arithmetic  continuum,  and  the  conception  of  the  transfmite  ordinal 
numbers  of  the  second  class,  with  their  application  to  the  theory  of  sets  of 
points,  remain  as  permanent  acquisitions  which  rest  upon  a  firm  logical  basis. 
This  order  of  ideas  has  already  become  indispensable,  for  purposes  of  exact 
formulation,  in  Analysis  and  in  Geometry;  it  is  constantly  receiving  new 
applications,  owing  to  its  admirable  power  of  providing  the  language  requisite 
for  expressing  results  in  the  theory  of  functions  with  the  highest  degree  of 
rigour  and  generality.  Cantor's  creations  have  rendered  inestimable  service 
in  formulating  the  limitations  to  which  many  results  in  Analysis,  formerly 
supposed  to  be  universally  valid,  are  really  subject.  The  outlying  parts  of 
the  theory,  to  which  exception  has  been  taken,  would  not  appear  to  be 
comparable  in  importance,  for  the  general  purposes  of  Analysis,  with  those 
parts  to  which  the  criticisms  made  arc  not  applicable.  The  latter  involve 
only  a  natural  extension  of  the  notion  of  Number,  in  which  account  is  taken 
of  all  the  elements  that  are  essential  to  the  conception  of  number  in  its 
original  form  ;  whereas  we  have  endeavoured  to  shew  that  the  more  specu- 
lative general  theory  of  aleph -numbers,  and  order-types,  depends  upon  an 
extension  of  the  notion  of  number  which  leaves  out  of  account  an  essential 
element  of  that  conception,  viz.  the  notion  of  correspondence ;  and  that  this 
is  the  origin  of  the  contradiction  which  arises  when  an  endeavour  is  made 
to  contemplate  the  totality  of  these  new  entities.  The  criticisms  contained 
in  the  latter  part  of  the  present  Chapter  are  advanced  with  some  diffidence, 
on  account  of  the  great  logical  difficulties  of  the  subject,  and  especially  on 
account  of  the  philosophical  difficulties  relating  to  existential  propositions. 
It  is  hoped,  however,  that  they  may,  in  any  case,  be  of  utility  as  a  contri- 
bution towards  the  discussion  of  questions  of  great  interest  which,  at  the 
present  time,  cannot  be  regarded  as  having  been  decisively  settled. 

The  fact  that  the  general  theory  of  the  aleph-numbers  has  received  no 
applications  in  the  theory  of  functions,  and  has  indeed  remained  a  purely 
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abstract  development  of  the  theory  of  order,  differentiates  it  from  the  theory 
of  normally  ordered  ummiDrabli;  aggregates,  which  has  now  become  an  essen- 
tial instrument  in  the  theory  of  functions  of  one  or  more  variables.  All 
aggregates  of  points  in  a  continuum,  which  we  at  present  know  how  to 
define,  have  either  the  power  of  the  aggregate  of  rational  numbers,  or  else 
that  of  the  arithmetic  continuum  itself.  The  theories  of  these  two  kinds 
of  aggregates,  including,  as  they  do,  a  complete  arithmetic  theory  of  limits, 
would  thus  appear  to  afford  a  sufficient  basis  for  the  development  of 
Analysis. 
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CHAPTER   IV. 

FUNCTIONS   OP   A    REAL   VARIABLE. 

164.  If  we  suppose  that  an  aggregate  of  real  numbers  is  defined,  the 
aggregate  being  either  enumerable  or  of  the  power  of  the  continuum,  such 
an  aggregate  is  said  to  be  the  domain  of  a  real  variable.  It  is  necessary  for 
the  purposes  of  Analysis  to  he  able  to  make  statements'  applicable  to  each  and 
every  real  number  of  the  aggregate,  and  which  shall  be  valid  for  any 
particular  number  that  may  at  will  be  selected.  This  is  done  by  employing 
the  real  variable,  denoted  by  some  symbol  other  than  those  used  to  denote 
real  numbers ;  and  the  essential  nature  of  the  variable  consisting  in  its 
being  identifiable  with  any  particular  number  of  its  domain.  The  symbols 
used  for  denoting  variables  differ  from  those  employed  in  the  case  of  numbers 
in  being  non- systematic.  Operations  involving  real  variables  cc,  y,  z,  ..., 
with  or  without  particular  numbers,  are  carried  out  in  conformity  with  the 
same  formal  laws  as  hold  in  the  arithmetic  of  real  numbers.  The  result 
of  any  such  operation  is  itself  a  variable  with  a  domain  of  its  own,  which 
may  or  may  not  ho  identical  with  that  of  any  one  of  the  constituent  variables. 

The  numbers  being  used  to  designate  in  the  usual  manner  the  points  of 
a  set  on  a  straight  line,  the  variable  may  then  be  taken  to  refer  to  the  points 
of  the  set. 

If  the  given  set  of  points  he  bounded,  in  the  sense  explained  in  §  46, 
then  the  domain  of  the  variable  is  said  to  be  limited.  When  the  domain  of 
the  variable  is  not  limited,  it  is  said  to  be  unlimited  in  one  or  in  both 
directions. 

The  variable  is  said  to  he  continuous  in  a  given  interval  (a,  b)  when  all 
the  points  of  the  interval,  including  a  and  b,  belong  to  the  domain  of  the 
variable.  If  the  points  a,  bdo  not  belong  to  the  domain,  but  every  internal 
point  of  the  interval  does  so  belong,  the  variable  is  said  to  be  continuous  in 
the  open  interval  (a,  b),  or  within  the  interval  (a,  b).  It  is  unnecessary  to 
give  in  detail  the  corresponding  definitions  applying  to  the  case  of  an 
aggregate  of  any  number  n  of  dimensions,  which  is  regarded  as  the  domain 
of  n  independent  variables  xx,  x%,  ...  xn. 
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The  term  "  variable"  has  been  commonly  associated  with  the  concept. ion 
of  a  point  moving  in  a  straight  line  or  in  a  curve.  It  has  however  been 
pointed  out  in  the  course  of  the  discussions  of  the  continuum,  contained  in 
the  earlier  chapters,  that  the  continuum  cannot  legitimately  be  regarded  as  a 
synthetic  const  ruction  formed  by  a  set  of  points  determined  successively, 
Successive  determination  is  applicable  only  in  the  case  of  any  enumerable 
sequence  which  may  be  denned  within  the  continuum,  and  such  a  sequence 
may  represent  a  succession  of  positions  of  a  point  moving  in  a  straight  line. 
It  is  however  unnecessary  bo  proceed  to  a  detailed  analysis  of  the  conception 
of  motion,  because  the  Theory  of  Functions  has  no  need  of  the  conception  of 
temporal  succession.  The  theory  makes  continual  use  of  simply  infinite 
sequences  determined  in  the  continuum ;  and  any  such  sequence  may  be 
regarded  as  a  series  of  distinct  determinations  of  the  variable  in  which  the 
elements  are  in  logical  succession,  each  element  after  the  first  being  preceded 
and  succeeded  by  definite  elements. 


THE   FUNCTIONAL   RELATION. 

165.  If  to  each  point  of  the  domain  of  the  independent  variable  a:  there 
be  made  in  any  manner  to  correspond  a  definite  number,  so  that  all  such 
numbers  form  a  new  aggregate  which  can  be  regarded  as  the  domain  of  a 
new  variable  y,  this  variable  y  is  said  to  be  a  (single -valued)  function  of  x. 
The  variables  x,  y  are  called  the  independent  and  the  dependent  variable 
respectively;  and  the  functional  relation  between  these  variables  may  be 
denoted  symbolically  by  the  equation  y  =f(x).  In  this  definition  no  restric- 
tion is  made  a,  priori  as  regards  the  mode  in  which,  corresponding  to  each 
value  of  x,  the  value  of  y  is  assigned ;  and  the  conception  of  the  functional 
relation  contains  nothing  more  than  the  notion  of  determinate  correspondence 
in  its  abstract  form,  free  from  any  implication  as  to  the  mode  of  specification 
of  such  correspondence.  In  any  particular  case,  however,  the  special 
functional  relation  must  be  assigned  by  means  of  a  set  of  prescribed  rules 
or  specifications,  which  may  be  of  any  kind  that  shall  suffice  for  the 
determination  of  the  value  of  y  corresponding  to  each  value  of  x.  Such 
rules  may  in  any  particular  ca.se  bo  embodied  in  a  single  arithmetic  formula 
from  which  the  value  of  y  corresponding  to  each  value  of  x  is  arithmetically 
determinable ;  or  the  rules  may  be  expressed  by  a  set  of  arithmetic  formulae 
each  one  of  which  applies  to  a  part  of  the  domain  of  the  independent  variable. 
In  case  these  formulae  be  reducible  to  a  set  of  mutually  independent 
formulae,  that  set  must  be  a  finite  one.  In  ease  the  function  be  defined 
by  an  enumerahly  infinite  set  of  formulae,  each  applicable  to  a  part  of  the 
domain,  these  formulae  cannot  be  mutually  independent,  but  must  be  subject 
to  some  norm. 
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It  must  be  observed  that,  when  for  any  particular  value  of  x  the 
corresponding  value  of  y  is  given  by  means  of  an  arithmetic  formula,  the 
numerical  value  of  y  is  in  general  only  formally  determinate  ;  for  in  practice 
only  a  finite  number  of  elements  of  a  convergent  aggregate  which  defines  the 
value  of  y  can  in  general  be  actually  found,  and  thus  the  value  of  y  can  be 
specified  only  to  any  required  degree  of  approximation,  but  it  is  still  regarded 
as  perfectly  determinate. 

The  domain  of  %  consisting  of  a  set  (P)  of  points,  the  values  of  y,  in  the 
case  of  a  given  functional  relation  y=f{x),  may  be  represented  by  points  Q 
on  another  straight  line,  all  such  points  forming  a  set  (Q).  The  set  (Q)  is 
3aid  to  be  the  functional  image  of  the  set  (P),  determined  by  the  function 
/(*) ;  to  each  point  of  (P)  there  corresponds  a  single  point  of  (Q),  if  f(x) 
be  a  single-valued  function,  but  to  each  point  of  (Q)  there  may  correspond 
a  finite  or  an  infinite  number  of  points  of  (P). 

The  perfectly  general  definition  of  a  function  which  has  been  given  above 
is  the  culmination  of  a  process  of  evolution  which  has  proceeded  largely  in 
connection  with  the  study  of  the  representation  of  functions  by  means  of 
trigonometrical  series.  By  the  older  mathematicians  a  function  was  under- 
stood to  mean  a  single  formula,  at  first  usually  only  a  power  of  the  variable; 
but  afterwards  it  was  regarded  as  defined  by  any  one  analytical  expression, 
and  was  extended  by  Euler  to  include  the  case  in  which  the  function 
is  given  implicitly  by  a  formal  relation  between  the  two  variables.  In 
connection  with  the  problem  of  the  determination  of  the  forms  of  vibrating 
strings,  which  led  to  the  discussion  of  functions  represented  by  trigonometrical 
series,  the  conception  arose  of  a  single  function  defined  in  different  intervals 
by  means  of  different  analytical  expressions.  The  arbitrary  nature  of  a 
function  given  by  a  graph  was  distinctly  recognised  by  Fourier;  thus  the 
notion  of  a  function  was  emancipated  from  the  restriction  that  an  &  priori 
representation  of  it  by  a  single  formula  is  necessary. 

The  idea  that  a  function  can  be  defined  completely,  in  the  case  when  the 
domain  of  the  independent  variable  is  a  Unite  continuous  interval,  by  means 
of  a  graph  arbitrarily  drawn,  ;  eaves  one  of  account  the  essentially  unarithmetic 
nature  of  geometrical  intuition.  A  curve  that  is  drawn  is  indistinguishable 
by  the  perception  from  a  sufficiently  great  number  of  discrete  points;  and 
thus  all  that  is  really  given  by  an  arbitrarily  drawn  graph  consists  of  more  or 
less  arithmetically  inexact  values  of  the  ordinates  at.  those  points  of  the 
#-axis  at  which  we  are  able  to  measure  ordinates.  In  order  that  a  curve 
may  be  really  known,  sufficiently  to  serve  for  the  purpose  of  defining  a  function, 
a  series  of  rules  must  be  prescribed,  by  means  of  which  the  values  of  the 
ordinates  can  be  formally  determined  at  all  points  of  the  #-axis.  It  is 
sometimes  said,  in  order  to  illustrate  the  generality  of  the  functional  relation, 
that  a  function  is  definable  in  the  form  of  a  table  which  specifies  values  of  y 
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oorresp  oh  ding  to  values  of  x,  this  table  being  of  a  perfectly  arbitrary  character. 
The  inadequacy  of  such  illustration  is  manifest,  if  wo  consider  that  even  if 
the  table  were  an  endless  one,  as  has  been  remarked  in  §  1130,  no  aggregate 
of  (/-values  can  be  denned  by  an  endless  set  of  numbers,  apart  from  the 
production  of  a  norm  by  which  those  cumbers  are  defined.  Moreover,  even 
if  the  table  were  subject  to  a  definite  norm,  it  could  only  theoretically  suffice 
to  define  a  function  of  a  variable  whose  domain  consisted  of  an  enumerable 
set  of  points,  and  would  be  totally  inapplicable  to  the  case  in  which  the 
variable  has  a  continuous  domain,  unless  some  special,  restrictive  assumptions 
as  to  the  nature  of  the  function  be  introduced,  by  meads  of  which  the  values 
of  the  function  are  made  determinate  at  the  remaining  points  of  the  con- 
tinuous domain, 

It  thus  appears  that  an  adequate,  definition  of  a  function  for  a  continuous 
interval  {a,  b)  must  take  the  form  lirst  given  to  it  by  Diriehlet*  viz.  that  y  is 
a  single-valued  function,  of  l!i,e  variable  x,  in  the  vontinuoits  interval  (a,  b),  when 
a  definite  valve  of  y  corresponds  to  each  value  of  a:  such  th.utaS.xSb,  no 
matter  in  what  form  this  correspondence  in  specified;  A  particular  function 
is  actually  defined  when  y  is  arithmetically  defined  for  each  value  of  x. 

No  elaborate  theory  is  required  for  functions  which  retain  their  complete 
generality,  in  accordance  with  the  abstract,  definition  given  above,  since  no 
deductions  of  importance  can  be  made  from  that  definition  which  will  be  valid 
for  all  functions.  When,  however,  the  nature  of  a  function  is  in  some  way 
restricted,  either  in  the  whole  domain,  or  in  the  neighbourhoods  of  special 
points  of  that  domain,  there  is  room  for  the  development  of  a  theory  which 
shall  deal  with  the  peculiarities  that  follow  from  such  restrictions  upon 
the  complete  generality  of  functions. 

166.  The  functions  defined  in  accordance  with  the  above  definition  are 
known  as  single -valued,  functions,  since,  to  each  value  of  a>  in  the  domain  of  x, 
there  corresponds  a  single  value  of  y.  The  definition  may  be  so  generalised 
as  to  be  applicable  to  ni-ultiple-valucd  functions.  This  is  done  by  replacing 
the  requirement  that,  to  each  value  of  x  in  the  domain  of  x  there  shall 
correspond  a  single  value  of  y,  by  the  more  general  statement  that,  to  each 
value  of  x  there  shall  correspond  a  definite  aggregate  of  values  of  y.  The 
aggregate  of  values  of  y  may,  for  any  particular  value  of  ,v,  consist  of  a  finite, 
or  of  an  infinite,  set  of  numbers.  A  particular  function  is  then  defined  when 
the  aggregate  of  values  of  y  is  arithmetically  determinate  for  each  value  of  A', 
in  accordance  with  the  criteria  for  the  determinacy  of  a  linear  aggregate 
which  have  been  developed  in  the  theory  of  aggregates.  Although  the 
Theory  of  Functions,  as  developed  in  the  present  work,  is  mainly  concerned 
with  single-valued  functions,  it  is  necessary,  or  at  least  convenient,  in  the 

*  See  Dirichlet's  Werke,  vol.  r,  p.  135. 
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course  of  the  examination  of  particular  functions  and  classes  of  functions,  to 
make  use  of  auxiliary  Cu notions  which  are  multiple- valued  at  certain  points 
of  the  domain  of  the  independent  variable.  Moreover,  Ririchlet's  definition, 
in  its  original  form,  has  the  inconvenience  that  it  excludes  from  the  category 
of  functions  such  as  are  represented  by  analytical  expressions  which,  for 
particular  values  of  the  independent  variable,  cease  to  delitie  a  single  number. 
For  example,  an  infinite  series  which,  for  particular  values  of  the  variable, 
either  diverges,  or  cease*  to  converge  to  a  single  definite  limit,  docs  not  define 
a  single-valued  function  in  accordance  with  Di  rich  let's  definition,  for  the 
whole  domain  of  the  variable,  and  yet  it  is  convenient  to  so  extend  the 
meaning  of  the  term  function  that  a  function  may  be  nevertheless  defined 
for  the  whole  domain  by  such  a  series. 

The  distinction  has  been  considered  in  detail  by  Broden*  between  those 
functions  for  which  the  relation  between  the  dependent  variable  y  and  the 
independent  variable  ,*  is  formally  the  same  for  the  whole  domain  of  x,  and 
those  functions  for  which  the  domain  of  a"  is  divisible  into  a  plurality  of  parts, 
for  which  the  forms  of  the  relation  between  at  and  y  are  different.  He 
remarks  that  the  distinction  is  one  relating  to  the  character  of  the  definitions 
rather  than  to  the  nature  of  the  functions  themselves ;  in  the  former  case  the 
function  is  said  to  be  h-owwnumimU-ij  defined,  and,  in  the  latter  case,  to  be 
heteronomically  defined.  Broden  has  given  a  formal  proof  that,  when  a 
function  is  heteronomically  defined,  the  number  of  parts  into  which  the 
domain  of  %  is  divided,  so  that  the  relations  of  y  to  x  in  any  one  part  are 
completely"  independent  of  the  relations  in  the  other  parts,  must  be  finite. 

The  Theory  of  Functions  of  a  Keal  Variable  is  concerned  with  the 
classification  of  functions,  according  as  they  possess  various  special  properties, 
e.g.  continuity,  differentiability,  itii.egrability,  throughout  the  domain  of  the 
independent  variable,  or  at,  or  near,  special  points  which  form  part  of  that 
domain.  The  theory  requires  the  introduction  of  precise  arithmetical 
definitions  of  the  scope  and  meaning  of  these  characteristic  properties,  and 
is  largely  concerned  with  the  determination  of  criteria  which  shall  suffice 
to  decide,  in  the  case  of  a  function  defined  in  some  special  manner,  what  can 
be  inferred  as  regards  the  possession  by  such  function  of  properties  other 
than  those  that  are  immediately  apparent  from  the  definition  itself.  Much 
of  the  theory  is  concerned  with  a  minute  examination  of  functions,  and 
of  classes  of  functions,  which  possess  properties  that  do  not  occur  in  the  case 
of  those  functions  which  are  employed  in  ordinary  analysis  and  in  its 
applications  to  Geometry  and  Physics ;  and  the  theory  has  in  consequence 
frequently  been  described  as  the  Pathology  of  Functions.  It  appears 
however  from  the  theory  itself  that  many  of  those  peculiarities,  which 
from  the  point  of  view  of  traditional  Analysis  would   be  described  as  ex- 

!  Acta  Univ.  l,«nd.  vol.  xxxm,  1S97,  "  Tunc [:oil(.:i;^c„ rut i;-(jV:  Tii.-ni^rlijjiKtn  iind  SiUze." 
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ccptlonal,  have  no  claim  to  bo  so  described;  that  in  fact  it  is  in  the  functions 
of  ordinary  Analysis  that  the  abnormalities  really  occur,  such  functions 
occupying  an  exceptional  position  in  relation  to  a  scientific  Analysis  of 
the  properties  of  functions  in  general.  An  important  result  of  the  labours 
of  those  who  have  developed  the  modern  theory  of  functions  of  a  real 
variable  has  been  that,  restrictive  assumptions,  which  had  previously  been 
unconsciously  made  in  the  processes  of  ordinary  Analysis,  have  been  placed 
in  a  clear  light;  and  it  has  been  shewn  that  modes  of  reasoning  which  had 
their  origin  in  an  uncritical  appi:oatiou  of  ideas  obtained  from  intuition  would 
fail  to  yieid  correct  results  when  applied  to  cases  of  sufficient  generality, 
the  unsoundness  of  the  logical  basis  of  such  reasoning  being  thereby 
demonstrated. 

In  ordinary  Analysis  the  domain  of  the  independent  variable  is  taken 
to  be  a  limited,  or  unlimited,  continuous  interval.  In  the  theory  of  functions, 
on  the  other  hand,  it  has  been  found  advantageous  to  consider  also  the 
properties  of  functions  defined  for  a  domain  which  is  not  a  continuous  one. 
It  appears,  in  particular,  that  a  non-dense  perfect  set  of  points,  or  more 
generally  any  closed  set,  is  well  suited  to  be  the  domain  of  a  Junction,  inasmuch 
as,  for  such  domains,  the  principal  peculiarities  of  functions,  such  as  continuity, 
differentiability,  &c„  are  capable  of  precise  formulation,  and  can  serve  for 
purposes  of  classification,  exactly  as  in  the  case  of  functions  defined  for  a 
continuous  domain.  Much  of  the  recent  progress  in  the  subject  is  due  to 
a  recognition  of  the  parity  of  all  perfect  sets  of  points,  not  only  as  regards 
their  internal  structure,  but  also  in  relation  to  their  fitness  for  forming  the 
domains  for  which  functions  can  be  denned,  without  loss  of  any  of  the 
characteristic  properties  that  serve  for  the  classification  of  Junctions  of  a 
real  variable,  or  of  several  such  variables, 

EXAMPLES. 

1.  A  function /(.■*)  may  bo  defined  for  the  interval  (0,  1 )  as  follows:- for  -Sff£  ..  , 
f(x)=-x?,  and  for  #  =  0,/(0)  =  l,  u  denoting  any  positive  integer.     In.  this  case,  the  norm 

by  whicli  the  function  is  defined  is  e.\  pre  Visible  by  an  tuiiui  ierable  set-  of  formulae  which  are 
however  not  independent  of  one  another. 

2.  A  function   may  be  du  fined  us   follows:— for   lgij-,  f(x)  =  '-;   for  -£#a^, 

/(#)=£;  for  g£^£^,/(*)=|,  ...,  and  in  general,  for  -SsS  — j,  f(a>)=p-,  where 
P&  denotes  the  wth  of  the  prime  numbers  2,  3,  5,  7,  ....  If  the  function  is  to  he  defined  at 
the  point  #=0,  this  may  be  done  by  assigning  to  /(Q;  any  arbitrarily  chosen  value  we 

please.  It  will  he  observed  that  the  values  -=-  are  in  this  case  not  represen  table  by  a 
single  expression  which  involves  n  and  ss  only. 


,Google 


166,  167]        Upper  and  lower  limits  of  functions  219 

3.    Any  number  x  of  the  interval  (0, 1)  except  0,  can  be  uniquely  expressed  in  the  form 

where  6,(  has  for  every  value  of  a  one  of  the  values  0,  1,  and  it  is  stipulated  that  all  the  6„ 
are  not  to  be  zero  from  mid  after  any  !L\ed  value  of  n. 

A  multiple- valued  function'*'  may  lie  ttefined  by  ;/  =  :',■",  wben;  •«,  lias  .all  positive  integral 
values  for  which  bn  =  l.  This  is  a  homouoniie  deli  nit  inn.  ult.])oii«ti  oo  analytical  expiession 
of  a  unitary  (;tirirn.i-tsr  ean  be  given  for  the  representation  of  y. 

THE    UPPER   AND    LOWEK   LIMITS   OF   FUNCTIONS. 

167.  A  function  y  —/(/'■'),  being  defined  for  the  domain  of  a:,  we  have  seen 
that  the  values  of  y  form  a  set  of  points,  determined  as  usual  upon  a  straight 
line,  which  is  called  the  functional  image  of  that  set  of  points  which  forms 
the  domain  of  x.  In  case  the  set  of  points,  which  represent  the  values  of  y, 
is  a  bounded  set,  the  function  f(x')  is  said  to  be  limited  m  the  domain  of  as. 

When  the  set  of  vaiues  of  y  is  bounded,  cither  boundary  may  be  a  limiting 
point,  or  only  an  extreme  point,  of  the  set.  For  convenience,  and  in  accordance 
with  usage,  che  terms  upper  limit  and  lower  limit  will  be  applied  to  denote  ■ 
the  upper  and  lower  boundaries  of  y,  even  when  the  boundary  is  not  a  limiting 
point  of  the  set,  but  is  only  an  extreme  point,  without  being  a  limiting  point 
in  the  sense  in  which  this  term  is  used  in  the  theory  of  sets  of  points. 
Thus  we  may  say  that: — 

If  the  set  of  points  y,  which  represent'!  the  functional  image  of  a  function 
f(x),  defined  for  a  given  domain  of  x,  have  an  upper  and  a  lower  boundary, 
then  the  function  f(x)  is  said  to  he  <i  limited  function,  and  the  boundaries  are 
said  to  he  the  upper  and  lower  limits  of  f(.i:)  in  the  domain  of  x.. 

The  upper  or  the  lower  limit  of  a  function  /  (x)  in  its  domain  may  or  may 
not  be  attained,  i.e.  there  may  or  may  not  be  a  value  of  x,  in  the  domain  of  #, 
for  which  the  functional  value  is  equal  to  the  upper,  or  to  the  lower  limit, 
of  the  function.  An  upper  or  lower  limit,  which  is  attained,  is  an  extreme 
point  of  the  set  of  values  of  y,  and  may  or  may  not  be  a  limiting  point 
of  such  set,  in  the  accurate  sense.  An  upper  or  a  lower  limit  which  is  not 
attained  is  certainly  a  limiting  point  of  the  set  of  values  of  y. 

In  case  y  have  no  upper  limit,  or  no  lower  limit,  for  the  domain  of  x,  the 
function  fix)  is  said  to  be  an  vnlimited  function.  In  this  ease  there  exist 
values  of  the  function,  of  one  or  of  both  signs,  which  are  numerically  greater 
than  any  arbitrarily  assigned  number  J.. 

When  y  has  no  upper  limit  in  the  domain  of  x,  the  function  is  said  to 
have  the  improper  limit  +  oo  ,  in  the  domain  of  x.     Similarly,  when  y  has  no 

*   Hii'iii't.i,  Joe.  cit.  p.  4. 
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lower  limib,  it  is  said  to  have  the  improper  limit  —  so .  It  is  frequently  said, 
for  the  sake  of  brevity,  that  the  upper  or  the  lower  limit  of  the  function 
is  infinite. 

The  excess  of  the  upper  limit  of  a  function,  in  -its  domain,  over  its  lower 
limit,  is  called  fla.-.  jb.i.ct  nation-  (Schwaiikung)  f  tia:  function,  in  the  domain. 

In  case  the  upper  or  the  lower  limit  is  infinite,  the  function  is  said  to 
have  an  infinite  fluctuation  in  its  domain. 

Instead  of  the  whole  of  the  domain  of  x,  we  may  consider  that  part 
which  lies  in  a  given  interval  (a,  b),  including  the  cud-points  a  and  b,  and  the 
preceding  definitions  may  be  applied  to  this  portion  of  the  domain;  thus:— 

The  upper  limit  of  a  function  fix)  in  an  interval  (u,b)  is  the  upper  limit 
of  the  function  when,  only  thorn  points  of  the  domain  of  x  which  lie  in  (a,b)  are 
taken  into  account,  A  similar  definition  applies  to  the  case  of  the  lower 
limit. 

The  excess  of  the  upper  limit  of  f  (x),  in  the  interval  («.,  b),  over  its  lower 
limit  in  that  interval ..  is  called,  the  jinet.u.a.tion  qff(x)  in  the  interval  (a,  b). 

In  case  one  or  both  of  the  limits  is  infinite,  the  fluctuation  of  the  function 
in  (a,  b)  is  said  to  be  infinite. 

If  the  upper  limit  of  f(x)  in  (a,  b)  is  attained,  i.e.  if  there  exists  a  value  c 
of  x  such  that  /(c)  is  the  upper  limit,  where  c  is  a  point  of  the  domain  in 
(a,  b),  then  this  upper  limit  is  said  to  he  the  upper  extreme  of  the  function  in 
(a,  b);  and  a  similar  definition  applies  to  the  lower  extreme. 

If  the  end-points  a,  b  of  the  interval  be  left  out  of  account,  in  case  they 
belong  to  the  domain  of  x,  the  fluctuation  is  called  the  fluctuation  in  the 
open  interval  (a,  b).  This  is  sometimes  spoken  of  as  the  inner  fluctuation 
of  the  function  in  {a,  b),  and  is  determinable  as  the  limit  of  the  fluctuation 
in  the  interval  (a  +  e,  b  —  e),  when  e  is  indefinitely  diminished. 

168.  In  accordance  with  the  definition  which  has  been  given  for  a 
function  in  any  domain,  the  value  of  the  function  at  any  particular  point 
of  the  domain  has  a  definite  finite  value.  It  may  happen  that  a  point  P, 
of  the  domain  of  x,  may  be  such  that  in  any  arbitrarily  small  neighbourhood 
of  P  either  the  upper  or  the  lower  limit  of  the  function,  or  both,  may  not 
exist;  so  that,  however  small  the  neighbourhood  of  P  may  be  chosen,  there 
exist  functional  values  in  that  neighbourhood  which  are  numerically  greater 
than  any  number  that  may  be  assigned,  in  that,  case,  the  point  P  is  said  to 
be  an  infinity,  or  point  of  infinite  discontinuity  of  the  function  ;  although  the 
function  has  a  definite  finite  value  at  the  point  P  itself. 

Although  f  (x)  is  not  properly  defined  at  a  point  P,  (a;„),  unless  a  definite 
numerical  value  be  assigned  to/l'.v,),  nevertheless  an  improper  definition  of  the 

functional  value  at  the  point  P  is  sometimes  admitted,  of  the  form  -j-/ — \=^> 
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in  this  case  the  function  is  said  to  possess  an  infinity  at,  P.  This  infinity  is 
said  to  be  removable  provided  that,  when  the  functional  value  at  P  is 
altered  to  some  finite  value,  the  function  have  finite  upper  and  lower  limits 
in  a  sufficiently  small  neighbourhood  of  P. 

There  are  other  cases  in  which  an  improper  definition  of  the  functional 
value  at  a  point  x0  of  the  domain  of  x  is  admitted.  The  function  may 
be  defined  by  means  of  an  infinite  series,  of  which  the  terms  are  given 
functions  of  x.  This  series  may  diverge  at  the  particular  point  x„ ; 
but  it  is  nevertheless  frequently  convenient  to  regard  the  series  as  defining 
the  function  for  all  values  of  x  in  some  interval  which  includes  ,r„.  The 
functional  value  at  x0  is  then  regarded  as  infinite. 

In  accordance  with  strict  arithmetic  theory,  the  function  is  regarded  as 
undefined  at  points  where  no  definite  finite  value  of  the  function  is  specified. 
For  the  most  part,  in  the  theory  which  will  be  here  developed,  this 
restriction  will  be  rigidly  adhered  to.  It  will  be  found,  however,  that  in 
cases,  such,  as  in  the  theory  of  infinite  series,  in  which  it  is  convenient 
to  admit  improper  definitions  of  functions  at  particular  points,  no  essential 
change  in  the  main  results  of  the  theory  will  have  to  be  made. 

In  some  cases  it  will  be  found  convenient  to  remove  the  restriction  that 
at  each  point  of  the  domain  of  the  independent  variable  the  function  shall 
be  single- valued,  and  to  define  the  function  in  such  a  manner  that,  at  single 
points,  or  at  each  point  of  some  set  belonging  to  the  domain  of  x,  the  function 
may  possess  finite  or  infinite  multiplicity.  It  will  be  found,  in  the  cases 
in  which  it  is  convenient  to  make  this  extension  of  the  meaning  of  a  function, 
that  no  difficulty  arises  as  regards  the  use  of  results  primarily  applicable  to 
functions  which  are  single-valued  at  all  points  of  the  domain  of  the  variable, 
without  exception. 

THE    CONTINUITY    OF    FUNCTIONS. 

169.  Let  the  domain  of  the  independent  variable  x  be.  continuous,  and 
either  bounded  or  unbounded  :  and  denote  the  function  y  at  the  point  x  by 

The  function  f(x)  is  soM  to  be  coutinn-ovx  o,t  ike  point  a  of  the  domain  of  x, 
if,  corresponding  to  any  arbitrarily  chosen  -positive  number  e  whatever,  a 
positive  number  B  dependent  on  e  can  be  found,  such  that  | /(«  +  ?/)—  /(«)(  <e, 
for  all  positive  or  negative  -nahtex  <>f  y  which  are  nii.iu.eri.caUy  less  than  S,  and 
which  are  such  that  a  +  -n  is  in  the  domain  of  x.  At  an  end-point  of  a  limited 
domain,  the  values  oft/  will  have  one  sign  only. 

In  accordance  with  this  definition,  a  neighbourhood  (a  —  8,  a  +  S)  of  the 
point  a  exists,  such  that  the  function,  at  any  point  in  the  interior  of  this 
interval,  differs  numerically  from  its  value  at  a,  by  less  than  e.     It  follows 
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that  the  inner  fluctuation  of  the  function  in  (a  —  8,  a  +  S)  is  less  than  2e,  and 
it  is  obvious  that  the  fluctuation  in  any  interval  interior  to  (a  —  S,  a  +  B) 
is  less  than  2e.  The  condition  of  continuity  of  the  function  /(as)  at  the  point  « 
may  thus  be  stated  to  be  that  a  neighbourhood  of  the  point  can  be  found 
in  which  the  fluctuation  of  the  function  ix  us  xmall  ax  we  please. 

The  above  definition  of  continuity  at  a  point  is  that  due  to  Cauchy,  and 
is  a  particular  case  of  the  definition  of  continuity  for  a  function  of  any 
number  of  variables.  If  we  denote  by/(<c,  y,  z,  ...)  a  function  of  the  variables 
os,  g,  z,  ...  defined  for  any  continuous  domain,  the  condition  of  continuity 
at  the  point  (a,  $,  7,  ...)  is  that,  corresponding  to  every  arbitrarily  chosen 
positive  number  e,  a  number  S  dependent  on  e,  can  be  found,  such  that 
\f(a  +  k,  8  +  k,  y  +  l,  •■■)  —  /(&,  fi,  7,  ...)|<«.  provided  k,  h,  I,  ...  have  any 
values  which  are  numerically  less  than  S.  In  this  case,  a  neighbourhood 
(a  —  B,  a  +  S>)  of  a  point  of  a  linear  domain,  is  replaced  by  a  "  rectangular  coil," 
which  is  a  square  in  the  case  of  a  two-dimensional  domain.  The  definition 
of  continuity  lias  been  stated  by  Heine*  in  a  form  which  depends  upon  the 
notion  of  a  convergent  sequence  of  numbers  or  of  points.  Let  (P, ,  P2, . . .  Pn,  ■  ■  ■) 
be  a  convergent  sequence  of  points  in  the  given  domain,  and  of  which  P  is 
the  limiting  point.  The  condition  of  continuity  of  the  function  at  P  is  that, 
for  every  such  convergent  aggregate  which  has  P  as  limiting  point,  the 
numbers/(P,),/(P2),  ...f(P^),  ...  form  a  convergent  sequence  which  repre- 
sents the  number  f{P).  Thai  this  definition  is  equivalent  to  Cauchy's 
is  seen  at  once  by  considering  a  sequence  of  values  of  e  which  have  the  limit 
zero,  and  are  such  that  e,  >  e2  >  e3  .... 

A  function  which  is  not  continuous  at  a  point  a  may  satisfy  the  condition 
that  in  a  neighbourhood  of  a.  on  the  right  the  fluctuation  of  the  function 
may  be  made  as  small  as  we  please  by  taking  the  neighbourhood  small 
enough;  the  function  is  then  said  to  be  continuous  on  the  right  at  a.  A 
similar  definition  applies  to  continuity  on  the  left. 

A  function  is  said  to  be  continuous  in,  the  interval  (a,  b)  if  it  satisfies  the 
condition  of  continuity  at  every  point  in  the  interval. 

The  function  is  said  to  be  in  general  continuous  in  the  interval,  if,  when 
arbitrarily  small  neighbourhoods  of  a  finite  number  of  points  are  removed, 
the  function-!-  be  continuous  in  each  of  the  remaining  intervals.  Either  of 
the  points  a,  b  may  be  one  of  this  finite  number  of  points. 

170.  The  domain  of  the  independent  variable  has  hitherto  been  con- 
sidered to  be  continuous ;  it  is  however  clear  from  a  consideration  of  the 
definition  of  continuity,  either  in   Cauchy's  or  in  Heine's  form,  that   the 

■:    Crtl/i!1!  Journal,  vol.  Lxxrv,  p.  182. 

t  C.  Neumann  uses  the  term  abtheilungsweise  stetig :  see  his  work  "  Die  naoh  Kreis,  Kugel, 

Liii'i  (.'j'liniicrfi'ivKiti'iiiri:  I'i'^'LiuIhkIl.L]  lieiken." 
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definition  is  applicable  in  case  the  domain  of  the  independent  variable  is  not 
continuous,  but  consists  of  any  set  of  points  which  contains  limiting  points 
that  belong  to  the  set.  It  is,  of  course,  only  at  such  a  limiting  point  that  the 
question  of  continuity  arises:  for  at  an  isolated  point  of  the  aggregate  there 
are  only  a  finite  number  of  values  of  the  function  in  any  sufficiently  small 
neighbourhood  of  the  point.  If  P  be  a  point  of  the  domain  of  x  which  is  a 
limiting  point  of  the  domain,  the  function  is  continuous,  at  P  when,  for  every 
sub-set(Pj,  P3,  ...  P„,  ...),all  the  points  of  which  belong  to  the  domain,  and 
which  has  P  as  limiting  point,  the  numbers  f(P,),  /(P2),  ...f(Pn),  ■  ■■  form 
a  convergent  sequence  of  which  f{P)  is  the  limit.  If  the  function  be 
continuous  at  every  limiting  point  of  the  domain  of  x  it  is  said  to  be 
continuous  relatively  to  the  given  domain ;  and  thus  the  notion  of  continuity 
of  a  function  is  applicable  whatever  be  the  domain  of  the  independent 
variable,  except  when  it  consists  of  an  isolated  set  of  points. 

Let  Plt  P3,  Pa,  ...  he  a  convergent  sequence  of  points  of  the  domain  of  x, 
of  which  P„  is  the  limiting  point ;  and  let  P.  also  belong  to  the  domain 
of  m.  Supposing  the  functional  image,  corresponding  to  fix),  to  contain  the 
points  Qi,  Q2,  Q3,  ...  which  correspond  toPls  P.it  P„,  ...,  let  Qu  Q2,  QB, ...  form 
a  convergent  sequence  of  which  the  limiting  point  Q„  corresponds  to  P„, 
If  this  condition  be  satisfied,  however  the  convergent  sequence  be  chosen  in 
the  domain  of  cc,  the  aggregate  (Q),  of  values  of  y,  is  said  to  be  a  continuous 
functional  image  of  the  domain  (P)  of  w. 

It  is  clear  that  the  continuous  functional  image  of  a  closed  domain  is 
itself  closed.  For,  corresponding  to  the  points  of  a  convergent  sequence 
(ft,  Q*,  ft.  •■■).  in  (Q),  there  corresponds  an  aggregate  (Pls  Pa,  Ps, ...),  in  (P), 
which  must  have  at  least  one  limiting  point,  and  all  such  limiting  points 
belong  to  the  domain  (P),  and  must  correspond  to  the  limiting  point  of 
(Qu  Q-i>  Q».  ■■•).  which  therefore  belongs  to  the  aggregate  (Q).  Moreover  if 
(P)  be  perfect,  the  continuous  functional  image  (Q)  is  perfect  also;  for,  corre- 
sponding to  any  particular  point  Q'  of  (Q),  we  may  lake  a  point  P'  of  (P),  for 
which  Q'  is  the  image.  P'  is  the  limiting  point  of  a  convergent  sequence 
of  points  of  (P),  and  to  this  convergent  sequence  there  corresponds  a  con- 
vergent sequence  in  (Q),  of  which  Q'  is  the  limiting  point.  It  has  thus  been 
shewn  that  (Q)  contains  no  isolated  points,  and  therefore  (Q)  is  perfect. 

If  (Q)  be  a  continuous  functional  image  of  the  closed  set  (P).  and  if  only 
one  point  of  (P)  correspond  to  each  one  point  of  (Q),  then  <P)  is  a  continuous 

functional  image  of  (Q). 

To  the  points  of  any  convergent  sequence  (Qu  Q.A,  ...)  in  (Q),  of  which  Q^ 
is  the  limiting  point,  there  corresponds  a  convergent  sequence  (Plf  P2,  P3,  ...) 
iri  (P)  of  which  Pw  is  the  limiting  point,  and  P„  is  the  functional  image 
of  0, 
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171.  The  theorem  has  been  given  by  Weierstrass  that,  if  (a,  b)  be  any 
interval  containing  points  of  the  domain  of  a  function,  then  one  point  at 
least  exists  in  the  interval,  which  is  such  that,  in  any  arbitrarily  small 
neighbourhood  of  that  point,  the  upper  limit  of  the  function  is  the  same  as 
the  upper  limit  of  f.Jw  function  in  the  whole  interval  (a,  b). 

This  theorem  holds  for  all  functions  without  restriction,  and  it  makes  no 
difference  whether  the  whole  interval  (a,  b),  or  only  a  set  of  points  in  that 
interval,  belongs  to  the  domain  of  the  independent  variable. 

If  M  denotes  the  upper  limit  of  the  function  in  (a,,  b),  the  case  of  an 
indefinitely  great  upper  limit  being  included,  let  the  interval  be  divided  into 
a  number  n  of  equal  parts.  It  is  then  clear  that  the  upper  limit  of  the 
function  for  no  one  of  these  parts  can  be  greater  than  M,  and  that,  in  one  at 
least  («,,  /3,)  of  these  sub-intervals,  the  upper  limit  of  the  function  must 
be  M.  Divide  (as,  ft)  into  n  equal  parts,  then,  as  before,  one  of  these  parts 
(a,,  ft),  at  least,  is  such  that  M  is  the  upper  limit  of  the  function  in  it. 
Proceeding  in  this  manner,  wo  obtain  a  sequence  («,,ft),  (Oa.ft},  ...  (ar,  ft),  ... 
of  intervals  whose  lengths  converge  to  zero,  such  that  each  one  is  contained 
in  the  preceding  one,  and  such  that  M  is  the  upper  limit  of  the  function  in 
any  one  of  these  intervals.  In  accordance  with  the  theorem  of  §  48,  there  is 
one  point  xu  which  is  in  all  these  intervals;  and  this  point  xt  is  such  that  in 
any  arbitrarily  small  neighbourhood  the  upper  limit  of  the  function  is  M. 
A  similar  result  holds  for  the  lower  limit  of  a  function, 

In  the  case  of  a  function  which  is  continuous  in  the  interval  (a,  b), 
it  follows  from  the  foregoing  theorem  that  the  upper  and  lower  limits  of  the 
function  in  (a,  b)  are  both  finite,  and  thus  that  a  function  which  is  continuous 
in  an  interval,  in  limited  in,  that  interval. 

For  consider  that  point  xx  in  (a,  b),  in  the  arbitrarily  small  neighbourhood 
of  which  (x,  —  e,  a^  +  e)  the  upper  limit  has  the  same  value  as  for  the  whole 
interval  (a,  b).  Since  the  function  is  continuous  at  w2,  corresponding  to  a 
given  number  5,  a  number  e  can  be  found  such  that  \f(w)—  f(Xj)\<  S, 
provided  *  lies  in  (i^  —  e,  a-',-M);  consequently  the  upper  limit  of /(a;)  in  this 
interval  must  be  finite,  and  hence  f(a>)  has  a  finite  upper  limit  in  (a,  b).  It 
may  be  shewn  in  a  similar  manner  that  the  function  has  a  finite  lower 
limit. 

A  function  ■which,  is  coniiiuious  in  Ih.e  interval  (a,  l>)  is  such  that  its  upper 
limit  and  its  lower  limit  arc  each,  actually  attained  at  one  point  at  least  in 
the  interval,  i.e.  the  f  miction  has  an  upper  extreme  anal  a  lower  extreme  in  the 
inicri-iiJ. 

For  suppose,  if  possible,  that  f{xs)  has  a  value  A  different  from  M;  and 
consider  an  arbitrarily  small  interval  (x,  —  e,  Xj  -+■  e)  for  which  M  is  the  upper 
limit  of  the  values  of  (.he  function  ;  then  points  can  be  found  in  this  interval  for 
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which  the  function  differs  by  loss  than  an  arbitrarily  small  number  o  from  M, 
These  values  of  the  function  would  differ  from  /(ay)  by  an  amount  which  is 
not  arbitrarily  small,  and  this  would  be  inconsistent  with  the  condition  of 
continuity  of  the  function  at  the  point  #,.     It  follows  that  we  must  have 

f(xl)  —  3f.  Similarly  it  may  ho  shewn  that  the  lower  limit  m  is  reached  at 
least  once  in  the  interval  (a,  b). 

CONTINUOUS   FUNCTIONS  DEFINED   FOR   A   CONTINUOUS   INTERVAL. 
172-     It  will  now  be  shown  that  if  f  (/>:)  be  continuous  in  the  continuous 
domain  (a,  b),  and  if  /(<>■), f(l>)  '<aV(l  opposite  sic/nn,  then  there  is  at  least  one 
value  of  w  in  the  interval,  fir  which  f  Or)  vanishes. 

Suppose  f(a)<0,  f(b)>0;  then  on  account  of  the  continuity  of  the 
function  we  know  that  at  a  point  x,  for  which  f  (x)  is  negative,  an  interval 
{x,  x  +  e)  can  be  found  for  which  the  fluctuation  of  the  function  is  as  small  as 
we  please;  and  therefore  the  interval  can  bo  so  chosen  that  for  every  point  of 
it  the  function  is  negative.  Dividing  the  whole  interval  into  any  n  equal 
parts  consider  the  signs  of  the  function  m,  the  points  of  division.  Writing  e 
for  1/n,  let  a  +  (p,  +  1)  e  (b  —  a)  be  the  first  of  these  for  which  the  function  is 
positive;  thus  for  a+p^O1)  —  a)  the  function  is  negative,  or  zero.  Divide 
the  interval  {a+p\e(b  —  a),  a  +  (p^  +  l)e  (b  —  a)}  into  n  equal  parts,  and 
suppose  the  point  of  division,  a  +  (p,e  +  p2e5)  (b  —  a),  is  the  last  of  these, 
reckoned  to  the  right,  for  which  the  function  is  negative,  or  zero.  Proceeding 
in  this  manner  we  obtain  a  series  of  numbers  Sm,  where  Sm  denotes 
p1e  +  pses  +  ...  +  pmem,  which  are  such  that  for  a  +  Sm(b  —  a)  the  function  is 
negative,  or  zero ;  and  for  a  +  (Sm  +  e™)  (b  —  a)  the  function  is  positive.  Let 
c  be  the  limit  of  the  sequence  a+Sm(b  —  a);  then  it  can  be  shewn  that 
/  (c)  =  0.  For  if  /(c)  were  negative,  then  an  interval  (c,  c  +  S)  could  be  found, 
for  all  points  of  which  the  function  is  negative  :  and  by  choosing  m  sufficiently 
great,  the  point  a  +  (Sm  +  em)  (b  -  a)  could  be  made  to  fall  within  the  interval 
(c,  o  +  S),  for  which  point  the  function  would  be  positive  :  hence  /  (c)  cannot 
be  negative.  Again,  f(o)  cannot  be  positive;  for  in  that  case  an  interval 
(c  —  S,  c)  can  be  found  for  all  points  of  which  the  function  is  positive;  but 
by  choosing  m  large  enough  the  point  a  +  Sm(b  —  a)  can  be  made  to  fall 
within  this  interval,  and  then  for  this  point  the  function  is  negative,  or  zero. 
Since  then  the  function  /(c)  cannot  bo  cither  positive  or  negative  it  must 
therefore  be  zero. 

From  this  theorem  we  can  deduce  that,  whatever  value-':  /(«),  f(b)  may 
have,  there  must  be  in  the  interval  (a.  h)  at  least  one  value  of  x,  for  which  f(w) 
has  any  prescribed  value  lipna  between  f  (a)  and  f  (b). 

Let  this  value  be  C,  and  suppose  f(a)<0<f(b);   then   the   function 
f{x)  —  C  is  continuous  in  the   given  interval,  is  negative  when  x  —  a,  and 
positive  when  x  =  b;  thus  it  vanishes  at  least  once  in  the  interval  (a,  b). 
h.  15 
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A  continuous  function  has  frequently  been  defiued  as  a  function  such  that, 
ii/(o,),/(b)  be  its  values  at  any  two  points  a  and  b,  then  the  function  passes 
through  every  value  Intermediate  between  /  (a)  and  f  (b),  as  x  changes  from 
a  to  6.  The  property  contained  in  this  definition  lias  been  shewn  above  to 
hold  of  every  function  which  is  continuous  in  accordance  with  Caueliy'.s 
definition  ;  but  the  converse  theorem  does  not,  in  general,  hold.  The  de- 
finition just  referred  to  is  accordingly  not  equivalent  to  that  of  Cauchy. 
which  is  here  adopted  as  the  basis  of  the  treatment  of  continuous  functions. 
As  an  example  of  the  uon-eqni valence  of  the  two  definitions,  we  may  consider 
the  function  defined  by  y  —  sin  -  ,  for  x  ^  0,  and  hy  y  =  0,  for  x  =  0.  For 
this  function  there  are  values  of  %  between  a  and  b  for  which  f(x)  has  any 
assigned  values  c  lying  between  f(a)  and  f(b) ;  but  the  function  is  not  con- 
tinuous, in  accordance  with  Cauehy's  definition,  in  any  interval  (a,  b)  which 
contains  the  point  0.  It  is,  in  fact,  easily  seen  that  the  point  0  is  a  point  of  dis- 
continuity of  the  function:  for  an  arbitrarily  small  neio'hbourhood  of  the  point  0 
contains  points  at  which  the  function  has  all  values  in  the  interval  (—  1,  1). 

As  another  example*  of  a  function  which  satisfies  the  condition  referred 
to,  but  is  discontinuous-  in  accordance  with  Cauehy's  definition,  let  the  number 
x  in  the  interval  (0,  1)  be  expressed  as  a  decimal  ■a]aaa3...  an  ... ;  then  con- 
sider the  decimal  ■a1a.iasa7....  If  this  last  decimal  is  not  periodic,  we  take 
f(x)  =  0 ;  if  it  is  periodic,  and  the  first  period  commences  at  asn_j,  we  take 

/(&)  =  '<*ma2a+s0W+j The  function  so  defined  for  the  interval  (0,  1)  of  x 

has  every  value  between  0  and  1,  in  every  arbitrarily  small  interval  in  the 
domain  of  x;  thus  the  function  is  discontinuous  at  every  point.  A  value  of 
x  for  which /(a;)  has  any  prescribed  value  "jhjh- ■  -pa- ■  ■  is 

■a^Aa-iB. .  .Ka.!IL-,pla,np2all,+.!. .. , 
where   ■a1a3...   is  any  periodic  decimal,   the  fivst  period  of  which  begins  at 
as«-u  and  A,  B, ...  K  are  arbitrarily  chosen  digits.      Nevertheless  there  are 
values  of  x  between  a  and  0  at  which  the  function  takes  any  assigned  value 
intermediate  between  /(«)  and  f  (/S). 

CONTINUOUS    FUNCTIONS    DEFINED    AT    POINTS    OF    A   SET. 

173.  It  will  now  be  shewn  that,  if  a  function-  fix),  having  prescribed 
values  at  each  point  of  an  infinite  set  of  points  in  the  interval  (a,  b),  be  con- 
tinuous in  that  interval,  then-  the  values  of  the  function-  are  determinate  at  each 
point  of  the  derivative,  of  the  set. 

Suppose  a,,  aa,  as ...  an...  to  be  a  convergent  sequence  of  points,  for  which 
Xj  is  the  limiting  point,  and  suppose  /' (a,),  f '(a2)  .../(a,,) ...  to  be  known;  it 
will  be  shewn  that  these  functional  values  form  a  convergent  sequence  whose 
limit  is  /  (ar,).    An  interval  (x,  -  S,  x,  +  B)  can  always  be  found,  corresponding 

*  See  Lebcsguc,  T.-e'itms  Mir  Vii'lftjration,  p.  DO. 
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to  any  fixed  number  e,  such  that  the  function  at  any  point  of  this  interval 
differs  from  fix,)  by  less  than  the  arbitrarily  small  number  e;  this  follows 
from  the  continuity  of  the  function.  A  number  n  can  be  found  such  that 
allthe  points a„.,  an+i,a,i+a,  ■-■  He  within  the  interval  (a>i  —  8,  a?,  +  8).  It  follows 
that  1/(0  -/(«„)  |  and  |/(as,)  ~/(ttn+1)  |  . . . ,  etc.  are  all  less  than  e,  which  is 
arbitrarily  small;  hence  f(ce^)  is  the  limit  of  the  sequence  /(H!),  /(a,)  ..., 
and  thus  /(scO  is  determinate,  From  this  special  ease  it  follows  that,  for  all 
the  limiting  points  of  a  given  set  of  points  in  (a,  b),  the  values  of  the  con- 
tinuous function  are-  determinate.  Ji:  further  appears  that  the  function  is 
determinate  for  all  points  which  belong  to  any  derivative  of  the  given  set, 
for  the  points  of  which  set  the  values  of  the  function  are  known. 

In  particular,  if  a  coiUintious  funetUm  have  prescribed  va/vos  for  points  of 
a  set  which  is  me.riju'ltvve-d-eHM  thro'/ghont  the  interval-  (<i,.  !i).  then  its  values  are 
deter-ininate  fur  all  points  of  the  interval. 

A  special  case  of  such  a  set  would  be  all  the  rational  points  within  the 
interval.  It  follows  that  a  continuous  function  whose  values  are  known  for  all 
the  rational  points  in  an  interval  is  determinate  for  all  the  irrational  points. 
A  continuous  function  which  is  known  to  be  constant  for  all  the  rational 
points  has  the  same  constant  value  for  all  the  irrational  points  in  the  interval. 

A  generalization  of  the  above  theorem  is,  that  a  function  which  is 
continuous  with  reference  to  a  domain  which  consists  of  a  set  (P),  and 
is  known  for  all  points  of  a  sub-set  which  is  everywhere-dense  in  (P),  is 
determinate  for  every  point  of  (P).  This  may  be  seen  by  considering  that 
every  point  of  (P)  is  a  limiting  point  of  the  sub-set,  and  applying  the  same 
reasoning  as  before. 

174  From  the  theorem  established  above,  that  a  continuous  function  is 
determinate  when  its  values  at  an  everywhere-dense  enumerable  set  of  points 
are  prescribed,  we  may  deduce  that  the  cardinal  number  of  the-  aggregate  of  all 
continuous  functions  of  a  real  variable  is  the  cardinal  number  c  of  the  continuum. 

We  may  suppose  the  values  of  a  function  to  be  prescribed  at  the  rational 
points.  The  cardinal  number  of  the  aggregate  of  all  functions  defined  for 
the  rational  points  only  is  the  eiinlina]  number  of  the  ways  of  covering  the 
aggregate  of  rational  numbers  by  the  aggregate  of  numbers  of  the  continuum. 
This  number  is  c",  which  has  been  shewn  in  §  148  to  be  equal  to  c.  Only  some 
of  the  "coverings"  of  this  kind  are  such  as  will  give  rise  to  continuous 
functions;  hence  the  aggregate  of  all  continuous  functions  is  a  part  of  the 
aggregate  of  all  possible  coverings  of  the  set  of  rational  numbers  by  the  numbers 
of  the  continuum.  It  follows  that  the  cardinal  number  of  the  aggregate  of  all 
continuous  functions  is  ^  c.  Again,  this  cardinal  number  is  £c;  for  among 
the  continuous  functions  are  those  ea.ch  of  which  is  constant  a.nd  everywhere 
equal  to  any  assigned  number  of  the  continuum ;  and  thus  the  aggregate  of 
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all  continuous  functions  contains  a  part  which  has  the  cardinal  number  c. 
Since  the  cardinal  number  is  S  c,  and  also  Sc,  it  is  equal  to  c. 

It  has  been  shewn  by  Borel*  that  the  aggregate  of  all  continuous 
functions  and  also  that  of  all  analytical  functions  of  two  or  more  variables 
have  the  cardinal  number  c. 

The  cardinal  number  of  the  aggregate  of  all  functions  of  a  real  variable 
is  that  of  all  coverings  of  the  continuum  by  itself;  this  is,  in  accordance 
with  the  definition  in  §  116,  denoted  by  c",  for  which  we  may  write/ 

Each  particular  "covering"  of  the  numbers  of  the  continuum  by  them- 
selves is  definable  by  a  definite  norm,  and  corresponding  to  each  such 
covering  there  is  a  definite  function  for  a  continuous  domain.  Let  the 
aggregate  of  all  such  functions  be  denoted  by  F:  it  will  then  be  proved  that 
the  cardinal  number/  of  F,  is  >  c. 

First,  F  has  a  part  which  is  equivalent  to  the  continuum.  This  is  at 
once  seen,  since  the  functions  /(,'/■)  =  o,  where  c  is  any  number  of  the 
continuum,  constitute  such  a  part.     It  follows  that/£c. 

Next,  let  it  be  assumed,  if  possible,  that  F  is  equivalent  to  a  part  of  the 
continuum.  As  has  been  just  proved,  such  a  part  cannot  have  a  cardinal 
number  <  c ;  we  therefore  assume  that  F  is  equivalent  to  the  set  of  numbers 
of  the  continuum.  This  amounts  to  the  assumption  that  F  Can  be  ordered  in 
the  same  type  as  the  continuum,  so  that,  to  any  assigned  number  £  of  the 
continuum,  there  corresponds  a  definite  set  of  rules  Rs  which  defines  a 
function  £  (as).  The  correspondence  between  £  and  Rt  must  itself  be  defined 
by  a  set  of  rules,  so  that  when  f  is  assigned,  .ft,<,  and  therefore  the  function 
/{(as)  is  defined.  The  aggregate  \J\  (x)\  must  contain  every  definable  function 
of  a  real  variable.  The  number  |?  being  assigned,  fs  (V)  is  producible,  and  its 
existence  implies  that,  at  any  assigned  point  £',  the  functional  value  /f(£') 
can  be  determined  arithmetically.  We  may  take,  for  example,  |'  =  £;  and 
thus,  iff  is  assigned,  j\  (f )  is  known.  We  may  regard  /(?)  as  a  function  of 
|;  for  its  value  at  any  point  f  can  be  arithmetically  determined,  and  it  is 
therefore  an  element  of  the  aggregate  F  of  all  functions.  With  this  under- 
standing as  to/j(f),  choose  a  fixed  number,  say  unity,  then  the  function 
0(f)  =  /f (|)  + 1  has  a  definite  norm;  for  we  have  only  to  add  to  the  rules 
by  which  /f  (£)  is  defined,  the  further  rule,  that,  at  each  point  %,  unity  is  to 
be  added  to  the  value  of/  ('£).  We  have  now  a  new  definable  function  <£  (as)  ; 
but  this  cannot  possibly  belong  te  the  aggregate  F,  for  if  it  do  so  belong,  there 
must  be  some  one  point  £  of  the  continuum,  with  which  it  corresponds;  but 
<]>  (a:)  cannot  be  identical  with/  (/>:),  for  <j>  (f,)  and  J]i  (^l)  differ  by  unity.  Since 
<f>  (|)  is  not  contained  in  F,  contrary  to  the  hypothesis,  it  follows  that  F  cannot 
be  equivalent  to  the  continuum,  and  thus  the  theorem,  f>  c,  is  established. 
It  has  therefore  been  shewn  that  f  >  c,  and  consequently  that — the  aggregate 
of  all  functions  of  a  real  variable  has  a  cardinal  number  f  greater  than  c. 

■'  Sep  Lcpi'i  stir  hi  IMorie  rfrs  fonetians,  p.  127. 
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V-SU-'ORV.    CONTINUITY. 

175.  It  will  now  be  shewn  that  if  the  domain  of  x  be  a  continuum,  then 
a  continuous  function  is  uniform/-!/  continuous  through  the  domain  of  x\  that 
is  to  say,  a  number  8  can  be  found  corresponding  to  any  given  e.  such  that,  for 
£(11  values  of  *,  the  fluctuation  of/(ai)  within  the  neighbourhood  (%-&,  x  +  8), 
or  for  all  of  this  neighbourhood  whioh  lies  within  the  domain,  is  less  than 
the  number  e. 

If  within  (as~S,  x  +  8)  the  fluctuation  of  the  function  bo  loss  than  e,  then 
for  a  given  e,  the  number  S  must  have  an  upper  limit  (ft  (x,  e),  which  is  in 
general  a  function  of  so,  and  is  essentially  positive.  It  must  be  shewn  that 
(j>  (,«,  e),  for  the  whole,  domain  of  *',  has  a  finite  lower  limit  which  is  not  zero  ; 
this  lower  limit  is  then  a- suitable  value  for  8.  If  the  lower  limit  of  $  (x,  e) 
be  zero,  there  must  be  at  least  one  point  of  the  domain,  such  that  for  its 
arbitrarily  small  neighbourhood,  the  lower  limit  of  <f>(x,  e)  is  zero.  Suppose, 
if  possible,  x,  to  be  such  a  point ;  then  the  values  of  <p  (x,  e),  for  a  convergent 
equence  of  [joints  whose  limiting  point,  is  m, ,  must  form  a  convergent  sequence 
with  zero  for  lower  limit.  Since  f(x)  is  continuous  at  xu  a  neighbourhood 
{*!  —  8',  xx  +  S")  can  be  found,  with  8'  finite,  such  that  the  fluctuation  of  the 
function  within  that  neighbourhood  is  loss  than  e;  it  follows  that,  for  any 
point  £  of  the  interval  fa  —  &S',  %,_  +  |8"),  a  neighbourhood  (x  —  Jo",  x  +  ^8') 
exists  within  which  the  fluctuation  of  the  function  is  less  than  e.  This  is 
contrary  to  the  hypothesis  that  •/;  (;>■.  e)  becomes  arbitrarily  small  by  taking  x 
near  enough  to  xv;  thus  the  lower  limit  of  </>  (>;,  t)  cannot  be  less  than  ^8',  and 
is  therefore  finite. 

It  has  thus  been  shewn*  that  it  is  unnecessary  to  draw  a  distinction,  as  has 
sometimes  been  done,  between  functions  which  are  uniformly,  and  those  which 
are  non- uniformly,  continuous  in  the  continuous  domain  of  x;  for  all  con- 
tinuous functions  are  uniformly  continuous. 

The  theorem  may  also  be  stated  in  the  following  form; — 
If  f(tv)  be  continuous  in  the  interval  (a,  b),  then,  corresponding  to  any 
arbitrarily  chosen  positive  number  e,  a  number  v  cart,  be  determined,  such  that 
the  condition  |/(#i)  —  'f(®a)\  <  e.-  is  satisfied,  -where  a-,,  ;v.  are  any  two  points  in 
(a,  b),  such  that  \x±  —  x^Ikv. 

The  following  theorem  can  be  immediately  deduced  : — 
If  a  function  be  continuous  in  a  finite  interval,  then   the  interval  can  be 
divided  into   a  finite   number   of  sub-intervals   in   every   one   of  which   the 
fluctuation  of  the  function  is  less  than  a  prescribed  positive  number. 

*  This  theorem  was  first  stated  and  proved  by  Heine;  sea  OrelU'i  Journal,  vol.  lxsli  (1870), 
p,  361,  and  vol.  lkx.iv  (1872),  p.  188. 
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It  is  in  fact  clear  that,  if  e  be  the  prescribed  number,  the  condition  is 
satisfied  when  the  interval  is  subdivided  in  any  manner  such  that  the  length 

of  tilt;  greatest  of  tiio  sub-intervals  is  <  ri. 


Another  proof  of  the  above  theorem,  in  an  extended  form,  will  be  given 
in  §  185,  by  employing  the  Heine-Borel  theorem. 

It  is  clear  that  the  above  proof  applies  also  to  the  case  in  which  the 
domain  of  x  is  not  a  continuum,  but  is  a  perfect  aggregate,  or  any  closed 
aggregate  ;  because  the  essential  point  of  the  proof  depends  upon  the  limiting 
points  all  belonging  to  the  aggregate.  For  aggregates  which  are  not  closed 
the  proof  does  not  apply;  thus  a  function  which  is  continuous,  relatively  to 
an  aggregate  which  is  not  closed,  is  not  necessarily  uniformly  continuous. 

THE  LIMITS  OF  A   FUNCTION  AT   A   POINT, 

176.  Let  a  be  a  limiting  point  of  the  set  of  points  which  forms  the 
domain  of  the  independent  variable  x;  the  point  a  may  or  may  not  itself 
belong  to  the  domain  of  as.  Let  (a,  a  +  k)  be  a  neighbourhood  of  a  on  the 
right,  and  let  lT(k),  I,  (K)  denote  the  upper  and  lower  limits  of  a  given 
function  f(x)  for  all  the  points  of  the  domain  of  w  which  are  interior  to  the 
interval  (a,  a  +  h).  It  will  be  observed  that  /(a),  if  it  exists,  is  not  reckoned 
amongst  the  functional  values  of  which  U  (A),  L  (h)  are  the  upper  and  lower 
limits. 

Let  a  descending  seipienee  of  values  be  assigned  to  h,  which  converges  to 
zero;  denoting  this  sequence  by  li^,  k2,  hs, ...,  the  corresponding  numbers 
U(h,),  U(lh) ...  U  (kn) ...  form  a  sequence  of  which  the  members  do  not  in- 
crease, and  therefore  they  have  in  general  a  definite  lower  limit,  which  is 
called  the  upper  limit-  of  f '(,/■)  at  a  on  the  rigid-.  It  may  happen  that  all  the 
upper  limits  U  (k)  are  infinite,  in  which  case  we  say  that  the  upper  limit 
of  f(x)  at  a  on  the  right  is  +  x> ;  or  it  may  happen  that  the  sequence 
U (hi),  U  (hi) ...  U (k^  . . .  has  no  lower  limit,  in  which  case  we  say  that  the 
upper  limit  of  f  (x)  at  a  on  the  right  is  —  so .  In  any  case,  the  finite  or 
infinite  upper  limit  of  /(■»)  at  a.  on  the  right  is  denoted  by  /(a  +  0). 

The  numbers  L  (/ij,  L  (/i,) ...  L(kn) ...  form  a  sequence  of  which  the 
elements  do  not  diminish,  and  they  have  in  general  a  definite  upper  limit, 
which  is  called  the  lower  limit  uf  f  (w)  at  a  ura  the  right,  and  may,  as  in 
the  former  case,  have  infinite  values  go  or  —  oo.  This  limit  is  denoted  by 
/(«  +  0). 

Corresponding  definitions  apply  to  the  left  of  the  point  a;  and  the  limits 
of  f(x)  at  a  on  the  left  are  denoted  by  f[a  —  0).  /■' (a  — 0)  respectively.  In 
case  the  point  «  is  a  limiting  point  of  the  domain  of  w  on  one  side  only,  the 
two  limits  of  the  function  at  a  on  the  other  side  are  non-existent. 
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The  definition s  may  be  stated  shortly  as  follows  : — ■ 

The  upper  limit  /(/(  +  0)  of  a  function  at  a  on  the  right  is  the  limit  of  the 
upper  limit  of  f(x)  in  the  open-  interval  (a,  a  +  h),  as  h  is  indefinitely 
diminished. 

The  lower  limit  f  (a  +  0)  of  a  function  at  a  on  th  e  rigid  is  tl  e  limit  of  the 
lower  limit  of  f  (%)  in  the  open  interval  (a,  a  +  h)  when  h  is  indefinitely 
diminished. 

The  definitions  for  the  left  of  a  may  be  stated  in  a  precisely  similar 
manner. 

It  is  to  be  observed  that  the  four  functional  limits  /(a  +  0),  /(a  +  0), 
/(a  —  0),  /  («  -  0)  are  entirely  independent  of  /(a),  in  case  a  belongs  to  the 
domain  for  which  f(x)  is  defined.  Any  arbitrary  alteration  in  the  value  of 
f(a)  will  not  affect  these  four  limits  of  /(us)  at  a. 

The  conditions  that  the  point  a  may  be  a  point  of  continuity  of  the 
function  /  (a)  are  that  f(a  +  0),  f(a  +  0),  /(a-0),  f(a  -  0),  /  («)  must  all 
have  the  same  finite  value. 

It  may  happen  that  /(a),  /(a  +  0),  /(a  +  0)  have  one  and  the  same 
finite  value,  but  that  either  or  both  of  /(a  -  0),  /  («  -  0)  may  not  have  this 
value;  in  that  case  fix)  is  said  to  bo  continuous  at  a  on  the  right.  Con- 
tinuity at  a  on  the  left  is  defined  in  a,  similar  manner. 

If  the  four  functional  limits  at  a  be  all  finite  and  equal,  but /(a)  have 
a  different  value,  then  the  function  is  said  to  have  a  removable  discontinuity 
at  the  point  a.  In  this  case  the  function  would  be  made  continuous  at  a 
merely  by  properly  altering  the  value  of /(a). 

The  four  functional  limits  at  the  point  x  —  0  are  usually  denoted  by 
7X+0X  /(+Q).  /VOX  /(-0)  respectively. 

177.  If  the  upper  and  lower  limits  of  f{%)  at  a  on  the  right  have  the 
same  value,  this  common  value  is  called  the  limit  of  f(x)  at  a  on  the  right, 
and  is  denoted*  by  /(a  +  0).  If  the  upper  and  lower  limits  of  /(*)  at  a  on 
the  left  have  the  same  value,  this  is  called  the  limit  of /(a.)  at  a  on  the  left, 
and  is  denoted  by  /  (a  —  0).  Both  of  the  limits  on  the  right  or  left  at  a 
point,  when  such  limit  exists,  may  be  either  finite  or  infinite. 

The  limit  at  ic  =  0,  on  the  right,  is  denoted  by/(+0);  and  the  corre- 
sponding limit  on  the  left  is  denoted  by /(—  0). 

The  limit  at  a  point  P  on  one  side  may  be  also  defined  as  follows: — Let 
(Pi,Pt,  Ps  ..-)  be  any  convergent  sequence  of  points  belonging  bo  the  domain 
of  x,  which  is  such  that  a,  or  P,  is  its  limiting  point,  and  such  that  all  the 

''    This  noUaio-i  was  ii_i!ro^Ui;u-:l  by  J).;  ieiilsi.;  soo  '■'•'eihi:,  vol.  i,  p.  156. 
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points  of  the  sequence  are  on  the  one  side  of  P.  The  values  of  /(#)  at 
Pit  Pi,  P»  ■■■  fovm  an  aggregate  which  may  be  a  convergent  sequence;  let  us 
suppose  it  to  bo  so,  and  also  that  its  limit  has  a  value  which  is  independent 
of  the  particular  sequence,  which  is  however  subject  to  the  conditions  above 
stated.  In  that  case  this  limit  is  denoted  by  /(«  +  0),  or  by  /(«  —  0),  as  the 
case  may  be,  and  is  called  the  limit  of  /(a;)  at  a,  on  the  right  or  left, 

Tt  may  be  observed  that  the  necessary  and  sufficient  condition  for  the 
existence  of  a  definite  finite  limit  on  the  right  at  a  is  that,  corresponding  to 
every  arbitrarily  small  number  e,  a  neighbourhood  (a,  a  +  B)  can  be  found,  such 
that  the  difference  of  the  values  of  the  function  at  every  pair  of  points  of  the 
domain  of  x,  which  are  in  the  interior  of  this  interval,  is  numerically  less 
than  e. 

The  necessary  and  sufficient  condition  thar./(a  +  0)  should  exist  and  =  +  oo  , 
is  that,  if  A  be  an  arbitrarily  chosen  positive  number,  then  8  can  be  so 
determined  that  at  every  point  interior  to  (a,  a  +  B),  the  condition  f(x)>A 
is  satisfied.  In  order  that  /(a.  +  0)  may  exist  and  =  —  co ,  the  corresponding 
condition  is  that  /(*)<  —  A. 

It  is  possible  that  one  of  the  limits  f  (cc  +  0),  f  (a  —  0)  may  exist  and  not 
the  other.  If  the  domain  of  x  be  either  a  continuum  or  a  perfect  set,  a  may 
be  taken  to  be  at  any  point  of  the  domain. 

When  the  condition  for  the  existence  of  f  (a.  +  0)  or  of /(a  — 0)  at  a  point 
a  is  not  satisfied,  the  converge  fit  sequence  (P„  P2, ...  P„  ...),  of  which  P  (a)  is 
the  limiting  point,  maybe  such  that/<P,),  f(Ps),  ...f(Pn)...  is  either  not  a 
convergent  sequence,  or  else  that  its  limit-  depends  upon  the  particular  choice 
of  the  points  P,,  P*, ...  P„  ....  In  this  case  the  fluctuation  of  f(x)  within  an 
arbitrarily  small  neighbourhood  (a,  a  +  S)  on  the  one  side  of  a  is  either  a 
finite  number  which  lias  not,  zero  lb}'  its  limit  when  8  is  indefinitely  diminished, 
or  else  it  is  indefinitely  great,  however  small  B  may  be. 

178.  If.*!,  %■,,  a?3,  ...  xa  ...  be  a  convergent,  sequence  of  points  belonging 
to  the  domain  of  $,  with  a  for  its  limiting  point,  then  the  sequence 
/O^i), /(^a)- •••/(*»)*-■  may  not  be  convergent ;  but,  if  it  be  convergent,  its 
limit  may  have  (1)  a  single  value  independent  of  the  mode  in  which  the 
convergent  sequence  is  chosen,  in  which  case  a  is  either  a  point  of  continuity 
off(cc),  or  a  point  of  removable  discontinuity  of  the  function;  or  (2)  one 
of  two  values,  in  which  case  both  the  limits  /(a  +  0),  f(a  —  0)  exist;  or 
(3)  one  of  a  finite,  or  an  indefinitely  great,  number  of  values,  which  all  lie 
between  the  greatest  and  least  of  the  four  functional  limits  at  a. 

The  aggregate  of  all  possible  values  of  the  limits  of  the  convergent 
sequences  /(#,),  /(afe),  .-■  /OO  ■•-,  corresponding  to  different  convergent 
sequences  (w1,  &,,  ...  xK ...),  with  a  as  limiting  point,  is  called  the  aggregate 
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of  functional  limits  (Werthevorrath)  at  the  point  a.     The  aggregate  of  func- 
tional limits  will  be  shewn,  in  §  190,  to  be  necessarily  a  closed  set. 

179.  If  the  domain  of  x  be  unbounded  in  one  or  in  both  directions,  it  may 
happen  that  a  point  ah  of  the  domain  can  he  found,  corresponding  to  every 
arbitrarily  chosen  positive  number  e,  such  that  the  difference  between  the 
values  of  f(x),  for  any  two  values  of  x  which  are  both  greater  than  #,,  is 
numerically  less  than  £.  In  this  case  the  function  has  a  definite  limit  as  x  is 
increased  indefinitely  in  its  domain;  and  this  is  called  the  limit  of  f(x)  for 
#  =  co  .  Under  a  corresponding  condition  f  (x)  may  have  a  definite  limit  for 
x  =  —  cc  . 

If,  as  «  increases,  a  point  x,  of  the  domain  of  x,  corresponding  to  each 
assigned  positive  number  A  chosen  as  great  as  we  please,  can  be  found,  such 
that/(ic)>jl  for  all  values  of  x  which  belong  to  the  domain  and  are  >*■„  then 
the  limit  of/<*')  is  said  to  be  <z> ,  as  a:  is  increased  indefinitely.  If  f(x)<  —  A, 
for  all  such  values  of  a?,,  then  the  limit  of  f(x)  is  said  to  be  —  cc  .  Similar 
definitions  apply  to  the  case  in  which  as  has  indefinitely  great  values  in  the 
negative  direction. 

In  case  the  limit  f(a+  0),  at  a  point  a  on  the  right,  do  not  exist  as  a 
definite  number,  and  be  not  infinite  with  a  fixed  sign,  it  is  frequently 
convenient  to  regard  f(a  +  0)  as  still  existent,  but  indeterminate,  and 
capable  of  all  values  belonging  to  some  closed  set  of  which  /(a  +  0),  /(a  +  0) 
are  the  extreme  values.  It  is  then  said  that  /(a  +  0)  is  indefinite  in  value, 
and  that /(q  +  0), /(a  + 0)  are  its  limita  of  indeterminacy.  A  similar 
remark  applies  to  /(a  —  0),  which  may  also  be  either  definite,  or  indefinite, 
with  /{a  — 0),  /(a  — 0)  as  its  limits  of  indeterminacy.  One  or  both  of  the 
limits  of  indeterminacy,  in  either  ease,  may  be  infinite. 

THE   DISCONTINUITIES   OF   FUNCTIONS. 

180.  Let  us  suppose  the  domain  of  x  to  include  all  points  in  a  suffi- 
ciently small  neighbourhood  of  a  point  a;  or,  in  any  case,  let  a  be  a  limiting 
point  of  the  domain  of*'. 

The  fluctuation  of  the  function  f(w)  in  the  neighbourhood  (a  —  S,  a  +  S) 
of  the  point  a  depends  in  general  upon  S,  but  cannot  increase  as  S  is 
diminished.  It  therefore  has  a  lower  limit  for  values  of  8  which  converge  to 
zero.  This  limit,  which  may  be  zero,  finite,  or  indefinitely  great,  is  called  the 
saltus  (Sprung),  ov  measure  of  discontinuity,  oil,  he  function  /(■<')  at  a;  thus:— 

The  saltus,  or  measure  of  diseoniiniiily.  of  a.  function  f  {x)  at  a  point  a,  is 
tlie  limit  of  the  fluctuation  of  the  function  in  a  neighbourhood  (a  —  B,  a +  8),  as 
£  converges  to  zero. 
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The  upper  tivi.it  of  the  junction  f(x)  in  the  interval  (a  -  8,  a  +  S)  has  a 
lower  limit,  as  £  is  imi.efi.nd.ely  diminished...  -which  is  a  died  the  maximum  of  the 
function  f(p)  at  a. 

The  lower  limit  of  the  /'unction  in  the  same  interval,  has  an  upper  limit, 
as  8  is  indefinite!!/  diminished,  which  is  called-  the  mivim.nm  of  fix)  at  a. 
Either  the  maximum  or  the  minimum  at  a  point  may  bo  indefinitely  great, 

The  saltus  of /(as)  at  a  is  easily  seen  to  be  the  excess  of  the  maximum 
at  a  over  the  minimum. 

It  is  clear  that  the  maximum  of  fix)  at  a  is  the  greatest  of  the  numbers 
/(a  +  0),  /(a  -  0)~  fia),  and  that  the  minimum  is  the  least  of  the  numbers 
/(a  +  0),  fia  —  0),  fia);  and  thus  that  the  sulfas  at  a  is  the  excess  of  the  g 


over  the  least  of  the  numbers  /(a  +  ft),  /(«  +  0),  /(«  -  0),  /(a  -  0),  /(«)■ 

At  a  point  of  continuity  of  fix),  the  saltus  is  zero.  Any  point  at  which 
the  saltus  has  a  finite  value,  or  is  indefinitely  great,  is  called  a  point  of 
disconti'iiuit!/  of  fUv),  and  in  the  latter  ease  it  is  said  to  be  a  pond,  of  infinite 
discontinuity. 

If  the  neighbourhood  (a,  a  +  S)  on  the  right  of  a  be  taken,  the  lower  limit 
of  the  fluctuation  in  this  neighbourhood  when  8  is  indefinitely  diminished 
is  called  the  saltus  at  a  on  the  right.  This  is  equivalent  to  the  excess  of 
the  greatest  over  the  least  of  the  three  numbers  /(a  +  0),  /(a  +  0),  /(a). 
A  corresponding  definition  applies  to  the  saltus  at  a  on  the  left. 

181.  The  points  of  discontinuity  of  a  function  may  be  classified  as  follows: — 
(1)  If  both  the  limits  /(a  +  0),  fia  —  0)  exist  and  have  definite  values  which 
differ  from  one  another,  the  point  a  is  said  to  be  a  point  of  discontinuity 
of  the  first  kind,  or-  a  point  of  ordinary  discontinuity. 

The  difference  between  the  greatest  and  least  of  the  three  numbers 
fia  +  0),  fia  —  0);  /(a)  is  the  saltus,  or  measure  of  discontinuity,  of  the 
function  at  a.  If  a  be  not  a  point  of  the  domain  of  as,  \  f(a  +  0)  —/(a  —  0) 
measures  the  saltus  at  a;  and  if  a  be  a  point  of  the  domain,  and  /(«) 
lies  between  /(a  +  0)  and  /"(a  — 0),  then  the  saltus  is  also  measured  by 
|/(«  +  0)-/(«-0)|. 

When  /(a)  does  not  lie  between  /(a  +  0)  and  f(a  —  0),  the  function  is  said 
to  have  an  external  saltus  at  a. 

In  every  case,  the  saltus  on  the  right  is  measured  by  |  /(a  +  0)  -fia)  \ , 
and  that  on  the  left  by  j  /(a-  0)-/(a)  | . 

Whether  there  be  an  external  saltus  at  a  or  not,  the  number  j  /(a+0) 
— /(a  — 0)  |  is  said  to  measure  the  oscillation  (Seliwingung)  at  a.  The  oscil- 
lation at  a  point  differs  from  the  saltus  in  that  the  functional  value  fia) 
at  the  point  is  in  the  former  case  disregarded. 


,Google 


180-182]  The  discontinuities  of  Junctions  235 

If  /(a)=/(a-0),  whilst  /(a)  =f=f{c  +  0),  the  function  is  said  to  he 
ordinarily  discontinuous  at  a  on  the  right.  If  f  (a)  ^_/  (a  —  0),  whilst 
/(a)  =/"(a -|- 0),  the  function  is  said  to  have  an  ordmary  discontinuity  at  a 
on  the  left. 

It  may  happen  that  /{a  +  0),f(a  —  0)  have  equal  values  which  differ  from 
/(a).  In  that  case  the  discontinuity  at  a  is  said  to  be  removable;  since  by 
merely  altering  the  functional,  value  at  the  one  point  a,  the  function  can  be 
made  continuous  at  the  point. 

(2)  If  neither  of  the  limits  /(a  +  0),  /(a  —  0)  exists,  the  discontinuity 
at  a  is  said  to  be  of  the  second  kind.: 

The  oscillation*  at  a  is  measured  by  the  excess  of  the  greater  of  the 
numbers  /(a  +  0),  /(a  — 0)  over  the  lesser  of  the  two  numbers  /(«  +  0), 
/(a  —  0),  the  value  of /(a)  being  left  out  of  account. 

The  differences  7(a+~0)  -/(«  +  0),  /(a-0)  -/(a - 0)  may  be  spoken  of 
as  the  oscillation  at  a  on  the  right,  and  on  the  left,  respectively. 

By  Dinif,  a  definition  of  the  saltus  is  adopted  which  differs  from  the  one 
which  we  have  employed ;  he  takes  the  greatest  of  the  four  differences 
\f(a±6)—f(a)  |  as  the  measure  of  the  saltus,  the  greater  of  the  two 
differences  \f(a  +  0)—f{u)\  being  taken  as  the  measure  of  the  saltus 
on  the  right. 

(3)  It  may  happen  that  one  of  the  two  limits  /(a  +  0),  /(a  -  0)  exists 
as  a  definite  number,  whilst  the  other  does  not.  In  this  case  the  point  a  may 
be  said  to  be  a  -point  of -mixed  discontinuity. 

If /(a)  exist  and  he  equal  to  that  one  of  the  two  limits  f(a  +  0),/(a—  0) 
which  exists,  then  the  function  is  continuous  at  a  on  .one  side,  and  has  a 
discontinuity  of  the  second  kind  on  the  other  side. 

(-4)  If  one  or  more  of  the  four  limits  /(«  ±  0)  be  indefinitely  great,  the 
point  a  is  one  of  infinite  discontinuity. 

Under  infinite  discontinuities  is  somei.inies  included  the  case  in  which 
/(a)  is  defined  by  l//(a)  =  0,  or  when /(a)  is  defined  as  the  limiting  sum 
of  a  series  which,  for  the  value  a,  becomes  divergent. 

182.  fn  an  arbitrarily  small  neighbourhood  («,  a  +  h),  on  the  right  of  a 
point  a  at  which  the  limits  /(a  +  0),  /(a  +  0)  have  different  values,  there 
must  be  an  infinite  number  of  points  at  which  /(ai)  >/(«  +  0)  -  e,  where 
e  is  an  arbitrarily  small  fixed  number. 

*  This  definition  of  the  "Sohwingnng"iBgiren  bjPaaoh  in  hia  Einleitung  in  die  DifferenHal- 

und  InUgralrechming,  p.  139. 
I   See  (.>r ii niih.ujen,  \:  55, 
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For  if  there  were  only  a  finite  number  of  such  points  in  (a,  a  +  h),  h  could 
be  chosen  so  small  that  all  such  points  would  be  excluded  from  the  neigh- 
bourhood; thus,  in  a  sufficiently  small  neighbourhood  («,«  +  A),  we  should  have 
at  every  internal  point /'(.*')  =/(a  + 0)  —  e;  and  thus  the  upper  limit  at  a 
on  the  right  could  not  be  f(a  +  0).  In  a  similar  manner  it  can  be  shewn 
that,  in  the  arbitrarily  small  neighbourhood  (a,  a  +  h),  there  must  be  an 
infinite  number  of  points  at  which  f(x)<f(a  +  0)  +  e. 

In  this  case  we  say  that,  in  the  arbitrarily  small  neighbourhood  of  a  on 
the  right,  the  function  makes  an  infinite  number  of  finite  oscillations.  In 
case  of  the  infinity  of  one  or  of  both  of  the  limits  /(a  +  0)  arid /{a -I- 0),  and 
in  the  latter  case  if  they  be  of  opposite  signs,  the  function  makes  an 
infinite  number  of  infinite  oscillations  in  the  arbitrarily  small  neighbourhood 
of  a.  A  similar  remark  applies  to  the  case  in  which  f(a  —  0),  /(a  —  0)  have 
unequal  values.     It  lias  thus  been  shewn  that  :— 

A  point  of  ducuntint'.-ity  of  the  second  kind  is  one  such  that,  in  its  arbi- 
trarily small  neighbourhood,  the  function  makss  an  infinite  number  of  finite  or 
infinite  oscillations. 

In  an  arbitrarily  small  neighbourhood  on  either  side  of  a  point  of 
discontinuity  of  the  first  kind,  the  function  may  make  an  infinite  number 
of  oscillations;  but  since  the  neighbourhood  can  be  chosen  so  small  that 
the  fluctuation  of  the  function  in  its  interior  is  arbitrarily  small,  the 
oscillations,  when  they  are  infinite  in  number,  are  arbitrarily  small  sufficiently 
near  tho  point. 

EXAMPLES. 

1.  Let  /(*)=  sin. «/.«.   wlion  .i;^0j  and  fix)  =  A,  when  %  =  Q. 

In  this  case  /(  +  0)=/{  —  0)  =  1,  f(0)  —  A;  thus  fix)  1ms  a  removable  discontinuity  at 

,-(.'  =  u,  unless  -1  —  1.  in  which  case  llie  function  is  continuous  in  .any  interval. 

2.  Let  /{*)=  — -  ;  wo  have  then/(a+0)  =  «> ,  /(a-0)  =  -  oo ,  and  f(a)  is  undefined. 

3.  Let /(*)  =  (*-«) Bin-—;  then  /(a  +  0)-0,  /(«-0)=0.  This  function  is  con- 
tinuous at  *■  =  «,  and  makes  an  infinity  number  of  oscillations  in  any  neighbourhood  of 
that  point. 

4.  If  fix)  =  -i-  cosec  ~ ,  then 

f(al-0)  =  «>,  fla+Q)— «,  7(£=0)-«,  f(a-0)--<c. 

This  function  lias  an  infinite  discontinuity  of  t.lio  sucoiul  kind  at  the  point  a. 

5.  If  /{*)-«*,    we   have  /(  +  0)  =  »,  /(-0)=0.      If  /(*)  =  —^ ,   then  /(  +  0)  =  0, 

/(-0)  =  1. 
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6.  I{f(&)  =  amx,  tim  fix)  if.  indeterminate,  the  limits  of  indeterminacy  being  +1,  -  1, 
In  the  case  /'(,);)  =  .rsin .«,  the  eorresponding  limits  of  indeterminacy  are  -t-co,  -  a> . 

7.  Let  y  =  E{x),  where  /;(•''}  denotes  tl.it  integral  pact  of  #,  This  function  is  dis- 
continuous when  ,-<;  has  an  integral  value  n;  we  then  bavo  E(n  —  0)  =  »— 1,  E{ri)  =  n, 
E(n+0)=n. 

8.  Let  (#)  denote  the  positive  or  negative  excess  of  x  over  the  nearest  integer;  and 
when  x  exceeds  an  integer  by  1,  let  (,!.■)  ■  0,  This  function  is  continuous  except  for  values 
£  =  «  +  £,  whero  n  is  an  integer.     Wehave  (n+^)=0,  (m+$-0)=£,  (m  +  £+0)= -£. 


SEMI-CONTISUOU.S    l'T'NCHONS. 

183.  If  <£  (x)  be  a  function  defined  for  a  continuous  domain,  and  if, 
corresponding  to  every  arbitrarily  chosen  positive  number  e,  a  neighbourhood 
(x  —  h,  x  +  k)  of  a  particular  point  (#)  can  be  determined  such  that  for 
every  point  m'  in  this  neighbourhood  the  condition,  <j>  (ef)  <  0  (x)  +  e,  he 
satisfied;  then  the  point  x  is  said  to  be  a  point*  of  upper  miii-coritimrity  of 
the  function  0  (x). 

If  a  neighbourhood  of  tho  point  x  can  be  determined,  for  each  e,  such 
that  <f>  {x')  >tp(x)-  e,  then  the  point  x  is  said  to  be  a  point  of  lower  semi- 
contmidty  of  the  function  <f>(x). 

That  a  point  x  may  be  a  point  of  continuity  of  the  function  0(a>),  it  is 
necessary  that  both  the  above  conditions  be  satisfied. 

If  every  point  of  the  domain  («■.  b),  for  which  the  function  a>  (*)  is  defined, 
is  a  point  of  upper  semi -continuity,  then  the  function  ${x)  's  sa^  to  be  an 
■upper-  semi-continuous  function. 

A  similar  definition  applies  to  a  lower  semi-wntiimows  function. 

It  is  clear  that,  if  tf>(x)  be  a  lower  semi-continuous  function,  then  —  <f>(x) 
is  an  upper  semi-continuous  function.  Thus  the  properties  of  the  one  class 
of  functions  may  easily  be  extended  to  the  other  class. 

If  f(x)  be  a  function  defined  for  the  'interval  (a,  b),  and  if  fyix),  -ty-{x) 
denote  the  mnwivium  and  the  mivim'rm  of  ,/'('*')  '■'  ^'e  point  x,  then  <f>(x)  is  an 
upper  semi-covthi'i'i'i.s  futtcttoit.  and  i^(;r)  is  a  lower  seni-i-coiilvnuous  function. 

For  a  neighbourhood  (x  —  h,  m  +  h)  of  any  point  x  can  be  determined,  such 
that  the  maximum  (see  §  180)  of  f(tc)  for  every  point  in  this  neighbourhood  is 
less  than  $(V)  +  e,  where  e  is  a  proscribed  positive  number.  At  every  point 
in  (x  —  Aj,  x  +  hi)  where  h,  is  chosen  <h,  the  value  of  the  function  tj>  is  less 
than  $  (x)  +  e.  Since  this  holds  for  every  value  of  e,  the  function  <j>  (x)  is 
upper  semi-con tinuous  at  x. 

*  See  Baire's   memoir    "Snr   lea  foiiutiuiiH"  do-  rn.riiiiilrh    .-(:idles,':  AumM    rfi   »(«■(.  scries  iii% 
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It  is  clear  that  the-  function  ^r(x):  where  -ty-  (x)  denotes  the  minimum  of 
f{x)  at  the  point  x,  is  a  lower  semi-continuous  function. 

The  saltus  0  (x)  -  ^  (x)  of  the  function  f(x),  may  be  taken  to  be  the  value 
of  a  function  &>  (#)  which  is  called  the  soltus-function  of/(#). 

The  saltus-fimction  «>  (#)  of  any  function  f{x)  is  an  upper  semi-continuous 


For  cf>(x),  —■$•(&)  are  both  upper  semi-continuous  functions,  and  it  is 
easily  seen  that  the  sum  of  two  such  function"  belongs  to  the  same  class. 

If  <£(#)  be.  any  upper  semi-continuous  function,  then  the  net  of  points,  for 
which  <p  (x)  £  a,  is  a  doted  set.,  where  a.  is  any  fixed  number. 

For  let  P,,  P2,  P3, ...  Pn  ...  be  a  sequence  of  points  at  each  of  which  the 
condition  <b  (x)  £  a,  is  satisfied,  and  let  P  be  the  limiting  point  of  the 
sequence.  Let  us  suppose  that,  if  possible,  i£(P)<  «;  then  a  neighbourhood 
of  P  can  be  determined,  such  that  at  every  point  in  it  the  value  of  tj>(x)  is 
less  than  a,  and  hence  this  neighbourhood  cannot  contain  any  of  the  points  of 
the  sequence;  but  this  is  contrary  to  the  hypothesis  that  P  is  the  limiting  point 
of  the  sequence,  ft  follows  that  <£  (P)  £  a,  and  thus  that  the  set  of  points',  for 
which  0  (x)  =  a,  contains  all  its  limiting  points,  and  is  therefore  a  closed  set. 

It  can  be  shewn,  in  a  similar  manner,  or  it  can  be  deduced  from  the  above 
theorem,  that  the  set  of  points  for  -which  a//-  (»■)  ->  a.  is  a  closed  set ;  where  °fr  (x)  is 
any  lower  semi-continuous  function. 

If  we  apply  the  theorem  proved  above  to  the  saltus-function  o>(x),  of  any 
function  fix),  wo  obtain  the  following  theorem: — 

Having  given  any  function  fix)  defined  for  a  continuous  domain,  the 
saltus-function  m(x)is  such  that  the  set  of  points  for  'which  &>  (x)  £  a,  forms 
a  closed  set. 

184.  If  d>(x)  be  an  upper  seini-continuous  function,  and  if  at  every  point 
of  the  domain  of  x  the  nuuivtu-iu  of  d>  (./■)  be  sero,  then  there  exists  a  set  of 
points,  everywhere-dense  in  the  domain  of  x,  at  which.  <j>(x)  is  itself  zero. 

For,  in  any  interval  (a,  ft\  the  minimum  of  <f>(x)  is  zero,  and  therefore 
a  point  P  in  the  interior  of  (a,  0)  can  be  found  at  whieh  <j>  (P)  <  \  e,  where  e 
is  a  prescribed  positive  number.  Since  (j>(x)  is  an  upper  semi -continuous 
function,  an  interval  (as,  ft)  interior  to  (a,  /3),  and  containing  P  in  its 
interior,  can  be  determined,  such  that  for  every  point.-*;  in  it,  <p  (x)<  <p(P)-r^e<e. 
Similarly,  it  can  be  shewn  that  an  interval  («s,  ft)  interior  to  (au  ft) 
can  be  found,  such  that  at  every  point  in  (a.t,  ft)  the  condition  <£(a:)<^e, 
is  satisfied.  Proceeding  in  this  manner,  we  can  determine  a  set  of  intervals 
(ai>  ft),  (<*s,  ft)  ■-■  («»,  ft.)  ..-,  each  of  which  is  interior  to  the  preceding  one, 
and  such  that  at  every  point  x  in  (a„,  ft,),  the  condition  £(«0<  5^561  is 
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satisfied.  This  sequence  of  intervals,  continued  indefinitely,  determines  a 
point  Q,  in  the  interior  of  all  of  them,  such  that  cj>  (Q)  <  -,-,.:,  e,  for  every  value 

of  n;  and  hence  cj>(Q)-0.  It  has  thus  been  shewn  that,  in  any  interval 
whatever  contained  in  the  domain  of  the  variable,  there  exists  a  point  at 
which  <f>(&)  is  zero;  and  therefore  the  set  of  all  such  points  is  everywhere- 
dense  in  the  domain  of  the  variable. 

In  particular,  we  see  that  if  (o(%)  be  the  saltusfmtction  of  any  given 
function  f(ai),  and  if  mi.v)  has  its  'minimum  equal  lo  zero  at  e eery  point  of  ike 
domain  of  x,  then  <»(«)  vanishes  at  an  everywhere-dense  set  of  points.  The 
points  of  this  set  are  the  points  of  continuity  of  f(a>). 

185.  The  following  theorem  is  a  generalization*  of  the  theorem  of  §  175, 
that  a  continuous  function  is  uniformly  continuous  in  its  (closed)  domain. 

If  a  function  f(x)  he  delined  for  the  interval  (a,  b),  and  if  k  he  a  number 
greater  than  the  maximum  of  the  saltus- function  w(ic)  in  (a,  b),  then  there 
exists  a  number  a,  such  that  within  every  interval  in  (a,  b)  of  length  not 
exceeding  <x,  the  fluctuation  of  /  (x)  is  <  k. 

The  theorem  of  §  175  is  the  particular'  case  which  arises  when  the 
maximum  of  a>  (as)  is  zero. 

The  theorem  is  most  easily  established  by  means  of  an  application  of  the 
Heine-Borel  theorem  given  in  §  68. 

For  any  point  P  in  (a,  b)  a  neighbourhood  e;m  be  determined,  such  that 
the  fluctuation  of/(;c)  within  this  neighbourhood  is  <  k.  If  we  conceive  such  a 
neighbourhood  to  he  determined  for  each  point,  in  (a.b),  then  a  finite  number 
of  these  intervals  can  be  chosen,  such  that  every  point  in  (a,  b)  is  interior  to  one 
at  least  of  the  intervals.  The  end-points  of  this  finite  set  of  intervals  form 
a  finite  set  of  points  in  («,  b);  let  then  a  be  the  smallest  of  the  distances 
between  consecutive  points  of  this  finite  set.  Any  interval  whatever  in  (a,  b)  of 
length  not  exceeding  a  is  within  one  of  the  intervals  of  the  finite  set ;  hence 
within  such  an  interval,  the  fluctuation  off  (a:)  is  less  than  k. 

The  definitions  given  above,  aud  the  theorems  established,  are  applicable 
when  the  domain  of  the  variable  x  is  not  an  interval  (a,  /)),  but  any  closed 
set  of  points.  In  that  case,  we  regard  functional  values  in  any  interval  as 
only  existing  at  those  points  in  the  interval  which  belong  to  the  domain  of  ic. 

Moreover,  the  definitions,  and  theorems  are  applicable  to  the  case  of 
functions  of  a  number  n  of  variables.  In  this  case,  instead  of  an  interval 
(%  —  k,  x  +  h)  used  in  defining  semi -continuous  functions  and  the  saltus- 
f'unor.ion,  the  "sphere" 

<f,-Os  +  (f,-0'+ ... +(£.-*.)■-*■ 

*  See  Baire,  loo.  dt.  p.  15. 
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may  be  employed.     Corresponding  to  the  interval  (x  —  h,  x  +  h),  we  take  the 

set  of  points  (£;,  f2 ...  £„),  for  which 

(fc  -  <r + (?,  -  x*f  +..-.+ (fi.  -  <%)a  ^  *■ 

EXAMPLE. 

If */(;&)  be  any  function,  0(#)  its  maximum,  and  i^(.i;)  its  minimum  at  the  point  a1, 
and  g(m)  be  any  eontinuims  function,  i.In^i  iji  {■■<:) +y  {."■■),  ^  (.*)  —,'/(■''■')  |,ire  '-he  maxima,  and 
minima  at  *,  of  /(jb) +y  (#).      Also  the  functions  <p(x)-f(%),  /(*)-v>(«)  have,  each  in 

,;iiy  d'iniaiii,  the  n 


['HE    CLASSIFICATION    (IF    DISCONTINUOUS    rUXOTJOXS. 

186.  Let  us  suppose  a  function  to  be  donned  for  all  points  in  a  con- 
tinuous interval  (a,  b);  at  each  point  a:  the  saltus  of  the  function  has  a  finite 
value,  or  is  indefinitely  great,  its  value  being  zero  at  a  point  of  continuity. 
With  a  view  to  the  classification  of  functions,  in  accordance  with  the  distri- 
bution of  the  points  of  continuity  and  of  discontinuity  in  the  interval  (a,  b), 
the  question  arises,  what  is  the  moss  general  distribution  of  the  points  of 
continuity  ? 

The  answer  to  this  question  is  contained  in  the  theorem : — 

The  points  of  corit/inu'ity  of  a- function,  defined  for  a  continuous  interval, 
form  an  inner  limiting  set. 

To  prove  this  theorem,  let  e  be  a  fixed  positive  number,  and  enclose  each 
point  P  of  continuity  of  a  function  f(x)  in  an  interval  so  chosen  that  the 
fluctuation  of  f(x)  therein  is  less  than  e;  all  the  points  of  continuity  are  then 
enclosed  in  a  set  of  intervals  which  in  genera!  overlap.  Imagine  these  sets 
of  intervals  constructed  corresponding  to  a  sequence  of  diminishing  values 
of  e  which  converges  to  zero;  there  exists  then  a  set  of  points  which  are  in- 
terior to  intervals  of  all  these  sets  of  intervals,  since  this  set  of  points  includes 
all  the  points  of  continuity  oi'f(w).  If  Q  be  any  point  which  belongs  to  the 
inner  limiting  set  so  defined,  Q  must  be  a  point  of  continuity  of  f(x) ;  for 
corresponding  to  any  arbitrarily  small  number  <=„,  Q  is  in  the  interior  of  some 
interval  in  which  the  fluctuation  of  the  function  is  less  than  e„,  and  thus  Q 
is  a  point  of  continuity  of  the  function. 

In  accordance  with  the  theorems  which  have  been  obtained  in  §  97, 
relating  to  inner  limiting'  sets,  the  points  of  continuity  of  a  function  may  form 
an  enumerable  set  which  contains  no  component  dense-in-itself,- or  else  they 
form  a  set  of  the  cardinal  number  of  the  continuum.  In  the  latter  case  the 
set  is  of  the  second  category,  provided  it  be  everywhere-dense. 

*  Uaire,  lac.  ait.  p.  9. 
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These  results  lead  to  the  following  elassifi cation  *  of  functions  :— 

(1)  A  function  may  have  no  points  of  continuity,  it  is  then  said  to  he 
totally  discontinuous. 

(2)  The  points  of  continuity  may  form  an  enumerable  sei  which  has  no 
component  dense -in- itself. 

(3)  The  set  of  points  of  continuity  may  be  of  the  cardinal  number  of  the 
continuum,  and 

(a)  non-dense ; 

(b)  everywhere-dense   and   unclosed,   in  which   case   the   function   is 
said  to  be  a  point-wlae  dwcunU-ivaons  function; 

(c)  every  where-dense  and  closed,  in  which  case  the  function  is  con- 
tinuous ; 

(d)  everywhere-dense  in  each  interval  of  a  sot,  and  non-dense  in  each 
interval  of  another  set  external  to  the  former  one. 

This  last  case  (d)  is  not  essentially  distinct  from  the  former  ones. 
By  Hankel  and  others  the  term  "  totally  discontinuous"  has  been  applied 
to  all  functions  which  are  neither  continuous  nor  point- wise  discontinuous, 

187.  It  has  been  shewn  by  W.  H.  Young  that  a  function  can  be  con- 
structed which  is  continuous  at  every  point  of  any  given  inner  limiting  set 
of  points,  and  is  discontinuous  at  every  other  point  of  the  interval. 

Let  E  denote  an  inner  limiting  set,  and  let  the  function  f(x)  ho  defined 
as  follows: — 

(1)  At  every  point  x  of  E,  Iet/(*')  =  x. 

(2)  It  has  been  shewn  that  a  sequence  of  sets  of  non-overlapping 
intervals  can  bo  constructed  xuch  that  the  only  points  each  of  which  is  in 
an  interval  of  every  set  are  the  points  of  E.  Lot  Q  be  a  limiting  point  of  E 
which  does  not  belong  to  E;  then  a  number  n  exists  such  that  Q  is  in  an 
interval  of  the  n  —  l'1'  set,  but  not  in  one  of  the  intervals  of  the  ji"1  set.  Let 
this  interval  of  the  n  —  l"1  set  be  of  length  dg;  and  at  the  point  Q  let 
/(a;)  =  osQ  +  endQ,  where  e  is  a  fixed  positive  number  less  than  unity ;  in 
the  case  n  =  \,  we  put  dQ  —  e. 

(3)  If  R  be  a  point  which  does  not  belong  either  to  E  or  to  its  derivative, 
it  must  lie  between  two  definite  points  A,  B  both  of  which  belong  to  E  or  to 
E',  and  such  that  no  point  of  E  or  of  E'  lies  between  A  and  B.  If  xlt  be  a 
rational  number,  let  f{(i:R)  =  xA  or  xBl  according  as  R  is  nearer  to  A  or 
to  B ;  when  a;a  is  irrational,  let  /(^j:)  =  *J; ;  and  if  R  be  the  middle  point  of 
AB,  let  f(wR)  =  xi:. 

*  See  a  paper  by  W.  II.  Yoni'itf,  "  Uu1.nn'  il'n  KiiuliniiTii;:  dei'  nnsietifrcn  I'r.nktiuLir.n  um.l 
die  Vertheiliuig  ilirrr  HtyrJ^Itc-itsFuiiiktu."      Winner  Hitzitiicttbcricht?.  vol.  exit.  AM.  na,  1903. 
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It  is  clear  that  the  function  mo  defined  is  discontinuous  at  every  internal 
point  of  the  interval  AB,  and  at  the  end-point  A  it  is  continuous  or  dis- 
continuous on  the  right.,  according  as  A  does  or  does  not  belong  to  E\ 
a  similar  result  holds  for  B.  It  has  thus  been  shewn  that  the  function  is 
discontinuous  at  every  point  which  does  not  belong  to  E. 

To  shew  that  at  any  point  P  of  E,  the  function  is  continuous,  consider 
those  intervals,  one  of  each  set  in  the  sequence,  which  contain  the  point  P: 
the  lengths  of  these  intervals  will  have  a  lower  limit  d  which  may  be  zero. 
In  every  interior  point  of  d,  we  have  f(w)  =  x\  and  thus,  if  P  be  interior 
to  d,  P  is  a  point  of  continuity  of  the  function.  If  P  be  an  end-point  of  d,  it 
is  certainly  continuous  on  the  side  towards  the  interval ;  and  we  have  to 
shew  that  it  is  also  continuous  on  the  other  side.  Choose  an  arbitrarily  small 
number  <j,  and  an  arbitrarily  large  integer  m;  then  a  number  n1>m  can 
be  found  such  that  the  'V1,  and  all  subsequent  intervals  of  the  sequence 
which  contain  P,  are  of  length  between  d  and  d  +  <r.  The  piece  of  one  of  these 
intervals  which  is  not  a  portion  of  d  is  of  length  <  cr ;  and  suppose  that  Q  is  a 
point  in  this  piece  which  belongs  to  E'  but  not  to  E;  then 

l/(»,)-/(«a)  I  -  I  .,-^,-rti,  I  <  1  »  +  «"(<!  +  «•)  i 
since  n  £  ih  >  m,  and  dQ  <  d  +  <r.     From  this,  there  follows 
|/(«p)-/(«Q>  I    <3*  +  <d<&r, 

if  m  be  chosen  sufficiently  great.  If  It  be  an  interior  point  of  an  interval 
AB  which  contains  in  its  interior  no  point  of  E'  or  of  E,  and  if  the  points 
A,  B  be  both  so  near  to  P  that  their  distances  from  it  are  less  than  <7,  we 
have  |  f{xr)  —f(xK)  |  <  a,  in  virtue  of  the  definition  of  f(xi:) ;  also  if  only 
one  of  the  ends  A,  B  be  within  the  interval  of  length  <d  +  <t,  which  has  been 
chosen,  then  an  interval  further  on  in  the  sequence  can  always  be  found 
such  that  the  middle  point  of  AB  is  exterior  to  it,  and  thus  the  inequality 
I  fip?)  —/(wr)  I  <«">  holds  as  in  the  former  case.  It  has  now  been  shewn 
that,  for  any  arbitrarily  chosen  a,  a  neighbourhood  of  P  can  be  found  such 
that  for  all  points  x  in  it,  |  f{x^)  —f{x)  |  <  3<r ;  therefore  P  is  a  point  of 
continuity  of  the  function.  The  ease  in  which  d  =  0,  does  not  require  separate 
treatment. 

EXAMPLES. 

1.*  Let  G  denote  a  uon-denai?  perfect  .set  of  points  in  the  Moment  (0,  i),  such  that 
the  end-points  of  the  complementary  intervals  are  rational  points.  Let  f(x)  be  defined 
thus  : — at  every  irrational  point  inside  an  interval  eonipleinentary  to  (7,  let  /(#)=#;  at 
every  rational  point  of  huoIi  interwU,  let  /(.<■)  ho  equal  to  tlie  value  of  x  at  the  middle 
point  of  the  interval ;  and  at  ov(;iy  point  external  to  a  complementary  interval,  let  /(.*)  —  1. 
This  function  is  disamtiimoiLB  except  at  the  middle  points  of  the  intervals  complementary 

*  See  W.  II.  Young,  loc.  cit. 
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to  G;  thus  thu  sot  of  point!-,  of  unntmuii.y  is  >uj  oiuimorablc  .set  whiijli  contains  no  com- 
poncnt  dcn.-o-irML-ioir. 

2.*     With  the  same  non-dense  perfect  sot  as  in  Ex.  1,  let  All  be  a  oomplementary 
interval  of  U,  and  M  its  middle  point.     At  every  rational   point  of  yfj)/  except  jt/,  let 

f(x)=xA,  and  at  every  rational  poif.it,  ol'  JWi  iiMT.pt,  ,!/,  loi,  /(.rj  =  .vn ;  also  at  all  points  of 
(0,  "J),  except  those,  for  ivlueh  tho  fiuiotiuna!  va-V.ie  has  i.iccn  a.livady  spooifiod,  let /(*)=*. 
In  this  ra.se  the  points  oi'eoiit.jimil.y  are  mm-drjuso  and  of  iiic  power  of  !,he  oontinuuin, 


POtNT-Wl.SE    DISCONTINL'OCH   FUNCTIONS. 

188.  A  function  being  defined  for  the  continuous  domain  (a,  b),  it  can 
be  shewn  that,  if  k  be  an;/  fixed  -positive  n-uinber,  ilw.se  point.-;,  at  which  the 
saltus  oj   tlai  function-  is    ■'.  !■■',  jorin  a,  dosed  set. 

This  theorem  follows  immediately  from  the  property  of  semi-continuous 
Functions  established  in  §  18.'!,  by  considering  the  sal  bus- tunc  Lion.  It  may  be 
proved  directly  as  follows : — 

If  P  be  a  limiting  point  of  the  set  for  which  the  saltus  is  £  k,  then  in  any 
arbitrarily  small  neighbourhood  of  P  there  are  points  of  the  set;  hence  the 
fluctuation  of  the  function  in  this  neighbourhood  is  >  k,  and  therefore  the 
saltus  at  P  is  £  k. 

Moreover,  such  a  limiting  point  P,  of  the  set  of  points  at  which  the  saltus 
is  >  k,  must  be  a  point  of  discontinuity  of  the  second  kind,  at  least  on  one 
side  of  P.  If  at  P  the  function  have  a  limit  on  the  right,  a  neighbourhood 
PQ  can  be  found  such  that  the  inner  fluctuation  in  PQ  is  <  k ;  hence  inside  PQ 
there  can  be  no  point  at  which  the  saltus  is  £  k ;  and  therefore  P  is  not 
a  limiting  point  on  the  right,  of  the  set  for  which  the  saltus  is  £  k.  A  similar 
remark  applies  to  the  left  of  P. 

We  have  already  defined  a  point-wise  discontinuous  function  as  ono  of 
which  the  points  of  continuity  are  everywhere-dense  and  unclosed  in  the 
domain  of  the  function;  this  definition  is  that  given  by  Dinif,  and  is 
equivalent  to  the  following  definition  given  by  Hankelj:— 

A  point-wise  di,scoidinu.ou.:<  /auction-  is  one  for  which  those  points  at  which 
the  saltus  is  £  k,  an,  arbitrarily  chosen,  positive  number,  form  a  non-dense 
set  K,  whatever  value  k  may  have. 

That  this  set  is  closed  has  been  shewn  above. 

To  prove  the  equivalence  of  the  two  definitions,  let  it  be  assumed  that 
in  any  arbitrarily  chosen  sub-interval  (a,  y3),  a  point  of  continuity  %±  can  be 

*  See  W.  H.  Young,  Inc.  cit. 

t  See  Grmdlagen,  p.  81. 

J  Math.  Annuieu,  vol.  ss.  (188BJ,  p.  90.     This  is  a  reproduction  of  Hankel's  Univ.  Programm, 

Tiibin«en,  1 870,  i.'Milli.d  "  run  r-utkmb.c-ii  i'.bc:'  ui'_-  ;mM'K';;li  uJ'i  uni'Mic'endou  nnd  unstetigen 
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found.  A  neighbourhood  can  be  found  for  a;,,  internal  to  (a,  0),  in  which  the 
fluctuation  of  the  function  is  <  k,  and  this  neighbourhood  can  contain  no 
point  at  which  the  saltus  is  £  k ;  hence  the  points  at  which  the  saltus  is  £  k 
form  a  non-dense  set  K,  since,  interior  to  any  sub-interval,  a  sub-interval  can 
be  found  which  contains  no  point  of  the  set  K, 

Conversely,  choose  a  descending  sequence  of  values  of  k,  say  ku  &j,  ks,  ... 
which  converges  to  zero,  and  let  .ST,,  Ks,  K3, ...  be  the  corresponding  non- 
dense  closed  sets,  each  of  which  necessarily  contains  the  preceding  one;  then 
the  set  M(K±,  K.i:  K3, ...)  is  the  set  of  all  the  discontinuities  of  the  function, 

In  accordance  with  §  Si),  this  set  is  of  the  first  category,  and  the  comple- 
mentary set,  which  is  the  set  of  points  of  continuity  of  the  function,  is  every- 
where-dense, and  has  the  cardinal  number  of  the  continuum,  being  a  set  of 
the  second  category. 

It  will  be  observed  that  the  set  of  all  the  points  of  discontinuity  may  be 
either  everywhere-dense,  or  non-dense,  in  the  whole  or  part  of  the  domain  of 
the  variable.  This  set  may  be  finite,  cnumerably  infinite,  or  of  the  power 
of  the  continuum. 

The  set  K,  although  non-dense,  is  not  necessarily  of  content  zero.  By 
Harnack*,  the  term  point-wise  discontinuous  function  was  only  used  for  such 
functions  as  possess  the  property  that  the  set  K,  for  each  value  of  k,  has 
content  zero.  It  will  be  seen  that  this  latter  case  is  of  special  importance  in 
connection  with  the  theory  of  integration. 

It  has  been  already  shewn  in  §  1S6,  that  the  points  of  continuity  of  the 
point-wise  discontinuous  function  form  an  inner  limiting  set;  and  if 


be  the  sets  of  intervals  complementary  to  the  closed  sets  K,,  K%,  ...  Kn,  ■■■, 
they  form  a  sequence  of  sets  of  non-overlapping  interval,-,  which  define  the 
set  of  points  of  continuity  as  their  inner  limiting  set. 

The  whole  theory  of  point-wise  discontinuous  functions  is  applicable  to 
the  ease  in  which  the  domain  of  the  variable  is  not  a  continuum,  but  is  any 
perfect  set.  In  this  case  also,  the  points  of  continuity  of  a  point-wise 
discontinuous  function  arc  everywhere-dense  relatively  to  the  perfect  domain, 
and  the  points  at  which  the  measure  of  discontinuity  is  ~k,  form  a  closed 
set,  non-dense  relatively  to  the  domain  of  the  variable.  That  this  is  the  case 
may  be  shewn  by  making  the  points  of  the  perfect  set  correspond  in  order 
to  the  points  of  a  continuous  interval,  as  explained  in  §  75.  The  points 
of  discontinuity,  and  those  of  continuity,  relatively  to  the  perfect  domain,  are 
sets  of  the  first  and  the  second  category  respectively,  relative  to  that  domain. 

*  Math.  Annalea,  vol.  us,  1982,  p.  242,  and  vol.  jcxiv,  1884,  p.  218. 
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189.  The  domain  of  the  variable  being  either  a  continuous  interval  or 
any  perfect  set,  let  us  suppose  that  at  every  point  the  oscillation  (see  §  181) 
of  the  function  both  on  the  right  and  on  the  left  is  <  k ;  there  can  then 
only  be  a  finite  number  of  points  at  which  the  saltus  is  =  k;  i.e.  the  set 
K  is  finite. 

For  if  K  were  not  finite,  it  must  contain  a  limiting  point  P,  which 
has  been  shewn  in  §  188  to  be  a  point  of  discontinuity  of  the  second  kind. 
Any  arbitrarily  small  neighbourhood  of  P,  on  one  side  at  least,  must  there- 
fore contain  points  at  which  the  saltus  is  £  k,  and  hence  the  oscillation  at  P 
on  this  side  could  not  be  <  k. 

The  domain  can  therefore  bo  divided  into  a  finite  number  of  parts  within 
each  of  which  there  is  no  point  at  which  the  saltus  is  ~k\  and  it  follows 
that  the  domain  can  be  divided  into  a  finite  number  of  parts,  within  each  of 
which  the  fluctuation  of  the  function  is  <  k. 

If,  at  each  point  of  a  set  which-  is  e.nerywhere-d.eii.se  in-  the  domain  of  the 
variable,  there  exist  a  limit  of  the  function  on  one  side  at  least,  then  the 
function  is  either  poi/d-unse  dimmtinurni.t,  or  else  it,  is  continuous. 

In  any  interval,  containing  points  of  the  domain,  a  point  can  be  found 
which  has  a  neighbourhood  on  one  side  at;  least  in  which  the  inner  fluctuation 
is  <k;  within  such  neighbourhood  i.hc  saltus  is  everywhere  <k;  hence  the 
points  of  K  are  non-dense  in  the  domain,  and  thus  the  function  is  either 
point-wise  discontinuous,  or  else  it  is  continuous, 

A  particular  case  of  this  theorem  is  llv.it  a- function-  defined  fur  a  continuous 
interval,  and  having  ordinary  discontinuities  only,  is  point-wise  discontinuous. 

Among  such  functions,  the  monotone  functions  form  an  important  class. 
A  monotone  function  is  one  such  that  for  every  pair  of  values  xit  x%  of  the 
variable,  such  that  x^>x,,  the  condition /(.(',)  £  f  (■'',)  i*  satisfied  ;  or  else,  for 
every  such  pair,  the  condition  f(&,)  =  f(x-,)  is  satisfied.  Since  there  can  be 
no  oscillations  in  the  neighbourhood  of  any  point,  every  discontinuity  must 
be  an  ordinary  one.  It  follows  that  every  monotone  /'unction  is  either  point- 
wise  discontinuous,  or  else  coidinuons. 

If  the  function  be  defined  for  a-  continuous  interval,  and  all  the  points  of 
discontinuity  be  ordinary  ones  at  least  on  one  side,  then  the  set  K  of  points,  at 
which,  the  saltus  is  ~  k,  is  a.  set  of  content  zero. 

The  sot  K  can  be  resolved  into  a  perfect  set  G  and  an  enumerable  set; 
the  set  Q  contains  points  which  are  limiting  points  on  both  sides,  and  at  such 
a  point  the  oscillation  both  on  the  right  and  on  the  left  must  be  £  k ;  it 
follows  that  the  set  67  is  non-existent,  and  (hat  K  is  therefore  an  enumerable 
closed  set,  which  has  necessarily  content  zero. 

The  theorem  still  holds  if  there  be  points  of  discontinuity  of  the  second 
kind  which  form  a  set  of  content  zero,  for  these  points  may  be  enclosed  in  a 
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finite  number  of  intervals  whose  sum  is  arbitrarily  small;  the  theorem  can 
then  be  applied  to  each  of  the  remaining  intervals  of  the  domain. 

190.  At  a  point  P  at  which  a  given  point-wise  discontinuous  function  is 
discontinuous,  let  ic,,^,^,  ...  x„,  .--  be  any  sequence  of  points  converging  to  P, 
and  let  us  suppose  that /(?.;,), /(a^),  ■■■/(cc„), ...,  the  set  of  values  of  the  given 
function  at  the  points  {cun},  converges  to  a  limit  U\  the  value  of  £7  will  depend 
upon  the  choice  of  the  particular  sequence,  subject  to  the  condition  of 
convergence  of  [/{««)}.  If  P  be  a  point  of  discontinuity  of  the  first  kind, 
U  is  capable  of  having  two  values  only,  via.  fix  -f  0)  and  f(w  —  0);  but  if  the 
discontinuity  of  the  function  at  P  be  of  the  second  kind,  U  may  have  any  one 
of  the  values  fix  +  6),  /(*'  -I-  0),  /(*■  -  0),  f(x  -  0),  or  it  may  possibly  have 
other  values  lying  between  the  greatest  and  least  of  these  four.  The  possible 
nature  of  the  set  of  all  values  of  [/"at  the  point  x  will  now  be  investigated. 
This  set  is  the  aggregate  of  functional  limits  at  x  (see  §  178). 

In  the  first  place*  the  set  of  all  values  of  U  at  a  point  P  is  a  closed  set. 

For  let  U„  (7Bj  E7j,  ...  Un,  ...  be  a  convergent  sequence  of  values  of  U,  of 
which  U0,  is  the  limit;  it  will  be  shewn  that  U„,  itself  belongs  to  the  set  of 
values  of  U,  and  thus  that  this  set  is  closed. 

Let   Ur  be  the  limit  of  the  convergent  sequence 

we  may  choose  r  so  great  that  \Uai  —  Ur\< \e,  for  this  and  all  greater  values 
of  r.     We  can  then  choose  n  such  that  \Ur  — f{wnvi)  \  <  Je ;  it  follows  that, 

for  sufficiently  great  values  of  r  and  n, 

and  as  the  positive  number  e  is  arbitrarily  small,  the  theorem  is  established  ; 
in  fact  a  sequence  \f("]n"'')\  can  be  found  which  converges  to  Va,  whilst 
{*nw]  converges  to  x. 

A  point-wive  diccoiiliimoux  function*  can  be  constructed  so  that,  at  a 
point  x„,  the  .set  of  values  of  IJ  -may  be  any  prescribed-  dosed  set  G. 

To  establish  this  theorem,  we  observe  that  if  G  be  unenumerable  it  may 
be  replaced  by  an  enumerable  set  6,  everywhere-dense  in  G.     Let 

vu  Pi,  v>,  ■■■ 

denote  the  set  Gu  arranged  in  the  order-type  w. 

Next,  choose  an  enumerable  sequence  x,,  xit  ...  x*,...  of  values  of  x  having 
the  single  limiting  point  x0;  and  arrange  the  sequence  [a;„j  in  the  order- 
type  o»!.  The  sequence  \xn]  may  thus  be  split  up  into  an  enumerable  set 
of  sequences  {xlr},  {xtr), ...  {xir}, ...   each  of  which  has  the  limit  x„.     The 

:'   Tliiise  tlieuruuis  we: tu  </:V-r.  hy  ISt-".Li^i,  «H'  liciidi-mli  ill  I'ah'rwo,  vol.  VI,  p.  173. 
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function  f(a>)  may  be  defined  by  the  specifications,  that  f(x)  =  0,  for  all 
values  of  x  which  do  not  belong  to  the  sots  (&■,,.],  (%,.}, .., ;   and  that 

f(xtr)  =  vIT,    where   vBl  vn,  ...  vsr, ... 
is  a  sequence  chosen  so  as  to  converge  to  the  limit  Fs.     The  function/^)  so 
defined  is  continuous  at  every  point  except  #„,  wu  ...  %„, ... ,  and  it  has  the 
required  property;  since  the  points  of  (?,,  and  therefore  of  G,  are  all  values 
of  U  at  the  point  a?0. 

EXAMPLES. 

1.*  If  /(*'),  #(#)  bo  two  point. -wise  discontinuous  functions  denned  for  the  same 
interval,  there  is  an  everywhere-dense  set  of  points  at  each  of  which  Loth  functions  are 
continuous.  This  theorem  follows  at  once  from  the  feet  tb  it  the  points  common  to  two 
sets  of  the  second  category  also  fonn  n  set  of  the  second  category,  and  thrd.  this  holds  for 
every  sub- interval  contained  in  the  given  interval. 

%  Let  (x)  denote  the  positive  or  negative  excess  of  .v  above  the  integer  nearest  to  it, 
and  if  x  be  half-way  between  two  successive  integers,  let  (x)  =  0.  Let  a  function  t  /(a;)  be 
defined  for  the  interval  (0,  1 }  as  the  limit  of 

1    "*■    4    "*■    9  ma  ' 

when  n  is  indciiuitely  increased.  Tin;  f.motion /U  )  is  a  point-wise  discontinuous  function. 
in  which  the  set  A"  of  points,  at  which  the  saints  is  '^__t,  i,s  finite  for  each  positive  value  of  h 
It  can  be  proved  that,  if  x  =  m:/lii,  where  m  and  In  are  rehttive  primes,  then 

■Ks+0)--Ks)-t£-.'     /(£^°)-/©  +  »' 

For  values  of  x  not  of  the  above  form,  /■';.'<■')  is  continuous.  The  number  of  points  of  K  is 
t.ho  number  of  irreducible  proper  fractions  having  even  denominators  2«,  such  that 
wa/8«*  >  A.     The  set  of  all  tlie  points  of  discontinuity  is  every whei'O-dcnse  in  the  interval 

(0,  i). 

li.  Let]:  y  =  et  for  all  rational  values  of  ,v;  and  y-th  for  all  irrational  values  of  x 
This  function  is  totally  discontinuous, 

4.  Let  §/(#)=!,  for  all  values  of  xva  the  interval  (0, 1),  except  .i-=— ,  («=1,  3,  3, ...), 

for  which  f(x}  =  0.  At  each  of  the  points  (~\  there  is  a  saltus  equal  to  unity.  This 
function  is  point-wise  discontinuous,  and  the  content,  of  A'  is  zero,  for  every  value  of  k. 

5.  In§  tho  interval  Q,  A  of*,  tot/(*)  =  l;  in  the  interval  (±,  ^V  lat/(#)=|; 

and  in  general,  in  the  interval  (sj+Ii  S7,)  i  ^e'  /(*)  =  3S*  ^n  *n'3  case  ^e  point-wise 
discontinuous  function  /(:•;)  is  such  that  the  number  of  points  at  which  the  saltus  is  g  kt 
is  finite  for  every  value  of  X->0. 

*  See  Volterra,  (Hornah  dl  Mitt.  vol.  sis,  1BH1. 

t  See  Rieroann's  (Jes.  Werke,  p.  242. 

f:  Diriehlet'a  Werke,  p.  132. 

§  Hankel,  Math.  Annalen,  vol.  sx. 
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tj.  The*  points  of  a  continuous  interval  JO,  1)  may  be:  put  into  correspondence  with 
the  points  of  ii  non-dense  set  of  points,  dense-in-itsolf,  contained  in  an  interval  (a,  b),  in 
such,  a  manner  that  the  relative  order  of  two  [mints  of  Hie.  interval  (0,  1)  is  the  same  as 
that  of  the  corresponding  points  in  '.a,  />).  Such  a  correspondence  is  defined  by  a  point- 
wise  discontinuous  monotone  function  y=/(.c), 

7.+     Let  the  numbers  of  the  interval  (0,  1)  be  expressed  as  finite  or  infinite  decimals 

x=-a1aia11...an,.„  and  let  /(.r}  =  (  '  '  )   +(--■-)  +....     The  function  /(*)  is  monotone,  and 

is  discontinuous  for  ever)'  value  of.).'  represented  by  :i  finite  decimal.  The  set  of  points  K 
for  a  given  value  of  h  is  finite.  The  function  /(.-<.)  defined  by  /(.?;)  = -Oct, 0oj0a3...  has 
similar  properties. 

8.J  Let  the  points  of  the  interval  (0,  1 )  be  represented  hy  decimals,  and  consider  the 
set  G0  of  those  points  fur  wliieli  only  the  digits  0  and  I  occur  in  the  decimal  representation, 
excluding  those  points  for  which  all  the  figures  are  0,  from  and  after  some  fixed  place, 
The  set  Oa  is  non-dense  in  the  interval  (0,  1),  and  has  the  cardinal  number  c.  Any  point 
a>o  of  Cn  is  represented  hy  ■(/,«■■<«■;:  •■■  '<■,-,  ■-■■  where  u„  is  0  or  1.  Lot  |  be  a  fixed  point 
■blb3...b„  ...  of  6*,i,  and  let  .r^  denote  .i'„-]-a|=  -c^ ...  <;„  ... ;  so  that  f3K  =  «„+8&„.  With 
£  fixed,  let  the  set  of  all  points  .rt  be  denoted  by  6',;  the  points  of  0',.  are  all  different  from 
those  of  Oa,  and  for  two  values  £,  £'  of  f,  the  sets  C,,  6'...  have  no  point  in  common.  For 
two  numbers  x,^. ..«„...,  'Ci'cJ  ...  en' ...  are  identical  only  when  t'„  =■''„',  which  holds  only 
when  «,,  =  <*,,',  and  ba=b„'.  If  we  read  off  in  the  dyad  scale  the  decimal  representation  of  £, 
we  obtain,  by  giving  |  all  the  values  in  6',.,  every  point  in  (0,  1)  except  the  point  0,  and 
these  once  only;  let  the  point  which,  by  thus  using  the  dyad  scale,  corresponds  to  £  be 
denoted  hy  (f).  Now  let/(.r)  be  denned  by  the  rules  f(^)  =  (£),  /(#o)  =  0,  and  /f»  =  0  for 
all  other  values  of  se.  The  point-wise  discontinuous  function  /(,■/,■)  so  defined  for  the  interval 
(0, 1)  is  such  that  at  all  the  points  of  the  unenumerahle  set  O r  the  sultus  is  (|);  the  set  or 
all  the  points  of  discontinuity  is  non-dense  in  ■:'!.'>,  1);  and  f  {.■<;)  is  constant,  and  =0,  ill  an 
every  where -del  iso  set,  of  linear  intervals. 

94  Let  the  points  ,v  of  the  interval  ■'!),  I;  be  expressed  as  radi^-fraetions  in  the  scale 
of  3.  Let  6*0  be  the,  set  of  points  lor  which  all  the  figures  of  the  radix- fraction  are  0  and  1, 
excepting  those  points  for  which  all  the  figures  are  0  after  somo  fixed  place.  Let  6',, 
consist  of  all  the  points  which  contain  the  digit  ±  in  at  most  the  first  u  places,  but  are  also 
such  that  the  nth  figure  is  i ;  then  (l.A  is  non-dense,  and  of  cardinal  number  0.  There  are 
Left  only  those  points  for  which  the  radix-fractions  contain  i.r.e  digit  2  an  infinite  number  of 
times;  and  these  points  belong  to  a  set  II  for  which  the  radix-fractions  contain  an  infinite 
number  of  digits  other  than  2,  or  to  a.  set  O  for  each  point  of  which  every  digit  is  2,  from 
and  after  some  fixed  one.  Each  point  of  G  can  be  represented  by  a  terminating  radix- 
fraction  which  contains  only  a  finite  number  of  3's,  and  can  be  a.dded  to  a  G„.  Let 
(?0,  <?i,(?2,  ...,  when  so  increased,  become  ('/„,  GX,G.L...\  and  take  a  sequence  of  decreasing 
numbers  g0,  g\,  gi}  ....  Let  the  function  /'(.■<■■;■  bo  defined  by  the  rules  f(v)—gs,  if  #  is  a 
point  of  (?„,  and  f (.-;;)  =  0  for  all  points  of  IT.  The  point-wise  discontinuous  function /(>) 
is  continuous  at  all  the  "ooint.-.  01  //,  and  the  points  of  discontinuity  are  everywhere- dense 
in  (0,  I),  and  of  cardiua.l  number  <-.. 

'"  Harnack,  Math.  Annalen,  vol.  xxm.  +  Peano,  Eiv.  di  Mat.  vol.   1. 

%  Schtmnies,  Gnttintier  N<:cli,-icltt<?ii.  ltSB9. 
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DEFINITION   OF   POINT-WISE  DISCONTINUOUS   FUNCTIONS    BY   EXTENSION. 

191.  Let  us  suppose  a  function  f(x)  to  be  defined  for  a  domain  which 
consists  of  a  set  of  points  which  is  dense-in-itself  but  not  closed,  and  further 
Let  us  assume  that  f(w)  is  continuous  in  this  domain.  The  new  domain 
obtained  by  adding  to  the  original  domain  those  of  its  limiting  points  which 
do  not  belong  to  it  may  be  spoken  of  as  the  extended  domain.  It  has  been 
pointed  out  in  §  190  that,  at  a  point  a  of  the  extended  domain,  which  does  not 
belong  to  the  original  domain,  there  is  an  aggregate  of  functional  limits 
which  is  certainly  a  closed  set,  and  may  consist  of  a  finite,  or  an  infinite,  set 
of  numbers. 

Let  us  now  define  a  function  (f>(x),  for  the  extended  domain,  in  the 
following  manner : — At  each  point  of  the  original  domain,  which  may  be 
called  a  primary  point,  let  <j>  (a;)  =f(x) ;  at  each  point  a,  which  may  be  called 
a  secondary  point,  and  which  does  not  belong- to  the  original  domain,  attribute 
to  <p(a;)  the  values  contained  in  the  aggregate  of  functional  limits  of  f(x) 
at  «;  this  function  (ft  (x)  may  then  be  multiple- valued  at  any  secondary 
point.  The  new  function  tf>(x)  defined  for  the  extended  domain  may  be 
spoken  of  as  the  function  obtMuxid  In/  extension  oj  f(su) ;  and  those  points  for 
which  ijtfx)  is  multiple- valued  are  regarded  as  points  of  discontinuity  at 
which  the  measure  of  discontinuity  is  the  excess  of  the  greatest  over  the 
least  value  of  the  function  at  the  point. 

It  will  be  shewn  thai,  the  ewtende<l  fi.uielion  4i(y)  U  povid-wisc  discontinuous 
in  the  extended  domain,  unless  it  be  continuous.  This  gives  rise  to  a  method  of 
constructing  point-wise  discontinuous  functions  which  has  boon  employed  by 
Broden  in  various  special  eases.  Since  we  may  so  choose  the  original  domain 
that  it  shall  consist  of  an  enumerable  set  of  points,  the  method  includes 
one  for  the  construction  of  a  point-wise  discontinuous  function  from  an 
enumerable  set  of  specifications. 

To  prove  that  the  extended  function  <f>(x)  is  at  most  point-wise  dis- 
continuous, it  is  sufficient  to  shew  that.  tj>  (x)  is  continuous  at  all  points  of  the 
original  domain  G,  which  is  a  set  that  is  everywhere -dense  in  the  extended 
domain  G'. 

Let  as  be  a  point  of  67,  and  let  it  he  the  limiting  point  of  a  convergent 
sequence  («/,  x.,',  w3',  ...)  of  which  all  the  points  belong  to  (?'.  Consider  the 
aggregate  {<£(&','),<£(;&;'),...},  where  r&(.r,'),  ifi  (,/'/),. ..  have  any  of  the  values  which 
belong  to  the  points  x/,  w.3\  .«3', ....  Now  a  point  xn  of  G  can  be  found  such 
that  | #„'  —  #„ |  <%,  and  \<f>(xn')  —/(»»)  |  <  en>  where  nn,  e,,  are  independent 
arbitrarily  small  numbers.  If  we  take  a  sequence  of  values  of  fj,  such  that 
Vi>*h>Vi>"->  Wltn  zero  as  its  limit,  and  also  a  similar  sequence  of  the 
e  numbers,  then  the  sequence  (aslt  x^,  xs, ...)  has  the  same  limit  x  as  the 
sequence  («,',  x£,  x3',  ,.,),  and  the  aggregate  [ip  (,'<■/),  <j>  (x.f),  ,.,]  has  the  same 
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limit  as  the  convergent  aggregate  ;/6''j),  f(^),  ■■■}  viz.  /(#)  or  (f>(cc);  and 
thus  the  theorem   is  established 

It  will  be  observed  that  the  values  of  <p(cc)  at  all  the  secondary  points  in 
an  arbitrarily  small  neighbourhood  of  a  secondary  point  a  depend  only  on 
the  values  of  f(-v)  in  that  same  neighbourhood  :  it  fellows  therefore  that  a  is 
a  point  of  continuity  or  of  discontinuity  of  <f>  (x)  according  as  the  aggregate 
of  functional  limits  of/(ic)  at  a  consists  of  one  number  or  of  more.  In 
the  latter  case  the  measure  of  discontinuity  of  $  (%)  at  a  is  the  excess  of 
the  greatest  over  the  least  of  the  numbers  belonging  to  the  values  of  <f>(a>)  at 
the  point. 

It  can  be  shewn  that  a  point-wise  discontinuous  function  can  be  so  con- 
structed that,  at  a  given  secondary  point,  the  values  of  the  function  may  bo 
an  arbitrarily  assigned  closed  set. 

192.  Although  a  class  of  point-wise  discontinuous  functions  may  be  ob- 
tained by  extension  of  a  continuous  function  defined  for  a  primary  domain, 
dense-in-itself  but  unclosed,  yet  not  every  point-wise  discontinuous  function 
can  be  generated  in  this  manner. 

Let  f(x)  be  a  point-wise  discontinuous  function  in  a  domain  which  is 
either  a  continuum  or  a  perfect  set  of  points. 

Consider  the  function  <£(a;)  obtained  by  taking  the  values  of  f(x)  as  given 
only  at  its  points  of  continuity,  and  extending  this  function  to  the  complete 
domain,  in  the  manner  explained  above. 

At  each  point  of  discontinuity  of /(*)  there  is  a  saltus  kj,  and  at  that 
point  the  function  <p  (x),  obtained  by  extending  the  set  of  values  of  f(x)  at 

point  of  continuity,  has  a  measure  of  discontinuity  !>;■,,  which  will  be  zero 
n  case  $(«)be  continuous  at  the  point;  but  in  any  case  the  condition  k$  &kf 
satisfied,  since,  within  any  neighbourhood  of  the  point,  the  fluctuation  of 
<f>  (,*)  cannot  be  greater  than  that  of  f(%). 

If  kj,  =  0  at  any  point  of  discontinuity  of  f(te)t  that  point  may  be  said  to 
be  a  point  of  v-it  essential  discontinuity  of  the  function  f(x);  and  if  k$  >0, 
the  point  is  one  of  essential  discontinuity. 

Let  now  a  function  %  (x)  be  defined  for  the  whole  domain  as  follows ; — 
At  every  point  of  continuity  of  /(■'«).  and  at  every  point  of  discontinuity 
at  which  kf  =  k$ ,  let  x  (ffi)  =  0 ;  at  each  point  at  which  kf  >  kt ,  let 
X(z)~bf-kt. 

The  function  %(;b)  is  not  necessarily  continuous  at  every  point  at  which  it 
is  zero.  At  a  point  x,  at  which  4'(w)  *s  continuous,  the  measure  of  dis- 
continuity of  x  i®)  i3  fy>  OT  X  (fl'i)  i  Dllt  tms  ™  notl  necessarily  the  case  if  <f>  (%) 
be  not  continuous  at  x±.  This  function  x(x)  may  be  called  a  point-wise 
discontinuous  null-function. 
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By  subtracting  from  fix)  a  function  fa  (x)  which  never  exceeds,  at  any 
point  xt  in  absolute  value,  the  value  of  %(■#),  we  obtain  a  function  ^(x)  of 
which  the  measure  of  discontinuity  is  everywhere  =  k$(x). 

The  function  *  $,  (a:)  may  be  spoken  of  as  the  most  nearly  continuous 
function  associated  with  f(x). 

It  thus  appears  that  a  point-wise  discontinuous  function  can  always  be 
expressed  as  the  sum  of  a  point-wi.se  discontinuous  null-function  and  the 
most  nearly  continuous  function  associated  with  the  given  function. 

The  latter  function  <p,  (x)  has  only  those  discontinuities  which  necessarily 
arise  from  the  values  of  the  given  function  at  its  points  of  continuity, 
and  is  independent  of  the  parts  of  the  discontinuities  which  arise  out 
of  the  functional  values  off(x)  at  the  points  of  discontinuity.  ■  The  null- 
function  depends  upon  the  unessential  parts  of  the  discontinuity  of /(at). 


EXAMPLES. 

l.t  Let  f(x)=0,  for  x=0,  -,  =-,  »-,  ...,  and  for  all  other  positive  and  negative 
values  of  %;  let  /(.*)  =  cos-.  The  function  </)(■''')  assocktcd  with  /(.')  agrees  with  cos-  at 
every  point  except  x=0,  where  <j>{x)  is  represented  by  (-1,  +1).  The  measure  of 
discontinuity  iy  ] h  aero  except  nt  — ,  ^— ,  5— ,  ...,  where  hj=  1,  and  at  .>'--0,  where  /y=2 ; 
the  measure  hh  vanishes  everywhere  except  at  .r— 0,  where  k,  =  %  The  function  x(x) 
vanishes  except  at  — ,  -— ,  .,.,  where  it  is  I ;  it  vanishes  at  ,r=0,  but  is  discontinuous  at 
that  point 

2.f  Let /(#)  vanish  except  at  the  points  «=-,  -,  -,  ...  -,  ...,  where  /(*)=1,  The 
function  <f>  (.?')  is  everywhere  »ro,  ii.nd  thus  /■,  is  every  where  zero.  The  function  tps  (,r)  is 
everywhere  zero,  and  kt  in  Jioro  except  at  0,  -,  ■-,  ...   -,  ...,  where  kt~\.     In  this  case 

IS.+  A  point-wise  discontinuous  function  fir)  can  be  ennstruetedj  such  that  the 
function  </i(.r)  may  have  at  n  point,  :<:,  ,  the  wiltics  belonging  to  ;i  prescribed  closed  set  {?, 
in  accordance  with  liet.t.iiiiirs  theorem  (§  I !)()}.  if  6'  lie  uneiiumcrable.  choose  an  enumer- 
able set  i?i  dense  in  U,  and  let  ij,,  ijm  //■,,  ...  he  the  points  of  G,.     Take  a  set  of  intervals 

{&„},  where  8*  is   (^o  +  ™,  #0+—^),  and  define  f(x)  as  follows:— in  &„  83,  8S,  8,,  ... 

let/[*)=j,;in8s,80l81O)...]et/(«)=?Eim8,,8u,8ro,..Jrt/(^}=ff3;iiig8iierftl/(j!)=?B, 

"■'  Tins  :l.:!iciiion  is  not  in  complete  agreement  with  that  of  Schonliic^,  see  Tlericld.  p.  134,  to 
whom  the  term  is  due.  -Soico  riinncoiiH  ^tnLC=i?iL-nt:j  of  Sefciinfiira,  hi  tin's  1:  (munition,  were  pointer! 
out  and  corrected  by  Hahii ;  Ree  Monatthefte  f.  Math.  vol.  m,  1905. 

t  See  Hahn,  /nc.  c!(. 

f  This  is  contrary  to  a  statement  of  Schtinfliea,  see  Beriehl,  p.  1SE. 
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in  the  first  free  interval,  and  in  every  second  of  the  following  free  intervals ;  further  let 
f{x)=gs,  for  so  ,§#„,  The  function  fix)  i.s  point-wise  ^continuous,  the  points  of  dis- 
continuity heing  .'<■,>,  .and  the  points  .r„-f-  The  function  t/j  (.■■.)  h(is  two  values  at  the  points 
.lii  +  s^ ;  and  at  ,r,,  it  has  all  the  values  of  6",.  and  therefore  all  those  of  (j. 

FUNCTIONS  WITH   LIMITED   TOTAL   FLUCTUATION. 

193.  Let  a  function  f(x)  be  defined  for  the  continuous  interval  {a,  b). 
Suppose  the  interval  (a,  h)  to  be  divided  into  a  number  n,  of  n  on -overlapping 
sub-intervals  the  greatest  of  which  is  d, ;  let  these  sub-intervals  be  divided 
into  smaller  ones,  so  that  the  total  number  of  sub-intervals  is  now  n2,  and  the 
greatest  of  them  is  a\.  Proceed  in  this  manner  to  continually  sub-divide  the 
sub-intervals  according  to  some  prescribed  law,  so  chosen  that  the  numbers 
k,j  «2,  w3,  ...  form  a  sequence  of  continually  increasing  numbers,  and  that  the 
numbers  d,,  cL,  ds, ...  form  a  convergent  sequence  converging  to  the  limit 
aero.  Such,  a  system  of  indefinitely  continued  sub-divisions  of  the  interval 
(a,  b)  may  be  spoken  of  as  a  convergent  system  of  sub-intervals. 

If  the  function  f(:i:)  be  such,  that,  a.n.y  po.rlicv.lo.r  convergent  system  of  sub- 
intervals  of  (a.  b)  being  taken.  o/nd  the  sum.  of  the  fluctuations  of  f{x)  in  the 
n,.  sub-intervals  into  which  (a,  b)  is  divided  at  the  rt.h  stage  of  the  process  of 


'y-division  bei-ra/  denoted  by  2  A,.  ,,,,  thin  sum  -is  for  e»cry  value  of 
m=l 

r  less  than  some  fixed  finite  number,  then  f(f)  is  said  to  be  a  function  with 
limited  total  fluctuation  in,  the  interval  {a,  b). 

It  will  be  shewn  that,  when  the  condition  stated  in  this  definition  is 
satisfied,  then  the  sums   2    Ar>  m  have  an  -upper  limit  L,  which  may  be  called 

the  total  fluctuation,  of  the  fu.uetiou-  in  the  interval  {a,  b),  for  the  prescribed 
convergent  system  of  sub-intervals. 

For,  if  an  interval  (a,  £)  be  divided  into  two  parts  (a,  7),  and  (7,  /3),  by  a 
point  7,  it  is  clear  that  the  fluctuation  in  (a,  /S)  is  not  greater  than  the  sum 
of  the  fluctuations  in  (a,  7)  and  (7,  ft) ;  and  therefore,  when  (a.  /3)  is  divided  into 
any  number  of  parte,  the  sum  of  the  fluctuations  in  those  parts  is  greater 
than,  or  equal  to,  the  fluctuation  in  (a,  /3).     It  thus  appears  that,  for  the 

given  succession  of  sub-intervals,  the  numbers  2  A.,.,,,,, which  are  essentially 

positive,  never  diminish  as  n  increases.      Therefore,  since  they  are  all  loss 
than  some  fixed  number,  they  have  a  fixed  finite  limit  L. 

If" *,/'(.*■)  haw  a  limited,  t'.dal  f lncln.it ti'.m  L  far  a  prescribed  convergent,  system 
of  sub-intervals,  then  it  has  also  a,  lini.iled  tola/,  fluctuation  for  any  other  such 
convergent  system    of  sub-intervals.     Further,  the  total  fl.uat/adion  L,  has  an 
"  See  Study,  Math.  AnnaUn,  vol.  xlvii,  p.  299. 
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upper  boundary  M,  and  a  lovjer  boundary  /j,  =  J-Ji.  -when-  all-  passible  convergent 
systems  of  sub-intervals  are  considered. 

Let  A„  Aa, ...  AM  denote  the  fluctuations  in  those  sub-intervals  8aj  £,,...  Sm, 
which,  at  any  stage,  belong  to  the  originally  prescribed  mode  of  sub-division, 
and  let  A,',  A3', . . .  A',„'  be  the  fluctuations  in  the  sub-intervals  8,',  8/  ...  8V>  at 
some  stage  of  any  other  mode  of  sub-division  of  the  interval.  If  i)  be  a  positive 
number  smaller  than  the  smallest  of  the  numbers  8',  we  may  take  m  to  be  so 
large  that  none  of  the  intervals  8  is  greater  than  t/.  Now  let  ns  suppose 
the  two  sets  of  sub-intervals  to  be  superimposed  ;  then  any  .interval  8,.  will  be 
divided,  by  means  of  the  points  of  division  in  the  second  set,  into  not 
more  than  two  parts  8,,",  S,,",  with  fluctuations  A,.,",  An",  if  divided  at  all ; 
we  have  then 

A,,  m  An"  +  An"  £  2A,. 

Now  every  &'  interval  is  made  up  of  S  intervals  and  8"  intervals ;  there- 
fore %A' ^%A"  +  8,  where  iS1  denotes  the  sum  of  the  fluctuations  in  the 
undivided  8  intervals.  It  follows  that  2 A'  5  22A  £  2i.  It  thus  appears 
that  the  numbers  2A',  corresponding  to  any  arbitrarily  prescribed  system 
of  sub-divisions,  are  all  not  greater  than  2L;  and  2A'  has  therefore,  as  in 
the  case  of  the  original  system,  an  upper  limit  L',  and  this  is  ^  2Z.  For 
every  possible  system  of  sub- divisions,  the  numbers  L'  form  an  aggregate  of 
positive  numbers  which  do  not  exceed  2L ;  and  they  therefore  have  an  upper 
boundary  M,  and  a  lower  boundary  /i.  Moreover,  a  system  of  successive 
sub-divisions  can  be  defined  such  that  the  limit  of  the  sum  of  the  fluctuations 
is  p,  in  case  the  lower  boundary  /j,  be  attained  by  the  set  of  numbers  L',  or  is 
(U,+  e,  where  e  is  less  than  an  arbitrarily  chosen  number,  in  case  /j.  be  not 
attained.  We  may  therefore  take  L  =  fi,  or  fi  +  e,  as  the  case  may  be ;  and 
then,  for  any  system  of  .sub-divisions  8',  2 A'  S  2/i,  or  2  (/j,  +  e)  :  it  thus  follows 
that  the  upper  boundary  M  is  not  greater  than  2/t,  or  that  y.  £  ^M.  The 
numbers  M  and  p  are  the  limits  of  indeterminacy  of  the  total  fluctuation 
of  the  function  in  (a,  b),  where  M  cannot  fall  outside  the  interval  (jl,  2p). 

194.  A  function  with  limited  total  fluctuation  can  have  no  points  of 
discontinuity  of  the  second  kind,  and  thus  for  such  a  function  the  limits 
f  (p +  $),/(%  ~  0)  on  the  right  and  on  the  left  must  both  exist,  at  every  point; 
except  that  at  the  points  a,  b,  only  the  limits  f{a  +  0),  f(b  —  0)  can  exist. 
For,  in  any  arbitrarily  small  neighbourhood  of  a  point  of  discontinuity  of  the 
second  kind,  the  function  makes  an  infinite  number  of  oscillations  which 
are  greater  than  some- fixed  finite  number;  and  thus,  in  such  a  neighbourhood, 
the  total  fluctuation  of  the  function  cannot  be  finite. 

It  is  clear  that,  in  a  function  with  limited  total  fluctuation,  the  sums 
of  the  saltuses  on  the  right  and  on  the  left 

S|/(« +  »)-/(■)  I,    S|/(«-0)-/<«)|, 
for  all  the  points  of  discontinuity,  are  finite.     It  follows  that  the  points  of 
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discontinuity  form  an  enumerable  set,  since  there  can  be  only  a  finite 
number  at  which  either  saltus  exceeds  any  arbitrarily  chosen  positive 
number.  A  function  of  this  kind  may  however  have  oscillations  in  every 
sub-interval,  but  it  is  necessarily  either  point-wise  discontinuous  or  else 
continuous. 

The  following  theorem  will  now  be  established : — 

If  a  function  -with  limited  total  fluctuation,  have  at  no  point  an  external 
saltus,  thenM=fi;  and  thus  the.  total  fluctuation  of 'the  function  is  the  saviefor 
every  convergent  system  of  sub-divisions. 

For  let  us  assume  that,  if  possible,  there  exists  a  convergent  system  of 

sub-divisions,  such  that  2  Ar,  m  converges  to  a  value  G  less  than  M.     The 

interval  (a,  6)  can  also,  by  hypothesis,  be  divided  into  a  number  n  of  parts, 
such  that  the  sum  2A'  of  the  fluctuations  in  those  parts  is  greater  than  G, 
say  =  G  +  a.     Let  this  sub-cli. vision  into  n  parts  be  superimposed  on  the  set  of 

sub-divisions  for  which  2  A,._  m   is   the  sum  of  the  fluctuations;    we  may 

assume  that  r  is  so  great  that  not  more  than  one  of  the  n  —  1  points  of  the 
former  sub-division  is  in  any  one  of  the  intervals  of  the  latter  set,  while  none 
of  the  end-points  of  the  two  sets  coincide  except  at  a  and  b.  Let  us  suppose 
that  x  is  one  of  these  u  —  I  points,  and  that  it  falls  in  the  interval  &  for  which 
Ar,  m  is  the  fluctuation,  dividing  it  into  two  parts,  S,'  and  82'.  Assuming  that 
there  is  no  external  saltus,  if  ij  be  any  fixed  positive  number,  we  know  that  if 
S/,  S2'  arc  sufficiently  small,  then 

A,,  m -  |/(*  +  0)  -/(* - 0)  j  4-  <ru  where  <r1<v; 
moreover,    under  a   similar  condition,    the    Unci. nations    A/,  A/  in  B,',  S./  are 
such  that 

V  =  i/O)-/(a>-0)|  +  (ra,  where  <ts<jj 
and  At'-j/(«)-/(*  +  0)|  +  o-<,  where  <rs<*j. 

Now  r  may  be  chosen  so  groat,  and  consequently  d,  so  small,  that  these 
conditions  are  satisfied  for  each  of  the  n  —  1  intervals  of  the  originally  assumed 
set  which  contain  points  x.  We  have  then  A/  + A,'  — A,im  =  ff-s  +  <r,  — o-,, 
provided  /(#)  lies  between  f(x  +  0)  and  f(x  —  0);  hence  the  sum  of  the 
differences  A/+ Aa'— A,.?m  taken  for  all  those  intervals  which  contain  one 
of  the  n  —  1  points  x  is  less  than  2(«— 1)jj;  and  it  cannot  be  negative. 
It  follows  that  the  sum  of  the  fluctuations  in  the  intervals  obtained  by 
superimposing  on  the  sub-divisions,  for  which  the  A,.iMare  the  fluctuations, 
the  n  —  1  points  x,  is  <  G  +  %  (11  - 1)  ij.  But  the  sum  of  these  fluctuations 
is  certainly  30  +  a;  and  since  jj  is  arbitrarily  small,  and  independent  of  n, 
these  two  relations  arc  incompatible  with  one  another,  i.e.  a  must  be  zero. 
It  has  thus  been  shewn  that,  provided  there  be  no  external  saltus  at  any 
point,  G  must  equal  M,  and  this  therefore  is  the  limit  of  2A  for  every  con- 
vergent system  of  sub-divisions  of  (a,,  b). 
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In  case  there  be  points  ub  which  there  is  an  external  saltus,  the  preceding 
proof  can  still  be  applied  to  shew  that  the  total  fluctuation  is  the  same  for 
any  two  convergent  systems  of  sub-divisions  of  the  interval  (((,  b),  provided 
no  point  at  which  there  is  an  external  saltus  be  an  end-point  of  an  interval  in 
either  system.  Moreover,  in  case  there  be  an  external  saltus  at  the  point  x, 
the  value  of  Ar,m  is  either  |/(«)-/(«+0)|+oi  or  |/(«)-/(*-0)|  +  oi; 
and  we  see  that  A,'  +  As'-  Ar,m  =  o\,+  a-s  -  o-,  +  s(x),  where  s<»  denotes  the 
external  saltus  at  x,  and  is  equal  to  the  smaller  of  the  two  numbers 

!/(»)-/<•+ 0)1.  I  «•)-/<•-<>)  I- 

If  we  take  the  n  ~-  ]  points  :v  to  consist  of  jj  1 1  those  points  at  which  there  is 
an  external  saltus  greater  than  Homo  fixed  number  /3,  we  see  that  the  sum  of 
the  fluctuations  in  the  set  of  intervals,  obtained  by  superimposing  the  n  —  I 
points  x  on  the  system  for  which  £A,.iM  is  the  sum  of  the  fluctuations, 
is  2A,.p  w  +  /Sp  +  7,  where  8$  denotes  the  sum  of  those  external  saltuses,  all  of 
which  are  greater  than  ft,  and  y  is  the  sum  of  the  n  —  1  numbers  a-^  +  a,  —  ai: 
and  is  therefore  arbitrarily  small,  it  thus  appears  that  the  total  fluctuation 
for  a  convergent  system  of  sub-intervals,  such  that  no  point,  at  which  there  is 
an  external  saltus,  is  ever  an  end-point,  must  he  fi;  whereas  if  those  points  at 
which  the  external  saltus  is  greater  than  j$  be  end-points  of  intervals,  the 
total  fluctuation  is  /J.  +  Sp.  If  a  .sequence  of  descending  values  be  given  bo  /3, 
the  sum  S$  converges  to  a  fixed  finite  number,  which  is  the  sum  or  limiting 
sum  of  all  the  external  saltuses.     Thus  we  obtain  the  following  theorem: — 

I f  a  Junction  with  limited  total  jlucluation  be  such,  that  there  are  points  at 
which  the  function,  has  an  euiernal  saltus,  then  the  difference  M  —  fi  between  the 
upper  and  lower  boundaries  of  the  total  fiuctimtion  L  of  the  function,  for  con- 
vergent systems  of  sub-intervals,  is  equal  to  th.e  sum  of  all  the  external  saltuses. 
If  a  convergent  system-  of  sub-intervals  be  such,  that  no  point  at  which  there  is 
an  external  saltus  is  an  end-point  of  any  sub-interval,  then  for  such  a  system 
L  =  ft.  If,  however,  the  system  be  such  that  evert/  -point  at  -which  there  is  an 
external  saltus  is  an  end-point  of  a.n  interval  of  the  system,  then  L  =  M. 

It  thus  appears  that,  provided  fix)  be  at  every  point  intermediate  in  value 
between/(a?  +  0)  and  f{x  —  0),  the  total  fluctuation  in  (a,  b),  for  a  function 
of  the  class  considered,  is  a  definite  number.  This  number  is  unaltered  by 
changing  the  value  of  f{%)  at  a  point  of  discontinuity  of  the  function,  pro- 
vided no  external  saltus  be  introduced.  For  example,  we  may  assign  tof(x) 
the  value  ^  [f(x  +  Q)  +  f(x  —  0)J  at  every  point,  without  altering  the  total 
fluctuation  of  the  function. 

If  a  function  f{x),  for  which  an  external  saltus  exists  at  points  of  a  certain 
set,  he  replaced  by  a  new  function  tf>  (,>:'),  differing  Cn.m/(V)  only  at  the  points 
of  the  set,  and  such  that  c/j  (.;,)  has  nowhere  an  external  saltus,  then  the  new 
function  0  (#)  has  its  total  fluctuation  equal  to  a  definite  number,  which  is 
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independent  of  the  particular  system  of  sub-intervals  employed.  Consider  a 
system  of  sub -intervals  for  which  no  point  of  the  set  is  ever  an  end-point  of 
a  sub-interval;  then  the  limit  of  the  sum  of  the  fluctuations  off(x)  for  this 
system  is  /t.  If  at  each  point  of  the  set  we  remove  the  external  saltus,  by 
there  substituting  ib  (x)  for  f(x).  we  diminish  this  ni.iimuum  total  fluctuation 
/i  of  f(x)  by  the  sum  of  the  external  saltusos,  and  this  is  M  —  p.  It  thus 
appears  that  the  total  fluctuation  of  the  function  $  (x)  is  2^—  M,  and  this  is 
a  definite  number  independent  of  any  particular  system  of  sub-intervals. 

195.  A  function  tj>  (it:)  defined  for  the  interval  (a,  b),  and  such  that  for 
every  pair  of  points  xit  x2  in  the  interval,  for  which  #2  >  x„  the  condition 
0  (ajjj)  £  0  (ai)  is  satisfied,  has  been  defined,  in  §  189,  to  be  monotone 
in  {a,  b).  If  for  every  such  pair  of  points  the  condition  tf>  (x2)  £  <{>  (xj)  is 
satisfied,  0  (a:)  is  also  monotone.  In  the  former  case  <j>  (w)  never  diminishes, 
and  in  the  latter  case  it  never  increases,  as  %  is  increased  through  the  interval 
from  a,  to  b. 

A  function  with  limited  total  jlu-cliwtwn  can.  always  be  expressed,  as  the 
difference  of  two  functions,  each,  of  which,  in  -monotone  in.  the  interval  for  which 
thefwrtctionis  denned-,  and,  neither  of -which  di-iitiirish.es  a.s  the  m triable  increases. 

The  importance  of  the  class  of  functions  with  limited  total  fluctuation, 
in  connection  with  the  theory  of  Fourier's  and  other  series,  depends  upon 
their  possession  of  this  property. 

To  prove  the  theorem,  let  the  upper  boundary  of  the  total  fluctuation  of 
the  function,  for  the  interval  (a,  x),  be  denoted  by  Max.  We  then  see  that 
f(x  +  h)-f(ai)£  Jf/+*S  Jf/+*-Jf/j  it  follows  that  Jf/-/(«)  is  a 
monotone  function  which  never  diminishes  as  m  is  increased.  The  function 
Max+f(x)  has  the  same  property,  since/ (a' +  /*)—/(*)  =  "  Mj°+h.     Hence,  if 

*  (.)  =  J  [Mf  +/(«)) ,    *  w  -  i  {Jf/  -/(*)) . 

we  can  express  f(x)  in  the  form  <£,  (zg)  —  fa  (x),  where  fa  (w),  fa^  (x)  are  both 
monotone  non-diminishing  functions  as  ,/■  increases  through  the  interval  (a,  b). 
The  converse  property  is  easily  seen  to  hold,  that  every  function  expressible 
in  this  manner  has  a  limited  total  fluctuation.  For  the  fluctuation  of  a 
monotone  function  in  an  interval  is  the  difference  of  the  functional  values  at 
the  ends  of  the  interval. 

196.  The  class  of  functions  of  which  the  properties  have  been  investi- 
gated above  has  been  defined  in  a  different  manner  by  Jordan*,  and  it  has 
been  shewn  by  Studyf  that  the  two  definitions  arc  completely  equivalent  to 
one  another. 

Let  us  denote  by  /),-,  m,  the  absolute  difference  of  the  functional  values  at 
the  end-points  of  that  sub-interval  belonging  to  a  convergent  system  of  sub- 

t,  p.  55. 
lvii,  p.  55. 
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intervals,  the  fluctuation  in  which  has  been  denoted  above  by  A,.,  m.  Let  us 
consider  the  sum   X  D,-,  m,  which  is  equivalent  to 

I  /(■)  -/(«,,  J  |  +  |/<«r.  0  -/(*.  .)[+■•■  +  |/K  — ,)  -/(*.  .) 

+  ■■■+]/(*,  ■„-,)-/(*)  I, 
where  a,  xr> lf  a;,.,  2,  ■•-,  6  are  the  points  of  the  sub-intervals  at  the  rth  stage 
of  the  process  of  successive  sub-division  of  (a,  b).     If  the  numbers    X  Dr<  „■ 

for  every  value  of  r,  and  for  every  possible  convergent  system  of  sub-divisions 
of  (a,  b)  be  all  less  than  some  fixed  finite  number,  then  the  function  is  said 
to  be  a  function  with  Iviiritad  tntid  vurviHov,  (h  variation  bornce)  in  (a,  b);  and 

the  upper  limit  of  the  numbers  X  D,-,  ™  for  a  particular  system  of  sub- 
divisions, as  r  is  indefinitely  increased,  is  said  to  be  the  total  variation  of/ (a:) 
in  (a,  b)  for  that  particular  convergent  system  of  sub-divisions. 

It  will  be  shewn  that  a  function  with  limited  total  fluctuation  is  also 
a  function  with  limited  total  variation  ;  and  the  converse.  The  first  part 
of  this  theorem   follows  at   once   from  the    fact    that,  in    any   sub-interval, 

jD,.p  m  S  A,.,  m,  and  therefore  X -Dr,  ™  ig  certainly  loss  than  a  fixed  finite 
number,  if   X  ATi  m  be  so. 

To  prove  the  converse  theorem  that,  if  2  Dr,m  be  less  than  some  fixed 
finite  number,  so  also  is  2  A,.p  m,  let  us  first  suppose  that  the  function 
/(is)  has  no  external  saltus  at  any  point  in  the  interval ;  it  will  then  be 
proved  that  %  Dr>  m  and  SA^,,,  for  a  particular  convergent  system  of 
sub-intervals,  converge  to  the  same  limit,  as  r  is  indefinitely  increased. 

Consider  the  interval  (#,.,  m—i,  ®r,  m) ;  let  U  and  V  be  (.he  upper  and  lower 
limits  of  f(x)  in  this  interval;  thus  A,.,  ,„=  U -  V.  We  have  Dr<m  ^  &r,m  ; 
and  it  will  be  shewn  that  some  greater  value  of  r,  say  r  +  s,  can  be  chosen, 
uch  that  X.D,.+S  £  A,% m,  where  XA+s  is  the  sum  of  the  absolute  values  of 
he  differences  of  the  functional  values  at  the  end-points  of  the  parts  into 
vhich  the  interval  (ay,  m-i,  ®r,  m)  i&  divided,  when  the  (r  +  s)th  stage  of  the 
successive  sub-divisions  of  (a,  u)  is  reached.  If  U,  V  be  the  functional  values 
at  the  ends  of  the  interval  (%r,m-\,  xr,m)  it  is  clear-  that  DT,m  =  &r,m)  we 
therefore  need  only  consider  the  ease  in  which  one  at  least  of  the  numbers 
/{av,m-i)j/('*V,  m)  l'cs  between  U  and  V.  If  e  be  an  arbitrarily  small  posi- 
tive number,  there  are  two  points  %lt  %„,  in  the  interval,  for  one  of  which  the 
functional  value  is  greater  than  U  ~  e,  and  for  the  other  the  functional  value 
h.  17 
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is  less  than  V+e.  Now,  provided  the  function  have  no  external  saltus  at  any 
point,  s  may  be  chosun  so  largo,  and  consequently  dr+s  so  small,  that  there  is 
an  end-point  of  one  of  the  sub-intervals  into  which  (*',., m_,,  x,-t,n)  is  divided 
at  the  (r  +  sjbh  stage,  such  that  at  this  end-point  the  functional  value  is 
>U  —  2e,  and  also  such  that  there  is  another  end-point  at  which  the 
functional  value  is  <  V+2e:  and  one  at  least  of  these  end-points  does  not 
coincide  either  with  %r,m-\  or  with  xTim.  The  number  s  having  been  so 
chosen,  we  see  that  for  the  interval  («V,  ™_i ,  «r,  m),  %Dr+t>  U—V  —  ie+W, 
where  W  is  the  absolute  difference  between  the  functional  value  at  one 
of  the  end-points  of  («*,.,m_lt  «j-,m)  and  the  functional  value  at  one  of 
those  end-points  of  a  sub-interval  at  which  it  is  >  U—2e,  or  else  <  F+2e, 
Since  e  is  arbitrarily  small,  it  is  clear  that  s  can  be  chosen  so  great  that 
%Dr+t  £  U—  V,  for  the  interval  in  question.  Moreover,  s  can  be  chosen  so 
great  that  this  condition  is  satisfied  for  each  of  the  ».,.  intervals  (.«,■,,„._],  «,,«); 
and  therefore  s  can  be  chosen  such  that  %Dr+>  taken  for  the  whole  interval 

(a,  b)  is  =  2  A,.im.     It  follows  that  the  limit,  as  r  is  indefinitely  increased, 

of  2  i),.pm  is  £  the  limit  of  £  A,.,,„;  hence,  since  the  first  of  these  limits 

is  £  the  second,  it  is  seen   that  the  two  limits  must  be  identical. 

It  has  now  been  established  that,  for  a  function  with  limited  total  fluctua- 
tion, and  without  points  at  which  there  in  an  external  saltus, tlie  total  fluctuation 
and  the  tobil  variation  of  the  function,  are  identical-,  beiwj  independent  of  any 
particular  convergent  system  of  s -ub -divisions. 

Next  let/(«)  have  an  external  saltus  at  each  point  of  some  set.  If  we 
consider  a  convergent  system  of  sub-divisions  such  that  no  point  of  this  set  is 
ever  an  end-point  of  a  sub-interval,  it  is  clear  that  the  total  variation  of  /(<c) 
for  such  a  system  is  identical  with  the  total  fluctuation  of  that  function  <£(«)> 
which  differs  fromf(;/:)  only  in  having  the  functional  values  at  the  points  of 
the  set  so  altered  that  the  external  saltus  is  at  every  point  removed.  It  has 
been  shewn  that  the  total  fluctuation  of  0  (a;)  is  2/j,  —  M.  If,  on  the  other 
hand,  a  convergent  system  of  sub-divisions  be  chosen,  so  that  every  point. 
at  which  there  is  an  ex  tern  til  saltus  becomes,  a,t  some  stage,  an  end-point  of 
a  sub-interval,  the  total  variation  will  be  identical  with  the  total  fluctuation 
their  common  value  being  M.  It  thus  appears  that,  for  a  function  of  limitec 
total  fluctuation,  which  has  ■/joint':  with,  an  external  -saltus,  the  total  v'ariation 
is  M  or  2/i  —  M,  or  has  soni.e  value  between  these  two  nuiu.bers,  according  to 
the  pariicidar  system   of  sub- divisions  employed. 

The  necessary  and  sufficient  conditions  that  a  function  f{x)  defined  for 
the  interval  (a,  b)  may  be  a  function  with  limited  total  fluctuation,  may  be 
now  stated  as  follows : — 
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(1)  The  points  of  discontinuity  must  all  be  of  the  first  species,  i.e. 
f(x  +  0),f(x  —  0)  must  everywhere  exist. 

(2)  The  sum  of  the  absolute  values  of  the  external  saltuses  must  be 
finite. 

(3)  A  convergent;  system  of  sub-intervals  must  exist  such  that 

SD„„  «S|/(«v,  „_,)-/(«,,„)  i 

is,  for  every  value  of  r,  less  than  some  fixed  number, 

These  conditions  are  clearly  equivalent  to  those  which  have  been  given  in 
the  definition  of  the  class  of  functions  with  limited  total  variation. 

EXAMPLES. 

1.*  The  function  defined  by  /'■:'.■■'■)  =  ,!■■  sin  ■,  f(i.))  =  Q,  is  not.  of  limited  tutal  fluctuation 
in  the  interval  (0,  !/«■),  although  it  is  continuous  in  the  interval.  For  in  the  interval 
(_-_-_■-—  ,  —  1 ,  sin  -  attains  the  value  (  —  ])'",  and  thus  the  fluctuation  in  this  interval  is 
at  least  equal  to  l/(r+-J-) jr.     The  total  fluctuation  in  the  interval  ( — ,    -I   is   at   least 

increases  without,  limit  when  ,s  is  iiulc  finitely  increased  ;  therefore  the  total  fluctuation  in 
(0,  1/tt)  is  not  finite. 

2.t  The  function  defined  by  /(.r)  =  .-e2sin  -j,  /(0)=0,  is  continuous  in  any  interval 
containing  *=0,  and  is  everywhere  ibfieronttible,  but  is  not  of  limited  total  fluctuation. 

3*  The  function  defined  by  /(^)=^sin(^-3),  /(0)=0,  is  of  limited  total  fluctua- 
tion in  the  interval  (0,   1/Vil.     In  the  interval  j ,, s\,  the  function  has  a 

single  maximum,  or  eke  a  single  minimum,  anil  the  absolute  value  of  the  function  at  this 


point  is  at  most  1  ty'v)!.     't'lie  to  till  fluctuation  in  (0,  1  .,V>;  eamutt  exceed  2  2         „,  which 

i.  Every  fuuetion  defined  for  a  finite  interval,  which  is  continuous  and  oflimited  total 
fluctuation  in  that  interval,  is  the  di llereneo  of  two  continuous  functions  each  of  which  is 
monotone  in  the  interval. 


THE    MAXIMA,    MINIMA,    AND    LINES    OF   INVARIABILITY   OF    CONTIN  [TOU.S 
FUNCTIONS. 

197.  Consider  a  point  xs  within  the  interval  (a,  b),  in  which  a  continuous 
function  is  defined;  it  may  happen  that  a  neighbourhood  (*,  —  B,  &,  +  S)  of 
the  point  a^can  he  found  by  caking  8  sufnek:iitl.y  small,  which  is  such  that /(a;) 

ojjj  sur  I'intei/ration,  p.  56. 

tali  di  Mat.,  Ber.  in  a,  vol.  vn,  p.  270. 
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has  the  same  value  at  a!!  points  in  the  neighbourhood;  then  the  point  x,  is 
called  a  point  of  linear  invariability  of  the  function.  If  the  same  holds  for 
a  neighbourhood  of  a,  on  the  right  only,  or  on  the  left  only,  then  the  point  xs 
is  called  a  limitivfj  point  of  linear  invariability. 

It  can  be  shewn  that  if  a  point  x,  of  linear  in  variability  exist,  and  the 
function  be  not  constant  in  the  whole  interval  (a,  b),  then  there  exist  two 
limiting  points  of  linear  invariability,  out'  of  which,  however,  may  be  at  one 
of  the  ends  of  the  interval  (a,  b).  Suppose;  the  function  not  to  be  constant 
throughout  the  interval  (xz,  b);  the  points  a  of  this  interval  may  be  divided 
into  two  classes,  in  one  of  which  x  is  such  that  in  the  interval  (#,,  x)  the 
function  has  the  constant  value  /(#]),  and  in  the  other  class  x  is  such  that 
(x,,  x)  contains  points  at  which  the  function  has  values  differing  from  f(x,) ; 
a  section  is  thus  made  of  the  interval  (xlt  b),  that  defines  a  point  which  is 
the  required  limiting  point  of  the  linear  invariability.  If  the  same  argu- 
ment be  applied  to  the  interval  (a,  x,)  we  see  that  there  is  another  limiting 
point  in   this  interval,  unless  the  function  be  throughout  equal  to  /(;c,). 

In  the  interval  (a,  b)  there  may  be  a  finite  number,  or  an  indefinitely 
great,  but  enumerable,  set  of  lines  of  invariability ;  each  point  within  such 
a  line  ia  a  point  of  invariability,  and  the  ends  of  such  lines  are  limiting  points 
of  invariability. 

If  the  point  x,  be  not  a  point  of  invariability,  it  may  happen  that  a 
neighbourhood  (x,—  e,  x-,  +  e')  exists  such  that,  for  every  point  in  the  interior 
of  this  neighbourhood  not  identical  with  xs,  the  condition  f(x)  </(#,)  is 
satisfied;  in  this  case  x,  is  said  to  be  a  point  at  which  the  function  has 
a  proper  maximum.  In  case  the  neighbourhood  be  such  that  at  every 
point  x  within  it,  except  at  xlt  the  condition  f(x)  >f(x1)  is  satisfied,  the 
point  %!  is  said  to  be  a  point  at  which  the  function  has  a  proper  minimum. 

It  may  happen  that  when  x,  is  not  a  proper  maximum,  a  neighbourhood 
(x,  —  e,  x,  +  g')  exists  which  is  such  that  at  no  point  within  it  the  condition 
f(x)>f(x,)  is  satisfied,  nor  at  every  point  the  condition  f(x)<f(x1)  is 
satisfied;  in  this  ease  x,  is  said  to  be  a  point  at  which  there  is  an  improper 
maximum  of  the  function.  If  the  condition  /(■',)  =f{x^)  is  satisfied,  but 
the  condition  f(x)  >  /(.'i)  is  not  everywhere  satisfied,  then  .i\  is  said  to  be  a 
point  at  which  there  is  an  improper  minimum  of  the  function, 

A  line  of  invariability  of  which  the  end-points  are  a,  0,  and  are  both 
interior  to  {a,  b),  is  said  to  be  a  maximum  of  the  function,  if  both  a,  0  be 
improper  maxima,  and  it  is  said  to  be  a  minimum,  if  both  a,  0  be  improper 


It  is  clear  that,  in  any  arbitrarily  small  neighbourhood  of  an  improper 
maximum  or  minimum,  there  are  an  indefinitely  great  number  of  points  at 
which  the  functional  value  is  equal  to  that  at  the  n 
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At  any  maximum  or  minimum  there  is  a  greatest  neighbourhood 
(x,-~  8,  ,*,~S')  at  every  interior  point  of  which  the  condition  f(x)  </(%,), 
f(x)  £/(#!>,  or  /(»>)  >/(«]),  /(«)  £/fe)  is  satisfied.  At  end-points  of  such 
greatest  neighbourhood,  it  follows  from  the  condition  of  continuity  of  the 
function,  that  the  functional  value  is  equal  to  fix,),  unless  the  end-point 
coincides  with  a  or  with  b. 

It  has  been  shewn  in  §  171  that  there  exists  either  one  point  or  a  set 
of  points  in  (a,  b)  such  that  the  functional  value  at  this  point  or  at  all  the 
points  of  the  set  is  greater  than  at  all  other  points  in  the  interval  ;  and  it  is 
to  be  remarked  that  this  set  of  points  may  contain  lines  of  invariability, 
livery  such  point,  unless  it  be  an  end-point,  is  said  to  be  a  point  of  absolute 
maximum  of  the  function  in  the  interval  (a,  b),  and  may  be  either  a  proper  or 
an  improper  maximum.     A  similar  definition  applies  bo  an  absolute  minimum. 

In  case  an  extreme  point  of  the  continuous  function  (see  §  167)  be  at  a, 
or  at  b,  such  point  is  spoken  of  as  an  upper  or  lower  extreme,  but  not  always 
as  a  maximum  or  minimum  of  the  function.  If  f(a)  and  fib)  be  equal,  and 
the  function  be  not  constant  in  (a,  b),  then  there  is  at.  least  one  maximum  or 
one  minimum  point,  or  one  line  of  invariability,  in  the  interior  of  (a,  b).  This 
is  also  true  when/(«)  ff(o),  unless  the  function  be  monotone. 

198.  If  within  the  interval  (a,  b)  there  he  two  points  or  two  lines  of  in- 
variability at  -which  the  function-  is  a  inaxintti/m,  proper  or  improper,  then 
there  is  between  them  at  leant  one  point  or  one  line  of  invariability  at  which  the 
function,  is  a  proper  or  improper  Minimum.  :  thus  naudm.a-  and  minima  occur 
alternately. 

Suppose  that  a,  j3  are  two  points  at  which  the  function  is  a  maximum, 
and  that  (a,  /3)  is  uot  entirely  a  line  of  invariability,  also  that  no  maximum 
occurs  between  a  and  0.  We  know  that  between  a  and  /3  there  is  a  point  or 
a  set  of  points  at  which  the  function  is  less  than  at  all  other  points  in  the 
sub-interval ;  and  since  a  and  j3  cannot  belong  to  such  set.  there  is  therefore 
a  minimum  at  a  point,  or  at  points  on  a  line  of  invariability,  between  a  and  #, 
and  this  minimum  is  less  than  either  of  the  maxima  at  a  and  /3. 

Between  a  maximum  a- ltd  the  next  minimum,  of  a  function  the  function  is 
said  to  make  an  oscillation.,  ih.e  amplitude  of  which  is  the  excess  of  the  maxi- 
mum over  the  minimum. 

If  #j  be  a  point  in  (a,  b),  it  may  bo  possible  to  choose  e  so  small  that 
within  the  interval  («,,  x,  +  e)  no  maxima  or  minima  occur,  so  that  the 
function  is  monotone  in  this  interval.  It  may  however  be  the  case  that, 
however  small  e  is  taken,  there  still  occur  maxima  and  minima  in  (xu  ic,  +  e). 
In  this  case  the  number  of  oscillations  of  the  function  must  be  indefinitely 
great,  however  .small  <'  may  be  chosen  ;  for  if  there  were  a  finite  number  only, 
a  number  e:  could  bo  found  such  tha.t  all  the  maxima  and  minima  were  in  the 
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interval  (a^  +  e,,  x7  +  e),  and  thus  in  (#„  xt  +  e,)  the  function  would  be  mono- 
tone, which  is  contrary  to  the  hypothesis  made. 

It  thus  appears  that,  in  tin:  neighbourhood  of  a  particular  point,  a 
continuous  function  may  have  an  indefinitely  great  number  of  oscillations. 
An  improper  maximum  or  minimum,  not  in  a  line  of  invariability,  is  certainly 
such  a  point. 

The  proper  aia-xiaui-  and  ■minima  of  a,  continuo".*  fa-action  form  an 
eamneroMe,   or  a  finite,  set  of  points. 

Consider  (a;,  —  e,  #!  +  ??),  the  greatest  neighbourhood  of  a  point  of  proper 
maximum  x,,  which  is  such  that  for  all  oilier  points  w  within,  the  neighbour- 
hood, f(x)  <f(xl).  There  can  in  a  finite  interval  be  only  a  finite  number 
of  such  points  a,  for  which  e  >  a,  -r)  >  a,  where  a  is  a  fixed  positive  number ; 
for  if  there  were  an  infinite  number  of  such  points,  they  would  have  a 
limiting  point  f,  and  we  could  choose  two  points  x-,',  x"  of  the  set,  such 
that  the  distance  of  each  from  £  is  less  than  \  a ;  now  each  of  these  points 
would  lie  within  the  neighbourhood  belonging  to  the  other,  and  thus  we 
should  have f(x,')  >f(%,"),  and  also  /(<0  >f(x,'),  which  is  impossible;  thus 
the  set  must  be  finite.  Now  choose  a  sequence  of  descending  values  of  a 
which  converges  bo  zero,  say  a,,  a.2,  ...  alt,  ... ;  the  number  win  of  maxima  Xj 
such  that  for  each  e  >  On,  t/  >  au  being  finite,  we  have  m„  m„  . . .  m„,  ...  all 
finite ;   and  hence  the  whole  set  of  maxima  forms  an  enumerable  set. 

If  IB,  be  an  improper  maximum  point,  and  f(a:1)  =  A,  a  neighbourhood 
(xs  ~  e,  ®i'+rj)  can  be  found  which  contains  an  infinite  set  of  points  GA  such 
that/(a)  =  A,  for  ea.ch  point  of  the  set.  .11'  //  be  an  isolated  point  of  the  sot 
(?j,then  a/is  clearly  ti  proper  maximum  of  the  function;  and  if  a"' be  a  point 
of  GA,  which  is  a  limiting  point  of  the  set,  x"  is  an  improper  maximum.  The 
points  Xi~€,  x,  +  ij  need  not  be  maxima,  even  though  they  be  limiting  points 
of  GA.  The  condition  of  continuity  of  the  function  ensures  that  the  set  GA  is 
a  closed  one  ;  for,  at  any  limiting  point  of  the  set,  the  functional  value  is  the 
limit  of  a  sequence,  each  member  of  which  is  A,  and  this  value  is  therefore 


Corresponding  to  a  given  A,  there  may  be  a  finite,  or  an  infinite,  set  of 
detached  intervals  such  as  (.*,  —  c,  ;t\  -f  •//),  each  one  of  which  contains  a  closed 
set  such  that  each  isolated  point  of  it  is  a  proper  maximum,  and  each  limiting 
point  (except  an  end-point)  is  an  improper  maximum.  The  sets  GA  may 
contain  perfect  components,  and  thus  the  improper  maxima  at  which  A  is  the 
functional  value  may  form  a  sot  of  the  cardinal  number  of  the  continuum.  A 
similar  result  holds  for  minima. 

It  can  further  be  shewn  that  the  values  of  a  continuous  function  at  all  its 
maxima  and  minima  form  a  set  which  is  either  finite  or  enumerably  infinite. 
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199.  If  in  the  interval  (a,  b)  the  function  have  only  a  finite  number  of 
maxima  and  minima,  counting  any  line  of  invariability  which  is  a  maximum 
or  minimum  aw  one  maximum  or  minimum,  the  interval  can  be  divided 
into  a  finite  number  of  parts  in  each  of  which  the  function  is  monotone; 
the  function  is  then  said  to  be*  in  qcneval  monotone  (abthoilungsweise 
mouoton). 

If  the  function  have  an  indefinitely  grout  number  of  maxima  and  minima, 
which  occur  either  at  points  or  at  lines  of  invariability,  the  function  then 
makes  an  infinite  number  of  oscillations;  and  these  may  occur  in  the  neigh- 
bourhoods either  of  a.  finite  number  of  points,  or  of  an  infinite  number  of  points. 

It  can  be  shewn  that  in  the  case  of  a  continuous  ('unction,  although  there 
may  be  an  infinite  number  of  oscillations  of  the  function,  there  can  be  only 
a  finite  number  of  which  the  amplitude  exceeds  an  arbitrarily  small  fixed 
number  a. 

For  it  has  been  shewn  in  §  1.75  that  a  number  e  can  be  determined,  such 
that,  in  any  sub-interval  of  length  e,  the  fluctuation  of  the  function  does  not 
exceed  o- ;  therefore  in  each  of  the  sub-intervals 

(a,  a  +  e),  (a  +  e,a  +  2e),  ...(a  +  ne,  b), 
the  fluctuation  of  the  function  is  not  greater  than  <r.  It  follows  that  no 
oscillation  of  the  function  which  is  greater  than  a  can  be  completed  in  one 
of  these  sub-intervals,  and  that  such  an  oscillation  must  require  two  at  least 
of  these  sub-intervals  for  its  completion;  hence  the  number  of  such  oscillations 
in  (a,  b)  cannot  exceed  the  finite  number  n.  As  the  number  a  is  diminished 
indefinitely,  it  may  happen  that  the  number  of  oscillations  of  which  the 
amplitude  exceeds  a  is  increased   indefinitely. 

THE   DERIVATIVES    OF    FUNCTIONS. 

200.  If  a  function  f(x)  be  defined  for  all  points  in  the  interval  (a,  b), 

f(%)  -  flx\ 
then  for  a  point  .?,   in  this  interval  we  may  regard  the  function ■ — 

as  a  function  F(x)  of  x,  which,  is  defined  for  all  values  of  so  in  (a,  b),  except  for 
the  point  a;,.  This  function  F(x),  although  undefined  at  the  point  x,,  has 
finite  or  infinite  functional  limits  at  that  point,  in  accordance  with  the 
definitions  in  §  176. 

If  the  limits  F(x,  +  0),  F(x,  —  0)  both  exist  and  have  the  same  finite 
value,  this  value  is  called  the  dijfc,i\'-i't.i-id  coejIlcUnit  at.  x,  of  the  function /(ar). 
At  the  point  a,  if  F(a  +  0)  exists,  it  is  frequently  said  to  be  the  differential 
coefficient  of  f(x)  at  a;  and  at  the  point  b,  if  F(b  —0)  exists,  it  is  said  to  be 
the  differential  coefficient  of  fits)  at  b. 

*  This  term  is  due  to  C.  Neumann;  see  his  work  Ucber  die  nach  Kreif-  Kngel-  und 
CylinderfuuKtumen  fortsehreitenden  Reilien. 
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The  condition  that  /(■■<')  may  possess  a  differentia]  ooeflieiont  at  x,  ia  that, 
corresponding  to  each  arbitrarily  chosen  positive  number  e,  a  neighbourhood 
(a;,  —  S,  iCj  +  B)  can  be  found,  such  that 

/(f) -/W    /[fl-WL 

for  every  pair  of  points  £,  f  which  lie  within  this  neighbourhood,  or  within 

such  part  of  it  as  ia  interior  to  (a,  b). 

In   other  words,   the  condition  is   that  a   neighbourhood  of  xv  can  be 

fix)  -  fix-,) 
found  such    thai,    the   fluctuation    of  the   function  y  ^  within  it,  or 

X  —  X, 

within  such  part  of  it  as  lies  in  (a,  b),  may  be  as  small  as  we  please. 

When  a  differential  coefficient  of  f(iv)  exists  at  the  point  x,,  then  the 
function  is  said  to  be  differcnliahle  at  ,rn  and  the  differential  coefficient  at 
that  point  may  be  denoted  by /'(a?,). 

That  a  function  fix)  may  be  differ  eidiaMc  at  x,,  it  is  necessary,  but  not 
sufficient,   that  x,  should  be  a  point  of  cmdinuUy  of  the  function. 

At  a  point  of  discontinuity  x±  of  f(x).  there  always  exists  a  positive 
number  <r,  such  that  in  any  neighbourhood  of  xlt  however  small,  points  f 
exist  such   that    \f(£)—  f(%i)  \  >  a ',    hence  if   A  be  any  arbitrarily  great 

positive  number,  in  the  interval  (x,  —  S,  xs  +  S),  where  S  <  -;  ,    there  exist 

points   f  such   that  L  >  A,   and    it   is   thus   impossible   that 

f(x)  —  f(x) 

■i-i—i — J  y  "   should   have   a   definite    finite    limit    at   x,.      On    the    other 

hand,  the  condition    of  differentiability,  viz,  that  ■'— ■'  *  ''    should   have 

an  arbitrarily  small  fluctuation  within  a  sufficiently  small  neighbourhood  of 
flfu  is  not  neeessavily  satisfied  when  tlic  condition  of  continuity,  via.  that/(,s) 
should  have  an  arbitrarily  small  fluctuation  within  a  sufficiently  small  neigh- 
bourhood  of  .■/.■,,  is  satisfied. 

It  may  happen  that  the  limit  of  —^-t —  ,  on  both  sides  of  x,,  is 

indefinitely  great  with  the  same  sign  on  the  two  sides;  in  this  case  it  is 
usual  to  say  that  f(x)  has  a  differential  coefficient  at  «,  which  is  infinite  in 
value. 

A  continuous  function  f(x)  defined  for  the  interval  {a,  b),  which  has  a 
differential  coefficient  at  every  point  of  the  interval,  is  said  to  be  differentiable 
vie  its  domain-.  Continuous  functions  exist,  which  at  no  point  in  their  domain 
possess  a  differential  coefficient.  The  first  example  of  such  a  function  was 
given  by  Weierstrass;  the  construction  of  such  functions  will  be  considered 
in  Chapter  vi. 
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That  a  continuous  Ciu.icl.ion  possesses  a  ti  ifi'ercni.ial  coefficient  was  formerly 
regarded  as  obvious  from  geometrical  intuition,  it  being  supposed  that  such 
functions  "were  necessarily  representable  by  corves  possessing  definite  tangents 
at  every  point.  The  first  attempt  to  prove  the  existence  of  a  differentia! 
coefficient  of  a  continuous  function  was  that  of  Ampere*;  this  proof  was. 
however,  insufficient  even  in  the  case  of  those  continuous  functions  which 
make  only  a  finite  number  of  oscillations  in  the  intervals  tor  which  they  are 
defined.  It  is  now  fully  recognized  that  the  class  of  continuous  functions  is 
much  wider  than  that  of  functions  capable  of  an  approximate  graphical 
representation;  and  that  the  conditions  for  the  existence  of  definite  differ- 
ential coefficients  are  of  a  ranch  more  stringent  character  than  would  be  the 
case  if  they  were  included  under  the  bare  condition  of  continuity  of  the 
function. 

201.     It   may   happen   that   at   a  point   w,,   the    function —=- — - 

possesses  finite,  or  even  indefinitely  great,  limits  on  the  right  and  on  the  left 
at  Xj  which  differ  from  one  another ;  the  function  is  then  said  to  have  deriva- 
tives, on  the  right-  and  on  the  left  at  %,.  These  are  frequently  spoken  of  as  the 
progressive  am!  regressive  derivatives  respectively.  A  function  may  possess  a 
progressive  derivative  and  no  regressive  derivative,  or  the  reverse. 

When  at  the  point  x,  a  function  is  not  differentiable,  and  possesses 
neither  a   derivative  on  the  right  nor  one  on  the  left,  then   the   function 

/J_J — J\  v    flas    a(.  four  functional    limits,   an    upper   and    a    lower    on 

as  —  x,  ri 

the  right,  and  an  upper  and  a  lower  on  the  left;  and  any  one  of  these  may  be 
either  finite  or  infinite.  These  four  limits  are  defined  to  be  the  upper  and  lower 
deiivatives  at  ir^  on  the  right,  and  the  upper  and  luwer  derivatives  at  xt  on 
the  left,  and  are,  in  accordance  with  the  notation  of  Scheefferf,  denoted  by 
D+/K).  D+ffa),  D-/0«i).  J>-/(«0  respectively. 

It  is  frequently  convenient  in  this  general  ease  to  speak  of  the  derivatives 
of f(x)  on  the  right  and  on  the  left  as  existent,  but  indelinite  in  value:  and  in 
this  case  D+f(a\),  D+f(:i-s)  are  regarded  as  the  limits  of  indeterminacy  of  the 
derivative  on  the  right,  and  D'fUi:,),  /)_/'(;?,)  as  (hose  of  the  derivative  on 
the  left. 

The  definitions  which  have  been  given  for  the  case  in  which  the  domain 
of  the  function  is  continuous  are  applicable,  without  essential  change,  to  the 
case  in  which  the  domain  is  any  perfect  set  of  points.  At  a  point  of  the  set 
which  is  a  limiting  point  on  both  sides  there  exist  in  genera!  the  four  deriva- 
tives D+f(x),  D+f(x),  D-f(/c),  D-f(p),  two  or  more  of  which  may  have 

s  Journ.  Ecol.  polyt.,  vol.  vi,  1306,  p.  148. 

■|-  Acta  Matltcma-tica,  vol.  v.  The  same  limits  ncit  considr-ml  i>y  Dri  Dois  lievmovvl,  Progmmm, 
Freiburg,  1S70,  also  Mi'uu-h.  Abh.  vol.  sii,  »,  135,  under  tlu;  ijitmu  Unlicscimmliic-iisisrijn^on. 
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equal  values  ;  and  at  a  point  of  the  perfect  set,  which  is  a  limiting  point  on  one 
side  only,  there  exist  of  course  only  the  two  derivatives  on  that  aide.  If  the 
domain  be  any  closed  set,  the  derivatives  exist  only  at  those  points  which  are 
limiting  points  of  the  set. 

A  function  defined  for  a  perfect  set  may,  by  the  method  of  correspondence, 
be  correlated  with  a  function  defined  for  a  continuous  interval,  the  order  of 
the  points  in  the  continuous  interval  and  in  the  perfect,  set  being  the  same; 
and  thus  all  properties  of  derivatives  of  functions  defined  for  a  continuous  in- 
terval have  their  analogues  in  the  case  in  which  the  domain  is  any  perfect  set. 

EXAMPLES. 

1.     If/(#)=»sin-,  /(0)=0;    we  have  f&j/^  =  sin  i ,   and  for  arbitrarily  small 

values  of  /*,  this  oscillates  between  1  and  -1.  The  function  fix),  although  continuous 
at  x=0,  possesses  no  differential   coefficient  at  that  point;    in  fact 

£+/(0)=l,   D+/(0)— 1,    O-/(0)=l,   7>_/(0)=-L 

i.  11'  /"(.i; ';  =  :i-- win  -  ,  fiO)  0,  the  dil'lei'outial  coefficient  /'  :>■)  i;.\is(,N  for  every  raluo 
of  x,  and  is  finite.     At  the  point  x     0,  /'  (,!■■)  is  koto,  but  has  a  discontinuity  of  the  second 

3.     Lot*  /(<c)  =  V5  (l  +tf  sin  -^  ,  for  x>(\ ;  /(«)=-  V  -<c  (l+»  sin  ^  ,  for  .r<0;  and 

/(0)  =  0.  In  this  ease.  ./'"(.!•';  everywhere  exists;  its  value  at  #  =  0,  is  +co,  and  although 
it  has  a  finite  value  at  every  point  except  at  .-(,■  =  <),  it  oscillates  in  the  neighbourhood  of 
that  point  between  indefinitely  jjreat  positive  and  negative  values. 

4.+  The  function  defined  by  f[x)~x  {'I  -fl-siri  (log,!;-)},  and  /(0)--0,  is  everywhere 
continuous,  and  is  monotone,  but  has  no  uif:erent.ial   coefficient  at  x=0. 

5.  J  Let  f(x)  =  e  ^sin-,  /(0)=0  ;  this  function  litis  at  every  point  a  differential 
coefficient,  and  this  is  continuous  at  x  =  0.  The  dinhro.11  tin.!  coefficient  vanishes  at  x  =  0, 
and  at  an  infinite  number  of  points  in  the  .neighbourhood  of  *'=0.  The  function  /'  (x) 
like  f{x),  has  an  infinite  number  of  oscillations  in  a  neighbourhood  of  A'  =  0. 


THE    DIFFERENTIAL    COEE FIC TENTS    OK    CONTINUOUS    FU  .NOTIONS. 

202.  Let  us  suppose  that  a  continuous  function,  defined  for  a  continuous 
domain,  is  such  that  at  every  point  interior  to  an  interval  (a,  /3)  there  exists 
a  differential  coefficient;  this  differential  coefficient  may  at  any  point  have 
a  finite  value  which  may  he  zero,  or  it  may  have  an  infinite  value  of  which, 
however,  the  sign  is  definite.     It  will  be  observed  that  f{:c)  is  assumed  to  be 

,!  Diui,  Grmullat)en,  \>.  112, 

t  Fi'iiigsiioini ,  Kiicykh.ii/iitli::  ih-i-  Math.  WUscnsch.  iia.  1,  p.  92. 

X  Diui,  Grmdlagen,  p.  313. 
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continuous  at  the  points  a,  ft,  but  it  is  not  assumed  that  definite  derivatives 
exist  at  those  points.  It  will  be  shewn  that,  unless  the  function  be  constant 
throughout  (a,  ft),  there  exists  at.  least  one  point  in  the  interior  of  fa  ft)  at  which 
the  differential  coefficient  has  a  definite  unite  va-lne  different  from  zero. 

Suppose  /(a),  f(ft)  to  be  unequal.  If  they  be  not  unequal,  and  the 
function  be  not  constant  throughout  fa  ft),  we  can  replace  the  interval  (a,  ft), 
by  another  one  contained  in  it,  for  which  the  functional  values  at  the  ends 
are  unequal.     Let  us  consider  the  function 

*»=/(«)-/(«)- J5|  (/G8) -/(«)}■ 

Ffa)  and  F(/3)  vanish,  and  Ffa)  is  continuous  in  (a,  ft),  and  has  a  differential 
coefficient  in  the  ordinary  sense  at  each  point,  with  the  possible  exception  of 
a  and  ft  ;  therefore  it  follows  by  the  theorem  of  §  171  that  there  is  at  least  one 
point  a^  in  the  interior  of  (a,  ft),  at  which  Ffa)  is  a  maximum  or  minimum: 
this  is  the  case  even  if  Ffa)  be  everywhere  zero  in  the  interval.  A  number  e 
can  therefore  be  found  such  that  Ffa  +  o)-Ffaf),  Ffa~S)-Ffa)  have  the 
same  sign,  or  else  vanish,  provided  S  <  e ;  and  consequently  the  derivatives  at 
%,  on  the  right  and  left  must  have  opposite  signs,  unless  both  of  them  be  zero  ; 
therefore  the  differential  coefficient  at  mu  which  must  exist,  must  be  zero.  It 
follows  that  /*(«,)—-  S^l^lIW.  -qi  and  thus  the  point  a^  is  the  point  of 
which  the  existence  was  to  be  proved.  From  this  theorem  we  deduce  the 
following  general  theorem : — 

If  ffa)  be  continuous  in  the  interval  (a,  l>),  and  be  such  that  it  has  a 
differential  coefficient  at  ever//  point  in  Lite  interior  of  the  interval,  and  if  there 
be  in  (a,  b)  no  lines  of  invariability,  th.en  there  exists  in  (a,  b)  o.n  everywhere- 
dense  set  of  points  at  which,  the  differential.  coefficieiU  has  finite  values  differing 
from  zero. 

This  is  proved  at  once  by  applying  the  foregoing  theorem  to  any  interval 
contained  in  (a,  b).  There  may  be  in  (a,  b)  infinite  sets  of  points  at  which  the 
differential  coefficient  is  either  zero  or  infinite. 

203.  If  the  function  ffa)  be  continuous  in  the  interval  fa  x  +  h),  and  at 
every  point  in  the  interior  of  this  interval  f  fa)  exist,  being  either  finite  or 
infinite  with  fixed  sign,  then  a  point  x  +  8h  exists,  where  0  'is  some  proper 
fraction.,  and  is  neither  0  nor  1,  such  that 

ffa  +  k)=ffa)  +  hf'fa  +  8h). 
This  is  at  once  seen  by  taking  a  =  x,  ft=x  +  h,  xs  =  x  +  8h  in  the  proof  in 
§  202.     This  is  known  as  the  ■mean,  value  theorem,  ol"  the  Differential  Calculus. 

A  corollary  from  the  mean  value  theorem  is  that,  if  f(x)  =ffa-\-h),  then 
ffa)  must  be  zero  at  one  point  at  least  in  the  interior  of  the  interval 
fa,x  +  h). 
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An  important  Extension  of  the  mean  value  theorem  is  the  following: — 
If  fix)  be  continuous  in  the  interval  (&,  x  +  h),  and  have  a  differential 
coefficient  at  every  point  of  the  interval,  ■with,  f.he  possible  exception  of  the 
end-points;  and  if  h\x)  be  a.nother  fraction  winch-  in  also  continuous  in  the 
same  interval,  and  at  every  interior  point  has  a  finite  differential  coefficient 
different  from  zero,  whilst-  ai-  llie  end- points  there  may  be  no  definite  derivatives, 
or  they  may  be  zero,  or  infinite,  then- 

Am  +  h)-f{m)  _f'jx  +  0h) 
F(ai  +  h)-F(aJ)     F'(x  +  0h) 

for  some  value  of  8  'which,  is  a  proper  fraction,  and  is  neither  1  nor  0. 

'I'd  prove  the  theorem,  let 

*<f)  -/(E)  -/(«)  -  p^ik}-fF% |F({)  ~  F  Wl ; 

then,  since  F'ix)  does  not  vanish  in  the  interior  of  the  interval  ix,  x  +  h),  it 
follows  that  F(x  +  h)  —  F(a>)  cannot  he  zero.  Since  <j>(x)  =  <b(x  +  h),  and 
<£(£)  satisfies  the  conditions  of  the  mean  value  theorem,  <b' (%)  must  vanish 
for  some  value  x  +  8h  of  £,  interior  to  the  interval  ix,  x  +  h).  We  have 
then 

from  which  the  theorem    follows,  since  F'ix  +  Oh),  and   therefore  f'(w  +  8h) 
cannot  he  infinite.     In  the  case  in  which  f(x  +  h)  =/(#),  we  have 
f'(m+0h)-O, 

for  some  suitable  value  of  0;  and  then,  since  F(x+  h)  —  Fix),  F'(x  +  0h)  are 
finite,  the  theorem   still  holds. 

204.  The  last  theorem  may  be  applied  to  obtain  a  strict  proof  of  the 
legitimacy,  under  certain   conditions,  of  a  well-known  method  of  evaluating 

limits  which  appear  in  the  so-called  indeterminate  forms-,  —  . 

Let  the  two  functions  fix).  Fix)  be  both,  coat-inn  on  s  at  a.U  points  interior  to 
the  interval  (a,  a+ f>),  and,  let  the  limits /(«+()),  .F(a-rO)  both  exist  and  be  zero; 
if  finite  differential  coefficients  fix),  F'ix)  exist  at  every  interior  point  of 
(a,  a  +0),  and  F'ix)  be  everyinhere  within  this  interval  different  from  zero,  then 
if  true  of  the  two  limits 

lim/(*  +  fe>        Um/'("  +  A> 
a=o  Ffa  +  h) '     h=a  Ffa  +  h) 

exist  as  a  definite  number,  or  be  infinite  with,  a-  fixed  sign,  the  other  limit  also 
exists,  and  the  two  have  the  same  value. 
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The  two  functional  values  /(«),  F(a)  may  both  be  defined  to  be  zero,  and 
thus  the  functions  f  {:<'■),  F{x)  arc  continuous  in  any  interval  (a,  a  +  A),  when 
h<ft.     Wo  have  then,  from  the  extension  of  the  mean  value  theorem 

/(q  +  ft)  =  /,(g  + 


F(a  +  h)     F'(a+0h)' 
where  &  is  some  proper  fraction.     Since  l)h  con  verges  to  ^ero  when  /(  does  so, 
the  theorem  follows  at  once  from  this  equality. 

Let  the  two  functions  /(«),  F  (x)  be  both  continuous  at  all  points  interior  to 
the  interval  (a,  a  +-  /3),  and  let  the  Limits  /(j  -f-  0),  F  (a  +  0)  both  exist  and  be 
infinite,  each  with  a  fixed  sign;  if  finite  differential  coefheiehts  /'(so),  F'(x) 
ezrist  at  every  interior  -point  of  (a,  a  +  ,S).  and  F'(x)  be  every  where,  within  this 
interval,  different  from,  zero"'1,  1/i.en  if  one  of  the  two  limits 

2r(i+i)'  !™„*"(«+i) 

ami  as  a  definite  number,  or  be  infinite  with,  a  fixed,  dy  a-,  the  other  limit  also 
exists,  and  the  two  have  the  same  value. 

Consider  the  interval  (a  +  S,,  a  +  Sa)  interior  to  (a,  a  +  ft) ;  we  have  then 

A«  +  fiO-/(«  +  8.)_//(«  +  80 

F(a+S,)-F(a  +  $,j     J"(«+S3)' 
where  <Sa  lies  between  the  numbers  B2  and  B-,:   this  equation  may  be  written  in 
the  form 

,/>  +  SO  =  /(«  +  SB)  .  /'(«  +  Ss)  j ,  _  F(a  +  B2)} 
F(a  +  S,)     F(a+  8,)  +  F'{*  +  S~3)  \L      F(a  +  S,)j  ' 

Taking  a  fixed  value  of  S2,  and  an  arbitrarily  small  positive  number  e,  we 
can  find  a  positive  number  8*(<  S,),  such  that  for  every  value  of  §i(>0)  which 
is  <8',  the  inequalities 

F(a  +  SO  |  >  1 1/(«  +  S.) |,    |  F{a  +  ft)  |  >  \  \  F(*  +  8,)  | 

are  both  satisfied:  this  follows  from  the  fact  that  f(a+ 0)  is  infinite  with 

iixed  sign. 

We  have  now 

j'(«+s1)~,?+(1"?)n«+«11)' 

where  |  ij  |  <  e,  and  j  f  j  <  e,  for  all  values  of  B,  which  are  >  0,  and  <  S'. 

Let  us  first  assume  that  {,;>~r  ,-■  has  a  definite  finite  limit  k;  we  may 
J?   (at  4-  ti)  ■> 

*  The  unnecessary  hypothesis  in  made  by  Htolz  (sec  Griiiuiziige,  vol.  I,  p.  77),  that  f"  (a;)  has 
everywhere  the  same  sign.  For  a  history  of  these  theorems,  see  Pvingsheim,  Encyklopadie  d. 
Math.  Wittsemch.  n  A.  I,  p.  26. 
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then   choose   K   so   small  that  =77 J{  —  k    is   numerically  less  than  an 

arbitrarily  chosen  positive  number  -q ,  for  every  value  of  8a,  which  is  <6"2;  we 
have  then 

$i+|)  -  4  -  1  +  f  -  f  (*  +  f),  "ten  1  r  1  <  ,'. 
Since  t)'  and  e  are  both  arbitrarily  small,  the  absolute  value  of 

/(«+«.)   t 

*>  +  «,) 

is  arbitrarily  small,  for  all  sufficiently  small  values  of  e\ :  and  it  thus  follows 
that 

/(o  +  SO 

Next  let  us  assume   that  ',,-7- ^  has  an  infinite    limit,  for  A  =  0;  we 

b  (a  +  h) 

may,  without  loss  of  generality,  take  this  limit  to  be  of  positive  sign.     We 

may  choose  an  arbitrarily  large  positive  number  if,  and  a  number  A7"'  >iV; 

and  we  may  then  choo.se    ci..  so   small   that,    -  — ^:->N',  for  all  possible 

J  i<   (a  +  os) 

values  of  S3  <  S2 ;    then 

where  p  is  positive. 

The  number  e   may  now  be  chosen  so  small  that 

n  +  0.-Q(jr+p)>ir 

for  all  the  possible  values  of  17  and  %;  and  therefore  an  interval  on  the  right 
of  a  can  be  determined,  such  that  for  all  interior  points  the  inequality 

F(a  +  A) 
is  satisfied.     Since  N  is  arbitrarily  great,  it  follows  that 

/(«+/o 

may  be  employed  to  prove,  in  a  similar  manner,  that  the  existence  of 

involves  that  of  lim  ^ — — rt,    and   that   the   two   limits   have  the  same 

4=0  h  («  +  h) 
value. 
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205.  //  the  other  mw  contiii  turns  fa-nction  /(V)  hove  a  discontinuity  of 
the  second  kind  at,  the  point  a,  at  least  ov  the  vide  which  is  towards  the  interval 
(a,  a  +  h),  but  the  function  ha.cn  a  jinitc,  differential  coefficient  at  every  point  of 
the  interval  (a,  a  +  h),  except  at  the  point  a.  then  the  absolute  values  of  these 
differential  coefficients  in  airy  arbitrarily  small  neiahbonrhood  of  a  have  no 
upper  limit. 

By  applying  the  mean  value  theorem  we  have 

/(«  +  S.)  -/(«  +  8.) » (8,  -  S,)/'(«  +  «,), 
where  0  <  6",  <  S2  <  A,  and  §»  is  some  number  lying  between  8,  and  Sa. 

Eow  if  f(a+  0)  and  f{a  +  0)  be  unequal,  values  of  Sj  and  &,,  less  than 
any  arbitrarily  proscribed  positive  number  e,  can  be  chosen,  such  that 

/(a+S,)-/(a  +  S,) 
is  arbitrarily  near  to  /(h+~0)  —f(a  +  0),  whereas  B.2  —  S,  is  arbitrarily  small; 
therefore  it  follows  that  /'(«  +  S~)  must  have  arbitrarily  great  values,  in  any 
neighbourhood  of  a. 

The  mean  value  theorem  /(a  +  h)  —/(«)  =  hf'(a  +  0K),  where  0<0<1, 
affords  information  as  to  the  existence  and  value  of  the  derivative  at  a,  on 
the  right,  provided  /(//;)  satisfies,  in  a  neighbourhood  of  a.  on  the  right,  the 
conditions  under  which  the  theorem  holds.  By  considering  both  sides  of  a, 
information  may  be  obtained  as  to  the  existence  of  a  differential  coefficient 
at  a, 

(1)  If  the  function  /'(«)  have  a  functional  limit  at  a  on  the  right,  then 

/(«  +  &)-/(■) 

h 

has  a  definite  limit  for  A=0,  either  finite,  or  infinite  with  fixed  sign,  and 
this  is  equal  to  that  of  f'(te).  It  follows  that,  in  this  case,  a  derivative  at  a 
on  the  right  exists,  and  is  either  finite,  or  infinite  with  fixed  sign. 

(2)  If  the  function  f'(cc')  have  no  limit  at  «  on  the  right,  it  may  still 
happen  that  /'(a  +  Oh)  has  a  definite  limit  at  a  on  the  right,  because  a  +  dh 
is  not  necessarily  capable  of  having  all  values  within  a  neighbourhood  of  «, 
In  this  case,  either  (a)  the  derivative  at  a.  on  the  right  may  be  definite,  and 
lie  between  the  upper  and  lower  limits  of  f'(ff)  at  a  on  the  right,  or  it  may 
be  equal  to  one  or  other  of  those  limits;  or  (ft)  there  may  be  no  definite 
derivative  at  a  on  the  right,  but  D+f(a),  _D+/(a)  may  have  different  values, 
and  these  are  certainly  both  finite  in  case  the  upper  and  lower  functional 
limits  of  f'(%)  at  a  are  both  finite. 

(3)  The  derivative  on  the  right  at  a  can  only  exist  and  be  infinite,  (a)  if 
f'(x)  have  an  infinite  limit  on  the  right  at  a,  or  (6)  if  it  have  an  infinite  upper 
limit  on  the  right  at  a.  In  either  of  the  cases,  (a)  and  (b),  f'{%)  may  be 
everywhere  finite  within  a  neighbourhood  of  a.  on  the  right,  or  it  may  be 
infinite  at  some  points  in  such  a  neighbourhood. 
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(4)  If  the  derivative  at  a  on  the  right  exist  and  be  finite,  then  either 
(a)f'(x)  has  a  definite  limit  at  a  on  the  right,,  equal  to  the  derivative  at  a,  or 
(6)  fix)  has  no  definite  limit  at  a  on  the  right,  but  a  sequence  of  points 
can  be  determined,  of  which  a  is  the  limiting  point,  such  that  the  values 
of  f'(x)  for  points  of  that  sequence  converge  to  the  value  of  the  derivative 
at  a.  At  points,  which  do  not  belong  to  the  sequence,  the  values  of  f'(x)  may 
be  either  finite  or  infinite. 

(5)  The  non-existence  of  a  definite  derivative  at,  a  on  the  right  may  be 
due  to  the  non-existence  of  _/"'(«■■)  at  all  the  points  of  any  neighbourhood  of  a. 
or  only  at  an  infinite  number  of  points  of  such  a  neighbourhood. 

206.  If  f(x)  he  continuous  in  a  given  interval  and  have  at  every  point, 
with  the  exception  of  an  enumerable  net  G,  a  differential  coefficient  of  value 
zero,  the  function  is  consUi-nt  l.hrongh.oai  I  he  ".-hole  interval,. 

At  the  points  of  0  we  may  suppose  it  to  be  unknown  whether  a  dif- 
ferential coefficient  exists,  or,  if  one  does  exist,  what  values  it  has. 

A  more  general  form  of  this  theorem  is  obtained  by  considering  not  the 
differential  coefficient,  but  any  one  of  the  four  derivatives,  thus: — 

Iff(x)  he  continuous  in.  a  given  interval,  and  one  of  the  four  derivatives 
D+f(x)i  &+f(x)>  ^~f(x)'  ^-/O").  he  suck  that  it  is  zero  at  every  point  of 
the  interval,  vrilh  the  exception  if  point*  belonging  to  an  enumerable  set  G,  at 
which  nothing  is  known,  as  to  its  value,  then  the  function  is  constant  throughout 
the  i 


To  prove  the  generalised  theorem  Cor  the  case  of  the  function  D+f(x), 
suppose  that,  i  f  possible, /(is)  -/'(«)  has  at  some  point  x,  a  value  different  from 
zero,  say  the  positive  value  p;  and  let  <b(x,  k)  denote /(#)— f(a)  —  k(x  —  a). 
Then  <£  (a,  k)  =  0,  ip  (a;,  ,  k)  =  p  -  k  (x,  —  a).     Choose  any  fixed  positive  number 

q<P,  then  (p(xlt  k)>q,  provided  k<  — — — ,  oraayk<K.     Since  <f> (x,  h)  is 

continuous  in  (a,  h),  and  $  (a,  k)  is  zero,  whilst  <fi  (xlt  k)  >  g,  there  exists  an 
upper  limit  of  those  values  of*  between  0  and  xs,  for  which  tb(x,k)£q, 
and  this  upper  limit  is  attained  for  some  value  f  of  x,  which  is  such  that 
f  <  x, ,  and  <f>  (|,  k)  =  q.     Since  <f>(^  +  h,  k)  >  q,  provided  0  <  h  S  x,  —  %,  we  see 

that,  since  "  "  — '— I — ^~^ — -  is  positive,  2)+^(£,  k)  is  positive  if  it  be  not 

aero.  Now  if  £  were  a  point  not  belonging  to  G,  the  value  of  ]}^<f>(^,  K) 
would  reduce  to  —  k;   and  therefore  £  must  belong  to  G. 

The  number  q  being  fixed,  £  depends  only  on  k:  and,  corresponding  to  a 
given  value  of  £,  there  is  only  one  value  of  k ;   for 

*  (f,  h)  -*<{,*■) -(j?  -*)«-»). 

which  cannot  vanish  unless  k  =  /:',  since  tfi  (a,  k)  is  zero  and  therefore  <  q.    For 
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a  given  value  of  k,  the  correa ponding  number  of  values  of  £,  all  of  which 
necessarily  belong  bo  G,  must  be  cither  finite  or  enumerably  infinite,  since 
every  part  of  an  enumerable  aggregate  is  cither  finite  or  enumerable.  There- 
fore to  each  value  of  k,  in  the  continuous  interval  (a,  K  —  ff),  there  corresponds 
a  finite  or  enumerable  set  of  values  of  £,  and  it  would  hence  follow  that  the 
continuum  (a,  K  —  /3)  is  itself  enumerable,  which  we  know  is  not  the  case. 
It  has  thus  been  shewn  that  for  no  point  can  f(x)  —f(a)  have  a  positive 
value  ;  and  similarly,  by  considering  /(,?;)  -fia)  +  k(te~a),  it  can  be  shewn 
that  f(ts)  —f(a)  can  nowhere  have  a  negative  value ;  hence  f(%)  =f(a) 
throughout  the  whole  interval  (a,  &)..  The  case  in  which  one  of  the  other 
three  derivatives  vanishes  except  at  points  of  G  can  be  treated  in  a  similar 
manner, 

The  following  theorem*  which  is  of  importance  in  the  theory  of  Integra- 
tion will  now  be  established  : — 

If  two  functions  be  each  continuous  in  a  given-  interval,  and  if  of  one  of 
the  four  derivatives  it  be-  known  Unit,  for  the  two  functions,  this  derivative  has 
equal  finite  values  at  each  point  of  the  interval,  with,  the  exception  of  an 
enumerable  set  of  points  at  which,  nothing  is  known-  as  regards  the  two 
derivatives,  then  the  two  ftmctions  differ  from,  one  another  only  by  a  constant, 
which  muni  be  the  same  for  the  whole  interval. 

It  must  first  be  observed  that  the  proof  of  the  preceding  theorem  suffices 
to  shew  that,  if  D+f(x)  ^  0,  at  every  point  of  (a,  b)  not  belonging  to  the 
set  G,  then  f(x)  —f{a)  ^  0,  for  every  point  x  of  the  interval.  Similarly,  if 
D+f{x)  £  0,  everywhere  in  the  interval,  except  at  the  points  of  G,  then 
f(x)—f(a)>0  at  every  point  of  the  interval. 

If  now  f  (#),  f  (#)  be  two  continuous  functions  such  that 

#<■/>(«)  =  ■»*/.<■) 

at  every  point  of  (a,  b)  not  belonging  to  G,  let  f(x)  =/(<c3)  -f(&2).  If  e  be 
an  arbitrarily  small  positive  number,  then  for  any  point  x  not  belonging  to  G, 
the  condition 

/,(«+*)-/.(«h 

h 


■i  >-»+/.(«>- 


is  satisfied  for  a  set  of  positive  values  of  h  which  are  arbitrarily  small.     Also 
we  have,  for  all  sufficiently  small  values  of  A, 


hence,  since  D+f  («)  =  D+f  (x),  we  see  that  /<a!  +  ft>    /Wa 
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values  of  h  belonging  to  some  set.  It  follows  that  iyrf(x)>  —  2e,  and 
thence*  that  D+f{x)S,0,  since  6  is  arbitrary.  By  interchanging/,^) 
and /■,(#),  we  see  that  i)+  {-/(#))  £0.  From  these  two  results  we  deduce 
that  /(%)-/ (a)  2:0,  and  that  /(«)-/(«)£ 0,  throughout  the  interval 
(a,  6) ;  therefore  fix)  is  everywhere  equal  to  /(a),  and  thus  the  theorem 
is  established. 

207.  At  a  point  x  at  which  the  couti  nuous  function  _/'(*)  is  a  maximum, 
since,  for  a  sufficiently  small  neighbourhood  of  such  a  point  x,  the  differences 

/(.+  4)  -/(«),  /(.-»)-/(.) 
are  both  negative  or  zero  for  all  points  a:  ±  A  in  the  neighbourhood,  it  is  clear 
that  each  of  the  derivatives  D+f(x),  D+f(x)  is  either  negative  or  zero,  and 
that  each  of  the  derivatives  D~f(as),  D_f{x)  is  either  positive  or  zero.  In 
case  the  function  possess  definite  derivatives  on  the  right  and  on  the  left  at 
the  point  x,  the  first  of  these  is  zero  or  negative,  or  possibly  —  co ,  whilst  the 
second  is  zero  or  positive,  or  possibly  +  go  . 

If  at  the  point  w  a  definite  differential  coefficient  exist,  it  must  conse- 
quently be  zero.  In  the  case  of  a  minimum  the  corresponding  statements 
hold,  where  the  positive  sign  takes  the  place  of  the  negative  one,  and  the 
reverse.     The  following  theorem  has  now  been  established  i — 

If  a  continuous  f  ruction  possess  a  differei/tud  coefficient  at  a  point  x  at 
which  Hie  function  is  a  maximum  or  'minimum,  then  the  differential  coefficient 
at  x  must  be  zero. 

208.  A  continuous  function  may  be  such  that  in  the  interval  (a,  b)  there 
exists  an  everywhere-dense  set  of  non-nveiiapping  intervals,  each  one  of  which 
is  a  line  of  invariability  of  the  function.  Within  each  interval  of  the  set, 
the  function  has  its  differential  coefficient  equal  to  zero ;  it  therefore  follows 
from  the  theorem  in  §  206,  that  the  closed  set  of  points,  of  which  the 
given  set  of  intervals  is  the  complementary  set,  cannot  be  an  enumerable 
set,  otherwise  the  function  would  be  constant  in  the  whole  interval  (a,  b). 
It  is  further  clear  that  no  two  of  the  intervals  can  abut  on  one  another ; 
for  the  condition  of  continuity  of  the  function  at  their  common  end-point 
would  ensure  that  the  values  of  the  function  in  the  two  intervals  were  the 
same,  and  thus  the  two  intervals  would  really  belong  to  the  same  lino  of 
invariability.  It  follows  that  the  end-points  and  external  points  of  an 
everywhere-dense  set  of  lines  of  invariability  of  a  continuous  function  must 
form  a  perfect  non-dense  set  of  points. 

That  a  contiuuous  function  with  an  everywhere-dense  set  of  lines  of 
invariability  can  actually  exist  can  be  easily  shewn  as  follows: — Make  the 
points  of  a  non-dense    perfect   set   correspond    in   order   to  the  points  of 
v  It  is  erroneously  stated  by  Dini,  that  D+/(s;)=0.     See  Gmndlagen,  p.  275. 
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a  continuous  interval  (a,  h),  then,  as  has  heen  shewn  in  §  128,  the  corre- 
spondence may  be  such  that  the  whole  of  a  complementary  interval  of  the 
perfect  set  corresponds  to  one  point  of  the  continuous  interval.  If  a  con- 
tinuous function  be  defined  for  the  continuous  interval,  we  may  define  a  new 
function  which  has  at  each  point  of  the  perfect  set  the  same  value  aa  the 
original  function  has  at  the  corresponding  point  of  the  continuous  interval; 
and  since  ail  the  points  of  a  complementary  interval  of  the  perfect  set  corre- 
spond to  the  same  point  of  the  continuous  interval,  the  new  function  is  such 
that  it  has  an  everywhere-dense  set  of  lines  of  invariability. 

EXAMPLES. 
I.     Take*  the  non-dense  perfeet  set,  rlrlhiod  in  Ex.  1,  §  75,  by 

whore  every  Ga  is  either  0  or  %     A.  complementary  interval  has  .is  its  end-points 

£  +  £«+      +4=1  +  1         £  +  <*+      +^!+I 
3  T3«T'"T3"-'      3"'        3  T<?T,"T3<t-i  T3"' 

which  may  be  denoted  by  (is,.,  by).     Let  the  function  f(x)  be  defined  as  follows  :— For  a 

point  x  of  the  interval  (0,  1)  belonging  to  the  perfect  wet,  lot 

when  *  is  in  the  interval  (a,,  6„),  let  /(*)-»/(«„)=/ (6 „).  The  function  /(*)  so  denned  is 
continuous,  and  varies  From  0  to  1,  and  is  constant,  in  each  of  the  intervals  («„,  &,,)  com- 
plementary to  the  iion-ilen.se  perfect  set. 

2.+     Let  the  numbers  in  the  interval  (0,  I)  lie  expressed  in  a  .scale  «.  =  2?ft-l,  of  odd 

degree;  thus  #  =  —  +  ^|  +  ...,  where  0<o,.<re.  and  the  number  of  dibits  a.,,  is  finite  or 

infinite.  For  any  number'  .->:  represented  in  this  manner,  For  which  all  the  a,,  are  even 
.ntegers,  let  f  (■■>:)  equal  -.-  ("'-  +  ■—,  +  ...)■     In  case  any  of  the  «,.  are  odd,  let  «t  he  tho 


lo*  +  ] 


This 


first  one  which  is  odd,  and  let  /(*)  then  equal  1(%  +  B  +  -  +  SF*)  +\ 

function  f{ss)  is  continuous  and  varies  from  0  to  1.  ;  for  an  infinite  .set  of  points  it  has 
rfitrerential  coefficient,  and  for  ail  other  values  of  ,r,  f'(x)  =  0. 


THE   SUCCESSIVE    DIl'T  EKKNTIAl,    (lOfcl-Tin  EXTS    Of    A    CONTINUOUS    FUNCTION. 

209.  If  a  continuous  function  /(«■■),  defined  for  the  interval  (a,  b),  have 
at  every  point  a  differential  coefficient  /'  (.«),  which  is  itself  continuous 
throughout  the  interval,  the  function  f'{%)  may  itself  have  a  differential 
coefficient  f"  (so),  which  is  called  the  second  differential  coefficient  or  deri- 
vative of  f(w). 

*  Cantor,  Acta  Mat.  vol.  iv,  p.  386.     See  also  Sclieellcr,  Ae.tu,  Mat.  vol.  V,  p.  289. 
t  Grave,  Comptcs  Rendm,  vol.  cssvn,  p.  1005. 
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The  second  differential  eoeilieiont  of  f(x)  at  a  point  xlt  when  it  exists,  is 
.  a  repeated  iiuii;. 

(     /(«,  +  >  +  «.)  -/(»,  +  h)  -/(»,  +  k)  +/W| 


in  which   the   limit  for  h  —  0  is  to  be  first  obtained,  and  then  the  limit 
for  k  =  0. 

The  existence  of  the  repented  limit  as  ;i  definite  number  does  not  neces- 
sarily imply  the  existence  oif"(jn^. 

The  above  definition  of  f"(x)  is  applicable  at  any  point  «,  for  which 
a  neighbourhood  (#,  —  e,  *,  +  e')  exists,  such  that  f'(x)  exists  everywhere 
in  that  neighbourhood  and  is  continuous.  The  continuity  of/'  (as)  is  however 
not  sufficient  to  ensure  that/"(ic)  exists. 

When  f  (x,)  has  a  definite  value,  but/'(a.')  fails  to  possess  a  definite 
value  at  some  or  all  of  the  points  of  the  neighbourhood  (*,  —  e,  x, 4- e),  it 
may  happen  that  the  ratios 


D*f(m,  +  *)-/'(»■) 
k 

4 

fl-/<«. +  *)-/"  to 
4 

all  have  the  same  limit  for  /c  =  0.  In  this  case  we  may  regard  this  limit 
as  defining/"  («j);  and  thus  this  extended  definition  is  applieable  to  cases  in 
which  /'(*)  exists  at  the  point  xY,  and  at  some  only,  or  at  none,  of  the 
points  in  any  neighbourhood  of  xu  however  small  that  neighbourhood  may 
be  chosen. 


210.  If  in  an  interval,  which  ami-aim;  in  its  interior  the  point  x„  the 
differential  coefficient  J"  (a:)  off{x)  everuwhere  exist,  and  be  continuous  through 
the  interval,  and  if  further  the  second,  differential  coefficient  /"(a>)  exist 
throughout  the  interval,  being  at  every  point  either  finite,  or  infinite  with  a 
definite  sign,  and  be  finite  at  the  point  ,*;,,  flien  f"(a\)  is  the  limit,  when  h  =  0, 
of  either  of  the  expressions 


h<  ' 

/(«,  +  2i)-2/(«,  +  t)+/(«J 


The  converse  does  not  hold;  for  either  of  these  expressions  may  have  a 
definite  finite  limit  at  h  —  0,  and  yet  /"  (is,)  may  not  exist,  or  even  /'  (x{) 
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may  not  exist.  An  illustration  of  this  is  the  case  of  the  function  defined  by 
/(0)  =  0,  f(x)  =  x  sin*  -  for  a?  >  0 ;  at  the  point  0,  /'  (0)  has  no  existence, 
and  yet 

lim/(*)-s/(Q) +/(-*)    0 

To  prove  the  theorem,  we  may  take  fa  — e,  &i  +  e)  as  the  neighbourhood 
of  the  point  x\,  through  which  f'(x)  is  continuous  and  f"(x)  everywhere 
exists.     Suppose/" fa)  =  &;  and  let  us  consider  the  function  0  fa)  =/(#)  —  £fcca, 
which  has  similar  properties  to  the  function  /fa)  ;  and  thus  <b"  faA)  =  0. 
If  h  <  e,  0  fa  +  A)  -  0  fa)  =     htf>'  fa  +  Oh), 

<ji  fa  —  h)  —  <f>  (%,)  —  —  htf>'  fa  —  0tk), 
where  0,  #,  are  proper  fractions;  again 

f  fa  +  0k)  -  <f>'(a,)  =     Okfi'fa  +  00,k), 
f  fa  -  Ofi)  -  0'  fa)  =  -  0Ji<p"  fa,  -  6&K), 
where  #2,  03  arc  proper  fractions.      We  find  from  these  results 

Since  $"fai)  exists  and  is  zero, 

fffa  +  gA)-ft'fa)  0'  fa  -<U)-<ft'fa) 

0A  '  -ftfc 

both  have  zero  as  limit,  for  A  =  0 ;  hence  the  same  is  true  of  0"  fa  +  00a&); 
0"  fa  —  8,03k),  as  is  seen  from  the  formulae  above. 
It  has  thus  been  shewn  that 

lim  »(«k+*)-a»W  +  »(«b-*)  _  0i 

which  shews  that 

j(,tl)-y/|,-H  _  t  _r  w 

A  similar  proof  establishes  tin:  theorem  which  relates  to  the  other  limit. 

211.     The  following  theorem,  due  to  Sehwarz*,  is  of  fundamental  im- 
portance in  the  theory  of  Fourier's  series, 

If,  in  an  interval  (a,  0)  in  which  /fa)  is  coniinv-ous,  the  expression 
f(*+k)-lf(m)+f(m-h) 

h* 
converge  for  each  value  of  x  in  fa  iS)  to  the  limit  zero,  for  h  =  0,  then  the  function 
f(x)  is  a  linear  function  in  the  whole  Interval,  and  consequently  f  fa),  f"  fa) 
c>:cr;/irhere  exist,  and  the  latter  is  everywhere  zero. 

'    Orel-It's  Journal,  vol.  hxnu. 
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Let  us  consider  the  function 

♦  (•)  -  ±  {/<«)-/(«)-  ■££  [/<»  -/<«)]} + &  (•  -•)(•-#, 

where  k  is  a  constant.  The  function  <f>(x),  whichever  sign  be  taken,  is 
continuous  in  (a,  ft),  and  vanishes  at  a  and  ft.     We  find  at  once 

and  therefore,  for  each  value  of  x  in  (a,  /3),  a  positive  number  e  can  be  found, 
such  that  0  (a;  +  A)  —  20  (.*)  +  0  (x  —  h)  is  positive  and  greater  than  zero  for 
all  values  of  h  which  are  numerically  less  than  e. 

If  (j>(ai)  could  bo  anywhere  positive  in  («,  ft),  there  must  be  a  point  tc, 
at  which  it  has  the  greatest  positive  value,  and  this  point  is  not  a  nor  ft, 
since  <p  (a),  <p  (ft)  both  vanish.     If  i)  be  sufficiently  small, 

*<«.  +  ?)-*  («0  so,   $(*-*) -  +  («o*o, 

hence  0  (a^  +  »;)  -  20  (a;,)  +  0  (a?x  -  tj) 

would  be,  for  all  sufficiently  small  values  of  ■//,  pit  her  negative  or  zero,  which 
is  contrary  to  what  was  shewn  above.  It  follows  that  0(a;)  is  everywhere 
negative  in  (a,  ft),  and  cannot  be  zero  except  at  a  and  ft. 

This  holds  whichever  sign  be  taken  in  denning  <j>(x).  Now  k*(x  -  a)(x  -  ft) 
is  always  negative  except  at  a  and  ft,  and  may  be  taken  to  have  its 
numerically  greatest  value  as  small  as  we  please,  since  k  is  at  our  choice. 
It  follows  that 

/(«)  -/(a)  _|5|  [/(«-/<«)] 

can  nowhere  in  the  interval  be  different  from  zero;  for,  if  at  any  point  it 
had  a  value  p.  by  choosing  k  such  that  k'(x  —  d)(x  —  ft)  is  numerically  every- 
where <p,  the  function  0  (&■)  could  he.  made  positive  at  the  point  by  proper 
choice  of  the  ambiguous  sign.  It  has  thus  been  shewn  that  f(x)  is  linear 
in  (a,  ft). 

212.  Sch ware's  theorem  can  be  extended  to  the  case  in  which  there  is 
an  enumerable  set  of  points  in  the  interval  (a,  ft),  at  which  it  is  not  known 
that  the  limit  in  question  exists,  or  is  zero,  provided  a  certain  condition  be 
satisfied  at  each  point  of  the  enumerable  set.  The  following  theorem  will 
be  established : — 

//,  in  an  intei~ooX  (a,  ft)  in  which  f(x)  is  continuous,  the  expression 
/(«+t)-2/(«) +/(»-*) 
h- 
converge  for  eo.olt  value  of  x  in  (a,  /3)  to  the  limit  zero,  for  h  =  0,  except 
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that  for  an  enumerable  net  of  pointx  0  this  is  not  known  to  be  the  case,  then, 
provided  that  at  each  point  x  of  G  the  expression 
f(a;  +  h)-2f(*)+f(x-h) 
h 
converge  to  the  limit  zero,  for  h  =  0,  the  function  /(a;)  is  a  linear  function  in 
the  whole  interval  (a,  j$). 

It  should   be  observed  that  the  condition 


lim 


f_ix  +  h)-2f(J!)+f(X-h) 
h 


0 


is  certainly  satisfied  at  any  point  a  at  which  the  differential  coefficient /'(a:) 
exists  and  is  finite. 

To  prove  the  theorem,  let  it  be  assumed  that 

has  a  positive  value  p  at  some  point  xx  interior  to  (a,  /3) ;  and  let 


+  (**)=/(•) -/(a)- 


;/</3) -/(«)> +  '(*-<■)', 


where  h  is  a  positive  number.     We  have 
£(a,  &)  =  0,  0(/S,   fc)  =  ft(0-a)s,   and 
and  hence,  provided 


*(*,,  t)-p  +  *(«,-a)-; 


=  A", 


the  number  <£(,;■,,&)  is  greater  than  <£(/3,  /■:),  and  than  tf>(a,k).  We  shall 
suppose  A  to  be  so  chosen  that  this  condition  is  satisfied;  it  then  follows 
that  tf>(%,  k)  has  a  maximum  between  a  and  j3.  The  absolute  maximum 
value  of  tj>(x,  k)  may  ho  attained!  once,  or  a  finite  number  of  times,  or  an 
infinite  number  of  times,  io  the  interval  (a,  /3), 

The  points  x  at  which  this  maximum  is  attained  have  an  upper  extreme 
«?(</?),  which  must  itself  be  a  point  at  which  the  maximum  of  <$>(x,  k)  is 
attained,  as  is  seen,  in  the  case  in  which  x  is  an  upper  limit,  from  the 
condition  of  continuity  of  the  function.     We  have   therefore 

<P  (x  +  h,  k)  -  <f>  (x,  k)  £  0,    and    0  (x  -  h,  k)  -  $  (x,  h)  A  0, 
if  h  be  sufficiently  small;    from  which  we  conclude  that,  in  ease 

lin,  »a  +  *,*)-2*g,*)  +  »g-*,*)  exist] 

h=a  ft 

its  value  is  ^  0.  It  follows  that  x  must  belong  to  G ;  because  the  value  of 
this  limit  is  2k,  and  therefore  >  0,  for  any  point  which  does  not  belong  to  G, 
Since  x  is  a  point  of  G,  we  have 

Hm  (»(z+i,*)-^(at)    tg-Uhifti)| _ 0 
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and  since  the  two  fractions  have  the  same  sign,  it  follows  that 

h=o  A  h=u  ft 

From  this  result  we  deduce  that 

Hm/g+*)-/W.lim/(a-*)-/(«)  =  /(a-/(«)_M(B_.> 

i=o  h  h=n  -ft  /3-a 

To  each  value  of  k  in  the  interval  (0,  K),  there  corresponds  one  value  of  #, 
and  it  is  impossible  that  the  same  value  of  x  can  correspond  to  two  different 
values  k,,  &a  of  k.       For  if  this  were  the  case,  we  should  have 

kj  (x  —  a)=  &j  (x  —  a), 
and  therefore  k1  =  ki,  since  fl;>a.      Now  it  is   impossible  that  the  set  of 
points  k  interior  to  the  interval  (0,  K)  can  be  such  that  to  each  such  point 
there  corresponds-  a  distinct  point  x  belonging  to  the  enumerable  set  0.     We 
conclude  that  it  is  impossible  that 

/(•)-/(«>-;£;  {/<»-/(«>l 

can  have  a  positive  value  p  at  any  point  a^  of  the  interval  (a,  j3) ;  and  it  can 
be  shewn  in  a  similar  manner  that  there  can  be  no  negative  value  of  the 
same  function  in  the  interval.  It  follows  that  the  fi Miction  must  everywhere 
be  zero,  and  therefore  that /(.'/;)  is  linear  in  r,he  interval  (a,  $). 

213.  Let  us  suppose  that  a  continuous  function  /(a:),  defined  for  the 
interval  (a,  /?),  is  such  that,  in  every  interior  point  of  any  sub-interval 
belonging  to  an    everywhere-dense   set  of  sub-intervals,  the  condition 

lim  /(.t*)-yW+/(.-*).0  j,  satisfi6i 

fc-0  » 

It  follows  from  the  theorem  of  §  211,  that  in  any  one  of  the  sub-intervals 
f{x)  is  a  linear  function  of  x ;  and  thus  the  value  of  f(x)  in  a  sub-interval 
{a„,  hn)  is  a  linear  function  Anx  +  Bn.  The  set  of  sub-intervals  is  comple- 
mentary to  a  closed  set  of  points  G  which  is  non-dense  in  (a,  (■}).  In  case 
this  closed  set  G  be  enumerable,  each  interval  (a,,,  bn)  abuts  at  each  end 
on  another  interval  of  the  set;  thus  we  may  suppose  that  (an,  bn)  abuts  on 
Ov,  o„<)  at  the  end  bn,  so  that  bn  =  «.„-. 

Let  us  now  assume  that,  at  each  point  of  G,  the  condition 


in 


/(.+*)-y(.)+/(. 


We  have  then,  at  the  point  ss  =  bn  =  an:,  by  applying  this  condition,  and  also 
the  condition  of  continuity  of  f(x), 

Anb„  +  Bn  =  AJ,n  +  Bn.,  and  An,  -  A„  =  0 ; 
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a  deduce  that  Bn  =  5ra> ,  and  thus  that  the  linear  functions 
Anx+Bn,     A^x  +  Bn. 


are  identical.     Therefore  it  follows  that,  in  case  G  be  a  non-dei 

able  set,  the  function  f(x)  must  he  a  linear  function  Ax  +  B  in  the  whole 

interval  (a,  8).     This  is,  in  fact,  a  particular  case  of  the  theorem  of  §  212. 

The  condition  fan  ^-  +  ^  ~  2^  +  /^  ~  fe>  =  0  beiDg  certamly  aatisfied 

at  any  point  x  at  which  fix)  has  a  finite  differential  coefficient,  ne  therefore 
obtain  the  following  theorem  : — 

If  f(x)  be  a,  continuous  function  possessing  everywhere  in  the,  interval  (a,  8) 
a  finite  differential  coefficient,  and  the  //motion  be  linear  in  each  one  of  an 
everywhere-dense  set  of  intervals  complementary  to  tin  enumerable-  closed  set  of 
points  G,  then  f{x)  is  a  linear  function  in  (a,  B). 

If  the  closed  set  of  points  G  were  un enumerable,  the  preceding  reasoning 
would  no  longer  be  applicable,  except  that,  at  an  isolated  point  of  67,  it  would 
establish  that  the  linear  functions  in  the  two  intervals  which  abut  on  one 
another  at  the  isolated  point  must  be  identical.  Confining  therefore  our 
attention  to  the  case  in  which  G  is  a  perfect  set,  we  see  that  a  con- 
tinuous function  possessing  everywhere  a  finite  differential  coefficient  may 
exist,  which  is  linear  in  each  sub-interval  complementary  to  a  non-dense 
perfect  set  of  points  contained  in  the  interval  for  which  the  function  is 
defined,  and  yet  the  function  need  not  be  linear  in  the  whole  interval. 

The  existence  of  such  functions  will  be  effectively  established  in 
Chapter  V,  where  it  will  be  shewn  that  they  may  be  obtained  by  the  inte- 
gration of  continuous  functions  which  have  an  every  where -dense  set  of 
lines  of  invariability. 

OSCILLATING   CONTINUOUS   FUNCTIONS. 

214.  Let  us  suppose  that  the  continuous  function  /(.«)  has  no  lines  of 
invariability  in  the  interval  (a,  B),  and  that  everywhere  in  this  interval  it 
has  a  finite  d  i.  fie  ivni.uvl  coefficient.  If  within  (a,  8)  there  be  a  maximum  or 
minimum  of  f(x),  then  at  such  a  point  /'(«),  which  exists  and  is  finite,  must 
be  zero.  If  the  maxima  and  minima  in  (a,  /3)  be  everywhere -dense,  then 
f'(%)  vanishes  at  every  point  of  the  everywhere-dense  set;  and  if  f'(x)  were 
continuous  throughout  (a,  8)  it  would  follow  that  it  was  everywhere  zero, 
which  would  be  contrary  to  the  hypothesis  that  (a,  B)  is  not  a  line  of 
invariability. 

It  follows  from  this  that  if  in  an  internal-  (a,  ,3).  -which  con  tains  no  lines 
of  invariability  of  the  continuous  function- f  (jr.).  the  'Jiffererdiol  coefficient  f  (x) 
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everywhere  exist*  '.rod  -is  coidinuous,  there  must  he  in  the  interval  an  everywhere- 
dense  set  of  sub-intervals  in  each  of  which  the  function  is  monotone. 

We  have  further  the  following  theorem  :— 

If  fix)  be  continuous  in  (a,  /3),  and  hove  no  lines  of  invariability,  hut  have 
an  everywhere- dense  set  of  uio.ri-ina.  and  m-hrinin,  there-  must  he  in  tlie  interval 
an  everywhere-dense  set  of  points  at  each,  of  which  /'(*)  either  does  not  exist, 
or  does  exist  and,  is  discontinuous. 

A  continuous  function  f(,v),  which  in  a  given  interval  (a,  f3)  has  no  lines 

of  invariability,  hut  has  an  every  where-dense  set  of  maxima  and  minima, 

s  said  to  be  a  continuous  function  which   is   ever'/i/'here-oseillating  in   the 

nterval  (a,  0).     Such  a  function  cannot  have  a  differential  coefficient  which 

continuous  throughout  the  interval. 

The  continuous  functions  which  are  everywhere-oscillating  in  an  interval 
may  be  divided  into  two  classes. 

(1)  The  function  may  be  such  that,  if  the  constants  I,  m  be  properly 
chosen,  the  function  f  {!>:■)  +  hr  +  m  is  monotone  in  the  interval.  In  this  case 
/(«)  is  expressible  as  the  difference  of  two  monotone  functions,  and  thus 
belongs  to  the  class  of  functions  with  limited  total  fluctuation.  These 
functions  may  be  said  to  he  of  the  first  species,  or  to  be  functions  with 
removable  ( 


(2)  Such  functions  as  do  not  belong  to  (I)  may  be  said  to  be  of  the 
second  species,  or  to  be  functions  with  -irremovable  oscillations. 

Jn  order  to  bring  to  light  the  essential  distinction  between  the  two  classes 
of  functions,  as  exhibited  by  the  properties  of  their  derivatives,  we  first  of 
all  remark  that,  if  D+j'0>:)  have  a  positive  lower  limit  a  for  all  points  x  in  the 
interval  (a,  ff),  then  at  each  point  f(as  +  h)  —f(x)  is  essentially  positive  for  all 
po.sitive  values  of  h  which  arc  less  than  some  number  S  dependent  on  x; 
hence  the  function  is  monotone  in  the  interval.  The  function  would  also 
be  monotone  in  case  the  specified  condition  were  that  D+f(x)  has  a  negative 
upper  limit  for  all  values  of  x  in  («,  0). 

Now  suppose  that  VJ j. /(.'';)  has  a  definite  negative  lower  limit  in  (a, /3);  let 
this  be— c,  and  consider  the  function  &  (a1)  =f(x)  +  los  +  m,  where  l>c;  we 
have  then  D+  0  (x)  =  1  +  D+f(x)  £  £  —  c ;  hence  the  function  <f>  (x)  is  monotone 
in  (a,  /3).  Thus  f{x)  is  expressible  as  the  difference  of  the  two  monotone 
functions  <j>(x)  and  Ix  +  ni.  Similarly,  if  we  had  taken  the  condition  that 
D+f(x)  has  a  definite  positive  upper  limit  c,  the  function  f(x)  +  Ix  +  m,  where 
l<  —  c,  could  be  shewn  to  he  monotone. 

It  is  clear  that  instead  of  the  linear  function  lx+  m  we  might  have  used 
any  continuous  diH'erentiable  function  whose,  differential  coefficient  was  >  c, 
or  <-c,  throughout  the  interval,  in  the  two  cases. 
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The  argument  would  have  been  unaltered  if  it  had  been  assumed  that 
there  were  a  finite  or  infinite  set  of  lines  of  invariability  in  (a,  ff). 

It  has  thus  been  shewn  that : — 

If  the  continual'*  fimctUm  f(f)  be  suck  thai  either  /-)_/(.<■)  has  a,  negative 
lower  limit  for  all  values  of  x  in  (a,  ft),  or  that  D+f(x)  has  a  positive  upper 
limit,  then  all  maxima  and  minima  ff  the  otnlla.ting  funvMen  fix)  are  removed 
by  adding  to  fix)  a,  proper/.//  chosen  linear  function.,  and.  thus  the  function  ts 
of  the  first  species,  and  is  of  Hurried,  total  fluctuation. 

In  particular,  the  conditions  of  the  theorem  are  satisfied  if  the  derivative, 
on  one  side,  without  necessarily  having  a  definite  value  at  any  point,  be  such 
that  for  the  whole  interval  it  is  numerically  less  than  some  fixed  positive 
number. 

A  function,  such  that  for  a  given  interval, 

H+/WI,    I-0+/MI.   I -»-/(*)  I,    I-B-/MI 

are  all  less  than  some  fixed  number,  is  said  to  be  a  function  with  limited 
derivatives.  Such  a  function  has  a  limited  total  fluctuation  in  the  interval, 
and  if  it  be  every  where-oseillatiug,  it  is  of  the  first  species. 

A  function  with  limited  derivatives  is  necessarily  a  continuous  function, 
but  the  converse  does  not  hold. 

In  the  general  case,  one  of  the  derivatives  on  the  right  may  at  some  or 
all  of  the  points  of  the  interval  have  indefinitely  great  values,  this  derivative 
being  the  same  one  for  all  such  points, 

If  neither  D^f(f)  have  a  definite  negative  lower  limit,  nor  D+f(x)  have 
a  definite  positive  upper1  limit  in  the  interval,  and  the  function  be  an  every- 
where-oscillating function,  then  it  is  of  the  second  s 


215.  Let  us  suppose  that,  for  a  set  of  points  G,  everywhere -dense  in 
(a,  b),  the  derivative  of  the  continuous  function  fix)  is  infinite,  but  not  of 
fixed  sign,  i.e.  the  derivatives  at  a  point  of  G  on  the  right  and  on  the  left  exist, 
and  are  infinite,  but  of  opposite  signs.  At  any  point  #„  of  G,  a  neighbourhood 
can  be  found,  containing  x„,  such  that  for  any  point  x  in  it  f(%)—f($t,)  is 
of  fixed  sign  for  the  whole  neighbourhood,  and  is  never  zero  except  when 
x  =  x0;  it  follows  that  x0  is  a  proper  maximum  or  minimum  of  the  function. 

It  will  be  shewn  that,  in  any  interval  (a,  f3)  contained  in  (a,  b),  there  are 
an  infinite  number  of  points  at  which  the  function  has  the  same  value.  Let 
£  be  a  maximum  point  of  /(as)  within  (a,  0),  and  let  (f-?,  f+e)  be  the 
greatest  interval  enclosing  %,  for  which  f(x)  — /(£)  is  negative:  suppose  that 
the  absolute  minimum  of  the  function  for  this  interval  is  in  (f  —  )i,  J ) ;  taking 
a  maximum  point  |,  in  the  interval  (£,  £+e),  then  in  (£  —  )?,  £)  there  is 
a  point  I/  at  which  /(f?t')  =/(&),  since  /(&)  lies  between  the  greatest  and 
least  values  of  the  continuous  function  in  (f  —  ij,  £). 
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Now  there  is  a  maximum  interval  (&  —  nu  |i  +  «i)  for  the  point  £,,  and 
this  lies  within  (£,  £  +  e);  and  in  this  interval  we  may  as  before  find  a 
maximum  point  £2,  such  that  a  point  fg'  also  exists  within  the  interval,  for 
which  /(£;)  =/(£/).     There  is  also  a  point  £,"  in  (f-  17,  0),  such  that 

/(f."> -/«.')  -/(?.)• 

We  may  proceed  in  this  manner,  until  we  find  «.  points 

{„-„  r- CI', 

such  that  /({_,)  =/(f ',„)  =  . . .  -/«*;,"). 

Now  let  f„  he  a  limiting  point  of  ^,  £2,  f3,  ...t-n  ■■■ ;  and  let  %f  be  a 
limiting  point  of  £/>  &',  ••■)  al|d  f«"  De  a  limiting  [joint,  of  !j",  fs",  ...  ;  then 

/(f.)-/(f.0=/(f. ")-■•■■ 

Thus  the  points  fu,  £„',  £„,", ...  form  an  infinite  set  in  (a,  0)  at  which 
the  functional  values  are  the  same. 

The  points  £„,  %J,  fM", ...  have  a  limiting  point  %a  at  which  the  functional 
value  is  the  same  as  for  the  set  itself;  therefore 

/(i.)-/(f.)  /({.>-/«■')      _„. 
f.-f.    "    f.-t.'      ■"     ■ 

hence  at  £„  either  the  derivative  is  determinate  and  equal  to  zero,  or  else 
it.  is  indeterminate  with  zero,  lying  between  its  upper  and  lower  limits. 
Thus  it  has  been  shewn  that*: — ■ 

If  the  continuous  function  fix),  have  an  everywhere-dense  set  of  points  at 
which  the  derivative  is  infinite,  but  not  affixed  dan,  there  is  an  everywhere- 
dense  set  of  points  at  eacli  of  winch  the  derivative  in  either  in  determinate  or 
else  zero.  Thus  a  coutinuons  function,  cannot  at  all  points  have  a  derivative 
which  is  infinite  and  not  of  fixed  sign. 

If  we  apply  the  above  theorem  to  the  function  f(x)  —  ca>,  where  c  is 
a  prescribed  constant,  then,  since  f(x)~cx  has  an  infinite  derivative  at  the 
same  points  as  those  for  which  f(x)  has  an  infinite  derivative,  we  obtain 
the   following  theorem: — 

If  the  continuous  function  fix)  have  at  an  everywhere-dense  set  of  points 
a  derivative  which  is  infinite  but  not  of  fixed  sign,  there  is  an  everywhere- 
dense  set  of  points  at  each  of  which  the  derivative  either  has  the  prescribed 
value  c,  or  is  indeterminate,  a.nd,  such  that  c  tics  between  its  -upper  and  lower 
limits. 

*  Kiinig,  MotitiUhfftt,  f.  Malh.u.  Physik,  vol.  r.  The  above  proof  is  that  given  by  SchiiB  flies, 
Berate,  p.  160. 
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GKNERAL    PROPERTIES   O*'    DERIVATIVES. 

216.  A  largo  number  of  proper!  le-s  of  the  derivatives  of  special  classes  of 
functions,  chiefly  belonging  to  the  oscillating,  or  to  the  monotone,  continuous 
functions,  have  been  given  by  Dini  and  other  writers ;  the  most  important 
of  these  will  be-  given  here. 

The  following  general  theorem,  due*  to  W.  H.  Young,  includes  as  a  special 
case  a  theorem  for  conlimioiis  functions  due  to  Brodenf. 

The  points  at  which  one  at  leant  of  the  four  der-hiatires  of  any  given 
function,  is  infinite,  form  art  inner  limitiwj  set.  The  set  of  such  points  is 
accordingly  of  power  c,  when  it  contains  a  component  dense-in-itself ;  and 
otkfrrmia".    it,   i.<  eiiin/if-rable.  or  finite,  or  zero. 

It  follows  that  the  set  of  such  points  is  a  set  of  the  second  category  in 
case  it  be  everywhere-dense, 

Let  xa  be  a  point  at  which  odo  of  the  four  derivatives  is  infinite,  it  being 
immaterial  whether  the  other  derivatives  are  infinite  or  finite.  A  sequence 
«!,  &s, ...  wn  ...  converging  to  #0,  and  on  one  side  of  it,  can  be  found,  which  has 
the  property  that,  corresponding  to  an  arbitrarily  large  positive  number  o\ 
an  integer  m,  can  be  found  such  that 

\n!°t~-f<!,"')\>'-  ior  ">"'•■■ 

further,  m  can  be  chosen  so  great  that 

I  wn  —  tet  \  <  - ,     for  »  >  m'  S  771,. 

Let  the  intervals  (as„,  #„)  be  prolonged  on  the  side  beyond  x„,  each  being 

increased  by r-  of  its  length ;  and  the  whole  set  of  intervals  so  constructed 

for  every  point  x  of  the  set  at  which  a  derivative  is  infinite,  may  be  called  7„. 
Let  <r,,  o-a,o-3...  be  a  set  of  values  of  <r  which  increase  without  limit ;  then 
the  corresponding  sets  of  intervals  /„,,  1^,  ...  define  an  inner  limiting  set  of 
points,  to  which  all  the  points  ic  of  the  given  set  belong  ;  and  it  will  be  shewn 
that  no  other  points  belong  to  this  inner  limiting  set.  If  possible  let  £  be  a 
point  of  the  inner  limiting  set  which  does  not  belong  to  t  lie  given  set  of  points 
at  which  a  derivative  i.s  infinite.  There  is  at  least  one  interval  of  each  of  the 
sets  /„,,  I.,,,  ■■■  such  that  £  is  an  interior  point  of  it;  let  such  intervals  be 
S,,  Sa, ...,  and  let  fx,  £,,  £s...  be  points  of  the  given  set  interior  to  these 
intervals.  Let  \u  §,,  |3...  be  the  end-points  of  the  intervals  on  the  sides  of 
those  intervals  which  were  not  lengthened.     We  have 


-('♦^Ifc-lK^ 


a:li- Fudk,  vol.  i.  Stockholm,  l;.i(j:j. 
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thus  the  points  £,  fu,  £3...  and  also  the  points  flf  £2, ...  form  a  sequence  of 
which  f  is  the  limit. 

Since      j/(£)~/te)j>gi[  therefore   |/(£)-/(£)|  >0r,-l)&. 

Also  a  positive  number  A  can  be  determined,  such  that  for  all  values  off, 

for  otherwise  £  would  be  a  point  with  an  infinite  derivative;  and  from  this 
we  see  that 

l/(B-/(£)l<M. 

For  a  sufficiently  groat  value  of  t, 

<rt~l>A; 
hence  for  such  a  value  of  i, 

l/(B-/(E)l>(».— 4-1)4 

mdtlra8  |A£=M)k,._jl_1. 

I       ff  -  £ .        I 

Now  a-,  —  A  —  1  is  arbitrarily  large  for  a  sufficiently  groat  t;  hence,  since  £  is 
the  limiting  point  of  the  sequence  (£},  there  is  an  infinite  derivative  at  f, 
which  is  contrary  to  the  hypothesis  made ;  therefore  the  points  of  the 
given  set  constitute  the  inner  limiting  set  which  has  been  defined. 

217.     If  a^  be  a  point  of  the  interval  (a,  o)  in  which  f(x)  is  defined, 

the  function  ^-^ — J         for  points  ai  such  that  xl  <  x  ^  b  may  be  called  the 

incrementary  ratio  at  xx  on  the  right;  and  in  ease  f{x)  be  a  continuous 
function,  this  incremental'}'  ratio  is  also  continuous  at  every  point  of  its 
domain.  This  increruenuiry  function  has  an  upper  and  a  lower  limit  for  its 
whole  domain  (xs  <  x  S  b) ;  and  these  upper  and  lower  limits  may  be  denoted 
by  U(Xi),  L(x1),  and  either  of  them  may  be  finite  or  infinite;  however  U '  (x^ 
can  only  be  infinite  with  the  positive  sign,  and  L  (#i)  only  with  the  negative 
sign.  !7(#i),  L(x,)  being  regarded  as  functions  of  ,«L)  defined  for  every  point 
of  (a,  b)  except  the  point  6,  the  function  U(x,)  has  a  finite  or  infinite  upper 
limit  for  its  whole  domain,  which  we  denote  by  U ';  and  the  function  Hjr^) 
has  a  finite  or  infinite  lower  limit  for  its  whole  domain,  which  we  may 
denote  by  L.  There  exist  therefore  two  finite  numbers  U,  L,  which  may 
have  the  improper  values  +  so ,   -  x>   respectively,  such  that 

/M-/Wi 

for  every  pair  of  values  of  teu  .%,  where  x%  >#,,  always  lies  between  them,  or 
is  equal  to  one  of  them. 
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The  incrernentary  ratio  on  the  led  of  a  point  can  bo  defined  in  a  similar 
manner ;  and  we  thus  define  two  functions  U'  (x,),  U  {#,)  at  xu  as  the  upper 
and  lower  limits  of  these  incrernentary  ratios. 

It  is  easily  seen  that  U',  the  upper  limit  of  V  (x)  in  the  interval  (a,  b),  is 
identical  with  U,  and  that  L'  the  lower  limit,  of  L'(x)  is  identical  with  L. 
Thus  U,  L  are  the  upper  and  lower  limits  of 

for  every  possible  pair  of  points  (a^ ,  a^)  in  the  interval  {a,  b). 

218.  Let  f{x)  be  continuous  in  the  interval  (a,  b),  and  let  U  and  L  be 
the  upper  and  lower  limits  of  the  incrernentary  ratios  above  denned.  Take 
(a,  jB)  any  interval  in  (a,  b),  and  consider  the  function 

4,  (.)  -/(.)  -/(a)  - 1=|  [/OS)  -/(«)]. 

Since  <f>  (a)  =  0,  <£  (#)  =  0,  unless  $  (x)  be  constant  through  (a,  /?)  there  must 
be  within  (a,  /3)  a  maximum  or  minimum  of  (a,  /3) ;  and  thus  at  least  one 
point  x,  exists  within  (a,  ft)  such  that 

0  Oi  ±  A)  -  0  <>,)  S  0, 
for  all  sufficiently  small  values  of  ft,  or  else 

*(«i±*)-  +  («DB0, 
for  all  sufficiently  small  values  of  h.     At  such  a  point 
/(*,  + ft) -/(*,)  ,/(|8  )-/(«) 
ft  -       0-«t       ' 

allti  /(*-*WW,/(ffl-/W 

-  ft  /3  -  a 

„ehe  /(«,  4- *) -/(«■)  ,/W -/(»), 

ft  0  -  a 


iind 


-ft  -        fl-a        ' 


If  0(«)  have  an  infinite  number  of  maxima  and  minima  in  («,  /?),  there  arc 
in  (a,  ft)  an  infinite  number  of  points  at  which  the  first  of  these  conditions  for 
(£>(#)  holds,  and  also  an  infinite  number  at  which  the  second  holds.  If  there 
be  only  a  finite  number  of  maxima  and  minima  of  <fi  (x)  in  (a,  ft),  then  this 
interval  can  be  divided  into  a  number  of  portions  in  each  of  which  the 
function  tj>  (x)  is  monotone ;  and  in  any  one  of  these  portions  either 

/  (.  ±  »)-/(«) «  /(£)-/(«) 
+  ft  ~       ,3-a       ' 
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at  all  points  within  the  sub-interval,  or  else 

>/<£)-/(«) 

"       0-a      ' 
for  every  #  within  the  portion,  and  for  sufficiently  small  values  of  h.     Now  let 

f(a-)  —  fix.) 
U,  L  be  the  upper  and  lower  limits  of  —  -a — l±-L{  jn  (a>  J)f  then 

/(«-/(«)  mli  /(«**)-/(») 

"~~0^a_    an<i  ±S 

lie  between  (7  and  i.     Thus,  in  every  interval  (a,  /3)  contained  in  (a,  6),  in 
which  <£  («)  has  an  infinite  number  of  maxima  and  minima,  there  are  (1)  an 

infinity   of  points   m  for   which   — ^ — ■^— ■ ,   for  all   sufficiently  small 

values  of  k,  lies  between  L  and  —77  ;  and  (2)  an  infinity  of  points 

for   which  the  same  is  true  of  — '    J      ■ ;   (3)  an  infinity  of  points 

for  which  ^    — — ^ — ^-^ ,  for  all  sufficiently  small  values  of  h,  lies  between 
U  and   — ^5 — i-^-' ;  and  (4)  an  infinity  of  points  for  which  the  same  is  true 

rf/(.-t)-/'.), 

-« 

In  case  /(»)  -/(a)  -  |^|  [/(£)  -/(a)]  have  only  a  finite  number  of 
maxima  and  minima  in  (a,  /3),  there  arc  in  (a,  £)  finite  intervals  such  that 
all  the  points  in  one  of  them  belong  to  both  the  sets  (1)  and  (2),  and  also 
finite  intervals  in  which  all  the  points  belong  to  both  the  sets  (3)  and  (4) ; 
each  of  these  sets  of  intervals  is  finite,  and  an  interval  of  one  set  is  followed 
by  one  of  the  other  set. 

The  number  L  being  the  lower  limit  of  the  function  L(x)  in  the  interval 
(a,  b),  there  exists  a  point  w,  such  that  L  is  the  lower  limit  of  the  values  of 
L(x)  in  any  arbitrarily  small  neighbourhood  of  as,;  and  it  follows  that  in  such 

neighbourhood  of  a^  there  are  points  £  such  that j — -,  for  an 

infinity  of  values  of  h,  differs  from  L  by  less  than  a  prescribed  positive 
number  e.     Therefore  there  are  in  (a,  b)  an  infinity  of  pairs  of  points  (a,  /3)  one 

of  which  is  arbitrarily  near  xlt  such  that  -  -         J  - —  differs  from  L  by  less 
than  e. 

Similarly  it  may  be  shewn  that  in  (a,  b),  there  are  an  infinity  of  pairs  of 
points  (a,  ft)  such  that  —^-e — ^-^  differs  from  U  by  less  than  the  pre- 
scribed number  e. 
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If  U  or  L  be  infinite,  there  exists  an  infinity  of  pairs  of  points  such  that 

- — „  — is  arithmetically  greater  than  a  prescribed  number  c,  and  has  the 

same  sign  as  the  infinite  V  or  L.     We  can  consequently  choose  the  interval 
(a,  0)  so  that 

or  else  so  that  H&  ~/(»)  =U-V, 

where  j?  <  e,  provided   (7  and   i   are   finite.     If  one  or  both  of  U,  L  be 

infinite,  (a,  0)  can  be  bo  chosen  that  -^-k — ^-^  has  the  same  sign  as  TJ 

or  as  L,  and  is  arithmetically  greater  than  a  prescribed  positive  number  c. 

We  have  now  obtained  the  following  results: — 

If  f(x)  be  a  continuous  function,  and  (a,  b)  he,  the  whole  or  a  part  of  its 
domain,  to  which  U  and  L  correspond,  then  (1)  if  L  be  finite,  there  exists  in 
{a,  b)  an  infinity  of  jioiuts  for  which  both.  1>~0.-),  D-Ov)  each,  lie  between  L  and 
L  +  e,  where  e  is  an  arbitrarily  prescribed  positive  number  ;  and  at  these  points 
D+(x),  Djfx)  are  either  equal,  in  -which  case  a  derivative  on  the  right  exists,  or 
else  they  differ  from,  one  another  by  less  than  e:  (2)  if  U  be  finite  there  exists  in 
(a,  b)  an  infinity  of  points  for  vjh.ich  J>'(y.i),  0 +(:/:■)  each,  lie  between  U  and 
U—e;  and  at  these  points  there  exist  derivatives  on,  the  rial) I,  or  else  D+(x),  B+(x) 
differ  from  one  another  by  less  than-  e;  (3)  if  U  or  L  be  infinite  there  exists 
an  infinity  of  points  at  which  D+(x),  D+(x)  are  both,  numerically  greater 
than  an  arbitrarily  great  number  <;,  and  ha;oe  the  same  sign  as  the  IT  or  L 
which  is  infinite.  A  similar  statement  holds  as  regards  the  derivatives  on 
the  left. 

The  above  is  true  irrespectively  of  the  number  of  the  maxima  and  minima 
of/(#);  but  \if(x)  have  in  (a,  b)  only  a  finite  number  of  maxima  and  minima 
and  if  the  same  be  true  of  all  the  functions  f(x)~lts  —  m,  obtained  by  the 
addition  of  a  linear  function,  then  there  exist  in  (a,  6)  finite  sub-intervals  such 
that  at  all  points  in  one  of  them  the  above  statements  hold  both  as  regards 
the  derivatives  on  the  right,  and  as  regards  those  on  the  left.  The  numbers 
U  and  L  correspond  in  each  case  to  the  particular  sub-interval. 

It  will  be  observed  that  the  theorem  does  not  assert  the  necessity  of  the 
existence  of  points  at  which  a  determinate  derivative  on  the  right  or  on  the 
left  exists,  but  it  states  that  there  are  in  every  sub-interval  points  at  which 
the  difference  between  the  upper  and  lower  derivatives  on  one  side  is  less 
than  a  prescribed  arbitrarily  small  number,  or  else  at  which  both  such 
derivatives  are  arithmetically  greater  than  an  arbitrarily  fixed  large  number. 
There  are  therefore  certainly  points  in  every  sub-interval  at  which  there  is, 
h.  19 
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so  to  speak,  an  arbitrarily  near  decree  of  approximation  to  the  existence  of  a 
finite  or  infinite  derivative  on  the  right,  and  also  points  at  which  the  same  ia 
true  as  regards  derivatives  on  the  left. 

219.  It  will  now  be  shewn*  that,  for  a  continuous  /miction,  of  which 
(a,  b)  is  the  whole  or  a  part  of  its  domain,  the  upper  limit  of  each  of  the  four 
derivatives  D+f{x),  D+f(x),  D~f{x),  D-f(se)for  ail  values  of  x  in  (a,  b)  is  U 
the  upper  limit  of  the  incremeutanj  function  in  ('«,  b),  and  that  the  lower  limit 
of  the  four  functions  is  L.  If  U  and  L  be  both  finite  the  function  belongs 
to  the  class  of  functions  with  limited  derivatives. 

A  function  with  limited  derivatives  accordingly  satisfies  the  condition,  that 
for  every  pair  of  points  xit  xa,  \f(ph)  — /(*»)|  <k\xi  —  x^\,  where  k  is  a  fixed 
positive  number.  It  has  been  pointed  out  in  §  214,  that  such  a  function 
belongs   to  the  class  of  functions  of  limited  total  fluctuation. 

It  is  clear  that  the  upper  limit  of  each  of  the  functions  l)~f(x),  D+f(x), 
D~f(x),  D-f(x)  is  a  number  which  cannot  be  greater  than  U,  Now  since  it 
has  been  shewn  that  points  exist  in  (a,  h)  such  that,  if  £  be  an  arbitrarily  pre- 
scribed number,  both  D+f{x),  D+f(&)  differ  from  U  by  less  than  e,  when  U  is 
finite,  and  are  arbitrarily  great  if  V  ia  +  co ,  it  follows  that  U  is  in  either  case 
the  upper  limit  of  D+f(x),  D+f{p).  In  a  similar  manner  it  can  be  shewn 
that  U  is  the  upper  limit  of  both  D~f(x),  D^f{x).  The  proof  that  L  is  the 
common  lower  limit  of  the  four  functions  is  exactly  similar. 

Each  of  the  four  expressions  D+f{x),  B+f(te),  D-fla>),  D_/(«)  may  be 
regarded  as  a  function  donned  ior  the  whole  domain  of  f(x)  except  at  one  of 
the  end-points;  but  in  this  case  we  have  to  extend  the  ordinary  definition 
of  a  function  so  far  as  to  admit  infinite  functional  values,  instead  of  only 
infinite  functional  limits  as  in  the  case  of  an  ordinary  function.  It  will  be 
convenient  to  say  that,  at  a  point  at  which  one  of  the  above  functions  is 
infinite,  it  is  also  continuous,  provided  the  functional  limits  of  the  function  in 
question,  on  either  side,  arts  definitely  infinite  and  of  the  same  sign  as  the 
functional  value  at  the  point. 

If,  at  any  point  x0)  interior  to  (a,  b),  one  of  the  above  functions,  say 
D+f(x),  be  continuous,  then  at  that  point  the  other  three  functions  are  also 
continuous,  and  are  equal  in  value  to  D+f(x0),  and  thus  there  exists  at  «0,  a 
differential  coefficient. 

To  prove  this,  take  any  interval  (x0  —  e,  x„  +  e);  then  all  four  functions 
have  in  this  interval  the  same  upper  limits,  and  also  the  same  lower  limits. 
If  D+fix,))  be  finite,  the  upper  and  lower  limits  of  D+f(x)  in  (x0  —  e,  w„+  e) 
each  differ  from  D+f(ie')  by  less  than  a  number  ij  which  depends  on  e  in 
such  a  way  that,  as  e  is  indefinitely  diminished  to  the  limit  zero,  r\  also 
diminishes  to  the  limit  zero.     Since  all  four  functions  have  the  same  upper 

*  Du  Bois  Beymoncl,  Math.  Ann,  vol.  x\i,  p.  11LI,  nlso  Suiicefita-,  Act,i-  MathciiniticatT/ol.  V,  p.  190. 
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limit  and  the  same  lower  limit  in  (x„  —  e,  xu  +  e),  the  upper  and  the  lower 
limits  of  each  differ  from  D+f(x$)  by  less  than  jj,  and  v  can  be  made  as  small 
as  we  please  by  taking  e  small  enough.  It  follows  that  all  four  functions 
are  continuous  at  x„,  and  that  all  four  at  x0  are  equal  to  D+f(x„);  and  thus 
there  exists  a  dil'ieroiitial  coefficient  at  x„. 

In  case  D+f(xa)  is  +  * ,  e  can  be  so  chosen  that  in  (x„  —  e,  xa  +  e),  D+f(x) 
is  everywhere  greater  than  an  arbitrarily  large  chosen  number  c,  and 
the  upper  and  lower  limits  of  each  of  the  four  functions  are  then  greater 
than  c ;  by  taking  n  succosnion  of  values  of  a  which  increases  indefinitely,  and 
considering  the  corresponding  sequence  of  values  of  e  which  converges  to 
zero,  we  see  that  each  of  the  functions  D+f(x),  D~f(x),  D_  /(«■)  is  infinite  at 
#„,  and  is  continuous  in  the  extended  sense  of  the  term,  at  that  point; 
there  is  then  a  differential  coefficient  at  xa  which  is  infinite  and  of  definite 
sign. 

It  follows  that,  if  it  be  knovm  that  any  one  of  the  four  derivatives  is  every- 
where continuous  in  an  interval,  (here  exist*  every u.: here  in  the  interval  a 
differential  coefficient  in  the  ordinary  sense  of  the  term.  ■ 

220.  The  derivatives  I)+f{x),  D+f(x)  of  a  continuous  function  are  at 
any  point  x0,  suck  that  a  =  x„<  b,  either  both  continuous  on  the  right,  or  both 
of  them  have  a  discontinuity  of  the  second  kind  on  the  right;  but  they  cannot 
have  ordinary  disco  i  it  invUie.s  on  the  right. 

A  similar  statement  holds  as  regards  the  continuity  or  discontinuity  of 
D~f{x),  D-f(x)  on  the  left. 

Suppose  that  D+f(x)  has  at  the  point  xa,  a  limit  X  at  xa  on  the  right; 
then  if  S  be  a  prescribed  positive  number,  an  interval  (*„,  %„  +  e)  can  be 
found,  such  that  D+f(se),  for  every  point  of  this  interval,  except  x0,  lies 
between  X  +  8,  and  \  —  S.  The  upper  and  lower  limits  of  each  of  the  four 
derivatives  B+f(x),  D+f(x),  D"/0),  D-f{x)  for  any  interval  (x0  +  eu  as,  +  e), 
where  e,  <  e,  must  all  lie  between  the  values  X  +  8,  X  —  8 ;  hence  the  upper 
and  lower  limits  of  D~f(x)  for  the  interval  (x0,  x„  +  e),  lie  between  these 
same  values,  the  function  D~f '(x)  being  regarded  as  undefined  at  the  point 
xa:  and  these  upper  and  lower  limits  of  B~f(x)  are  the  same  as  those  of 
D+f(x),  D+f(x)  for  (xQ,  $„  +  e),  the  point  x„  being  included.  It  follows  that 
D+/(iS(),  D+f(x0)  both  lie  between  X+8  and  \  —  S;  and  as  this  holds  for 
every  value  of  8,  we  must  have 

D+/W-i)+/M  =  X.X'; 
where  X'  denotes  the  limit  of  D+f(x)  at  x0  on  the  right;  and  thus  D+f{x), 
D+f{x)  are  both  continuous  at  x0  on  the  right.  If  \  =  +  co,then  in  the 
interval  (x0,  x„  +  e)  at  every  point  except  x0,  Dvf(x)  >  c,  where  c  is  an  arbi- 
trarily chosen  number  on  which  e  depends ;  the  argument  then  proceeds 
as  before. 

19-2 
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221.  If  a  continuous  function,  fix)  be  sack  that,  of  the  functions 
tf>  (x)  =/(«)  —  fe,  where  I  has  all  values,  none,  or  only  a  finite  number,  or 
only  an  infinite  set  which  does  not  fill  any  interval,  however  small,  have 
more  than  a  finite  number  of  maxima  and  minima  in  sufficiently  small 
neighbourhoods  on  the  right  of  &'„,  then,  the  function  f  (a:)  has  a  derivative  on 
the   right  at  x,„    either  finite  or  infinite. 

lif(x)  —  lx  have  only  a  finite  number  of  maxima  and  minima  in  (x0,x„  +  a): 
an  interval  (w„,  xe+ e,}  can  be  found,  in  which  the  function  is  monotone. 
Since  then,  at  every  point  xa  +  h  in  such  an  interval, 

f(x0  +  h)-ffo)-lhZO, 
or  else  at  every  point 

/(*  +  »)-/(*)-»  so, 
it  follows  that  D'f(xa),  J)^f(xn)  are  cither  both  £  Z,  or  else  both  S  I,  and 
this  holds  for  a  set  of  values  of  I,  every  who  re-dense  in  any  interval  whatever, 
If  D+f(x„),  J)+f(x0)  were  unequal,  we  could  find  a  value  of  I  which  is 
between  the  two  and  is  not  one  of  the  exceptional  values  of  I,  and  this 
would  be  contrary  to  what  has  been  proved ;  hence  D+f(x0)  =  D+f(x0),  or 
f(x)  possesses  a  derivative  d(x„)  on  the  right  at  x„.  .  This  derivative  is 
finite  if  some  of  the  functions  f(x)  —  Ix  increase  and  others  decrease  on  the 
right  of  x0 ;  otherwise  it  is  infinite. 

For  any  point  x  within  {x„,  x„  +  e^,  we  have,  for  a  sufficiently  small 
value  of  h, 

/<«±  *)-/(.),. 

±i      -'■ 

if  I  be  less  than  the  derivative  at  .*■■  on  the  right,  and 
f(p±h)-f(x) 

±h  =h 

if  I  be  greater  than  the  satno  derivative  d  (a;,).  If  d(x0)  be  finite,  it  follows 
that  — —  ,  —  lies  between  d  (x0)  +  a-,  d  (#„)  —  a,  where  u  is  an 
arbitrarily   small   number,  provided  x  —  x0  and   h  be   sufficiently   small.      If 

ii    \  ■                             f{x±h)-f(x)   ,.       .    x  , 

a  (ay  is  oo    or  —  ao ,  J        1,  '*es  between  c  and  +  x>  ,  or  —  c  and 

—  co ,  where  c  is  an  arbitrarily  great  positive  number.  In  either  case 
therefore  the  four  functions  l)+f(x),  D+f(x),  D~f(x),  D_f(x)  for  points 
within  (xg,  a;, +  et)  have  the  same  limit  at  %„,  viz.  <£(#0).  It  follows,  as 
a  particular  case,  that  if,  under  the  conditions  of  the  above  theorem,  a 
derivative  on  the  right  exist  at  all  points  in  an  arbitrarily  small  neighbour- 
hood on  the  right  of  x0,  the  derivative  on  the  right  at  xa  is  a  continuous 
function  on  the  right.  If  derivatives  on  the  left  exist  at  all  points  in  a 
neighbourhood  of  xa  on  the  right,  with  the  possible  exception  of  x^  itself,  these 
derivatives  have,  at  the  point  ,r,;,  the  derivative  d  (,<;.))  as  their  limit.. 
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222.  A  contin-mms  function  f(x)  cannot  hare,  at  every  point  of  a  whole 
interval,  a,  single -valued  derivative  on,  the  right,  which  is  everywhere  infinite  and 
of  the  same  sign. 

For  if  f(x)  had  this  property  in  an  interval  (a,  ff),  so  also  would 

and  this  function  necessarily  has  a  maximum  or  minimum  within  (a,  /3), 
which  is  contrary  to  the  condition  that  it  has  a  derivative  on  the  right 
which  is  always  of  the  same  sign;  for  this  involves  the  condition  that  the 
function  must  constantly  increase  as  x  increases  from  a  to  /3. 

Let  us  now  suppose  that  the  continuous  function  f(x)  has  at  all  points 
of  (a,  b)  single-valued  derivatives  on  the  right  (finite  or  infinite),  such  that, 
in  a  part  (a,  j3)  of  (a.  l>),  this  derivative  is  continuous  at  least  on  one  side;  the 
function  f{x)  is  then.  such,  that,  at  an  infinite  number  of  -points,  it  possesses 
an  ordinary  differential  coefficient. 

The  derivative  d  (%)  on  the  right  cannot  at  ali  points  of  (a,  ft)  he  infinite. 
For  if  we  take  a  point  x0  such  that  it  is  continuous  on  one  side,  in  the 
extended  sense  of  the  term  explained  in  §  219,  then  if  it  were  everywhere 
infinite,  its  sign  at  all  points  in  an  interval  on  the  one  side  of  xa  would  he 
the  same;  but  it  has  been  shewn  to  he  impossible  that,  everywhere  in  any 
interval,  d  (x)  should  he  infinite  and  of  constant  sign.  It  follows  that  there 
are  points  in  the  neighbourhood  of  xa  at  which  d(w)  is  finite.  If  a^  be 
such  a  point  in  (a,  /3),  then,  since  d  (ce)  is  continuous  on  one  side  at  ws,  an 
interval  can  be  found  at  all  points  of  which  d  (;<)  is  finite,  and  also  continuous 
on  one  side.  If  (aj,  /3,)  he  such  an  interval  in  (a,  #),  then  since  d(x)  is 
everywhere  finite  in  it,  and  continuous  on  one  side  at  least,  it  is  a  point-wise 
discontinuous  function,  if  it  be  not  continuous  in  («lf  &);  and  there  must 
therefore  be  an  infinity  of  points  in  (al5  A)  at  which  d  (x)  is  continuous.  At 
such  points,  in  accordance  with  §  210.  fix)  has  a  differentia]  coefficient. 

223.  If  we  now  collect  the  results  obtained  in  §  221  and  §  222,  we  can 
state  the  following  general  theorem,  applicable  to  functions  which  are  in 
general  monotone,  and  also  to  a  certain  class  of  everywhere-oscillating 
functions. 

If  a  continuous  function  f(x)  in  a  whole  internal  (a,  b)  he  such  that, 
corresponding  to  each  point  a;„,  there  he  of  the  functions  f(x)  —  lx  at  most  only 
a  finite  number,  or  an  infinite  set  for  which,  the  values  of  I  do  not  fill  any 
interval,  which,  in  an.  arbitrarily  small  neighbourhood  on  the  right  of  x„,  contains 
an  infinite  number  of  maxima  and  minima,  and.  if  the  same  condition  be  true 
as  regards  an  arbitrary  small  neighbourhood  on  the  left  of  a:,.,  than  the  function 
has  at  every  point  of  (a,  b)  a  definite  derivative,  on  the  right,  and  also  a  definite 
derivative  on  the  left,  and  there  is  an  everywhere-dense  set  of  points  at  which 
there  is  a  differential  coefficient. 
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In  every  part  of  (a,  b)  there  are  finite  intervals,  in  each  one  of  which  the 
derivatives  on  the  right  and  those  on  the  left  are  both  definite  and  finite,  and 
such  that  each  of  them  is,  in  the  interval  to  which  it  belongs,  a  point-wise 
discontinuous,  or  else  a  continuous,  function. 

As  regards  everywhere-oscillating  functions,  the  following  remarks  may 
be  made. 

If  a  continuous  function  have  in  every  neighbourhood  on  the  right  of 
a  point  jc„,  an  infinite  number  of  maxima  and  minima,  there  are  in  such 
neighbourhoods  an  infinity  of  point*  at  which  the  derivatives  on  the  right  are 
negative  or  zero,  and  an  infinity  of  points  in  which  these  derivatives  are 
positive  or  zero.  It  follows  from  this,  that  none  of  the  derivatives  at  a 
point  x  on  the  right  of  ze0  can  have  a  definite  limit  as  x  approaches  the  limit 
xa,  unless  such  limit  be  zero. 

In  particular,  if  at  all  such  points  x,  definite  derivatives  on  the  right  and 
on  the  left  exist,  these  derivatives  cannot  be  continuous  at  #0,  unless  the 
derivatives  at  x0  are  both  zero. 

If  at  the  point  xB,  and  at  every  point  in  a  neighbourhood  of  xa  which 
contains  an  infinite  number  of  maxima  and  minima,  a  differential  coefficient 
exist,  which  is  continuous  at  x„,  this  differential  coefficient  must  be  zero  at 
x0  and  at  an  infinity  of  points  in  the  neighbourhood  of  xB,  and  must  therefore 
itself  have  an  infinite  number  of  maxima  and  minima  in  the  neighbourhood 
of  xa. 

If  a  function  f(x),  which  has  an  infinite  number  of  maxima  and  minima 
in  the  neighbourhood  of  x0,  have  at  xa,  and  in  its  neighbourhood,  differential 
coefficients  of  any  number  of  orders,  then  they  are  all  functions  with  an 
infinite  number  of  maxima  and  minima  in  the  neighbourhood  of  xa,  and  all 
of  them  vanish  at  #0,  except  that  the  one  of  highest  order  may  be  discontinuous 
at  xa,  not  then  necessarily  vanishing  at  that  point.  If  differential  coefficients 
of  all  orders  exist,  they  must  all  vanish  at  *0 ;  and  such  a  function  is  incapable 
of  expansion  in  powers  of  *  -  x„  in  the  neighbourhood  of  x0.  An  example* 
of  a  function  of  this  kind  is 

„ i_    .        1 

x'+e   [*-*.)*  sin . 


FUNCTIONS    WITH    ONE    DEKIVATIVE   ASSIGNED. 

224.  If  two  Junctions,  dafmed-  for  a  given  interval,  have  each  limited 
derivatives,  and  if  the  two  functions  have  one  of  their  four  derivatives,  say 
the  upper  derivative  on  the  right,  equal  to  one  another  at  every  point  which 
does  not  belong  to  a  set  of  points  R  of  measure  zero,  then  the  two  functions 
differ  from  one  another  by  a  constant,  the  same  for  the  whole  i 

*  Dim,  Orwtidlttije.it,  p.  314. 
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This  theorem  *  differs  from  that  of  §  20(1,  in  the  reapect  that  the  functions 
are  restricted  to  be  such  continuous  functions  as  have  limited  derivatives;  it 
is  however  more  general,  in  that  E  is  not  restricted  to  be  enumerable. 

Let  the  points  of  E  be  enclosed  in  the  interiors  of  intervals  of  a  set,  of 
which  the  total  length  has  the  arbitrarily  small  value  e.  To  each  point  P 
of  E  there  corresponds  an  interval  PP',  where  PP'  is  that  part  of  the 
interval  of  the  set  that  encloses  P  which  is  on  the  right  of  P ;  these  intervals 
PP'  may  be  denoted  by  &'.  If  the  two  functions  ft  Or),  f.,(x)  are  such  that, 
at  a  point  «,,  Z)+/i  (»,)  =  D*ft (.»,).  ifc  has  been  seen  in  §  206,  that  D+f(wl)  £0, 
D+  f{dh)  s  0,  where  /  (x)  denotes  /,  (%)  -  /a  (so).  Since  f(x)  is  continuous  at 
a\,  it  follows  that  there  is  a  set  of  points  x,  +  h  on  the  right  of  #,,  such  that 
|/(«i  +  h)  —  /(«i)|  £  eh;  if  we  suppose  h  to  have  the  greatest  value  for  which 
this  holds,  the  interval  («,,  &,  +  h)  is  an  interval  on  the  right  of  #t,  and  such 
intervals  may  be  denoted  by  §. 

Let  %  be  any  point  such  that  a<  %  £b,  and  consider  the  interval  (a,  %), 
From  the  point  a  lay  off  an  interval  8  or  8',  according  as  a  is  not,  or  is,  a 
point  of  E;  from  the  end  of  this  interval  lay  off'  another  interval  8  or  8',  as 
the  case  may  be.  Proceeding  in  this  manner,  we  may  either  reach  the  point 
|,  after  taking  a  finite  number  of  intervals,  or  else  we  obtain  an  infinite  set 
of  intervals,  the  end-points  of  which  have  a  limiting  point  P„,  which  may,  or 
may  not,  coincide  with  £.  In  the  latter  case,  we  commence  again  to  lay  off 
intervals  on  the  right  of  Pa,  until  we  either  reach  £,  or  else  until  another 
limiting  point  Pws  is  obtained  as  the  limit  of  a  sequence  of  end-points. 
Proceeding  in  this  manner,  the  point  £  is  certainly  reached  as  the  end  of  an 
ordered  sequence  of  intervals  corresponding  to  a  set  of  ordinal  numbers 
which  comes  to  an  end  before  some  number  of  the  first  or  of  the  second 
class.  The  set  of  points  not  interior  to  the  intervals  is  a  closed  enumerable 
set.  We  can  now  find  /(f)  —/(a)  as  the  sum,  or  limiting  sum,  of  the 
differences  of  the  functional  values  at  the  end-points  of  the  intervals  which 
have  been  defined,  and  each  of  which  is  either  a  8,  or  a  8'.     It  is  clear  that 

I  /<£)  -/(«)  I  s  e2S  +  A  %$'  <  e  (f  -  a  +  A), 
where  the  summations  refer  to  those  of  the  intervals  S,  8'  which  have  been 
employed  in  the  construction;   and  A   denotes  the   finite  upper   limit   of 

\J  \  v    J  \    )    for  everv  pa;r  0f  points  wu  a%  in  the  interval  (a,  £),  and  which 

is  identical  with  the  upper  limit  of  the  absolute  value  of  the  derivatives 
o(/(x)ia  the  interval.  Since  e  is  arbitrarily  small,  it  follows  that  f(tj)  =/(«), 
and  therefore  f^  (£)  —  fs(g)  =  f1  (a)  —  /s(a) ;  thus  the  theorem  has  been 
established. 

■'a  Letpns  stir  I'integration,  p.  79. 
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THE  CONSTEUCTION   OF   CONTINUOUS    FUNCTIONS. 

225.  One  of  the  most  fruitful  methods  of  obtaining  continuous  functions 
which  exhibit  various  peculiarities  as  regards  the  existence  or  non-existence 
of  differential  coefficients  at  ail  the  points,  or  at  sets  of  points  of  their  domain, 
consists  of  defining  the  functions  by  means  of  series  specially  constructed 
with  a  view  to  the  purpose  on  hand ;  this  method  will  be  explained  and 
illustrated  in  Chapter  vi.  Brodcn,  Kopcke  and  others  have  however  given 
direct  eon st ructions  for  continuous  functions,  which  illustrate  various  possi- 
bilities in  relation  to  the  existence  and  properties  of  derivatives. 

The  method  employed  *  by  Broden  is  that  of  delimng  a  contiguous  function 
in  the  domain  (a,  6),  as  the  function  obtained  by  extension  (see  §  191}  of  a 
function  defined  for  an  enumerable  everywhere- dense  set  of  points  in  (a,  b). 
the  primary  points.  A  continuous  function  is  entirely  determinate  when  the 
functional  values  at  such  a  primary  set  of  points  have  been  assigned.  The 
necessary  and  sufficient  condition  that  a  function  defined  for  the  primary  set 
should,  by  extension  to  the  domain  (a,b),  give  a  function  which  is  continuous 
in  that  domain,  is  that  the  primary  function  should  be  uniformly  continuous 
with  respect  to  the  unclosed  primary  domain.  To  prove  this,  let  {£}  denote 
the  set  of  primary  points,  and  [a:\  the  set  of  secondary  points;  then  the 
condition  that  the  function  /(£)  may  be  uniformly  continuous  with  respect 
to  the  domain  {£ j,  is  that,  if  ^  bo  any  point  of  \jj\,  and  if  tj  be  a  prescribed 
arbitrarily  small  number,  the  condition  |./'(f)—  /(£)  |  <  V  be  satisfied  at  all 
points  |  which  are  such  that  |  f  —  £i|<e,  where  e  is  a  number  dependent 
on  jj,  but  the  same  for  all  points  fL  of  [£).  Now  assuming  that  this  condition 
is  satisfied  let  xt  be  a  secondary  point,  and  let  f,,  f2, ...  |„... ,  f,',  fa',.--  ?«'  ■■■ 
be  any  two  sequences  of  primary  points  each  of  which  has  x,  as  its  limit; 
we  have  to  shew  that  each  of  the  sequences 

/(«,/({.)..•■/({.)•••  , 

/(60.  /({.').  -At.')- 

converges  to  the  same  number,  which  will  then  be  the  single  functional  value 
/(iCj).  Enclose  Xi  in  the  interval  (a\  —  £e,  a^  -+  ^e)  ;  then,  from  and  after  some 
particular  value  of  n,  all  the  points  of  both  sequences  of  values  of  |?  lie 
within  this  neighbourhood.     Let  this  value  of  n  be  m,  then 

l/(6J  -Aim.)  I  <v, 

for  all  positive  integral  values  of  r ;  hence  the  first  sequence  of  functional 
values  is  convergent,  since  tj  is  arbitrary;  and  similarly  the  second  is  also 
convergent.     Also  for  every  tj  there  is  a  definite  in  such  that 

l/(6-M)-/(F-»)l«i; 

■    Civtlit's  -lournul,  vol.  cxv;n  ;  *;e  also  Acta  Univ.  Ltutd.  vol.  xxxm. 
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hence  the  two  convergent  sequences  have  the  same  limit,  and  this  limit 
defines  f  (#,).  We  have  now  to  shew  that  the  single- valued  function  so  defined 
is  continuous.    We  have 

|/<«0 -/(«!<*  provided  [*-&|<i«, 
and  !/(«*)-/(&)! <fl.  provided  |aj„-ft|<4e; 

also  |/(ft)  -/(ft)  |  <  q,  provided  |  ft  -  ft  |  <  « 

Hence  it  follows  that  LA*0  ~f(a:i)  \  <  &)> 

and  this  holds  provided  |  a^  —  a?,  |  <  2e, 

'or  ft,  ft  can  bo  taken  to  be  between  x-,  and  #5;  and  therefore  f(x)  is  con- 
tinuous at  a;,,  since  3tj  is  at  our  choice.  The  extended  f(x)  is  also  easily  seen 
to  be  continuous  at  any  primary  point.  It  has  now  been  proved  that  the 
condition  of  uniform  continuity  is  sufficient;  that  it  is  necessary  follows  from 
tho  theorem  of  §  175. 

The  derivatives  at  any  point  depend  only  on  the  functional  values  at  the 
primary  points  in  the  neighbourhood  of  the  point.     For  let  jb,  be  any  point. 

fix)  -  fix ) 
and  consider  the  limit  of  — — -  ,  when  x  has  any  sequence  of  values 

which  converge  to  xs.  A  set  of  primary  values  of  x  can  always  be  found, 
such  that,  the  ratio  converges  to  the  same  limit,  when  x  has  the  values  of 
this  sequence  of  primary  points,  as  for  the  prescribed  sequence  consisting 
of  secondary  points,  or  of  both  primary  and  secondary  points.  For  a  primary 
point  £  can  be  found,  corresponding  to  x,  such  that 

I/W-/W      /(S -/(»■)  |    .; 

|       x  —  w,  %  —  Xj        j        ' 

where  8  is  an  arbitrarily  small  number.     This  follows  from  the  fact  that 
f(x)-f(xl) 

X-X! 

is  a  continuous  function  of  x  at  every  point  except  x,. 

226.  In  order  to  construct  monotone  continuous  functions,  the  values  of 
the  function  are  first  assigned  at  the  end-points  a,  b  of  the  interval,  then  at 
two  points  x0,  #!,  where  x0<Xj,  then  at  four  points  xw,  xa>  xso,  &u,  where 

a;(m<a;0,  x0 <#oi<#io< xt,  and  %,<x11; 
afterwards  at  eight  points 

^ow,    xma    ;Buhj;    ''(ih    ''in^    %itn>    Xilg,   Xul,    tffiC. 

lying  in  the  successive  intervals  measured  from  left  to  right,  into  which  (a,  b) 
was  divided  by  the  four  points;  and  so  on.  The  function  may  then  be 
regarded  as  the  limit  of  a  sequence  of  continuous  functions,  each  of  which  is 
representable  as  a  polygon  obtained  by  joining  the  end-points  of  ordinates 
which  represent  the  functional  values  that  have  been  assigned  at  any  stage 
of  the  process. 
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In  this  maimer  Brodeii  litis  constructed  a  monotone  continuous  function 
/(#),  which  is  such  that  it  1ms  derivatives  on  the  right,  and  on  the  left, 
which  are  every where  definite,  finite  and  different  from  zero;  and  such  that 
a  definite  differential  coefficient  everywhere  exists,  except  at  the  everywhere- 
dense  enumerable  set  of  primary  points. 

He  has  also  cons  true  ted  a  monotone  l'i  motion  /'(.'<:)  which  is  such  that  at 
the  every  where -dense  enumerable  set  of  primary  points,  the  derivative  on 
the  left  exists,  and  is  zero,  and  the  derivative  on  the  right  exists  and  is 
positive;  for  an  unenumorable  every  where-dense  set  of  points  there  is  a 
differential  coefficient  everywhere  zero,  and  for  another  such  set  of  points, 
there  is  no  definite  derivative  on  the  left,  but  there  is  a  positive  one  on 
the  right. 

A  third  case  is  the  following: — 

f(a>)  is  continuous,  monotone  and  increasing;  at  an  everywhere-dense 
enumerable  set  of  points  the  derivative  on  the  left  is  zero,  and  that  on  the 
right  is  +  co  ;  for  an  everywhere-dense  unenumerable  set,  both  derivatives  exist 
and  are  positive;  for  another  such  set  bot.li  exist  and  are  zero;  for  a  third  such 
set,  both  derivatives  exist  and  are  +  oo ;  for  a  fourth  such  set,  neither  derivative 
exists ;  for  a  fifth  such  set,  the  derivative  on  the  left  is  aero,  and  that  on  the 
right  is  indefinite,  but  has  zero  for  its  lower  limit ;  for  a  sixth  such  set,  the 
derivative  on  the  right  is  +00,  but  that  on  the  left  is  indefinite,  with  +  00 
for  its  upper  limit. 

227.  For  the  construction  of  everywhere-oscillating  continuous  functions 
it  is  more  convenient  to  successively  assign  the  functional  values  at  sets  of  points 
proceeding  by  powers  of  3  instead  of  2  as  in  the  case  of  monotone  functions. 
In  this  manner  Brodiin  has  constructed  such  a  function  f(x),  which  has  the 
following  properties: — 

At  an  everywhere-dense  enumerable  set  of  points,  the  derivative  on  the 
left  exists,  and  is  positive;  that  on  the  right  exists,  and  is  negative  (or  the 
reverse),  this  set  corresponding  to  maxima  and  minima  of  the  function  ;  for 
a  certain  uneniunerable  everywhere-dense  set,  there  is  a  differential  coefficient 
everywhere  of  the  same  sign;  and  for  another  such  set,  there  is  a  differ- 
ential coefficient  which  is  zero ;  for  a  third  such  set,  one  or  both  of  the 
derivatives  are  indefinite. 

Kopcke*  has  given  the  first  example  of  a  function  which  is  everywhere- 
oscillating  and  yet  has  at  every  point  a  definite  differential  coefficient,  thus 
confirming  the  conjecture  of  Dini  that  such  functions  can  exist ;  and  Brodenf 
has  also  constructed  such  a  function.     A  general  theory  of  such  functions  has 

*  Math.  Ann.  vol.  xxix,  p.  123 ;  vol.  xxxiv,  p.  161 ;  vol,  xxxv,  p.  104.  See  also  Pereno,  Giorn. 
di  Mat.  vol.  xxxv,  p.  132. 

t  Stockholm  Vet.  Ah.  Ofv.,  1900,  pp.  423  and  743. 
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been  given*  by  Schonflies.  The  method  adopted  by  Kb'peke  is  to  construct 
the  function  as  the  limit  of  a  succession  of  polygons  of  which  the  sides  are 
circular  arcs.  Every  whore-oscillating  functions  have  also  been  studied  by 
Steinitz-f-.  A  detailed  account  of  all  the  special  cases  treated  of  by  these 
writers  would  require  a  large  amount  of  space;  reference  can  therefore  only 
be  made  to  the  original  memoirs.  A  simplification  of  Kopcke's  construction, 
due  to  Pereno,  will  be  given  in  Chapter  VI. 

228.  A  function  ./'(:<)  which  is  of  such  a  character  that  it  can  be  repre- 
sented approximately  by  a  graph,  which  exhibits  all  the  peculiarities  of  the 
function,  so  that  y  =f(.r)  is  r.he  equation  of  a  "curve,"  in  the  ordinary  sense 
of  the  term,  must  satisfy   the  following  three  conditions: — 

(1)  The  function  must  be  continuous  everywhere,  with  the  possible 
exception  of  a  finite  number  of  points,  at  which  it  may  have  ordinary  dis- 
continuities. 

(2)  It  must  be  differeniiable,  except  th.it  there  may  be  a  finite  number 
of  points  at  which  no  differential  coefficients  exist,  but  at  which  definite 
derivatives  on  the  right  and  on  the  left  exist. 

(3)  It  can  have  only  a  finite  number  of  maxima  and  minima;  and  the 
same  must  hold  of  every  function  obtainable  by  the  addition  of  a  linear 
function  to  the  one  in  question.  This  condition  may  be  expressed  in  the 
form,  that  the  function  must  be  in  genera!  monotone  with  reference  to  every 
possible  axis  which  may  be  employed  for  the  measurement  of  abscissae. 

A  function  which  satisfies  these  conditions  may  be  characterised!  ^  an 
ordinary  function.  As  has  been  already  indicated,  there  exist  functions 
which  satisfy  the  conditions  (1)  and  (3),  but  do  not  satisfy  the  condition  (2). 
Again,  there  exist  functions  which  satisfy  the  conditions  (1)  and  (2),  but  not 
the  condition  (3). 

FUNCTIONS   OF  TWO  OR  MORE   VARIABLES. 

229.  An  association  of  n  numbers  (a„  0%,  ...  an)  being  considered  to 
represent  a  point  in  n- dimensional,  space,  any  set  of  such  points,  whether 
continuous  or  not,  may  be  taken  as  the  domain  of  a  set  (ai,,  %s,  ...  zcn)  of  n 
independent  variables.  When  |  w1  |,  |  a%  |,  ...  |  xn  j  are,  for  all  points  of  the 
domain,  all  less  than  some  fixed  positive  number,  the  domain  is  said  to  be 
limited. 

A  function /"({Ei,  #9,  ...  icn),  as  in  the  case  of  a  domain  of  one  dimension, 
is  defined  by  a  set  of  rules  from  which  a  single  number,  the  functional  value, 

*  Math.  Ann.  vol.  uv  ;  also  his  liericht,  p.  1S4. 
T  Math.  Annalen,  vol.  Ml. 

t  Du  Bois  lk'Vnianil,  Cri-lla's  Journal,  vol.  r.xx?*:.  p.  H2. 
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ean  be  arithmetically  determined  for  any  prescribed  point  of  the  given 
domain.  If,  for  every  point  of  the  domain,  |/(«L,  &»,  ...  xn)  |  be  less  than 
some  fixed  positive  number,  the  function  is  said  to  be  limited  in  its  domain. 

Corresponding  to  a  neighbourhood  (a  —  e,  a  +  e)  of  a  point  a  in  a  straight 
line,  the  rectangular  cell  which  contains  all  points  {%,  w%,  ...  #„)  such  that 
|  «,  — «!  |  S  €„  |  fltj~a2  |  S  e,,  ...  |  xn  —  On]  3  e„,  where  ei,6Sl  ...  en  are  definite 
positive  numbers,  is  taken  to  be  a  neighbourhood  of  the  point  («lt  a.!t  ...  «■„). 
A  "sphere,"  which  contains  all  points  such  that 

(at  -  a,y  +  («„  -  atf  +  . ..  +  (*fc  -  a«)2  £  p8, 
where  p  is  some   assigned  number,  is  also  frequently  employed  for  purposes 
similar  to  those  for  which  the  interval  (a  —  e,  a  +  e)  is  used  in  the  case  of 
a  linear  domain. 

The  definitions  given  in  §  167,  of  the  upper  and  lower  limits,  and  of  the 
fluctuation  of  a  function  in  its  domain,  can  be  inmiedianely  extended  to  the 
case  of  an  ^-dimensional  domain. 

The  function  f(xu  a>3,  ...  xn)  is  said  to  be  continuous  at  the  point 
(it,,  a,,  ...  aw),  which  is  a  limiting  point  of  the  domain  of  the  function, 
provided  that,  corresponding  to  an  arbitrarily  chosen  positive  number  e, 
■a  neighbourhood  of  (a,,  a3,   ...  a„)  can  be  determined,  such  that 

{/(ah,  as,,  ...  %n)-f(a„  a»  ■•■  <*»)  [  <  e, 
for  every  point  (a^,  w2,  ...  x.a)  in  the  interior  of  the  neighbourhood,  which  is 
conveniently  taken  to  be  a  rectangular  cell. 

A  function  which  is  not  continuous  at  a  point  may  satisfy  the  above 
condition  for  a  neighbourhood  in  which  a^  —  a,,  x2  —  a^  ...  #„  — &„  are  re- 
stricted each  to  have  a  definite  sign.  The  2™  different  partial  neighbour- 
hoods of  a  point  so  determined,  correspond  to  neighbourhoods  on  the  right 
and  on  the  left,  in  the  case  of  one-dimensional  domains, 

Such  partial  continuity  of  a  function  is  a  generalization  of  the  conception 
of  continuity  on  the  right,  and  on  the  left. 

The  saltus  of  a  function  at  a  point  is  defined  as  in  §  180,  as  the  limit 
of  the  fluctuation  in  the  neighbourhood  when  the  greatest  of  the  numbers 
s„  6B,  ...  en  converges  to  zero. 

There  is  a  separate  saltus  for  the  limit  of  each  of  the  2™  partial 
neighbourhoods. 

The  domain  for  which  a  function  is  defined  will  most  frequently  be  taken 
to  be  a  continuous  limited  domain,  i.e.  one  which  is  limited,  perfect  and 
connex. 

The  theorem  of  §  171,  that  for  such  a  domain,  there  exists  one  point  at 
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least,  such  that,  in  any  arbitrarily  small  neighbourhood  of  the  point,  the  upper 
limit  of  the  function  is  the  same  as  the  upper  limit  of  the  function  in  the 
whole  domain,  can  be  extended  to  the  ease  of  an  H-dimcnsional  domain. 

The  whole  domain  may  be  taken  to  be  contained  in  a  single  rectangular 
cell;  this  rectangular  cell  maybe  sub-divided  into  »'  equal  parts  each  similar 
to  the  whole ;  these  parts  may  then  be  similarly  sub-divided,  and  so  on, 
indefinitely.  The  proof  of  the  theorem  is  then  precisely  similar  to  that 
given  in  §  171. 

The  theorem  that,  in  the  case  of  a  continuous  function,  the  upper  limit 
of  the  function  is  actually  attained  at  some  point  of  the  domain,  may  be 
proved  as  in  §  171. 

That  a  continuous  function  is  determined  by  the  functional  values  at  the 
points  of  an  everywhere-dense  enumerable  set  contained  in  its  domain,  may 
be  proved  as  in  §  173. 

That  a  continuous  function  defined  for  a  closed  domain  is  necessarily 
uniformly  continuous,  may  be  proved  by  either  of  the  methods  employed  in 
§  175  and  §  18-5.  Thus,  if  for  each  point  of  the  domain,  a  neighbourhood  be 
determined,  within  which  the  fluctuation  of  the  function  is  less  than  the 
prescribed  number  e,  a  finite  number  of  these  neighbourhoods  can  be  selected 
such  that  each  point  of  the  domain  is  in  the  interior  of  one  at  least  of  them. 
The  finite  number  of  cells  which  overlap  one  another  determine  a  finite 
number  of  non -overlapping  cells.  If  ij  be  the  shortest  of  the  edges  of  ali 
these  non-overlapping  cells,  any  rectangular  ceil  such  that  the  lengths  of  all 
its  edges  are  less  than  ij  will  be  contained  in  the  interior  of  one  of  the  cells 
of  the  finite  overlapping  set.     Thus  the  theorem  is  established. 


FUNCTIONS    OF    TWO    VARIABLES. 

230.  Most  of  the  points  in  which  the  theory  of  functions  of  a  number  of 
variables  involves  considerations  which  are  not  an  immediate  generalization 
of  those  which  occur  in  the  case  of  functions  of  a  single  variable,  are 
sufficiently  illustrated  by  the  case  of  functions  of  two  variables.  Accordingly 
the  properties  of  functions  of  two  variables  will  be  considered  in  some  detail. 

That  a  function  /(.->■',  y)  should  be  continuous  at  a  point  (a,  b)  which  is  a 
limiting  point  of  its  domain,  it  is  necessary,  but  not  sufficient,  that  the 
function  f(x,  b)  of  x  should  be  continuous  at  the  point  x  —  a,  and  that  the 
function  f{a,  y)  of  y  should  be  continuous  at  the  point  y  =  b.  Thus  a 
function  may  be  continuous  at  a  point  with  respect  to  x,  and  also  with  respect 
toy,  whilst  it  is  discontinuous  with  respect  to  the  two-dimensional  domain 

(«.  y)- 


.Google 


302  Functions  of  a  real  variable,  [oh.  rv 

It  is  not  even  sufficient  to  ensure  the  continuity  of  f{x,  y)  at  a  point, 
that  it  be  continuous  in  every  direction  from  the  point.     Thus 

/(a  +  rcosO,  b  +  rsinO) 
may  be  a   continuous   function  of  r,  at  r  =  0,  for  each  value  of  8  in   the 
interval  (0,  2tt),  and  yet*  the  function  may  be  discontinuous  at  (a,  b). 

The  necessary  and  sufficient  condition  that  /(«■',  y)  may  be  continuous  at 
(a,  6)  may  be  expressed  in  the  form,  that  f(x,  if)  must  be  continuous  in  every 
direction  at  the  point,  and  u-uifirnahy  so  for  all  directions. 

Thus  if  f{a  +  r  cos 0,  b  +  r  sin  8)  be  continuous  at  r  =  0,  for  each  value 
of  8,  and  uniformly  so  for  all  values  of  8,  then  if  e  be  a  prescribed  positive 
number,  a  number  p  can  be  determined,  independent  of  8,  such  that 
\/{a  +  r  cos  8,  b  +  r  sin  8)  -f(a,  b)\<e, 

provided  r  <  p.  From  this  condition  it  follows  that  j/{#,  y)  —f{<t,  b)  |  <  e, 
provided  |  x  —  a  \,  \y  —  b\  are  each  <  pl*J2,  and  thus  the  condition  of  con- 
tinuity of  the  function  is  satisfied. 

The  remarks  which  have  been  made  as  regards  the  continuity  of  a 
function  at  a  point  are  applicable  without  essential  change  if  those  functional 
values  in  the  neighbourhood  of  the  point  are  alone  taken  into  account, 
which  are  in  one  of  the  four  quadrants,  the  values  at  points  on  the  axes 
bounding  the  quadrant  being  either  included  or  excluded  from  consideration, 
as  may  be  agreed  upon.  Thus  the  condition  of  continuity  at  a  point  may  be 
satisfied  for  one  such  quadrant  and  not  for  another  one. 

EXAMPLES. 

1.  Let  f(x,  y)  =  -~iT~\  a,Tli:'  /(0,  0)"=('-  'L'hix  function  is  discontinuous  at  the  point 
(0,  0),  although  it  is  continuous  at.  that  point  with  respect  to  r,  and  also  with  respect  toy, 
since /(#,  0)  =  0,  f{y,  0)  =  0.  In  all  other  direction;,  the  function  is  discontinuous;  for 
writing  ^  =  j'cos  6,  y=rsiu  0,  the  function  is  J>sin  26  and  therefore  has  a  constant  value 
different  from  zero  on  a  straight  line  for  which  $  is  constant,  unless  6  iias  one  of  the  values 


2.  Let+ /(j.t,  y)-  -,.'"?— i>  /(">  0)  =  O.  This  function  is  discontinuous  at  the  point 
[0,  0),  although  it,  is  continuous  in  each  particular  direction,  at  that  point.  We  find  that 
■■—„''  .,  .-  .j-.,<fi  if  >'<9  cosoc-fi  {1  -v'l  -4-f2cOs"J(J};  aiui  in  order  that  this  condition 
may  be  satisfied,  the  greatest  viiluc  of  /  diminishes  indefinitely  as  6  approaches  the  value 
\t?  ;  whereas  when  6  =  hn,  the  function  is,  for  every  value  of  r,  equal  to  /(0,  0).  It  is 
thus  seen  that,  the  convergence  in  dil'lorent  directions  is  noiiaui.d'omi. 

*  See  Thomae,  Ahriss  rim-,-  liu-orii  iter  k-otiiulcx^n  2<'ttni;tioii>.:/t,  find  ed.  p.  15. 
t  Genoeohi-Peano,  Cala.  Diff.,  %  123. 
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231.  Let  (a,  b)  be  a  limiting  point  of  the  domain  for  which  a  function 
f(x,  y)  is  denned,  and  let  a  neighbourhood  of  which  the  corners  are  the  four 
points  (a  +  e,  b  +  e)  be  taken.  Let  JJ,  L  be  the  upper  and  lower  limits  of  the 
function  for  all  points  of  the  domain  in  this  neighbourhood,  the  functional 
value  at  {a,  b)  being  however  disregarded  in  case  (a,  b)  belongs  to  the  domain. 
If  e,  e  be  diminished,  the  number  U  cannot  increase ;  and  when  values  of  e,  e 
belonging  to  sequences  el7  e2,  ...  e„,  ...,  and  e/,  e.J,  ...  en',  ...  each  of  which 
converges  to  the  limit  zero  are  taken,  and  f„  be  the  value  of  U  corresponding 
to  the  values  e„,  en'  of  e,  e',  the  numbers  Ult  U^, ...  U„, ...  form  a  sequence  of 
numbers  which  do  not  increase.  This  sequence  has  then  a  limit  U,  which 
may  however  have  this  improper  value  cc  ,  in  case  all  the  numbers  Un  have 
this  improper  value.  It  is  easily  seen  than  U  is  independent  of  the  particular 
sequences  chosen  for  e,  e'.  This  number  U  is  said  to  be  the  upper  limit  of 
the  fi.'i'cUon  at  {a,  b),  and  may  be  denoted  by 
Em    f(x,  y). 

The  lower  limit     lim    f{x,  y)  may  be  defined  in  a  similar  manner,  as 

the  limit  of  a  sequence  of  values  of  L ;  and  it  may  have  the  improper  value 

—  co  . 

At  a  point  of  continuity  of  the  function,  the  condition 
\     lim    f(as,y)  =     Hin    f(x,y) 

is  satisfied;  and  further,  each  of  these  limits  is  equal  to  f(a,  b),  in  case  (a,  b) 
belongs  to  the  domain  of  the  function. 

Corresponding  pairs  of  limits  may  also  be  defined  for  the  case  in  which 
the  functional  values  in  one  quadrant  only  are  taken  into  account,  the 
functional  values  on  the  axes  being  either  included  or  excluded,  in  case  they 
exist,  as  may  be  agreed  upon. 

The  saltus  or  measure  of  discontinuity  at  the  point  (a,  b)  is  measured  by 
the  excess  of  the  greatest  over  the  least  of  the  three  numbers 

f(a,h),  JK_(/(.,j,),      Km    /(«,j,). 

The  saltus  at  a  point  of  discontinuity  may  have  a  finite  value,  or  it  may  be 
indefinitely  great. 

In  case  lim  f(x,  y)  =  jim  f(x,  y),  their  common  value  may  be 
denoted  by  lim  f(x,  y),  and  the  function  is  then  said  to  have  a  definite 
double  limit  at  the  point  (a,  b) ;  this  double  limit  lim  f  (x,  y)  may  be 
finite,  or  infinite  with  a  definite  sign. 
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When  the  upper  and  lower  limits  have  different  values,  \iraf(x,  y)  is 
frequently  regarded  as  existent  but  indeterminate,  the  upper  and  lower 
limits  being  regarded  as  its  limits  of  indeterminacy. 

232.  In  considering  the  functional  values  in  the  neighbourhood  of 
a  point,  and  the  functional  limits  at  the  point,  it  is  frequently  convenient  to 
consider  one  quadrant  only;  this  we  may  take,  without  loss  of  generality,  to 
be  the  quadrant  in  which  «  — a  =  0,  y  —  b^0.  The  results  which  will  he 
established  are  essentially  applicable  to  any  one  of  the  four  quadrants,  and 
can  be  immediately  extended  to  the  case  in  which  account  is  taken  of  the 
whole  neighbourhood  of  (a,  6),  by  taking  the  totality  of  the  results  for  the 
four  separate  quadrants,  and  for  the  lines  at  — a,  y  =  b. 

Assuming  that  x  —  a>0,  y  —  b>0,  the  function  fix,  y)  considered  as 
a  function  of  y  only,  with  x  constant,  has  two  functional  limits  f(x,  b  +  6), 
f{x,  6  +  0),  at  the  point  (x,  6);  these  may  be  denoted  by  lim  f(%,  y), 
lim/(a;,  y)  respectively.  In  case  these  two  limits  are  identical,  their  common 
value  may  be  denoted  by  lim  f(x,  y),  the  functional  limit  fix,  6  +  0)  having 
in  that  case  a  definite  value. 

If  either  of  the  limits   lim/(,-r,  y),  lim/ (a;,  ;/)  i«  to  be  taken  Indifferently. 

we  may  denote  them  by  lim  fix,  y).    This  may  be  regarded  as  a  function  of  x, 

such  that  its  value  at  the  point  (a;,  6)  is  multiple-valued,  and  has 
lim  fix,  y),  lim  fix,  y)  for  its  limits  of*  indeterminacy. 

It  may  happen  that  lim/(#,  y),  considered  as  a  function  of  x,  has  a 

definite  functional  limit  at  the  point  x  =  a;  this  limit  may  be  either  finite, 
or  infinite  with  fixed  sign.  In  case  such  a  limit  exists,  it  is  denoted  by 
lim  lim/(a;,  y),  and  it  is  said  to  be  the  repealed  limit-  of  fix,  y)  at  the  point 

i=o   )l  =  b 

(a,  6),  the  order  of  the  limits  being,  that  the  limit  for  y  =  b  is  taken  first, 

and  then  afterwards  the  limit  for  cc  =  a. 

In  case  this  repeated  limit  does  not  exist,  either  as  a  definite  number,  or 
as  infinite  with  fixed  sign,  we  may  regard  lim  \m\fix,  y)  as  indeterminate, 

its  limits  of  indeterminacy  being  lim  Mm  fix,  y),  and  lim  lim  fix,  y). 

The  repeated  limit  lim  lim  fix,  y),  in  which  the  limit  with  respect  to  x 

is  first  taken,  and  afterwards  that  with  respect  to  y,  may  be  defined  in  a 
precisely  similar  manner. 
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It  is  clear  that  the  function  a  I  values  on  the  straight  lines  x  =  a,  y  =  b  are 
irrelevant  as  regards  the  existence,  or  the  values,  of  the  repeated  limits. 

In  case  the  double  limit      lim     f((c,y)  for  x>a,  y>b,   exists   at   the 

point  (a,  b),  having  either  a  finite  value,  or  being  infinite  with  fixed  sign,  the 
existence  of  the  two  repeated  limits 


lim  Iim/(«.  y),     Km  lim/<«;,  y) 

follows  as  a  consequence,  their  common  value  being     lim    f(®,y).     In  this 

case  lim  f{x,  <j>(n.')]  also  exists,  and  is  equal  to  the  double  limit,  where  <£(#) 

is  any  function  of  x,   which  is  >  6,  and  is  such  that   lim  <£(ic)  =  6.     Also 

Mmf{<fi(t),ty(t)}  exists,  and  is  equal  to  the  double  limit;  where  <f>(t),  tjr(t) 

are  functions  of  a  variable  t,  such  that  tf>  (t)  >  a,  <f>  (t)  >  6,  and  that 
lim  4>(t)  =  a,  lim  <f>(t)  =  k 

The  converse  of  these  statements  does  not  hold  good.  In  particular,  the 
existence  of    lim    f(x,  y)  is  not  necessary  either   for  the  existence  with 

definite  values,  or  for  the  equality,  of  the  two  repeated  limits 
lim  lim/(;£,  «);    lira  Mmf(x,  y). 

x=a  yb  y=b  a-a 

EXAMPLES, 

1.  Let  f(w,  y)  be  defined  for  the  positive  quadrsmt  by  f(x,  -//)  =  '■—"-.  We  find 
lira  b'm  /(«,  y)=l,  lira  lim  f(x,  y)=  -  1 ;  thus     lim    f(z,  y)  cannot  exist. 

2.  Let/{«,  y)=fl^^T_  y  1"  this  caso  lim  lim  f(x,  y)  and  lim  Urn  f(x,  y) 
are  both  zero,  and  yet  lim  f{x,  ■//)  dons  not;  exist ;  tor  if  y  —  x,  f(x,  y)  =  l  ;  and  there- 
fore lim  /(#,  *)  =  1. 

3.  Let*  f(x,  y)  be  defined  for  #>0,  y>0,  by  the  expression  (s'  +  y)  sin -sin -.     In 

this  case  Hm  f{x,  y)  =  xsm-i  lim  f{x,  y)  =  -#sin  -,  and  lim  /(#,  y) -lim  f(ie,  y)  has 

for  w  =  Q  the  limit  zero.  We  have  then  lim  lim  f(ps,  y)  =  0,  since  *sin-,  —  #ain- 
have  eaeli  the  limit  zero  for  x  =  f).  It  is  clear  that  lim  lim  f{x,  y)  is  also  zero.  If 
0<;s<£(,  and  ()<y<%f,  we  see  that  |/(#,  y)|<t,  and  therefore  lim  f{x,  y)  exists, 
and  is  equal  to  zero. 

233.  An  important  matter  for  investigation  is  the  determination  of  the 
necessary  and  sufficient  conditions  for  the  existence  and  equality  of  the  two 

*  Pringsheim,  'Kwyklapiidie  dr.:  Mnth.  Whu'aseh.,  Hi.  1,  p.  51. 
H.  20 
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limits  at  a  point.  A  knowledge  of  such  conditions,  as  also  of 
sufficient  conditions,  is  required  in  various  fundamental  theorems  of  analysis 
which  turn  upon  the  legitimacy  of  inverting  the  order  of  a  repeated  limiting 


It  will  he  observed,  that  the  existence  of  lim  lim/(,/;,  y)  does  not  neces- 

»=a  y=b 

sarily  involve  the  existence  of  Vim  fix,  y)  as  a  definite  n timber,  since 
lim  lim/(;c,  y),  lim  lim/(^;,  y)  may  both  exist  and  have  the  same  value, 
without   it   being   necessarily    the    case    that    Yimf(x,  y),  lira  f  (as,  y)   are 

y=b  ^b 

identical.      It   is   however   necessary    that    \imf(x,  y) —lira  f  (x,  y)  should 

1/=b  y^b 

converge  to  the  limit  zero,  as  x  converges  to  the  value  a. 

The  necessary  and  sufficient  conditions  required  are  contained  m  the 
following  general  theorem : — 

In  order  that  the  repeated  limits  lim  lim  f  (as,  y),  lim  Umf(x,  y)  may 
both  exist  and  ham  the  snide  finite  value,  it  is  necessary  and  .sufficient,  (1)  that 
lim f (as,  y)~limf(x,  y)   should   have   the   limit  zero,  for  at —  a,   and   that 

limf(cc,  y)  -  lvinj(x,  ■>/)  should  ham  the  limit  zero,  for  y  —  b;  and  (2)  that, 

corresponding  to  any  fixed,  ■positive  number  e  arbitrarily  chosen,  a,  positive 
number  i3  can  be  determined,  such  that  for  each  value  of  y  interior  to 
the  interval  (b.  b  +  /3)  r.i  positive  number  a,,  in  general  dependent  on  y  exists, 
such  that;  for  this  value  of  y,  /(«,  y)  lies  between  lim  fix,  y)  +  e  and 
limf(<e,  y)  —  e,for  all  values  of  u;  interior  la  the  interval  (a,  a  +  Oy). 

Let  us  first  assume  that  the  conditions  stated  in  the  theorem  are  satisfied. 
A  value  of  y  may,  in  virtue  of  (1),  be  so  chosen  that  the  difference  of  the  two 
limits  \iraf(x,  y),  iixn  fix,  y)  is  less  than  an  arbitrarily  chosen  number  j?; 

and  this  value  of  y  may  also  be  so  chosen  that  it  is  interior  to  (b,  b  +  /3).  For 
this  fixed  value  of  y,  an  interval  (a,  a  +  ay')  for  as  may  be  so  chosen  that 
f(x,y)  lies  between   lim/(;e,  y)  +  e   and    lixaf(x,  y)  —  e,    provided    y    has 

the  fixed  value,  and  a  <  x  <  a  +  «„' :  this  follows  from  the  definition 
of  the  upper  and  lower  limits.  Again,  from  the  condition  (1),  a  number 
a"  can  be  determined,  such  that  if  /a  be  interior  to  the  interval  (a,  a  +  a"),  the 

difference  between  the  two  limits    lim f(«s,  y),  \\m  f(x,  y)  is  less  than  n. 

„=s  ^b 

Now  let  ay  be  the  smallest  of  the  three  numbers  cty,  aj,  a";  then,  if  xIt  ics 
be  any  two  values  of  x  within  the  interval  (a,  a  +  ay),  and  y  have  the  fixed 
value,  by  applying  the  conditions  of  the  theorem,  we  see  that  the  conditions 
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l/("k.  »)-/(*.  y)l<*  +  *«i 

[/(«,,  yj-lim/fe.y)  I  <*  +  e, 
|/C*,p)-Ep/<*,jr)|<i|  +  *, 

are  alt  satisfied.     It  follows  that 

I Bmft*,  2/)  -  firn"/(afe,  y)  |  <  817  +  4e 
li=S  ff=4  I 

for  every  pair  of  points  #1,  #2  within  the  interval  (a,a  +  ay).    Hence,  since  e,  tj 

are  both  arbitrarily  sinii.ll,  Inn  f  (■>:■,  y)  converges  for  as  =  a  to  a  definite  value 

which  is  the  limit  of  both  lira  /(as,  y)  and  of  lrm/(<e,  y)  when  x  =  a\  and 
thus  Iim  lira  f(as,  y)  exists. 

Again,  since  Iim  ]imf(as,  y)  has  a  definite  value,  an  interval  (a,  a  +  B) 
can  be  determined,  such  that  for  any  point  x  interior  to  it 
I  lira  lira  f{as,  y)  -  lira  f(x,  y)  I  <  e. 

I  x=a   y=b  y=b  \ 

Now  Iim  Iim  fix,  ?/)  —  \\mf(x,  y)  is  the  sum  of  the  three  differences 

a;-a  y=b  ~x^a 

Iim  Iim /(a,  y)  -\imf(as,  y), 
T5n/(*,V)-A*,v),   /(^y)-^/(«,y), 

and  for  a  fixed  y,  chosen  as  before,  x  may  be  chosen  so  that  it  not  only  lies 
within  the  interval  (a,  a+  S),  but  is  also  such  that 

I  f(x,  yi-ljm/fc  y)  I,    \f(as,  tf-Em/fc  y)  | 

are  each  less  than  t)  +  2e.     It  follows  that 

I  Iim  Um  f(%,  y)~  Iim  f  (as,  y)  |<5e  +  2ij, 

and  thus  that  Iim  f  (as,  y)  converges,  as  y  converges  to  b,  to  the  limit 
Iim  lim/(«,  y).  It  has  thus  been  shewn  that  the  two  repeated  limits  both 
exist  and  have  the  same  value. 

Conversely,  let  us  assume  that  the  repeated  limits  both  exist,  and  are 
finite  and  equal.    We  have  then  I  Iim  Iim  f(x,  y)  —  Iim  f(x,  y)  j  <  f ,  provided 
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y  lies  between  b  and  6  + ft  where   ft  is   some  fixed  number,  ft  being  an 
arbitrarily  chosen  positive  number;  from  this  it  follows  that 
Em/fop)- tim/foy) 

is  <2ft  for  b<y<b+ft.     Also 

I  i™/(fl!,  y)  -  Urn  lim/fc  y)  I  <  ft 

provided  #  lies  within  some  fixed  interval  (a,  a  +  B');  and  from  this  it  follows 
that  lim/(fl!,  y)-\imf(x,  y)  is  <2ft  for  o<  x  <  a  +  S'.     Since  ft  is  arbitrarily 

small,  we  now  see  that  the  condition  (1)  of  the  theorem  is  satisfied.  Further 
we  see  that 

|/(«;y)-ljm/(«Ljr)  1  <«;+{", 

where  ft  is  any  arbitrarily  chosen  positive  number,  provided  x  lies  within 
some  interval  (a,  a  4-  a'„),  where  a'y  depends  upon  y,  and  may  diminish  in- 
definitely as  y  approaches  the  value  b.  It  follows  from  the  three  inequalities, 
that 


|/(«,y)-Km/(«,y)|<4ff  +  r. 


provided  b<y<b+ft,  and  provided  also  #  lies  within  some  interval 
(a,  a  +  Oy)  where  txy  depends  in  general  upon  y.  Since  f  and  ft'  are  both 
arbitrarily  small,  it  follows  that  the  condition  (2)  of  the  theorem  is  satisfied. 
If  the  condition  (2)  in  the  above  general  theorem  be  replaced  by  the 
more  stzingent  condition  that,  corresponding  to  any  fixed  positive  number  e. 
arbitrarily  chosen,  a  positive  number  ft  can  be  determined,  which  is  such 
that  for  each  value  of  y  interior  to  the  interval  (b,  b  +  ft),  a  positive  number 
«y  dependent  on  y  exists,  such  that  for  this  value  of  y,  and  for  all  smaller 
values,  f(x,  y)  lies  between  lim  /  (x,  y)  +  e,  and  Urn  /  (x,  y)  —  e,  then   this 

<J  =  b  y  =  b 

condition  and  the  condition  (1)  are  the  necessary  and  sufficient  conditions 
that  not  only  \im\\mf(x,y),  Km  lim/(a-,  -if)  exist  and  are  equal,  but  also 

that  the  double  limit      lim     f(x,  y)  exists,  having  a  definite  value  the 

same  as  the  repeated  limits.     In  case  the  function  be  defined  for  values  of 
x,  y  on  the  lines  x  =  a,  y  =  b,  the  additional  conditions  must  be  added  that 
the  functional  values  on  these  lines  also  converge  to  the  same  limit 
Jim     fix,  y). 

For,  under  the  conditions  stated,  we  have,   provided  y  lies  within  the 
interval  (b,  b  +  ft,),  where  ft  <  ft, 

\f(x,y)-ljmf(x,y)\<e  +  y, 
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where  x  has  any  value  in  the  interval  (a,  a  +  f),  f  being  the  lesser  of  the  two 
numbers  ae,  and  S';  the  number  8'  being  so  chosen  that 

I  lim/(aj,  y)  —  )imf{x,  y)\  <  y,  for  a < x < a  +  b". 
Also  I  Iim/(;c,  y)  —  lim  l\mf(x,  y)  I  <  e,  provided  x  lies  within  an  interval 
chosen  sufficiently  small.     Hence  the  condition 

I  f(x,  y)  -  Hm  lim  /(«,  y)  I  <  2e  +  V 

is  satisfied,  provided  b  <y  <b  +  0„  and  provider!  ,■?;  lies  within  an  interval  of 
which  the  length  may  depend  upon  e  and  y.  It  follows,  since  e,  rj  are 
arbitrarily  small,  that  f(x,  y)  has  a  definite  double  limit  at  the  point  (a,  b). 
That  the  conditions  stated  are  necessary,  follows  at  once  from  the  definition 
of     lim     f(x,  y). 

234.     The  theorem  obtained  in  §  233  may  be  simplified  in  the  case  in  which 
lim/(«,  y),  \ivaf(x,  y)  both  have  definite  values  at  all  points  on  the  straight 

lines  a>  =  a,  y  =  b  which  are  in  sufficiently  small  neighbourhoods  of  the 
point  (a,  b).     We  may  then  state  the  theorem  as  follows  : — ■ 

If  Um  f(x,  y).  Urn  fix,  >/)  have  definite  finite  values  in  the  neighbourhood 

of  the  point  (a,  b),  then  the  necessary  and  sulfioient  condition,  thai-  the  two  repeated 
limits  lim  Um  f(w,  y),  Hm  lim  fix,  y)  -may  both,  exist  and  have  the  same 

finite  value  in  that,  corresponding  lo  any  lined,  positive  number  e,  arbitrarily 
chosen,  a  positive  number  ft  can  be  determined,  which  is  such,  that,  for  each 
value  of  y  interior  to  the  interval-  (b,  b  I  /3),  a  positive  number  «„  in  general 
dependent  on  y  exists,  such,  that  for  this  value  of  y,  I  /'(-'■',  y)  —  li'mf{®,  y)  I  <  e 
for  all  values  of  x  within  the  interval  (a,  a  +  of). 

In  case  the  condition   I  fix,  y)  -  Hm  f(x.  y)\<e  for  all  values  of  x  within 

I  y=!i  I 

(a,  a  +  tty)  be  satisfied  not  only  for  the  particular  value  of  y  but  for  all  smaller 
values,  and  this  bold  Cor  every  t,  (.hen  tlie  double  limit      lim     f(x,  y)  exists, 

and  is  equal  to  each  of  the  repeated  limits.  In  this  case  the  point  (a,  b)  is 
said  to  be  a  point  of  uniform  convergence  of  the  function  f{ce,  y)  to  the 
limit  lim  f(x,  y)  with  respect  to  the  parameter  :v ;  and  thus,  for  such  a  point, 

there  exists  for  each  value  of  e,  an  interval  (a,  a  +  a),  where  a  depends  in 
general  upon  e,  such  that  for  each  value  of  x  within  this  interval,  the 
condition  I  f(x,  y)  —  lim  f(x,  y)\<e,  is  satisfied,  provided  y  be  less  than  some 

fixed  value  which  is  the  same  for  the  whole  £- Interval  (a,  a  +  a). 
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It  may  happen  that,  as  e  is  indefinitely  diminished,  a  has  a  positive 
minimum  a.  In  that  case  the  fixed  interval  (a,  a  +  a)  is  such  that,  for  each 
e,   the  condition  \f(x,  y)  —  \vaif{xly)\<e  is    satisfied  for  all   values  of  x 

within  the  fixed  interval  (a,  a  +  a),  provided  y  is  loss  than  some  fixed  value 
dependent  on  e,  the  same  for  the  whole  ^-interval.  In  this  case  f(x,  y)  is 
said  to  converge  la  lAwf  (/.<;,  y)  uniformly  within  Ike  interval  (a,  a  +  cc),  with 
respect  to  the  parameter  x.  Not  only  the  point  («,  b)  but  also  each  interior 
point  of  the  interval  (a,  a  +  a)  is  then  a  point  of  uniform  convergence  of 
f(x,  y)  to  lirn/(<r,  y)  with  respect  to  the  parameter  x, 

235.  The  necessary  and  sufficient  conditions  for  the  existence  and 
equality  of  the  two  repeated  limits  of  f(x,  ■;/)  at  (a,  b)  may  be  put  into  the 
following  form  different  from  that  of  the  theorem  of  §  233. 

The  necessary  and  sufficient  eoriditiuhn  that  /;>w  liinf(x,y)  =  Urn  limf(x,y), 
their  value  being  finite,  are  (I)  that  liia  f(x,  ■?/)  converge  to  a  definite  value 
lim  limf(x,  y)  wlien  y  converges  to  b,  and  that  Urn  f{x,  y)  —  lim  fix,  y)  con- 
verge to  zero,  far  x—  a;  and  (2)  [hit,  corresponding  to  any  arbitrarily  chosen 
positive  number  e,  and  to  an  arbitrarily  chosen  value  b  +  ft„  of  y,  a  value 
yi<b  +  0D  of  y  can  be  found,  and  also  a,  positive  number  a,  such  that  the 
condition  thrtf(.v,  ys)  lies  between 

lim  f(p.:,  y)  +  e,    and    limf(x,  y)  —  e 

is  satisfied  for  every  value  of  x  within  the  interval  (a,  a  +  a). 

In  case  lim  /(«;,  y)  everywhere  exists  in  the  neiylibourhood  of  x  =  a,  the 
condition  (2)  is  that  \fi/r,  yt)  —  limf(x,  y)  I  <  e,  for  every  value  of  x  within 

the  interval  (a,  a  +  a). 

That  the  conditions  contained  in  the  theorem  are  necessary,  is  seen  from 
the  theorem  of  §  233 ;  it  will  be  shewn  that  they  are  sufficient.  Let  us  assume 
that  the  conditions  are  satisfied.     We  have 

Bm/(*  y)  -  lim  lim  /(«,  5)  =  $£/(*,  y)  -/(», »)] 

+  |/(«,  y)  -  K/(«,  s,)"|  +  PE/C*  S)  -  lim  lim  f(„,  y)l  . 

A  positive  number  /3,  can  now  be  chosen,  such  that  if  b<y<b  +  J3i;  the 
condition  I  lim  f{x,  y)  —  lim  lira  f(x,  y)  I  <  e  is  satisfied ;   moreover  we  may 

choose  &  so  that  it  is  <  $,. 
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Next,  a  value  y,  of  y  exists,  such  l.ha!:/(/<-,  y,)  lies  between  lim /(#),y)  +  e, 

and  lim/(a;,  y)  —  e,  provided  x  be  within  the  interval  (a,a  +  a):  the  value  of 

$a  may  be  chosen  so  small  that  lim/(j»,  y)  ~\imf(x,  y)<  e,  for  every  value 

of  y  which  is  <5  +  /30,  and  therefore  for  the  value  y,  of  y.     Again,  an  interval 
for  x,  possibly  less  than  (a,  a  +  a),  can  be  so  chosen  that 

Km/0,  y)  -  Hm/(g,  y)  <  e, 

■!,=b  y  =  b 

provided  x  lie  within  the  interval.     It  follows  that  an  interval  (a,  a  +  a')  for 

x  can  be  found,  such  that  I  lim /(a;,  y)  — /(»,  y,)  I  <  3e.     Further,  the  interval 

J  ^*  '. 

within  which  ce  lies  may,  if  necessary,  be  so  restricted  that 

|/teifc)-IIm/teft)|<2«. 

Hence,  provided  a;  lies  within  a  definite  interval,  we  see  that 
I  J5n/(<s,  y)  -  lim  lim  f(x,  y)  I  <  6 e ; 

and  since  this  condition  holds  for  an  arbitrary  t,  it  follows  that  lim  fjso,  y) 

y=h 
converges  for  «=  a  to  lim  lim/(«,  y),  and  thus  the  sufficiency  of  the  con- 
ditions is  established. 

PARTIAL   DIFFERENTIAL   COEFFICIENTS. 

236.     If,  at  a  point  (x0,y„)  in  the  domain  for  which  the  function /(#,  y)  is 

defined,  the  limit  lim-^-2 'Jhl — IS'.J':'  ■-■'"-    exists,  having  either  a  definite 

finite  value,  or  being  indefinitely  great  lint  of  fixed  sign,  this  limit  is  said  to 
be  the  partial  differential  coefficient  of  f(x,  y)  at  (wtt,  y„)  with  respect  to  x, 

and  is  usually  denoted  by  -■-"'■     -. 

dx„ 

f(X       y    -L.  ft)  —  f(%       y  ) 

When  th.e   limit  linr'  "'  :^-^ /     J      "'  ^  exists,   it    is  said   to  be   the 

partial  differential  coefficient  of  f(x,  y)  at  (,'<■,,  y6)  with  respect  toy,  and  is 
denoted  by  ?&-£=). 

In  general,  A,  &  in  these  definitions  are  regarded  as  having  either  sign. 
It  is  possible  that  either  of  the  above  limits  may  not  exist,  but  that  there 
may  be  two  definite  limits,  one  for  positive  values  of  the  increment  h  or  k, 
and  the  other  for  negative  values.  In  that  case  the  two  limits  are  said  to 
be  the  progressive  and  regressive  partial  differential  coefficients  with  respect 
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to  the  particular  variable.     It  is  of  course  possible  that,  at  a  particular 
point,  one  of  these  may  exist,  and  not  the  other. 

That   the  two  partial  differential   coefficients  ~- ,    ~-  may  exist,   it  is 

necessary,  but  not  sufficient,  that  f(x,  y)  should,  at  the  point  (xaiya),  be 
continuous  with  respect  to  x,  and  also  with  respect  to  y. 

To    express   the  increment  f{xa  +  h,  yu  +  k)—f(x„,  y0)  of  the  function 
f(x,  y),  when  the  two  numbers  «■„,  y„  receive  increments  A,  k  respectively,  we 

/(*  +  h,  y,  + 1)  -/(«,,  J.)  =  [fix,  +  h,  y,  +  k)  -/(«.,  y,  + 1)] 

+  [/(*.*.+*>-/<*.*>]■ 

If  we  now  assume  that  <--  exists  at  the  point  (x0,  </„),  and  has  a  finite 
value,  we  have 

/te.y.  +  &)-/fo,  y»)  =  9/ fa.  y»)    ff  ,- 

&  3y„  *■  '' 

where  o-(A)  converges  to  the  limit  zero,  when  £  is  indefinitely  diminished. 

Again,  ^— — ^ '     ^    — converges  to  the  limit  „*    ,  when  k 

is  first  diminished  to  the  limit  zero,  and  afterwards  h  converges  to  zero,  it 
—  k^s  a  definite  value,  and  also  that  f{x,  y)  is  con- 
tinuous with  respect  to  y  for  the  value  y  =  y0i  where  x  has  any  value  in  a 
neighbourhood  of  w„.     In  order,  however,  that  the  double  limit 

may  exist,  in  which  case  its  value  is  ^~- ,  being  independent  of  the  mode  in 
which  A,  k  approach  their  limits,  it  is  necessary  and  sufficient  that 

A 
should  be  a  continuous  function  of  (A,  k)  at  the  point  h  =  0,  k  =  0. 

If  this  condition  be  satisfied,  positive  numbers  A^  ^  can  be  determined, 

mAtbat         |/(«+*.»+*)-/(«.ft+*)_y| 

I  ft  mBo  I 

where  ij  is  a  prescribed  positive  number,  and  0  <  |  A  |  S  A,,  0  &\k\&k,. 


We  have  now 


*><*,  *). 
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where  p(h,  k)  converges  to  zero,  independently  of  the  mode  in  which  h,  k 
converge  to  zero. 

Under  the  conditions  staled,  we  have 

where  p,  a-  converge  to  zero,  when  h  and  k  are  indefinitely  diminished, 
independently  of  the  mode  in  which  they  approach  their  limits.  This  is 
equivalent  to  the  statement  that,  corresponding  to  an  arbitrarily  assigned 
positive  number  i/,  positive  numbers  A,,  fc,  can  be  determined  so  that  |  p  j  and 
|<r|  are  each  <v,  for  all  values  of  h  and  k  such  that  \h\<hu  \k\<k\. 
In  the  notation  of  differentials,  denoting f(a.s,  y„)  by  s0,  we  have 

dxa  dy0   a ' 

the  expression  on  the  right-hand  side  being  termed  the  total 
of  z  at  the  point  (m,  y),  and  ^—  dm,  ^-  dy  the  partial  differentials.  In 
accordance  with  the  arithmetical  theory,  this  equation  can  only  be  regarded 
as  a  conveniently  abridged  form  of  the  result  obtained  in  the  present 
discussion. 

The  theorem  obtained  may  be  stated  as  follows  :— 

Tite  increment  of  a  function  f(m„,  y„)  when  xa,  y0  are  changed  into 
eh  +  kft  +  kish  Of  <*;»>>  +  fc  y(^»  y°)  +  hp  +  k<r,  where  p,   <r  converge  to 

zero  when  h,  k  are  indefinitely  diiuivialted,  independenUy   of  the   mode  in 

which    they    are    diminished,    provided    that    (I)     /->-^-^ ,     /'^"^°J  nave 

oxt,  dy<, 

definite  finite  values,  and  (2)  that^"  ±hl3b±  k) -/("*>  fe  +  *)  fr  „  co?i&»w^ 
h 

junction  of  (h,  /,')  at  the  point  h  =  0,  yfc  =  0. 

It  will  be  observed  that  no  assumption  has  been  made  that  ;/,  ^  have 
definite  values  except  at  the  point  (m0,  yv)  itself. 

If  it  be  assumed  that  J-  has  a  definite  value  at  (x„,  y)  for  ali  values  of 
yi-a  some  neighbourhood  of  y6,  the  condition  (2)  maybe  expressed  in  the 
form  that  (a)  ^-iovx  =  x„  must  be  a  continuous  function  of  y  at  y  =  y„,  and 
that  (6)  the  point  /t  =  0,  k-0  must  be  a  point  of  uniform  convergence  of  the 
function  /  ^°      j  V»  +  _) ~/  (gg  ■  gi±J  consjdered  as  a  function  of  A,  to  its 
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limit  for  h  —  0,  with  k  as  a  parameter,  in  accordance  with  the  definition  of 
such  a  point  of  uniform  convergence  given  in  §  234. 

If  it  bo  assumed  that  -~  exists,  not  merely  at  the  point  (xa,  y0),  but  at  all 
points  in  a  sufficiently  small  two-dimensional  neighbourhood  of  the  point, 
the  conditions  contained  in  the  theorem  may  be  simplified.  For  we  have,  in 
tot  caae,     &«■ +  *■?■  + *WK  tt  +  *>  =  |./(a!,  +  fl/«,  „,  +  i>, 

where  0  is  such  that  0  <  6  <  1 ;  and  this  expression  converges  to  — ■-"'       , 

provided       \\       be  continuous  with  respect  to  (x,  y),  at  the  point  (x0>  ya). 

It  has  thus  been  proved  that*,  in  order  that  the  increment  of  the  function 

may  be  of  the  form  given  in  the  theorem  above,  it  in  sufficient  that  (1)   -d- ,  d- 

have  definite,  values  at  the  point  (a.',,,  y„),  a.nd  (2)  that  one  at  least  of  these 
partial  differential  confidents  h.a:ne  definite  values  everywhere  in  a  two- 
dimensional  neighbourhood  of  (>,•„  }ja),  and  he  continuous  at  (x0,  y„)  with  respect 
to  the  domain  {x,  y). 

237.     Let  it  now  be  assumed  that,  throughout   a  perfect  and  connex 

domain  D,  the  two  partial   differential  coefficients  -;-t ,  f  everywhere  exist, 

and  that  they  are  continuous  functions  of  (x,  y).     We  have  then 

f{x  +  h,y  +  k)-f(x,  y  +  h)=hjt  f(x  +  dh,  y  +  k), 

f{x,  y  +  k)-f(x,  y)  =  k^f(a>,y  +  6Jc), 

when  0,  0j  are  proper  Tractions,  provided  (x,  y)  is  a  point  of  D,  and  h,  k  are  so 
chosen  that  the  straight  line  joining  (x,  y  +  k),  (x  +  h,y  +  k),  and  the  straight 
line  joining  (x,  y),  (x,  y  +  k)  are  wholly  in  the  domain  B.     Since 

are  continuous  functions  of  (x,  y),  it  follows  that  they  are  uniformly  con- 
tinuous in  the  domain  D.  A  positive  number  S  can  accordingly  be  determined, 
corresponding  to  a  prescribed  positive  number  e,  so  that 

||/<°+*.  »+*>-!/(*  y>|<«. 
||/(*  v + ft*)- £  /(*»>  |  <«. 

*  Tkomae,  Ei'ide.ilttiuj  in  die  Tiieorn  iter  bcitiiniiitcn  InU'ymle,  p.  37. 
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provided  \h\,  \k\  are  each  less  than  S,  whatever  be  the  position  of  (x,  y) 
in  D. 

We  thus  find  that 
/(«+*,  »  +  *)-/(«,  y)-h~Ax,  ,)  +  klf(x,  s)  +  hR+iR; 

where  R  and  R  tend  to  the  limit  zero,  with  h  and  !c,  uniformly  for  all  points 
(x,  y)  of  the  domain  D. 

This  equation  holds  for  every  point  (x,  y)  of  D,  and  for  all  values  of  h 
and  k,  such  that  the  straight  line  joining 

O,  y),  (x,  y  +  k) 
and  the  straight  line  joining  (x,  y  +  k),  (x  +  h,  y  +  k)  lie  wholly  in  the 
domain  I).  It  is  easy  to  replace  the  last  condition  by  the  less  stringent  one 
that  the  two  points  P(x,  y),  Q(x  +  h,  y  +  k),  of  the  domain  D  can  be  joined 
by  a  number  of  straight  lines  PPU  P,P„  PJ>3,  ...  PnQ,  each  of  which  is 
parallel  to  one  of  the  axes,  all  of  which  belong  to  D,  and  are  such  that  all  of 
them  are  wholly  interior  to  a  rectangle  with  its  corners  at  P  and  Q,  and 
sides    parallel  to    the  axes. 

We  have  then 

/(A)  ~f{F)  - K  ^/(a +  «*,!/>, 


where  h,,  k,  ...  are  the  lengths  of  PP±,  PiP2, ... ,  and  $,,  82, ...  are  proper 
fractions.  Now  |A,.|,  \k-,\,  |/i2|...  all  being  less  than  8,  all  the  partiaJ 
differential  coefficients  on  the  right-hand  side  of  these  equations  differ 
numerically  from    the  corresponding  partial  differential  coefficient 

4/<a>.  y),  »>'  !■/>.  y) 

by  less  than  e.      We  thus  see  that 

f(x  +  h,  y  +  k)-f(x,  y)  =  h^f(x,  y)+k~f(w,  y)  +  hR  +  kR\ 

where  \R\,  \R'\  tend  to  the  limit  zero,  with  h  and  fc,  uniformly  for  all 
points  of  D. 
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EXAMPLES. 

1.  Let*  /(.i-,  ?/)  =  \'\.>:v\,  whore  the   positive  value  of  the  square  root  is  to  be  taken. 
In  this  case  =£,    ^  both  exist  at  the  point  (0,  0)  and  are  both  =  0.     We  have 

f(h,k)-f(%h)_    /ITT, 

h         ~v|a|' 

and  this  has  different  amst/mr.  vali'ie.-)  for  i.li:rfci,0!it  constant  values  of  £//i,  and  is  therefore 
discontinuous  at  the  point  A  =  0,  k— 0.  It  follows  that  the  equation /(/;,  £)  = kp  +  io,  when 
p  and  o-  converge  it >  zero  with  A  and  X1.  cannot  hold. 

2.  Letf  /(#,  y)  =  ^siij(4tan-1y/ar),  for  x>0  ;  and  /(0,  y)=0,  for  all  values  of  y. 
We  find  -■--■_-2 — -  =  0,    -— _-'  --=0,  and  thus     -.,'  :!'-   is  continuous  with  respect  to  y  at 

{0,  0).     Also,  wo    find  --^V  U)  =  4,    a/!°'--}  =  0,  and  therefore  ^'--^  is  discontinuous 
O'H  oy  dy 

with  regard  to  x,  at  (0,  0).     The  value  of  /^'  ^~^(Q'  ^  is  sin  (4 tan"1 |) ,  and  this  ia 

discontinuous  at  A=0,  £=0  ;  hence  the  relation  df=J~da:+J-dyl  does  not  hold  at  the 
point  (0,  0). 

HIGHER   PARTIAL    DIFFERENTIAL   COEFFICIENTS. 

238.     If  the  function  f(x,y)  have  the  partial  differential  coefficient;^,  it 
may  happen  that,  at  the  point  {x„,  y„),  the  function  -^-  possesses  a  differential 

coefficient  with  respect  to  x.  This  is  denoted  by  J-®*\-,  and  is  spoken  of 
as  the  second  partial  differential  coefficient  of  f(w,  ;;)  with  respect  to  x,  at  the 
point  <s0.  The  second  partial  differential  coefficient  Jv^'V*'  wjtn  reSpect  to 
y,  is  defined  in  a  similar  manner. 

It  may  happen  that,  at  the  point  (xa,  y„),  the  function  ^  has  a  differential 


coefficient  with  respect  to  y:  this  may  be  denoted  by  J-  &-)  «»  £Zi^JW 

oy0  \dx„/ 

Similarly,  when  J-  has,  at  the  point  (x„,  ya),  a  partial  differential  coefficient 
with  respect  to  as,  this  is  denoted  by  L  ff-)  or  8'-^  ^ .     These  partial 

differential  coefficients  are  said  to  be  the  mixed  partial  differential  coefficients 
of  the  second  order  at  (x„,  y„)  of  f(m,  y)  with  respect  to  as  and  tf,  the  order  of 
differentiation  being  different  in  the  two. 

'    StolK,  GriimteZije,  vol.  I.  p.  133. 

+  Haxnack's  Introduction  to  the  Differential  and  latraral  Cah-nhi::,  Ciithesut's  Translation, 
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Under  certain  conditions  which  will  be  here  investigated,  the  two  mixed 
partial  differential  coefficients  of  the  second  order  with  respect  to  x  and  y 
satisfy  the  relation 

da  dy  dydx     ' 

which  is  known  as  the  fundamental  theorem  for  partial  differential  coefficients 

of  the  second  order. 

The  t;;i'feiv:uiiil  coefficient  „      { -     \  ,  or  -~    "'-^  .  is  the  repeated  limit 
d.v0  \dyj  dx0dy0  * 

Um  ,im/(».  +  A,  V,  +  k)  -/(«.  +  h,  y.)  -/(»„  y,+  t)  +  /(*„  jfr) 

We  may  denote  this  repeated  limit  by  lira  lira  F{h,  k).    In  order  that  the 

partial  differential  coefficient  may  exist,  the  value  of  this  limit  must  be 
independent  of  the  signs  of  /(  and  k. 

It  should  be  observed  that  it  is  not  essential  for  the  convergence  of  this 
repeated  limit  to  a  definite  Unite  value,  that 

,.m  /(*,  +  h,  y,  +  *)-/(*  +  t,y> 

*=o  k 

should  have  a  definite  value  when  h^O.     Thus  the  repeated  limit  may  have 
a  definite  value  when 

iim  I [i^f(®*+ h>v«  +  k) -/(<**+ by*) _ lim  f(*.+h,v*+*)-M+b.y*y] 

a=o  h  \_k=0  k  -^y  tc  j 

vanishes.     The  repeated  limit  cannot  however  have  a  definite  finite  value 

unless  lim ■>-£-?"■•/*       '     ■'.>"".■>?-    ]ia8    a  definite   finite   value,   i.e.    unless 
£=i>  k 

■J"  exists  and  is  finite.  It  thus  appears  that  = — ~  may  exist  when 
^-  exists  at  the  point  (xa,  y0),  but  is  indefinite  at  points  in  the  neighbour- 
hood. The  existence  of  the  repeated  limit  as  a  definite  number  implies  the 
existence  of  _/   and  of  ^ 


ay 

?.■(-■„  ?V/i, 


If,  however,  the  repeated  limit  lim  lim  F(h,  k)  be  infinite,  with  a  definite 
sign,  we  cannot  infer  that  =: — 4—  exists,  with  an  infinite  value,  unless  it 
be  postulated  that  —  has  a  definite  value  at  {xa,  y„) ;  for  the  existence  of 
~-  at  the  point  cannot,  in  this  case,  be  inferred  from  that  of  the  repeated 
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-  exists  at  the  point,  ~ — ^—  has  not  been  defined.     When 
vy  ox,,  oy.-i 

this  condition  is  satisfied,  the  value  of  ..  " ',      is  infinite  with  definite  sum, 

239.     The  differentia.!  e.irfTu>ient  =;--„■-  is  the  repeated  limit 
Oljf,  ox„ 

lim  lim ./'(«.  +  *,  y.  +  *)-/(*  +  k  y)  -/fa,  s.  + 1)  +/(«.,  y.) . 

1=0  ft=0  Itk 

and  thus  the  conditions   that   tin:  relation  ---—  —  ~— 'i—  holds  are  identical 

OXa  OI/d       0*/o  Ci£0 

with  the  conditions  that  the  two  repeated  limits  may  be  identical.  The 
necessary  and  sufficient  conditions  may  be  accordingly  obtained  by  applying 
the  conditions  contained  in  either  of  the  theorems  in  §  233,  and  §  235,  to  the 

function  F(k,  k)  J^*  ''■ '"  +  *> "^  +  \|>  =fe  &  +  S ±/^  *> . 

It  is  however  convenient,  for  application  in  particular  cases,  to  have 
sufficient  conditions  relating  to  the  partial  differential  coefficients  in  the 
neighbourhood  of  the  point  {xa,  y0). 

The  following  theorem  will  be  established: — ■ 

If  (1),    -1     '  —  exist   and   be  finite  at  all  points  in  a   two-dimensional 

neighbourhood  of  Che  point  (a;,.  ?/„),  except  thai  its  existence  at  (x„,ya)  is  not 

assumed,  and  ("2)   the  point  (x„,  y0)  be  a-  point  of  cordin  aity  of  -'■■'■--    with 

dydx 

respect  to  (x,  y),  the  limit  of  this  partial  differential  coefficient  at  (x„,  y„)  being 

a  definite  number  A,  and  (3)  f(x,  y)  be  cordimtous  -with  respect  to  x  at  (xa,  ya), 

then,    '  .      "'      ■  ■   ■'-—--■ 'l' -'■--  both  exist,  and  have  the  same  value  A. 
oy0  o®«  ox0  oy„ 

It  will  be  observed  that  the  condition  (1)  implies  the  existence  of 
a  at  all  points  in  a  neighbourhood   of  {x„,  ya),  except  at  that  point 

itself,  and  that  it  is  continuous  with  respect  to  y. 

From  the  condition  (2),  we  have,  corresponding  to  an  arbitrarily  chosen 
positive  number  e. 


d'M  +  h,y<l  +  k)_ 


where  |  a  j  <e,  provided  |  h  \,  \  k  j  are  each   less  than   some   fixed   positive 
number  jj  dependent  upon  e,  and  are  not  both  zero. 

Let  u(k')  denote    ■'"■■>-'...  .    iJl 1  _  Atf    where   k'  lies   in   the   interval 

s    '  Ox 
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du(k') 
(0,  k) ;    we  have  then  -  ,,,    =  a  (h,  k'),  and   this  is  numerically  - 

vn,\  _  „,  (K\ 
follows  that  - 


k 

§  203,  since  u  (¥)  is  continuous  al.  M  —  0,  and  at  ¥  =  k,  and  possesses  a  definite 
differential  coefficient  at  every  interior  point  of  the  interval  (0,  k),  there 

t  ■      .                 ..,,,,     ,       u(k)  —  u(0)     duue)         , 
exists  a  number  k  m  the  interval  (0,  k)  such  that '—r =      ,,-,  and 

this  is  numerically  less  than  e.     We  have  now 

afl« +».*+*)  _  a/(«. +*■».)  _  Ai  _  ia»  (i_  k, 

dx  dx 

where  a"  is  numerically  <  e.     This  holds  for  each  value  of  h  such   that 
0  <  |  k  |  <  v. 

Let  v(¥)  denote  /(^  +  *'-&  +  ^~/(a?° +  ^  y°>  -  A V,   where  fc'  lies   in 

the  interval  (0,  h);  we  have  then  —jrJ-  =  a."(K,k),  and  this  is  numerically 

less  than  e.    As  before,  since  v  (¥)  is,  in  virtue  of  (3),  continuous  at  k'  =  0, 
and   also   at   h'  =  h,  and  possesses  a  definite  differential   coefficient   at   all 

interior  points  of  the  interval  (0,  h),  it  follows  that  , — —  is  numerically 

<  e ;  hence 

hkF(h,  k)  =/(*  +  h,  y„  +  k) -/<*  +  k,  y,)-f(w>,  y0  +  k)  +f(mtt  y,) 

—  Ahk  +  hka!"  (h,  k), 
where  a'"  is  numerically  less  than  e. 

We  have  now,  corresponding  to  the  arbitrarily  chosen  e,  \F(ht  k)~  A  |  <  e, 
provided  h,  k  are  each  numerically  less  than  some  fixed  number  i]  dependent 
on  e.  It  follows  that  i*1  (A,  k)  is  continuous  at  the  point  A  =  0,  k~0  in  the  two- 
dimensional  domain  (h,  k),  and  lias  A  for  its  double  limit.  From  this  wo  con- 
clude that  the  two  limits  lim  lim  F(h,  k),  lim  lira  F(h,  k)  exist,  and  are  both 

identical  withal.    It  follows  that,  when  tin;  conditions  stated  in  the  theorem  are 
the  two  partial  differential  coefficients  y{^' y'-,  y{^°'  ^  both 

exist  and  are  equal  to  A.     The  existence  of  „"'    ,  ,-'     follows  from  the  exist- 
ence  of  the  above  partial   differential  coefficients  at  the  point  (#0,  ya). 

The  sufficient  conditions  in  the  foregoing  theorem  are  somewhat  simpler 
than  those  staled  by  Schwarz*,  who  assumed  the  additional  condition  that 

■'  \/  y*'  exists  and  is  finite  for  values  of  x  in  the  neighbourhood  of  x  =  xa,  for 

1  Qesammelit  Abh.,  vol.  n.  p. 275;  see  also  Peano,  Mathesu,  vol.  s.  p.  153.  See  farther  Stolz, 
GfuwMtgi  d.  Diff.  Rech.  vol.  i.  p.  147. 
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the  constant  value  y0.  Schwann's  theorem  is,  however,  more  general,  in  that 
it  is  applicable  to  the  case  in  which  the  two  partial  differential  coefficients 
have  an  infinite  value  with  definite  sign.  The  method  of  the  above  proof 
may,  however,  be  extended  to  this  case,  as  follows: — ■ 

Let  us  assume  that,  if  M  be  an  arbitrarily  chosen   positive  number,  the 

condition    ^       „    '   ■ >  M,  is  satisfied  for  all  values  of  h  and  k  which 

dydx 

are  not  both  zero,  and  are  both  numerically  less  than  some  fixed  number  y, 

dependent  on  M,    Defining  u  (&')  as  -^— — ^-^ ,  we  see,  by  means  of 

the  mean  value  theorem,  that 

■  ['!-»(»),,  0,  ¥("•  +  '■.  a  +  9    V (*•  +  !>.  y.) 5  m 

k  '  dm  dm 

Next,  defining  v  (h!)  as  JK  °  l  '  we  see'  as  before' 

that  "  W  ~  "  (2)  >  J/ ;  therefore  F(A,  &)  >  ilf,  provided  h,  k  are  both  numeri- 
cally less  than  some  fixed  number  v  dependent  on  M.  It  follows  that  F(h,  Ic) 
converges  to  the  limit  +  00 ,  with  fixed  sign,  as  h,  k  converge  in  any  manner, 
each  to  the  limit  zero ;  thus  both  the  limits  lim  lim  F(h,  k),  lim  lim  F(h,  k) 

are  +  00  .    In  order  that     „    "'  ^    ,  -,' ""' '  "'  tnivv  exist,  in  which  case  they 
dx„dya  dy„dxa  J  J 

both  have  the  value  +  co  ,  it  is  necessary  to  assume  that  J"  —  ,        a" 

both  have  definite  values.  The  ease  in  which  the  limits  are  both  —  00  may 
be  treated  in  a  precisely  similar  manner.  The  following  theorem  has  now 
been  established : — 

If  (1)  J„  '"■  exist  and  be  finite  at  all  points  in  a  two-dimensional 
neighbourhood  of  the  -point  (,«„, ■?/,,),  except  that  its  existence  at  (&•„,  y„)  is  not 
assumed,  and,  (2)  the  function    ■"    ",' '  '  have  the  limit  +'<x>  or  —<x>,with  definite 

sign,   at  the  point   (x„,  y,),   and   (3)   the   differential   coefficients    -     "'■  ■■-■  , 

J1-®0'  y*>    both    exist    and    have    deiinile    vidua* ,    then.     '-■:   '"/'''■',  -'-..-''"l'  ""' 
dy0  ox„  dy„  dy„  dxt 

both  exist,  having  the  value  +  °o  ,  or  —00,  with   definite  sign. 

240.     The  partial  differential  coefficients  of  higher  order  n  of  a  function 
dnf(x  y) 
f(w,  y)  are  of  the  form  d/cPdy/d^'..   d^dy''  where  P'  3'  r'   '"  l  ""  P°sitive 
integers,  including  zero,  such  that  p  +  q  +  r  +  ...+l  =  n.     Here,  /  is  first 
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differentiated  I  times  with  respect  to  y,  then  k  times  with  respect  to  x,  and 
so  on.  The  total  number  of  possible  partial  differential  coefficients  of  order 
n  is  2" ;   the  number  of  those  in  which  r  differentiations  with  respect  to  x, 

and  n  —  r  with  respect  to  y  are  involv 


l(»-r)r 

Sufficient  conditions  for  the  existence  of  all  the  partial  coefficients  of 
order  n  may  bo  obtained  by  extending  the  theorem  of  §  2o£t.  which  refers  to 
the  case  n  =  2.  The  following  criteria*  which  can  be  proved  by  induction, 
will  be  sufficient  for  the  purpose : — 

//  the  n-1  differential  coefficients  d^J^y,  daf~d}f  '  '"faty^  **"" 
definite  finite  values  fur  all -points  in  a  fwu-dim/tnsional  neiyhbourhood  of  the 
point  (ic0>  y*),  oind  are  conti.rm.uus  at  the  point  (,-/!„,  yu)  with  respect  to  (js,  y),  then 
all  the  other  mixed,  po:rtv.d  d.ifferemtio.l  coefficients  of  order  n  exist  at  the  point 
(#„,  i/„)  ;  and  each  one  of  them  has  the  same  value  at  the  point  as  that  one 
of  those  given  above  in  which.-  the  same  nn-mber  of  d.ifferenimtions  'with  respect 
to  x.  and.  with  respect  to  y,  occurs,  as  iu.  the  ouc  considered. 

EXAMPLE. 

Lett  the  function /(>,  y)  be  defined  by /(a-,  y)=xy    ,       %,  for  all  values  of  x,  and  y 

except  when  x  =  b,  vy  =  0  ;  for  wli.inli  /'i'0,  0)  =  0.     At  the  point  (0,  0),  the  partial  differs ntial 

coefficients  ,-'-£-,  -■'.,-  both  exist,  and  V.,i.vc.  di  Herein,  finite  values. 
dxoy    oyox 

The  function /(.e,  y)  is  continuous  at  the  point  (0,  0);  for,  writing  %=rcosd,  y  =  r sin  d, 

the  function  becomes  {-r-  sin  40;  and  this  is  i.sumcvically  less  than  f,  provided  r<2v/(, 

We  find  -*■'  '(/  =w  "''.,  ''',  +  ,  '.r-„.  }  ,  at  anv  point  except  !!).  0) ;  at  which  point 
|i8lim^°)-^0),whiohiS=0. 

The  value  of  %$  ?/)  is  -  y,  and  that  of  §%^-3  is  s. 
die  •"  i& 

We  then  find         m  °>-  li«  1  KM  -  3M  -  - 1, 

or/ox  y=ny  I      0»  ™      J 

The  value  of  **<**>,  a,  also  that  of  ^^  is  $=£  fl  +  .-gi}  -  at  c™r? 
point  except  (0,  0).  This  value  is  co«2#(l+2sin22()),  which  is  constant  for  a  constant 
value  of  0,  but  has  different  values  for  different  values  of  6  ;  find  thus  the  partial  differential 
coefficients  are  discontinuous  at  the  point  (0,  0).  The  conditions  of  the  theorem  giving 
sufficient  conditions  for  the  euuulity  of  ,/'-,■  and  ;,-' ?--  are  therefore  not  satisfied  for  the 
point  (0,  0). 

*   See  Stolz,  Gwnfaligt,  vol.  i,  p.  153.  t  Peano,  Calc.  Dig.,  p.  174. 
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MAXIMA    AND    MINIMA    OF    A    FUNCTION    OF    TWO   VARIABLES. 

241.  Let  us  suppose  that  a  function  /(»■,  y)  is  defined  at  ail  points  in 
a  two-dimensional  neighbourhood  of  the  point  (*,,,  </„)■ 

If  the  function  be  such  that  f(x„  +  h,  y„  +  k)  —/(#(,,  y0)  <  0,  for  all  values 
of  h,  k  which  are  not  both  zero,  and  are  such  that  \h\,  \k\  are  both  less 
than  some  fixed  positive  number  8,  then  the  function  f{x,  y)  is  said  to  have 
a  proper  maximum  at  the  point  (xa,  y„). 

In  case  the  fixed  number  8  can  only  be  so  determined  that  the  condition 
f(x0  +  h,  ya  +  k)—f(x0,  y0)^0,  is  satisfied,  the  function  is  said  to  have  an 
improper  mawimwrn.  at  the  point  (x„,  y„). 

If  the  conditions  contained  in  these  definitions  be  replaced  by 

/<*  +  A>ft  +  *)-/K#)>0.   and  /(*+*,*  +  *)-/(«,.*)£() 
respectively,  the  function  j(x,  y)  is  said  to  have,  in  the  first  case,  a  proper 
minimum,    and    in    the    second    case,   an    improper  minimum,  at  the  point 

to.  yd- 

A  proper  or  improper  maximum  or  minimum  may  be  spoken  of  as  an 
extreme  of  the  function. 

At  an  extreme  (xa,  y„),f(x,  +  h,  y0)-/(a>„,  y0),f(x„-h,  y0)  -/(«„,  yD) 
both  have  the  same  sign,  or  are  zero,  for  all  sufficiently  small  values  of  h; 

follows  that,  if 


3/fe 


d%0 

to  VM>, 

These  conditions  are  necessary,  under  the  hypothesis  of  the  existence  of 
the  two  partial  differential  coefficients,  but  not  sufficient,  for  the  existence 
of  an  extreme  at  the  point  (w„,  ya). 

If  we  write  x  —  x„  +  r  cos  0,  y  =  y0  +  r  sin  0,  f(x,  y)  =  <f>  (r,  8),  it  is  clearly 
necessary  for  the  existence  of  an  extreme  of  /(.''■,  y)  at  i//^,  ■?/;,),  that  <p(r,  8)  for 
each  constant  value  of  6,  should  have  an  extreme  at  r  =  0.  Thus,  for  an  assigned 
value  of  8,  a  positive  number  ne  can  be  determined  such  that  one  of  the  four 
conditions  </>  (r,  0)  ~f(x0l  y0)  <  0,  tf>(r,  0)  -f(xa,  y0)  £  0,  $(r,  0)  -fa»  ya)  >  0, 
$(r,  0)—  f(x0,  y,i)  £0,  according  as  the  point  is  a  proper  maximum,  an 
improper  maximum,  a  propel'  minimum,  or  an  improper  minimum,  shall  be 
satisfied  for  all  values  of  r  different  from  zero,  and  such  that  |  r  |  <  at.  Thus 
an  extreme  of  a  function  is  necessarily  an  extreme  for  values  of  the  function 
on  each  straight  line  drawn  through  the  point. 

This  condition,  though  necessary,  is  however  not  sufficient;  for  ctg  may 
have  a  definite  value  for  each  value  of  0,  and  yet  the  lower  limit  of  ne  for 
all  values  of  8  may  be  zero.  In  this  case,  no  value  of  8  can  be  determined, 
as  required  in  the  definition  of  the  extreme  in  the  two-dimensional  domain. 
It  has  thus  been  shewn  that,  in  order  thai  (xa,  i/0)  may  be  an  extreme  point 
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for  the  function  f{x,  y),  it  is  necessary  and  sufficient  that  (1)  r  =  0  should  be 
an  extreme  point  of<f>(r,  8)  for  each  value  of  0,  and  (2)  that*  the  number  ae 
which  is  so  determined  for  each  value  of  8  that  for  \  r  !  <  ae  the  condition  as  to 
0  (*%  8)—f(x«,  y»)  ■'"■".,'/  be  satisfied,  should  have  a  finite  lower  limit  when  all 
values  of  d,  (0  £  0  ^  tt)  are  considered.  If  the  lower  limit  of  a0  be  zero,  the 
point  is  not  an  extreme  paint  of  the  function. 

When  the  lower  limit  of  «e  is  d(>0),  the  neighbourhood  of  (w0,  y0),  which 
must  exist  in  accordance  with   the  definition,  is  the  square  of  which  the 

corners  are  the  four  points  (xt  ±  —^ ,  y0±- 


"V2' 


L^l 


EXAMPLE. 

As  an  example  of  a  function  which  \ 
point    is    a    minimum    for    oach    straight    lino 
through  the  point,  we  may  take  the  function 

!>  -  l!.-'-)  (y  -  b.7fl)  =ya  -  y  (ax1  +  b.-ifl)  +  ab.'.4, 
where  a  and  b  have  positive  values. 

The    function    is    positive    outside    the   two 
parabolas 


a  point,  riHlia'.i^li  the 


y-a 


■■=": 


c**=0, 


and  in  the  space  interior  to  the  inner  parabola; 

in  the  space  between  tho  para  In)  las,  the  function 

is    negative.      Along    any    straight    line    QAM 

through  A  (0,  0),  the  function  exceeds  /(0,  0) 

at   all   points    interior   to  AP,   and  everywhere 

in   PA   produced;    thus  for  the  line    QAK   the 

function  has  a  minimum  at  A.     The  point  (0,  0)  is  not  a  minimum  of  the  function,  since 

the  lower  limit  of  AP  for  all  positions  of  QA/l  is  zero;   and  thus  there  exists  no  two- 

div~.ens;:in,;l  noiLfhlm'irliond  of  J,  in  which  the  function  i*  never  less  than  at  A. 

242.  We  may  without  loss  of  generality  take  the  point  at  which  the 
conditions  for  the  existence  of  an  extreme  of  the  function  fix,  y)  are  to  be 
investigated  as  the  point  (0,  0).  It  will  be  assumed  that,  at  all  points  in  the 
neighbourhood  of  (0,  0 )./(.■»;,  .[/)  is  continuous  with  respect  to  x,  and  also  with 
respect  to  y.  The  following  theorem  contains  a  criterion  for  the  existence  of 
a  proper  maximum  (minimum)  at  the  point  (0,  0). 

The  necessary  and  suflioiont  conditions  that  the  point  (0,  0)  may  be  a 
point  at  which  f(x,  y)  has  a  proper  maximum  (minimum)  are  the  follow- 
ing! : — (1)  A  positive  number  S    must  exist  which   is  such  that,  if  x  be  any 

*  Tk<:-  necessity  far  this  Condi  Li  on  b:i-  teusi  :li-n';;aideil  ir;  many  text-books.  Tlie  insuffieienoy 
of  (1)  was  first  pointed  out  by  Peaiio,  Cakolo  diff.,  Turin  1884,  p.  29,  in  connection  with  the 
example  given  in  the  test.  Sec  uluo  DiintveS!!;]1,  i\l«lh.  .liiwilen,  vol.  xj.ii.,  p.  89,  and  Scheeffer, 
Math.  Annaleii,  vol.  XXXV.,  p.  541. 

t  See  Stolz,    Wiener  Ih-rirMe.   (Ntiul.trag),   vol.  100,  also  Grundziige,  vol.  I.,   p.  213. 
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number  different  from  zero,  and.   numerically  les.s  than  8,  ike  upper  (lower) 
limit  of  f(x,  y),  for  such  constant  value  of  x,  and  for  all  values  of  y  for  which 

—  wSy  £x,  being  fire,  if)  (a-)),  this  upper  (lower)  limit  is  for  every  value  of 
x(-h~<x^§<$)less  (greater)  than  f(0,  0). 

(2)  A  positive  number  §'  must  exist  which  is  such  that,  if  y  be  any  number 
different  from  zero,  and  numerically  less  than  c",  the  upper  (lower)  limit  of 
f(x,  y),  for  such  constant  value   of  y,  and  for   all   values   of  %  for  which 

—  y  &  a;  &y,  being  f(->jr  (y),  y),  this  upper  (lower)  limit  is  for  every  value  of 
y  (-  '6'  <y^Q<  S)  les,s  (greater)  thau,f(0,  0).    ■ 

It  will  be  observed  that,  .since  /(«',  y)  is  assumed  to  be  continuous  with 
respect  to  x,  and  also  with  respect  to  y,  the  limit  f(x,  <j>(%))  is  actually 
attained  for  some  value  <b  (x)  of  y  in  the  interval  (—  w,  x),  and  the  limit 
f(ty(y),y)  is  actually  attained  for  some  value  ty(y)  of  x  in  the  interval 
(—y,  y).  It  is  clear  that,  unless  both  the  conditions  stated  in  the  theorem 
be  satisfied,  /(0,  0)  cannot  be  a  proper  maximum  (minimum)  of  the  function. 
If,  for  example,  no  such  number  as  S  in  (1)  can  be  determined,  there  are 
points  in  every  neighbourhood  of  (0,  0)  at  which  f(x,  y)  is  %  (£)  /(0,  0). 

The  conditions  are  sufficient.  For,  if  8.  8'  exist,  the  value  off  (x,  y)  at  every 
point,  except  (0,  0)  within  the  neighbourhood  the  corners  of  which  are  the 
four  points  (+  S",  +  8")  is  less  (greater)  than  /(0,  0),  where  8"  is  the  lesser  of 
the  two  numbers  8,  8'. 

The  necessary  and  sufficient  conditions  that  the  function  f(x,  y)  may 
have  an  improper  maximum  (minimum)  at  (0,  0)  are  similar  to  the  above. 
In  this  ease /(a;,  <b  (x))  must  be  less  than,  or  equal  to  (greater  than,  or  equal 
to)  /(0,  0)  for  all  the  values  of  x  in  the  interval,  and  f(ty  (y),  y)  must  be  less 
than,  or  equal  to  (greater  than,  or  equal  to)  /(0,  0)  for  all  values  of  y  in  the 
interval.  Further,  corresponding  to  every  positive  number  8<  8,  there  must 
be  a  value  of  %(<B),  for  which  f(x,  <£(«;))  =/(0,  0);  or  else  a  similar 
condition  must  hold  for  f(ty(y),  y)',  or  in  both  cases,  the  condition  may  be 
satisfied. 

Other  methods  of  determining  whether  (0,  0)  be  a  point  at  which  there  is 
a  maximum  or  minimum  of /(a-,  ■?/)  will  be  dealt  with  in  Chap.  VI. 


PROPERTIES     OF     A     FUNCTION     CONTINUOUS     WITH     RESPECT     TO 
EACH    VARIABLE. 

243.  Let  a  function  fix,  y),  defined  for  all  values  of  x  and  y  in  a  con- 
tinuous domain,  be  everywhere  continuous  with  respect  to  y,  and  be  also 
continuous  with  respect  to  *  along  each  straight  line  parallel  to  the  #-axis, 
and  belonging  to  a  set  cutting  the  y-a.x.is  in  an  every  where-dense  set  of  points. 
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Let  A  be  the  point  (x,  y),  and  let  BO  be  drawn  with  A  as  its  middle 
point,  parallel  to  the  y-axis,  and  of  length  1p.  If  to  (p)  be  the  fluctuation  of 
f{%,  y)  in  the  interval  BC,  then  w(/>)  is  a  continuous  function  of  p;  and 
lim  a  {p)  =  0,  since /(sc,  y)  is  everywhere  continuous  with  respect  to  y.    Let  a 

be  a  fixed  positive  number,  and  lot  /3„  (x,  y)  denote  the  upper  limit  of  those 
values  of  p  for  which  a  (p)  £  <r :  thus  w  (p)  S  <r,  if  />  £  /3„  («,  i/) ;  and  w  (p)  >  o-, 
ifp>^(3;,  2/). 

The  function  /S„(<B,  y),  thus  defined  for  every  point  (x,  y),  is  everywhere 
positive  :  and  it  will  be  shewn  to  be  an  upper  so  mi-continuous  function  with 
respect  to  the  two-dimensional  continuum  (%,  y),  in  accordance  with  the  defi- 
nition in  8  183. 


Take  B0A0  =  A0Ca  =  8a  (x„,  ya);  and  also  B, 
is  a  fixed  positive  number.  The  fluctuation  of 
f(x,  y)  in  Bfi^  is  greater  than  <r;  let  it  be  <r  +  /c. 
i  fixed  positive  number  <  k,  two  points 
l  bo  found  in  B,C1:  such  that 


!0  =  OA  =  £e,    where 


If  h  be  i 

M,  N  cai 


<f(M)-f{N)\> 


r  +  h. 


Moreover,  these  points  M,  N  can  be  so  chosen  as  to 
lie  on  two  straight  lines  parallel  to  the  *-axis,  which 
belong  to  the  set  along  each  of  which  f(x,  y)  is 
continuous  with  respect  to  x ;  this  follows  from 
the  fact  that  this  set  of  straight  lines  cuts  BiC\  in 
an  everywhere-dense  sot  of  points.  Since  f(x,y)  is 
continuous  with  respect  to  x,  at  each  of  the  points 
M,  N,  two  segments  M'M",  N'N",  with  M  and  N 
as  their  middle  points,  can  be  determined,  so  as  to 
have  equal  lengths  2S,  and  to  be  such  that 
]/(P)-/(i¥)|<p„ 

1/(9)  -/W I  <  P.. 

provided  P  be  any  point  in  M'M",  and  Q  be  any 
point  in  N'N". 

From  those  inequalities  and  the  former  one,  wc  dedut 

l/CP)-/(«)l>». 

Take  the  square  of  which  AQ  is  the  centre,  and  of  which  the  sides  are 
parallel  to  the  axes,  and  are  at  a  distance  from  Aa  less  than  the  smaller  of 
the  two  numbers  |e  and  h.  If  A  be  any 'point  in  this  square,  the  distance 
of  A  from  each  of  the  straight  lines  M'M",  N'N"  is  less  than  8r(x0,  ya)  +  e. 
Through  A  let  a  straight,  line  be  drawn  parallel  to  the  y-axis,  and  mark  off 
on  it  the  segment  of  which  A  is  the  centre  and  of  which  the  half-length  is 
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@<r(%»,  y«)  +  e',  this  segment  will  cut  M'M"  and  N'N",  and  therefore  contains 
two  points  P,  Q  which  are  such  that 

\f(P)  -/(£>!>-• 

Therefore  the  fluctuation  of  f(x,  y)  in  this  segment  is  >  a,  and  hence  at 
the  points  (x,  y)  we  have  £„(«,  y)<  /3.(«b,  ya)  +  e.  A  square  having  been 
determined  with  its  centre  at  Aa,  such  that  for  every  point  in  this  square 

&(tf,y)<A,to,i/,)+e, 

it  follows  that  j3,  (x,  y)  is  an  upper  semi-continuous  function  at  A0  with 
respect  to  the  two-dimensional  domain  (x,  y), 

244  Lot  us  now  consider  the  linear  sot  G  of  points  (x,  y)  defined  by 
y  =  <t>(x),  where  <p  (x)  is  a  continuous  function  of  x.  At  each  point  of 
C,  the  function  &  (x,  y)  is  defined,  and  has  at  every  point  a  minimum 
relatively  to  the  set  C,  the  term  being  used  in  accordance  with  the  definition 
given  in  §  180. 

If,  at  a  point  Aa  (x.,,  yu)  of  0.  the  function  B«  (■'',  y)  have  its  minimum  with 
respect  to  0  positive,  then  we  shall  prove  that  the  saltus  of  f(x,  y)  at  Aa, 
with  respect  to  the  two-dimensional  domain  (x,  y),  is  S  2o\  Let  7  denote 
this  minimum,  and  let  7,  be  a  positive  number  <  7. 

Let  an  interval  (xtl  —  S,  x0  +  8)  on  the  line  y  —  y„,  be  so  determined  that 
in  this  interval 

|+(»)-+W|<*n. 

This  interval  may,  if  necessary,  be  so 
reduced,  that  for  all  values  of  x  in  it, 

&[«,  *(«)]>  7l. 
Describe  the  rectangle  R,  with  Aq  as 
centre,  the  sides  parallel  to  the  axes  of 
arand  y  being  25  and  7,  respectively.  On 
every  segment  PQ  of  R,  parallel  to  Oy, 
the  fluctuation  of  the  function  is  £  a : 
for  there  is  on  PQ  a  point  A  of  the  set 
(7,  and  the  segment  with  centre  A,  and 
length  2fia(A)>2yu  contains  the  whole 


iv 

\ 

B 

^-***'^i 

r 

c, 

Mj        A, 

p 

Taking  a  fixed  positive  number  e,  an  area  surrounding  .4,,  can  be  deter- 
mined, in  which  the  fluctuation  of  fix,  y)  is  £  2<r  +  e.  To  effect  this,  take  a 
point  Ax  on  the  ordinate  through  A0,  and  in  the  rectangle  R,  such  that  A^  is 
a  point  of  continuity  ol'/(*,  y)  with  respect  to  x\  then  on  the  straight  line 
y  =  f/i,  take  a  segment  B,C\  with  centre  Au  and  of  length  25"  3  28,  such  that 
the  fluctuation  of  /  in  5,(7,  is  <  e.     Consider  the  rectangle  it'  contained  in 
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R,  such  that  the  sides  of  R'  are  of  lengths  28'  and  y,  parallel  to  the  axes,  its 
centre  being  at  Aa.  The  fluctuation  o(f(x,y)  in  thin  rectangle  is  <  2d-  +  e. 
For  if  M,  N  be  any  two  points  in  it,  let  Mt,  iV,  be  their' projections  on 
B& ;  then 

|/(30-/(Jf,)|aff,    |/W-/Ws<r,    1/(^0-/(^)1  <■; 

and  from  these  Inoejualities  we  deduce  that 

|/(JO-/(J)l<S<r  +  r. 
Since  this  holds  for  every  e,  the  saltns  of/(«,  y)  at  _in  is  S  2o-.    If,  at  a  point 
Aa,  the  saltus  oif(x,y)  be  >2<r,  then  at  j40  the  minimum  of  /3„  with  respect  to 
C  must  be  zero. 

Since  /3„  is  positive  at  every  point  of  0,  and  is  an  upper  semi-continuous 
function  of  (as,  y),  it  follows  from  the  theorem  of  §  184,  that  in  every  arc  D  of 
the  curve  C,  there  exists  an  arc  Dt  in  which  the  minimum  of  /9„  is  positive. 
Let  us  take  a  sequence  a-t,  cr.s, ...  crM  ...  of  positive  decreasing  numbers  of 
which  the  limit  is  zero.  It  is  then  clear  that  in  every  arc  D  there  exists  a 
point  where  $<,„  has  its  minimum  with  respect  to  G  positive,  for  every  an. 
At  this  point  the  fluctuation  of  f(x,  y)  with  respect  to  the  two-dimensional 
continuum  (x,  y)  is  S  2<?n,  for  all  values  of  n,  and  is  therefore  zero.  This 
point  must  be  a  point  of  continuity  of /(,*',  y)  with  respect  to  (*,  y). 

The  following  general  theorem*  has  now  been  established:— 

If  f(w,  y)  be  a  function  of  the  two  variables  x,  y  which  is  everywhere 
continuous  with  respect  to  y,  and  is  continuous  with  respect  to  ai  along  straight 
lines  parallel  to  the  x-axis,  which  cut  the  y-axis  in  an  everywhere-dense  set  of 
points,  then  in  every  -portion,  of  a  curve  y  —  0 (.*),  where  tf> (x)  is  a  continuous 
function,  there  exist  points  at  which  f(x.y)is  cuutin nous  with  respect  to  the 
two-dimensional  domain  (%,  y). 

It  follows  from  this  theorem  that  points  of  continuity  exist  in  every  area, 
that  is  fix,  y)  is  at  most  a  point-wise  discontinumis  function. 

The  whole  of  the  reasoning  above  is  applicable,  if  only  those  points  of 
(x,  y)  are  taken  account  of,  which  belong  to  a  perfect  set  6.  It  thus  appears 
that,  under  the  conditions  stated  in  the  above  theorem.  f(x.  y)  is  a  point-wise 
discontinuous  function  relatively  to  every  perfect  set  G  of  points  in  (*,  y). 
The  points  of  continuity  of  f(x,  y)  on  the  curve  y  =  <f>  (#),  are  everywhere- 
dense  with  respect  to  every  perfect  set  of  points  on  the  curve. 

EXAMPLES. 
I.     Iff/(:K,  y)  bo  a  function  which  is  everywhere  eon  til  stums  with  reluct  to  each  of 
the  variables  x,  y.  then  the  points  at  which  the  j-:ilf;is  of  /';.r,  >/)  with  respect  to  the  two- 
dimensional  continuum  (sc,  y)  is  >  a  form  a  set  of  ooints  such  that  the  projection  of  the 
set  on  either  axis,  by  linos  parallel   to  tho  other  ;i,xis,  is  a  non-dense  set. 

*  Bairo,  Anaali  di  Mat.  Set.  m«,  vol.  in.,  1899,  p.  37.  t  Baire,  loc.  cit.,  p.  94. 
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2.  If*  a  function  f(x,  y,  z)  of  throo  variables  x,  >/,  >.  be  everywhere  continuous  with 
respect  to  each  variable,  then  f(x,  y,  2)  is  at  most  a  point-wise  discontinuous  function 
relatively  to  the >  three-dimensional  continuum  (x,  y,  z).  Further,  on  every  surface 
a,-  =  0(y,  2),  where  0  is  continuous  with  respect  to  {y,  2),  the  function  f(x,  y,  z)  ia  at  most 
a  point-wise  discontinuous  function  with  respect,  to  (y,  z).  The  sot  of  points  at  which 
the  suit  us  of  f(x,  v,  'i)  £..<r  may  contain  nil  the  points  of  a  continuous  curve. 

3.  Let*  0(#,  j)  be  a  function  which  is  continuous  with  respect  to  each  of  the 
variables  %  and  y,  and  let  (0,  (.))  be  si  point  of  discontinuity  of  0  (x,  y)  with  respect 
to  (%,  y).  Define  /  (a,  y,  z)  by  the  condition  /  (x,  y,z)  =  <f>  (*,  y) ;  then  the  function  f{%,  y,  2) 
is  continuous  with  respect  to  each  of  the  three  variables,  but  every  point  on  the  z-axis  is 
si  point  of  discontinuity  with  respect   (.0  {.'/:,  y,  z). 

4.  Let*  f(x,  y.  z)  be  a  function  which  is  constant  alony;  any  straight  line  parallel  to 
the  straight  line  x=y=z,  and  is  such  that  f(w,  y,  0)  =  '^^"^  /(0,  0,  0)  =  0.  This 
function   is  discontinuous  at  every   point  on    the  straight  line  x-. --•/    ->. 

245.  The  methods  developed  by  Baire  of  dealing-  with  functions  of  two 
or  more  variables,  in  relation  to  the  distribution  of  the  points  of  dis- 
continuity, have  been  applied  by  him  to  the  consideration  of  the  following 
three  problems: — 

(1)  What  must  be  the  nature  of  a  function  tf>  (V>.  defined  for  a  £  x  £  ft, 
in  order  that  a  function  f(x,  y)  can  exist  which  is  defined  for  all  points  in  the 
square  a&x&  ft,  a£  y  &  ft,  and  is  continuous  at  every  point  with  respect  to 
x  and  with  respect  to  y,  and  moreover  is  equal  to  (ft  (x)  on  the  straight  line 

(2)  What  must  be  the  nature  of  a  function  $  («)  defined  for  a  S  x  S  ft, 
in  order  that  a  function  f(x,  y)  can  be  defined  for  all  points  in  the  square 
aSx  £  ft,  a^t/Sft  and  which  shall  satisfy  the  conditions  that  it  is  con- 
tinuous with  respect  to  (x,  y)  at  every  point  for  which  y>0,  is  continuous 
with  respect  to  y  at  the  points  of  y  —  0,  and  is  equal  to  0  (x)  when  y  =  0 1 

(3)  A  function  f(x,  y)  is  defined  in  the  rectangle  aSx  &  ft,  -ySi/SS, 
and  is  everywhere  continuous  with  respect  to  y.  Further,  there  is  a  set  of 
parallels  to  the  sr-axis,  along  each  of  which /(«,  y)  is  continuous  with  respect 
to  x;  these  parallels  intersecting  the  straight  line  x—a  in  a  set  of  points 
which  is  everywhere-dense  in  the  interval  (7,  8).  What  is  the  nature  of  the 
function  f(x,  y)  on  a  continuous  curve  drawn  in  the  rectangle? 

The  problems  (1),  (2)  are  particular  cases  of  (3).  It  has  been  shewn 
above  that  a  necessary  condition  satisfied  by  j(x,  y)  in  (3)  is  that  it  should 
be  a  point-wise  discontinuous  function  relatively  to  every  perfect  set  of 
points.  That  this  condition  is  also  sufficient,  has  been  demonstrated  by 
Baire  in  his  memoir  quoted  above.  A  proof  of  this  will  be  given  for  the  case 
of  problem  (2),  in  Chanter  VI,  in  connection  with  the  theory  of  functions 
representable  as  the  limits  of  sequences  of  functions, 
*  Baire,  toe.  ait.,  p.  99. 
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THE    REPRESENTATION    OF    A    SQUARE    ON    A    LINEAR    INTERVAL. 

246.  Let  a  point  of  a  square  whose  side  is  unity  ho  denoted  hy  (#,  y\ 
where  0£at£l,  O^ySl;  and  let  (  denote  a  point  of  a  linear  interval 
(0,  1).  An  account  has  been  given  in  §  58  of  Cantor's  method  of  establish- 
ing a  (1,  1)  correspondence  between  the  points  of  (.he  square  and  those  of 
the  linear  interval.  Such  a  correspondence  denotes  functional  relations 
*—/(*)■  y  —  'Pit)  between  x,  y  as  dependent  variables,  and  t  as  an  inde- 
pendent variable.  It  will  be  shewn  however  that  no  (1,  1)  relationship 
between  the  two  sets  of  points  can  be  a  continuous  representation* ;  i.e.  it 
is  impossible  that  the  functions   fit),  rf>  (t)  can  he  both  continuous. 

Let  us  assume  that  such  a  continuous  representation  can  be  defined. 
To  any  closed  set  of  points  [t]  in  (0,  1),  there  will  correspond  a  closed 
set  in  the  plane  area.  For  if  ^,  is,  ...  tn,  ...  be  a  convergent  sequence  of 
points  t,  of  which  ta  is  the  limiting  point,  then  the  point  /(*„)>  #(0  ia 
the  limiting  point  of  the  set  of  points  (asu  y^)(x^  y2)  ...  (x„,  yn)...  which 
correspond  to  ^,  t%,  ...  tn, ...  respectively;  therefore  to  a  closed  set  [t\  there 
corresponds  a  closed  set  !(■'<•',  y)\.  Again,  to  a  convergent  sequence  {xi,y1)l 
(#2,  y^) ...  of  points  in  the  plane  area,  there  corresponds  a  set  of  points 
t,,^,...  in  the  linear  interval,  the  latter  of  which  has  a  limiting  point  t^  which 
must  correspond  to  (xa,  y^);  and  since  only  one  value  of  t  corresponds  to  one 
set  of  values  of  (x,  y),  there  can  be  only  one  such  limiting  point  tw.  Thus,  to 
a  closed  set  in  the  plane,  there  corresponds  a  closed  set  in  the  linear  interval. 
Take  two  points  (lf  ^  in  the  interval  (0,  1);  these  points  correspond  to  two 
points  P,,  P.„  in  the  square  area.  To  the  closed  linear  interval  (t„  (...)  there 
corresponds  a  closed  set  8  which  contains  the  points  P„  Pa.  It  can  be 
shewn  that  there  are  points  other  than  P„  Pa  on  the  frontier  of  S.  Denote 
by  C(S)  the  set  of  those  points  of  the  square  area  which  do  not  belong  to  8. 
Two  points  Q,  R  in  the  square  can  he  determined,  such  that  Q  lies  on  the 
straight  line  PiPs,  and  R  does  not  lie  on  this  straight  line ;  such  that  neither 
Q  nor  R  coincides  with  I\  or  Pa,  and  such  that  one  of  the  two  belongs  to  S 
and  the  other  toO(iS).  The  closed  set  consisting  oi'  the  straight  line  QR 
contains  points  both  of  S  and  of  C(S);  those  points  of  S  which  lie  on  it 
form  a  closed  set,  and  there  must  be  one  such  point  of  S  at  least  which  is 
on  the  frontier  of  S ;  such  a  point  may  or  may  not  coincide  with  Q  or  R. 
Since  then  S  contains  points  on  its  frontier  besides  Pi  and  Pa,  we  can  take  a 
point  t  within  the  linear  interval  (t,,  tj)  such  that  the  point  T  in  the  square 
which  corresponds  to  it  is  on  the  frontier  of  8.  Since  T  is  the  limiting  point 
of  a  sequence  of  points  of  0(8),  it  follows  that  (  must  be  the  limiting  point 

:*  See  Ketto,  "  Licit-rag  zisr  M'innij.'i'jLlI  iekrilskjinv"  Crfite'-i  ,11.,  vol.  lxxxvt.  ;  also  Loria, 
Giorn.  di  Mat.,  vol.  sxv.,  p.  97.  In  the  proof  given  by  these  writerg  it  is  assumed  that  a  closed 
curve  corresponds  to  a  linear  Hiib-mt.c.viu  ;.f  (!),  lj  ;  tins  is  nut  necessarily  die  case,  for  a  non- 
dense  closed  set  iniLv  ei)i,!'uf.|j;iTid  to  the  closed  curve. 
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of  a  sequence  of  points  all  of  which  are  external  to  the  interval  (d,  Q  ;  and 
this  is  impossible.     It  has  thus  been  established  that : — 

;Vo  continuous  (1,  1)  correspondence  can  en-ist  between  all  the  points  in  a 
square  and  all  the  points  in  a  linear  interval. 

In  particular,  the  correspondence  shewn  by  Cantor  to  exist,  must  be 
discontinuous. 

247.  The  reasoning  of  %  246  would  be  inapplicable  if  the  corre- 
spondence x=f(t),  y  =  <f>(t)  were  such  that,  to  a  given  point  (at,  y)  more 
than  one  point  t  may  correspond,  the  functions  /((),  <^>  (t)  being  still  one- 
vatued  continuous  functions,  so  that  if  t  be  assigned,  i>,  y)  is  uniquely  deter- 
mined. In  this  case,  the  limiting  point  of  the  set  of  points  external  to  the 
interval  (t„  £,)  would  be  not  t,  but  another  value  of  (  which  also  corresponds 
to  the  point  T. 

Peano*  gave  the  first  continuous  correspondence  of  the  kind  just  indicated, 
thus  defining  a  continuous  curve  which  passes  through  every  point  of  the 
square  at  least  once. 

Let  the  points  in  the  interval  (0,  1)  be  expressed  in  the  form 
t—  ■aIa,aa ...  an  ..., 
in  radix  fractions  in  the  ternary  scale,  so  that  each  a  is  either  0,  1,  or  2, 
Let  k(a)  denote  the  number  2  -  a,  so  that  &(2)  =  0,  ft(l)  =  l,  &(0)  =  2; 
and  let  kn  (a)  denote  the  result  of  performing  this  operation  n  times,  so  that 
k'1  (a)  is  a,  or  2  -  a,  according  as  n  is  even  or  odd. 

Let  x,  y  be  defined  for  a  prescribed  t  by 

at  =  'b1b2bt ...,    y='C\0iC3 ..., 
the  ternary  scale  being  again  employed ;  the  numbers  b,  c  being  defined  by 
the  relations 

61  =  o11   6B  =  A°»(oB),...6n=&aB+a*+-+8arf(flBn-i), 
cs  =  ka<(az),    c^^'+^ia,),  ...on  =  £ai+0»+-+a»-1(am); 
thus  hn  is  equal  to  Oj„.,  or  to  2  —  Ob»~i>  according  as  at  +  at+  ...  +  am-i  is 
even  or  odd. 

The  numbers  t  may  be  divided  into  two  classes : — 

(1)  Those,  other  than  0  or  1,  which  are  capable  of  a  double  repre- 

sentation 
*=  -OiOaaj ...  <ta2  2  2  ...  =  -a1as...  a^+l  0  0  0.... 

(2)  Those  which  have  a  single  representation  only. 

If  f  be  a  number  of  the  second  class,  ,-r  and  y  are  uniquely  defined.  If  t  be 
a  number  of  the  first  class 

<  =  'a1oa...aB222..;3-o,a!...  a^+IOOO..., 

*  "  Sue  tine  convlw.  qui  i-ouipiit  loutc  nut  Like  i;'.ii;u\':  M<s<h.  Arm..,  vol.  xxxyi,,  1890. 
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let  •bibabi ...,  •bj'bs'bi  ...  denote  the  numbers  obtained  by  applying  the 
definition  of  x  to  the  two  modes  of  representation  of  (.  If  n  is  even,  say 
2  m,  it  is  clear  that 

&,  =  &/,  6,=V,  ...bm  =  bm'; 

also  bm+i^k"^a*+-+a™2,  (,;+1  =  ^w<+-+"»+10, 


hence  6^+,  =  b'm+1,    bm+2  =  &'mw,  ... ; 

and  thus  x  has  the  same  value  whichever  of  the  two  forms  for  (  is  employed ; 

the  case  in  which  n  is  odd  may  bo  similarly  treated. 

The  same  result  can  readily  be  shewn  to  hold  for  y.     Therefore,  corre- 
sponding to  any  assigned  (,  x  and  y  are  uniquely  determined, 
Next,  let  us  suppose  x  and  y  to  be  assigned.     We  have 

^  =  6,,  a,  -#»(<*),  a,-*"»(Wi  ai  =  h^+b'(oa),  ... 
am.1  =  Ifr+c»+-+c^(bn),  am  =  kbi  +  bz+-  +  i«(cn); 

for,  ifp  =  kr(q),  then  p  +  q  is  an  even  number. 

In  case  x,  y  are  both  of  the  second  class,  ( is  uniquely  determined. 
If  x  is  of  the  first  class,  and  y  of  the  second  ;  lot 

x  =  -bA...bn%2Z...=  blbt...b^+\QQ...1 
?/=  -c,cs...  c„c„+1 ..., 

and  let  the  two  values  of  t  be  denoted  by  'k.^a  ...,  -a^'a,/ 

It  is  clear  that 

«i  =  Oi'i  <h  =  <h'  ■  ■  ■  <hn~i  —  tt'at^i ; 

also  thn=>k(a'™),  raw+1=F'+^+-"+e»(i„X  «Wi  -F,+*+-+Mk  +  1); 
thus  am+i,  t'm+1  are  not  identical,  although  aBB,  na'  will  be  so  if  each  is  unity, 
It  is  thus  seen  that  f  has  two  distinct  values  corresponding  to  one  point  (x,  y) 
when  x  is  a  number  of  the  first  class,  and  y  is  of  the  second  class.  It  can  be 
shewn  in  a  similar  manner  that  there  are  four  points  t  corresponding  to  a 
single  point  (x,  y)  such  that  x,  y  are  both  numbers  of  the  first  class. 

The  correspondence  is  continuous.  For  if  (,  t'  are  identical  as  regards  the 
first  In  figures,  m  and  x  are  identical  as  regards  their  first  n  figures,  and  the 
same  is  true  of  y  and  y". 

The  curve  which  has  thus  been  defined  is  a  continuous  curve  which  passes 
through  each  point  in  the  square  at  least  once ;  there  is  an  everywhere- 
dense  enumerable  set  of  points  through  each  of  which  the  curve  passes  twice, 
and  another  everywhere-dense  enumerable  set  of  points  through  each  of  which 
it  passes  four  times;  through  each  of  the  remaining  unenmnerable  set  of 
points,  the  curve  passes  once  only. 
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The  plane  measure  of  an  arc  of  Peano's  curve  which  corresponds  to 
an  interval  (4,  tj)  is  not  zero,  i.e.  the  area  which  a  number  of  rectangles 
enclosing  ail  the  points  of  the  arc  have  in  common  has  a  lower  limit  greater 
than  zero. 

The  two  continuous  functions  f(t),  d>  It),  which  define  w,  y  as  functions  of 
(,  possess  for  no  value  of  (  definite  differential  coefficients,  and  are  perhaps 
the  simplest  examples  of  continuous  n  on  -differ  en  tiahle  functions. 

248.  It  might  at  first  sight  appear-  that  a  curve  having  the  same 
properties  as  that  of  Peano  might  have  been  defined  by  restricting  i=  ,ala2.., 
to  be  such  that  an  infinite  number  of  digits  other  than  0  are  present,  and 
then  defining  at,  y  by 

x  —  ■a,ra3a5...,   y=  'a,a4a« .... 

If  however  the  double  representation  of  x,  y  were  not  restricted,  as  in  the 
case  of  t,  there  would  be  no  value  of  £  corresponding  to,  say, 

o>-=-1000...,    y=2000.... 
If  (x,  y)  were  on  the  other  hand  so  restricted,  there  would  be  no  values  of 
(x,  y)  corresponding,  for  example,  to 

(  =  ■111010101.... 

It  thus  appears  that  some  such  rule  as  that  given  by  Peano  is  necessary  to 
obviate  the  difficulty  caused  by  the  double  representation  of  a  certain  class  of 
rational  numbers,  in  a  given  scale. 

The  method  may  easily  be  extended  to  obtain  a  continuous  corre- 
spondence between   the   points  in  a,  cube  and  those  in  a  linear  interval. 

A  somewhat  different  method  of  establishing  correspondence  between 
the  points  of  the  square,  and  those  of  the  linear  interval,  is  the  follow- 
ing* :— 

Let  tj  denote  one  of  the  perfect  set  of  points  defined  by 


.  «i  ,  as     a, 


when  every  a  is  either   0  or  2.      For  such  a  point  ^,   x  and   y  may  be 
defined  by 

v  -  -  (ai  4-  a*  J-  ^  -U        ^ 

2U      2=     2"         7' 
A  point  t  which  does  not  belong  to  the  perfect  set  is  interior  to  one  of  the 

■■'   Hoc  LdjiiH^iiii,  I.troiii  stir  Vintty ration,  p.  44. 
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complementary  intervals  (£,',  *,")  of  the  set;  in  such  an  interval  we  may 
define  x,  y  as  linear  functions  of  t,  thus 


y  =  y'  + 


rk'-t," 


T,(t~0, 


where  (#',  y'),  («",  y")  correspond  to  t,',  if  respectively. 

249.      A  method  of  constructing  a  continuous  curve  which  fills  a  square 
has  heen  given  in  a  geometrical  form  by  Hilbert*. 


2  3 


Divide  the  interval  (0,1)  into  four  equal  parts,  and  number  them  in  order 
as  1,  2,  3,  4.  Then  divide  the  square  into  four  equal  parts,  as  in  Fig.  1,  and 
number  them  1,  2,  3,  4,  to  correspond  with  the  segments  of  the  linear 
interval.  Next  divide  each  segment  of  the  straight  line  into  four  equal 
parts,  and  each  of  the  four  squares  into  four  equal  parts  as  in  Fig,  2.  The 
sixteen  squares  so  formed  are  then  numbered  in  order  so  that  each  square  has 
one  side  in  common  with  the  one  next  in  order;  the  squares  then  correspond 
with  the  segments  numbered  in  the  same  way.  At  the  next  stage  there  are 
(Fig.  3)  64  squares  corresponding  to  64  segments  of  the  interval  (0,  1), 
Proceeding  in  this  manner  indefinitely,  any  point  of  (0,  1)  is  determined  by 
the  intervals  of  the  successive  set  of  sub-divisions  in  which  it  lies.  The 
corresponding  point  in  the  square  area  is  determined  by  the  succession  of 
squares  each  containing  the  next  in  which  it  lies.  The  curve  is  thus  deter- 
mined as  the  limit  of  a  sequence  of  polygons  denoted  by  the  thickened  lines 
in  the  figures.     The  curve  thus  obtained  is  continuous,  but  has  no  tangent. 

,:'   See  Math.  .inii'jh:ii,  vol.  xxxvin.,  p.  459. 
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Hilbert  remarks  that  if  the  interval  (0,  1)  bo  taken  as  a  time  interval, 
a  kinematical  interpretation  of  (.be  functions),]  relation  between  the  curve 
and  the  segment  is  that  a  point  may  move  so  that  in  a  finite  time  it  passes 
through  every  point  of  the  square  area. 
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Continuous  curves  of  this  kind  can  be  constructed  by  any  method  by 
which  an  everywhere-dense  enumerable  set  of  points  in  the  square  can  be 
made  to  correspond  with  a  similar  set  of  points  in  the  linear  interval ; 
provided  the  functional  relation  x=/(t),  y  —  (p(t),  in  such  correspondence,  is 
uniformly  continuous.  For,  when  this  condition  is  satisfied,  the  functions 
obtained  by  the  method  of  extension  of/(i),  0(0  to  the  remaining  points 
of  (0,  1)  as  secondary  points  (see  §  225)  will  yield  a  correspondence  of  all 
the  points  of  the  square  with  those  of  the  linear  interval,  of  the  required 
character. 

Another  method  differing  from  llin.t.  of  Hilbert  has  been  given  by  Moore* 
and  by  Schonflies"|". 

Let  m  be  an  uneven  number  (in  the  figure,  m  =3);  divide  the  linear  interval 
(0, 1)  into  m1  equal  parts,  and  also  the  square  into  ms  equal  parts.     Let  these 


W\ 


squares  be  passed  through  by  a  polygonal  line,  of  which  the  sides  are 
diagonals  of  the  squares,  as  in  the  figure;  in  this  manner  the  squares  are 
arranged  m  order  1,  2,  3,  . . .  m'J,  and  are  placed  into  correspondence  with  the 
s  bearing  the  same  numbers.  At  the  same  time  the  end-points  of  a 
so  traversed  are  made  to  correspond  with  the  end-points  of  a 
segment  of  the  linear  interval.  Thus  m'  +  1  points  in  the  linear  interval  are 
placed  in  correspondence  with  points  in  the  square,  so  that  to  each  of  the 
m?  +  1  points  of  the  linear  interval  there  is  one  point  in  the  square;  but  the 
converse  is  not  the  case.     Next,  divide  each  of  the  ms  linear  intervals  into  ma 


8    Trans.  Amur.  Math.  Hoc.,  Vol.  I.,  p.  77. 
t  Bericht  iilier  die  Me.nge.ulehre,  p.  121. 
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equal  parts,  and  the  corresponding  squares  into  m"  equal  parts;  then  con- 
struct as  before;  a  polygon  traversing  diagonals  of  ali  the  rti?  squares,  making 
their  end-points  correspond  to  the  end-points  of  the  corresponding  m*  parts 
of  the  linear  interval.  Proceeding  in  this  manner,  we  gradually  place  points 
in  the  square,  consisting  of  an  every  where-dense  enumerable  set,  into  corre- 
spondence with  a  set  in  the  linear  interval  which  possesses  the  same 
property  ;  and  the  functional  relation  so  sot  up  is  uniformly  continuous.  The 
definition  of  the  functions  for  the  whole  linear  interval  is  then  obtained,  as 
explained  above,  by  the  method  of  extension.  The  case  m=  3,  corresponds 
to  Peano's  analytical  method.  In  the  method  of  Moore  and  Schonflies,  the 
curve  is  determined  as  the  limit  of  a  sequence  of  polygons  inscribed  in 
the  curve.  In  Hilbert's  method  the  polygons  which  approximate  to  the 
form  of  the  curve  are  not  inscribed  in  the  curve,  but  are  otherwise  deter- 
mined. 
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CHAPTER  V. 

INTEGRATION. 

250,  The  fundamental  operation  of  the  calculus,  known  as  integration, 
regarded  from  one  point  of  view  consists  essentially  in  the  determination 
of  the  limit  of  the  sum  of  a  finite  series  of  numbers,  as  the  number 
of  terms  of  the  series  is  indefinitely  increased,  whilst  the  numerically 
greatest  of  the  individual  terms  of  the  series  approaches  the  limit  zero. 
The  laws  which  regulate  the  specification  of  the  terms  of  the  series 
must  be  supposed,  in  any  given  instance,  to  be  assigned,  and  to  be  of 
such  a  character  that  the  limit  in  question  exists.  It  is  in  this  form  that 
the  problem  of  integration  naturally  prose: Tits  itself  in  ordinary  problems 
of  a  geometrical  character,  such  as  the  determination  of  lengths,  areas, 
volumes,  &c.  The  method  of  integration,  so  regarded,  has  its  origin  in  the 
method  of  exhaustions  employed  by  the  Greek  geometers,  and  was  developed 
later  in  forms  of  which  the  exactitude  depended  at  various  epochs  upon  the 
stage  which  the  development  of  Analysis  in  general  had  reached.  In  the 
hands  of  Cauchy,  l)i.nelilet,and  Riemann  the  definition  of  the  definite  integral 
attained  to  the  exact  arithmetic  form  in  which  it  is  employed  in  modern 
analysis;  and  in  fact  the  definition  given  by  Riemann,  which  is  now  held  to 
be  fundamental  in  the  calculus,  leaves  nothing  to  be  desired  as  regards  pre- 
cision. Kiemann  gave  not  only  a  precise  definition,  but  also  a  necessary  and 
sufficient  condition,  for  the  existence  of  the  definite  integral.  Although  a 
more  general  definition  of  integration  has  recently  been  developed  by 
Lebesgue,  in  accordance  with  which  classes  of  functions  are  integrable, 
which  are  not  so  in  accordance  with  the  definition  of  Kiemann,  the  latter 
is  the  definition  which  lies  at  the  base  of  almost  all  the  developments  of  the 
theory  of  integration  that  have  been  made  during  the  last  half  century,  and 
will  therefore  be  adopted  for  full  treatment  in  the  present  Chapter.  An 
account  will   however  be  given  of  the  recent  more  general  theory  due  to 


Integration  has  also  usually  been  regarded  as  the  operation  inverse  to  that 
of  differentiation ;  and  the  fundamental  theorem  of  the  Integral  Calculus 
formulates  the  relation  of  this  mode  of  regarding  integration  with  the  one 
referred  to  above.  Many  important  investigations  are  concerned  with  the 
relation  between  these  two  modes  of  regarding  integration,  with  the  establish- 
ment of  the  fundamental  theorem,  and  with  an  examination  of  the  limitations 
to  which  it  is  subject. 

h.  22 
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THE    DEFINITE    TNTEGliALS    OF    LIMITED    FUNCTIONS. 

251.  Let  /(«/)  be  a  limited  function,  defined  for  the.  continuous  domain 
(a,  b),  where  b  5  a;  so  that  there  exists  an  upper  limit  (7 and  a  lower  limit  L 
of  the  functional  values  in  the  whole  interval.  Let  the  interval  (a,  b)  be 
divided  into  any  i^  sub-interval.?  S,(",  Sa'1'.  SJ11, ...  S,,,m,  so  that 

&,<1»  +  S2w  +  ...  +  Sniw=fe-oJ 
and  let  A,  be  the  greatest  of  these  sub -intervals.  Let  these  sub-intervals  be 
further  sub-divided  in  any  manner  so  that  the  whole  interval  (a,  b)  then  con- 
sists of  n2  sub-intervals  V"\  8/j:  ■■•  K^  whose  sum  is  b  —  a,  and  the  greatest 
of  which  is  A9;  lot  further  sub-divisions  of  those  sub-intervals  be  made,  and 
so  on  continually,  so  that  at  any  stage  of  the  process  the  interval  (a,  b)  is 
divided  into  «,,,  sub-intervals,  <$,!"':',  V"",  •-■  B.lmm,  the  greatest  of  which  is  A,„. 
If  this  system  of  continual  sub-division  be  made  in  any  manner  whatever, 
which  is  such  that  the  sequence  A,,  A2, ...  A„„ ...  has  the  limit  zero,  we  shall, 
as  in  §  1 £>3,  speak  of  it  as  a  convergent  system  of  sub-divisions  of  the  interval 
(a,  b).  Let  M  {Bf"l))  denote  any  number  whatever  which  is  so  chosen  as  to  be 
not  greater  than  the  upper  limit  of  the  function  /(.«)  in  the  elosed  interval 
V"1,  and  so  as  to  be  not  less  than  the  lower  limit  of/ Or)  in  the  same  interval ; 
and  consider  the  sums 

S,  =  S1vM(Slu)  +  V>J»W)  +  ■-  +  V^vV"), 
Ss=  S^'M  (8,11)  +  B^M  (Sa<2>)  +  ...  +  B^>M(B^), 


Sm  =  V"-M  (V1)  +  BJmM  (SV™>)  +  ...  +  BM^M  <S,  J™>). 
If  the  sequence  8,,S2, ...  Sm,  ...be  convergent  and  have  the  name  nwmber  S 
for  limit  whatever  convergent,  synlem  of  sub-divisions  of  (a,  b)  be  employed,  and 
however  the  numbers  j1/(<v"i:)  be  chosen,  subject  only  to  their  limitation  in 
relation  to  the  upper  and  lower  limits  of  f '(.«)  in  the  intervals  S»fBl),  then  the 
function  /(■>,')  is  said  to  be  integrable  in  the  interval  (a,  b),  and,  the  number  S 
defines  the  valve  of  its  integral.     This  integral,  when   the   limit  S  exists,  is 

denoted  by  j  f(ic)dx. 

It  will  be  observed  that  M  (&)  is  not,  necessarily  the  value  of  /(#)  at  any 
point  in  the  interval  B ;  for  all  that  is  necessary  is  that  it  should  not  be 
greater  than  the  upper  limit,  nor  less  than  the  lower  limit,  of  /((c)  in  the 
interval  8.  In  this  respect  the  definition  is  a  slight  generalization  of  that 
given  by  Eiemann*,  who  restricted  M ($)  to  have  the  value  of  f(x)  at  some 
point  in  the  interval  8. 

The  definition  of  a  definite  integral,  of  which  ilieinunn's  definition  is  a 
"  Werke,  2nd  ed.  p.  289. 


/Google 


251,  252]  Definite  Integrals  339 

development,  was  given  by  Cauchy*  for  the  case  of  a  continuous  function. 
Cauchy's  definition  is  in  fact  that  which  arises  when  M(B)  is  in  every  case 
restricted  to  be  the  functional  value  at  one  end  of  the  interval  8;  thus  it  may 
be  expressed  by 

£  /(.)  <k  =  lim  [(*,  -  «)/(«)  +  («,  -  «,)/(«,)  +  . . .  +  (J  -*„)/(«„)], 

where  «,  a^,  «a,  ...  ;r,t,  &  are  the  end-points  of  the  sub-divisions,  and  the  limit 
is  determined  under  the  same  conditions  as  have  been  stated  above. 

252.  The  investigation  of  the  necessary  anil  sufricionl-  conditions  that  the 
integral  of /(.»/)  in  (a,  &),  as  above  denned,  may  exist,  is  considerably  simplified 
by  the  introduction  of  the  notions  of  the  upperf  and  lower  integrals  of  the 
function  f(w)  in  the  interval  {a,  b). 

If,  in  the  successive  sums  which  are  formed  corresponding  to  a  convergent 
system  of  sub-divisions  of  (a,  b),  we  identify  every  number  M  (S)  with  the 
upper  limit  U  (£)  of  the  function  in  the  interval  8,  it  can  be  shewn  that  for 
any  limited  function  whatever,  the  sequence  of  numbers 

V  f7(V>)  +  S2f11  U(S,«)  +  ...  +  5nio>  tf<8„,(")  =  S„ 
S,"'  ^{a,(s')  +  8a<*  tf(V>)  +  ...  +  Va  P"(8^«)  -  s2, 

8,  w  D"(*iW)  +  &w  P^w)  +  .. .  +  S^tmj  (T^W)  =  Sm 
has  a  definite  limit  when  m  is  indefinitely  increased,  which  is  independent  of 
the  particular  convergent  system  of  sub-intervals.     This  limit  is  called  the 
upper  integral  of  f(cc)  in  the  interval  (a,  b),  and  may  be  denoted  by 


f/(')d*. 


denoted    I 


A  similar  theorem  holds  if  M(h)  be  in  every  case  identified  with  the  lower 
limit  of  f  (%)  in  the  interval,  the  corresponding  sum  eon  verging  to  a  number 
which  is  also  independent  of  the  particular  convergent  system  of  sub-intervals 
chosen.     This  limit  is  then  termed  the  lower  integral  of  ./"(#)  in  (a,  b),  and  is 

!  by  £/»<!*. 

To  prove  that  the  upper  integral  of  a  limited  function  always  exists,  we 
observe  that  when  any  sub-interval  is  subdivided  the  upper  limit  in  no  one  of 
the  sub-divisions  can  be  greater  than  in  the  original  sub-interval,  and  con- 
sequently 2™+,  cannot  be  greater  than  £„,.  It  thus  appears  that  2„  Ss, . . .  £m,  - . . 

5  Journal  de  I'jttole  Polytechtdqne,  call.  19  (18*23],  pp.  571  and  590. 

t  The  upper  integral  (oberes  Integral)  and  the  lower  iiitc-ial  (vm  teres  Integral)  are  named  by 

Jordan,  "  Tintegralc  par  exuiifi,1'  and  *' l'iiiin'sgralc  pur  dcfauL"  respectively  ;  *ee  Canrs  df  Analyse, 
vol.  I,  p.  84.  They  wove  inkod-acod  by  Darlxmx,  Amu/lei  dn  Veevte  uotmale,  ser.  2,  vol.  rr,  and 
slso  by  Thomae,  EinUUniuj,  p.  12,  and  by  Ascoli,  Atti  di  Lincei,  ser.  2,  vol.  n,  1875,  p.  863. 
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form  a  sequence  of  numbers  which  do  not  increase,  and  moreover  none  of 
them  is  less  than  L(b  —  a);  consequently  they  form  a  convergent  sequence 
of  which  we  may  denote  the  limit  by  iV.  It  must  now  be  shewn  that  N  is 
independent  of  the  particular  convergent  system  of  sub-divisions.  Suppose, 
if  possible,  that  another  system  of  sub-divisions  leads  to  another  limit  JV'; 
we  may  without  loss  of  generality  suppose  that  iV'  <  JV.  Take  a  system  of 
intervals  eu  e«,  ...  e„  belonging  to  the  second  system  of  sub-divisions,  where 
we  may  suppose  s  to  be  so  great  that  the  sum  for  this  system  is  <  JV'  +  £ 
where  t,  is  an  arbitrarily  small  number,  and  we  choose  it  so  that  JV'  +  f<  JV. 
Let  iim>  s,  and  suppose  the  two  sets  of  sub-divisions 


to  be  superimposed,  so  that  (a,  b)  is  divided  up  by  all  the  points  which 
are  end-points  of  sub-intervals  of  either  set;  the  new  division  of  (a,  b)  may 
be  regarded  as  a  continuation  of  cither  set  of  sub-intervals  into  further 
sub-division.  Since  s<nm,  at  most  s— 1  of  the  »,„  intervals  are  divided 
by  introducing  the  points  belonging  to  the  e,  and  the  diminution  thus  pro- 
duced in  tm  is  less  than  or  equal  to  (s  —  1)  A,„(f  —  L),  and  thus  the  new 
sum  for  the  combined  sub-divisions  is  £Sm—  (s  —  1) Am(U  —  L).     Now  m 

can  be  chosen  so  great  that  Am<r ,.,„      T.,  where  i}  is  an  arbitrarily 

(8  —  l)(U—Jt) 

chosen  positive  number  as  small  as  we  please  ;  and  if  this  be  done  the  sum 
for  the  combined  sub-divisions  is  >  S,„  —  i)  >  N  —  i?.  Again,  since  the  same 
sum  may  be  regarded  as  belonging  to  a  further  sub-division  of  the  intervals 
ej,  eg, ...  es,  it  is  <  N'+  %.  It  is  now  clear  that,  since  jj  can  be  chosen  so 
that  JV—  t)>N'  +  ^,  the  sum  for  the  combined  system  of  sub-divisions  cannot 
be  both  >  JV  -  ij  and  less  than  iV'  4-  K, ;  and  it  is  thus  impossible  that  JV"  and 
JV'  should  be  unequal :  therefore  the  limiting  sum  which  has  been  shewn  to 
exist  for  any  prescribed  system  of  sub-divisions  has  the  same  value  for  all 
such  systems.  The  existence  of  the  lower  integral  may  be  proved  by  similar 
reasoning,  or  is  immediately  dedneible  from  the  existence  theorem  for  the 
upper  integral  by  considering  the  function  —  ./(#). 

253.  It  has  now  been  shewn  that  a  limited  function  f{m),  defined  for  the 
continuous  interval  (a,  b),  always  possesses  an  upper  and  a  lower  integral  in 
the  interval.  The  necessary  and  sufficient  condition  that  /(a)  should  pos- 
sess an  integral  as  defined  in  §  251  is  that  the  upper  and  lower  integrals  in  the 
interval  be  equal.  That  this  condition  is  necessary  follows  at  once  from  the 
fact  that  all  the  numbers  M (£)  may  be  made  identical  with  U  (S),  or  all  may 
be  made  identical  with  the  lower  limits  L  (&)  of  the  functions  in  the  intervals 
8 ;  and  that  the  condition  is  sufficient  follows  from  the  fact  that  Sm  lies  be- 

tween  2™5,"n)Er{Ss(m,)and*  S  V^'i  (S,lml)>  and  thus  that  when  the  two  latter 

sums  have  the  same  limit,  that  limit  is  also  the  limit  of  Sm. 
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The  necessary  and  safici-e/d-  covdtihm*  that  f  (x)  may  be  inter/ruble  in-  the 
interval  (a,b)  may  now  be  expressed-  at  foil-mux; — J, el  Dtf,''"'')  denote  the  fluctua- 
tion U(Bm)  —  L  ($'■"'■-)  of  the  function  in  the  internal  8,:"" ;  then-  it  must  be  possible 
to  define  a  convenyeid  system  of  nub-divisions  of  the  interval  {a-,  b)  such  that,  if 
at  any  stay  a  these  sub-divisions  are  denoted,  by  S,  ''"'■',  &/'",  ...  £«,„''"\  the  sum 

should  have  the  limit  zero,  as  m  is  increased  indefinitely. 

That  this  zero  limit  exists  is  equivalent  to  saying  that,  corresponding  bo 
any  arbitrarily  small  positive  number  e,  a  number  m  can  be  found  such  that 

the  absolute  value  of  S  (S/B))  Z>  (S.'™').  or  of  (b-a)M,  where  M  is  a  certain 

mean  of  the  numbers  D(8,S'"i!),  for  this  value  of  m  and  for  all  greater  values 
of  m,  shall  be  less  than  e. 

254.     The    necessary    and    sufficient    condition    lor    the    existence    of 

\f(x)dx,   may    be    stated    in    a    somewhat    more    convenient    form,    as 

follows: — 

If  any  convergent  system  of  sab-divisions  of  the  interval  (a,  b)  be  taken, 
then,  corresponding  to  any  arbitrarily  chosen-  positive  number  k,  the  sum  of 
those  sub-intervals  of  (a,  b)  in  which  the  fluctuation  of  /'("')  ''■*'  greater  than  or 
equal  to  k,  must,  as  the  successive  sah-divisioit  advances,  become  arbitrarily 
small,  and  'mast  thea   have  the  limit  zero. 

To  see  thai  the  condition  so  st'ited  is  sufficient,  we  observe  that,  if  s1™1  be 
the  sum  of  those  sub-intervals  of  S1lm,  <S./m, ...  S,„„(""  in  which  the  fluctuation 
is  =  k,  then 

'H.«i)(StW)£»«»)(l7~£)  +  /(:(t-a-s''*). 

Since  s"n>  has  the  limit  zero  as  m  is  increased  indefinitely,  the  limit  of 
SS((mlZJ (§,<"")  is  £k(b  —  a);  and  as  k  is  arbitrary,  the  limit  must  be  zero. 
To  shew  that  the  condition  is  necessary,  we  observe  that 

' SS^D (fcW)SfaW  +  (b-a- s<»»)  D  £ fat">, 

where  D  is  the  least  of  the  fluctuations  in  all  the  sub -intervals.  Unless 
therefore  s1™1  has  the  limit  zero  it  is  impossible  that  2  B"aiD  (§'"")  can  have 
I. ho  limit  zero. 


Another  form  of  the  condition  for  the  existence  of  I  /'  (x)  d,x  which  is  for 

many  purposes  more  convenient  than  the  above  forms  of  statement,  involves 
the  saltus  or  measure  of  discontinuity  at  points  of  the  interval  instead  of 
the  fluctuations  in  sub-intervals ;   it  may  be  stated  as  follows: — 
■  Riem aim's  Werhe,  2ncl  ed.  p.  240, 
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Tlte- necessary  and  sitpici.eid  condition  that  the  limited  function  f  (x)  may 
be  integrable  in  the  interval  (a,  b)  is  that,  for  any  value  whatever  of  the 
positive  number  Z\  those  points  if  the  -inter  v.  d  at  -which  the  salt  us  cr  is  =  k  form 
a  set  of  points  of  zero  content. 

To-  see  that  the  condition  is  necessary,  let  any  system  of  sub-divisions  of 
(«,  b)  be  taken ;  then  the  sum  of  the  products  of  the  sub-intervals  multiplied 
by  the  corresponding  fluctuations  is  greater  than  k  times  the  sum  of  tbose 
sub  -intervals  which  contain  points  of  the  set  (or  which  o-  S  k  ;  unless  therefore 
.  the  sum  of  these  sub-intervals  have  the  limit  aero  as  the  sub-division  advances, 
it  is  impossible  that  the  sum  of  the  products  of  sub-interva.ls  and  fluctuations 
should  have  the  limit  zero.  To  shew  that  the  condition  is  sufficient,  we  ob- 
serve that  if  the  content  of  the  set  of  points  a  ~  k  be  zero,  all  these  points  can 
be  included  in  a  definite  number  of  sub-intervals  whose  sum  is  less  than  the 
arbitrarily  small  number  e,  so  that  all  the  points  of  the  set  ate  interior  points 
of  these  sub-intervals  ;  and  the  rest  of  the  interval  (a,  b)  consists  of  a  definite 
number  of  sub-intervals  whose  sum  is  greater  than  b  —  a  —  s,  and  at  every 
point  of  which  <r<k.  Consider  one  of  these  latter  sub-intervals  8.  In 
accordance  with  the  theorem  established  in  §  185,  S  can  be  divided  into  a 
definite  number  of  parts  in  each  of  which  the  fluctuation  is  less  than  k. 
Since  the  same  reasoning  applies  to  every  sub-interval  S,  therefore  the  whole 
interval  (a,  b)  can  be  divided  into  a  definite  number  of  sub-intervals  such 
that  the  sum  of  those  in  which  the  fluctuation  is  S  k  is  less  than  e,  and  this 
however  small  e  may  be  ;  and  this  is  the  condition  of  integrability  established 
above. 

The  most  succinct  form  in  which  the  condition  of  i.titegrahilil.y  of  a  limited 
function  may  bo  stated  .is  the  following*:' — 

The  necessary  and  suijicieni  condition,  that  a  /.united  f/.nct'on  defined  for  a 
given  interval  may  be  integrable  is  thai  the  points  of  discontinuity  of  the 
function  form  a  set  of  measure  zero. 

For  if  &!,  k.2, ...  kn, ...  be  a  sequence  of  diminishing  positive  numbers  which 
converges  to  the  limit  zero,  and  &!,(?., ...  <?„., ...  be  the  closed  sets  of  points 
at  which  the  saltus  of  the  function  is  SAi,  =  k«, ...  =&„, ...,  then  the  set  of 
all  the  discontinuities  of  the  function  is  the  limit  of  the  set  G„,  when  n  is 
indefinitely  increased,  and  this  set  must,  in  accordance  with  the  theorem  of 
§  88,  have  the  measure  zero,  since  (?„  has  the  measure  zero,  for  every  value 
of  n. 

This  condition  is  equivalent  to  the  condition  that  every  closed  set. 
contained  in  the  set  of  points  of  discontinuity  of  the  function,  may  have 
content  zerof. 

I  .■  in.-*.  i:c.  Anxali  ili  .!/«(.  «ev.  3,  vol.  vn,  p.  254. 
t  See  W.  H.  Young,   Quarterly  Journal  of  Moth.   vol.   xxxv,  p.   190.      See   also   Iiubson, 
Quarterly  Journal,  vol.  xxxv,'p.  208. 
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PARTICULAR    CASKS    OF    INTJfiGltAHLE    FUNCTIONS. 

255.  The  following  classes  of  limited  functions  satisfy  the  condition  of 
integrability  which  has  been   expressed  in   various  forms  above. 

(1)  All  functions  which  are  continuous  in  the  intervals  for  which  they 
are  defined. 

(2)  All  functions  with  only  a  finite  number  of  discontinuities,  or  with 
any  enumerable  set  of  discontinuities 

(3)  Monotone  functions,  and  all  functions  with  limited  total  fluctuation, 
For,  as  has  been  shewn  in  ij  1.94,  the  points  of  discontinuity  of  a  function 

with  limited  total  fluctuation  form  an  enumerable  set. 

(4)  Generally,  every  point-wise  discontinuous  function  which  is  such  that 
the  closed  set  of  points  for  which  the  saltus  is  £  k  has  content  zero,  whatever 
positive  value  k  may  have. 

Dini*  has  given  the  theorem  that  a  function  is  in  lay  ruble,  if  at  all  points 
where  the  discontinuity  in  of  the  second  kind,  it  is  so  for  nil  such  points  only 
on  one  and  the  same  side  of  the  point ;  and  al  these  points  the  function  may 
be  continuous  on  the  other  side,  or  may  have  ordinary  discontinuities  on  that 
side.     In  particular,  any  Junction-  which  litis  only  ordinary  discontinuities  is 


To  prove  this  we  observe  that  in  has  been  proved  in  §  1N9,  that,  for  such 
a  function,  the  set  of  points  for  which  the  saltus  is  £  h  has  content  zero, 
whatever  positive  value  k  may  have.    Therefore  the  condition  of  integrability 


Riemann's  definition  of  an  integral,  and  the  condition  for  the  existence  of 
the  integral,  are  applicable,  without  essential  change,  to  the  case  of  a  function 
which,  for  particular  values  of  the  variable,  has  indeterminate  functional 
values  lying,  in  the  case  of  each  such  point,  between  finite  limits  of  inde- 
terminacy. At  each  point  of  indeterminacy  of  the  function,  it  is  immaterial 
whether  the  function  be  capable  of  having  all,  or  only  some,  values  between 
the  limits  of  indeterminacy;  thus  there  is  no  loss  of  generality,  if  the  function 
be  regarded  as  having  two  values  oidy  at  each  such  point,  viz.  the  two 
limits  of  indeterminacy  at  the  point.  In  estimating  the  H actuation  of  the 
function  in  a  prescribed  interval,  the  upper  limit  is  found  by  taking  the  upper  ■ 
limits  of  indeterminacy  of  the  function  at  the  special  points  as  functional 
values  at  those  points,  whilst  the  lower  limit  is  found  by  taking  the  lower 
limits  of  indeterminacy  at  the  special  points  as  the  functional  values  at 
those  points.  As  in  the  case  of  a  function  which  is  everywhere  single- 
valued,  the  saltus  at   any  point  is  defined  as  the   limit   of  the  fluctuation 

"  Situ  (intHtlfatjeii,  p.  335. 
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in  a  neighbourhood  of  the  point,  when  that  neighbourhood  is  diminished 
indefinitely.  The  conditions  of  integTability  arc  exactly  the  same  as  for  a 
function  which  is  everywhere  single -valued,  viz.  thai  the  function  be  limited 
in  its  domain  and  that  the  set  of  points  of  discontinuity  of  the  function  must 

have  zero  measure. 


PROPERTIES  OF   THE   DEFINITE   INTEGRAL. 

256.     We  proceed  to  consider  the  properties  of  the  integral  I   f(/e)  dx,  of 

a  limited  function  /(*'),  defined   for  the  interval  (a,  b),  and  such  that  the 
condition  for  the  existence  of  the  integral  is  satisfied. 

(1)  The  integral   |    f(x)dv  exists  and  has  the  mine  —  J  f{x)dm. 

For  the  former  integral  when  it  exists  is  defined  by  means  of  the  limit  of 
"S.BM  (S),  where  B  is  one  of  a  wet  of  finite  intervals  into  which  (b,  a)  is  divided  ; 
any  such  interval  differs  from  a  corresponding  interval  in  (a,  b)  only  in  sign, 
and  the  numbers  M(S)  may  be  taken  to  bo  the  same  for  corresponding 
intervals  in  the  two  cases.  It  is  thus  clear  that  the  existence  of  the  one 
limit  follows  from  that  of  the  other,  and  that  they  differ  only  in  sign. 

(2)  If /(as)  be  mtegrable  in  (a,  b),  so  also  is  \f(x)  |,  and 


|jy(«)d.|*Jj/(»)|< 


For  the  fluctuation  of  j /(.«)  j  in  any  interval  B  cannot  exceed  that  of  f(x) 
in  the  same  interval;  hence,  if  2.D&  for  a  convergent  sequence  of  sub-intervals 
have  the  limit  zero  when  D  is  the  fluctuation  of  f(x)  in  B,  it  has  also  the  limit 
zero  when  D  denotes  the  fluctuation  of  u/'(a')  |;  and  thus  the  latter  function  is 
integrable.  Again,  U  the  upper  limit  of  fix)  in  B  cannot  numerically  exceed 
V,  the  upper  limit  of  '/(*')  in  the  same  interval :  thus  |  SETS  \  =  %U'B,  and 
hence  the  absolute  value  of  the  limit  of  X(7S  is  £  that  of  2,U'B. 

(3)  If  the  vuhi.es  of  the  integrab/.e  fuhction  f  {■■>:■)  he  arbitrarily  altered  at 
each  point  of  a  measurable  net  of  points  (},  the  -new  function,  (ft  (x)  so  obtained 
is  integrable,  prodded  it  be  limited,  and  the  measure  of  the  derivative  G'  of  the 
set  be  zero. 

For  the  only  points  of  discontinuity  of  $  (x)  which  are  not  points  of 
discontinuity  of  f  (tc)  are  points  of  G  or  of  G',  and  therefore  form  a  set  of 
measure  zero;  hence  all  the  discontinuities  of  tf>(x)  form  a  set  of  points 
of  zero  measure,  and  <j>  (.r)  is  therefore  integrable  provided  it  he  limited.  In 
particular,  the  theorem  holds  for  any  reducible  set  G. 

Also,  if  <b(x)=f  (a),  at  all  ponds  beJ.ongwg  In  a  set  winch  is  ecerywhere- 
dense  in  {a,  b),  then,  provided  </>(*)  be  i/dearable,  its  integral  is  identical  with 
that  office). 
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For,  in  the  finite  sum  i<5;l/'(S),  we  may  take  the  value  of  M(h)  in  any 
interval  &  to  be  one  of  the  values  which  the  two  functions  /(*■),  $  (x)  have 
in  common  in  that  interval ;  hence  the  sums  may  all  be  chosen  so  as  to  be  the 
name  for  the  two  functions.  Thus,  if  the  functions  be  both  integrable,  their 
integrals  are  identical. 

(4)  A  function,  f  (.'.')  ■whioh  is  iittegvabk  in.  (a,  b)  is  also  integrable  in  any 
interval  (a,  /3)  continued  in  (a,  b). 

For  the  measure  of  the  sot  of  points  of  discontinuity  of  f  (x)  in  (a,  b) 
being  zero,  the  measure  of  the  set  of  those  points  of  discontinuity  which 
are  in  (a,  /3)  is  also  zero,  and  thus  the  function  is  integrable  in  (a,  /3). 

If  c  is  any  point  in  (a,  b),  we  have 


jj  (.)  dx  =j'j  (.)  <fa  +jj  (.)  cfc. 


For  the  two  integrals  on  the  right-hand  side  both  exist; :  also  a  convergent 
sequence  of  sets  of  sub-divisions  of  (a,  b)  can  be  so  chosen  that  the  point  c  is 
always  an  end-point  of  two  of  the  sub-divisions.  Tf  this  be  done,  the  sum 
i!£.l/  (S)  tor  (a,  b)  may  be  divided  into  two  parts,  one  of  which  contains  al  I  the 
intervals  on  the  left;  of  the  point  c,  and  the  other  all  those  on  the  right  of  that 
point;  thus  SSJf (S)  =  S1SM(S)  +  SsSJIf(S>.  The  limits  of  the  three  sums 
are  the  three  integrals  of  fix)  in  (a,  &),  («,  <:'),  and  (c,  6)  respectively;  thus 
the  theorem  is  established. 

(5)  If*  /,,  /21  /„  ...fn  be  a  finite  number  of  limited  functions,  each  of 
which  is  integrable  in  (a,  b),  and  if  F(f„f1}  .../„)  be  a  continuous  function 
of  the  n  variables  /i, /a, .../»,  then  the  function,  F  is  integrable  in  (a,  6). 

For  the  only  points  of  discontinuity  of  the  function  F(x)  are  those  of  the 
functions  fx  i_x),fi(x),  .../„(*);  hence  the  set  of  points  of  discontinuity  of 
Fix)  has  measure  zero;  and  thus  F  (x)  is  integrable,  since  it  is  also  a  limited 
function. 

Important  particular  cases  of  the  general  theorem  are  the  following : — 

(a)  If  /(«)  =  /  («)+/■(«)  +  . -.+/.(«),  where  all  the  function*  f,(x) 
are  integrable,  then  I   /  (x)  dx  =  %  I   fr  (x)  dx. 

(b)  If  /(«)=/,(«). /, (*)... /„(»),  where  all  the  functions  /.(•)  arc 
integrable  in  («,  6),  then  fix)  is  also  integrable  in  (a,  b). 

(c)  If  /  <»,  9  (a;)  be  integrable  in  (a,  6),  and  I  <j>  (x) '  always  exceed 

f  ix) 
some  fixed  number  A,  so  that  --.'  is  a  continuous  function  of  /  and  $,  then 

fix)  .    . 

--  '.—  is  integrable  in  (n,  b). 

*  Du  Bois  lteymiinc],  ,'t/«(/i.  Aimalm,  vol.  xx,  p.  193.  See  also  W.  H.  Young,  Quarterly 
Journal  of  Math,  vol,  xxxv,  p.  190. 
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(6)  lftwofunctimisf+(a>),f-(x)  be  defined  as  jvUmots: — Let  f+(x)  =/(*') 
/or  oH  whites  of  x  such  that  f  (w)  >  0,  and  let  f +  («)  =  0,  when  f  (&)  %  0 ;  let 
f~(x)  =  —  /  (a;)  /br  tt(J  whites  of  a;  si*c/i  f/'ff  /  (a;)  <  0,  and  /"(as)  =  0,  tuftem 
/'(a)  £0;   fA-e«  if  J  (■>')  lie  integrable  in  (a,  If,  fAe  functions  f+(x),  f~(x)  are 

integrable  in  (a,  b),  and  j  f  (as) <&c  =  I   f*(x)dx—\   f~{as)dx, 

For  the  fluctuation  of  f+(x)  in  any  interval  S  cannot  exceed  that  of  /(*') 
in  the  same  interval;  hence,  since  -&I)(S)  lor  /(as)  has  the  limit  zero,  the 
corresponding  sum  for  /"'  (as)  has  bhe  limit  aero,  and  thus  f~(cv)  is  miegrablc 
In  a  similar  manner  it  can  be  shewn  that  /"(as)  is  integrable, 
Since  f  (x)~f+(x)~f~(x),  we  see  from  (5)  (a)  that 

j  7  (a;)  &  =  /V +to  i*-jj-(*)  dx. 

It  should  bo  observed  that  it  is  not  in  general  true  that,  if  /  (a;)  be 
integrable  in  (a,  b),  and  be  expressed  as  the  sum  fi  (a;)  +  /j  (&■)  of  two  limited 
functions,  then  /i  (as),  /,  (as)  are  also  integrable  in  (a,  6).  For  it  is  clear  that; 
/(«)  being  given,  we  may  take  for  f\  {%)  any  arbitrarily  defined  non-integrablc 
function,  then  /.j  (as)  is  also  determinate  and  n  on -integrable. 

(7)  If  f{te),  <j>(x)  be  both  integrable,  and  be  such  that  /(as)  A  j  $(#) 
f or  ewry  rafee  of  %,  then     i    f  {x)dx    £  I  |  0  (as)  j  da\ 

In  particular,  if  d>  (;.<:■)  is  eonski/n.1  uiiil  equal  tu  I'.  Lite  upper  limit  of  ,f(x)\ 
in  («,  6),  then  .  |   /  (x)  dx    fi  1'  {b  -  a). 

For  I  {|<£(as)|- l/(as)jjdas  is  £0,  since  in  every  interval  8  no  value  of 

|^(as)  |  —  \f(x)\  is  negative,  and  thus  the  sums  of  which  the  integral  is  the 

I   fi  I  fb 

limit  are  all  £  0.     Also  from  (2),  we  have  :  \   f(,v)   dx  5.  I   j  /  (a;) j  rfas,  and  this 

is  3  I  j  tj>  (x)  |  das.     The  particular  case  follows  by  assuming  tji  (x)  —  P. 

If  U,  L  denote  the  upper  and  lower  limits  of  /(as)  in  (a,  b),  then 


L(b- a) £J"f(x)dw £  U(b -  a). 


For  %SU(B),  IhL  (&)  each  lie  between  f/SS  and  X^S,  or  between  U(b  —  a) 
and  £(6  —  a);  the  same  must  hold  of  the  common  limit,  which  is  the  in- 


tegralfyW-fc 


(8)     If  t)lt  %, ...  n„, ...  be  an  enumerable  -sat  of  non-overlapping  i 
contained  in.  ((;,  (>)  in-  defending  urd.er  of  length,  then  the  sum  <>j  the  in.le 
of  f(x)  taken  through  ij,,  %,  ...17,,,  converges  to  a  definite  finite  limit,  us  nis 
increased  indefinitely;  f(x)  being  a  function  which  is  integrable  in  (a,  b), 
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Let  us  denote  by  Sn  the  aura  of  the  integrals  of  /  (*■)  taken :  through  the 
intervals  i}„  jj2,  ...  tjw.  Since  tjl  +  Vt  +  •■■  +  jja  increases  with  n,  and  is  always 
less  than  b  —  a,  it  has  a  definite  limit  as  n  is  increased  indefinitely;  we  can 
therefore  choose  1>  so  great  that  tj,1+,  +  tjn+2  +  . . .  +  j?,i+,„  <  e,  for  every  value  of 
m,  where  e  is  an  arbitrarily  chosen  positive  number.  With  this  value  of  n, 
we  see  that  j Sn+m  ~8n\<e. P,  where  P  is  the  upper  limit  of  j / (ai)  |  in  (a, 0). 
If  7]  be  an  arbitrarily  chosen  positive  number,  we  can  choose  e  such  that 
e <  ij/'P ;  thus  n  can  be  so  chosen  that  ( Sn+M  —  8n\<  17,  and  hence  jS„  has  a 
definite  limit  as  n  is  increased  indefinitely. 


INTEGRABLE    Nl.II.L- FUNCTIONS    AND    EQUIVALENT    INTKCtRALS. 

257.  If  f  {x)  be  integrable  in  (a,  b),  and  be  such  that  its  integral  in 
every  interval  contained  in  (a,  b)  is  zero,  then  /'(.«)  is  said  to  be  an  integrable 
null-function. 

The  necessary  and.  stiiiiri'.zid  ooudilion,  that,  it.  limitod  ji1  nation  fix)  may  be 
an  integrable  mill-function  is  that  the  set  of  points  for  which  fix)  j  5  k,  when 
the  set  is  closed  hi/  the  additiun  of  its  lihtUinij  points,  sli.a/l  he  of  content  zero, 
whatever  positive  roh.w  k  may  luive. 

To  prove  that  the  condition  slated  is  sufficient,  let  us  suppose  the  interval 
{a,  b)  to  be  divided  into  sub-intervals  by  a  system  of  sub-divisions;  at  any 
stage,  let  So"  be  the  sum  of  those  intervals  which  contain  in  their  interiors  or 
at  their  ends  points  at  which  |/(a;)|Sfe.     The  sum,  of  which  the  limit  is 

f(a;)dx,  is  in  absolute  value  <  PI.5'  +  {b  -  a  —  2,h" ) k,  where  P  is  the  upper 

limit  of  j/(*)|  in  (a,  b).  If  the  content  of  the  closed  set  obtained  by  adding 
to  the  set  for  which  j/(#)j  £/<■'  its  limiting  points,  have  content  aero,  then 
2S'  has  the  limit  zero,  as  the  number  of  sub-divisions  of  (a,  b)  increases  in- 
definitely; hence  the  absolute  value  of  J  f(jc)doi'ia  &/c(b~  a);  and  as  k  is 

arbitrarily  small,  this  shews  that  the  integral  vanishes.  The  same  argument 
applies  to  any  interval  («,  /3)  contained  in  (a,  b).  To  shew  that  the  condition 
is  necessary,  let  us  assume  that  /"(.''.')  has,  in  every  interval  contained  in  {a,  0), 
an  integral  which  vanishes.  At  any  point  x,,  at  which  /(&-)  is  continuous, 
/(*■,)  must  he  zero.  For  let  fix,).,  if  possible,  have  a  positive  value  A;  then  a 
neighbourhood  (#,  —  h,  atj  +  h)  can  be  found  such  that  at  every  point  in  it 
fix)  lies  between  A  —  e  and  A  +  e,  where  e  is  any  assigned  positive  number 
<A:  now  the  integral  of  fi'x)  through  this  interval  (x1  —  h,  a;  +  h)  is 
S,(A  —  e)2h,  and  thus  cannot  be  zero,  contrary  to  hypothesis.  It  is  there- 
fore impossible  that  /  (Xj).  can  have  a  positive  value ;  and  that  it  can  have  a 
negative  value  can  be  shewn,  in  a  similar  manner,  to  be  also  impossible;  and 
thus  /(«)  vanishes  at  every  point  at  which  it  is  continuous.     Considering 
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next  a  point  at  which  \f{%)  j  =  k,  or  a  point  which  is  a  limiting  point  of  the 
sot  of  such  points,  we  see  that  the  saltus  at  the  point  is  ~k;  for  every 
neighbourhood  of  the  point  contains  points  of  continuity  at  which  f  {%) 
vanishes.  The  condition  of  intogrability  consequently  ensures  that  the  set 
of  points  at  which  !/(*')  |  =  k,  when  closed  by  adding  the  limiting  points,  has 
content  zero. 

The  condition  may  also  be-  stated  in  the  concise  form  that: — 

A  limited  /miction  is  un,  Lnteijrohlc  null-j 'miction-,  if  it  vanishes  at  all  points 
of  a  set  of  whirl)  the  measure  is  equal  to  tli.a.t  of  the  whole  interval  for  which 
the  function  is  defined. 

Two  intcgi'ab.le  functions  /  (x),  <£  (■<-')  have  the  same  integrals  in  every 
interval  contained  in  their  domain,  provided  they  differ  from  one  another 
by  an  integrable  mi  11 -function. 

If  f(x)  be  an  integrable  point-wise  discontinuous  function,  and  if  the 
function  j\(x)  be  denned,  as  in  §  191,  by  extension  of  that  function  which 
is  defined  only  at  the  points  of  continuity  of  f(tc),  and  has  at  those  points 
the  same  functional  values  as  f(x)  itself,  then  f ,(■<:),  although  it  is 
multiple- valued  at  the  points  of  discontinuity  of  f{x),  is  an 
function.  It  has  been  explained  in  §  255  that  Thiemann's  definiti 
plieable  to  such  a  function.  That  j\  (x)  is  integrable,  follows  from  the  fact 
that  it  is  continuous  at  all  the  points  of  continuity  of  fix),  and  these  form  a 
set  of  points  of  which  the  measure  is  equal  to  that  of  the  whole  interval  in 
which  fix)  is  denned.  The  difference  of  the  two  functions  is  zero  at  the 
points  of  continuity  of  f{x),  and  is  discontinuous  only  at  the  points  of  dis- 
continuity of/(aj),  which  form  a  set  of  points  of  zero  measure.  The  function 
/(*')  _/i  (*")  l&  accordingly  an  integrable  null -function,  and  the  two  functions 
f(x),  /_(■::)  have  equal  integrals  in  any  interval  for  which  fix)  is  defined. 

It  has  therefore  been  shewn  that  an  integrable  /unction  f{x)  is  equal  to 
the  sum  of  an  ini  ear  able  ndl-fmiclion  and  oj  the  jnndJou,  obtained  by  extension 
of  the  function  iJ.eii.iied  hj/  the  ralues  </f(j<:)  at  its  points  of  continuity. 

EXAMPLES. 

1.  Riemann's  function  /(a.')  =  W  +  -55-  +  —  +  ~t +  ---i  where  (x)  denotes  the  positive 
or  negative  excess  of  x  over  the  nearest  rntegei',  'old  (;>:)-~0  when  x  is  half-way  between 
two  integers,  has  been  shewn  in  TCxample  5,  >•  TOO,  to  lie  point-wise  discontinuous,  with  all 
its  discontinuities  ordinafy  ones,  and  everywhere -dense  in  the  interval  (0, 1).  Since  all  the 
discontinuities  nre  ordinary  mips,  mid  the  function  is  limited,  /;.n)  is  integrable  in  (0,  1). 

2.  Let /(,-!■')  be  defined  for  the  interval  (0,  I)  as  follows: — ll'.rho  irrational,  !et/(s)  =  0; 
if  x=p/q,  where  /)/(/  is  in  its  lowest  terms,  let /(.'<j)  =  l/r/;  also  let  /('J)=/(1)=0.  This 
function    is  an    integrable  point-wise   discontinuous  null- function  ;   thus   I    f '(&)  dx  =  0. 
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There  are   only   a  finite   number   of   points   at   which   the   functional   value   exceeds   iu 
;is.-vi<>ned  positive  number, 

3.  Let/(#)  =  0,  for  all  rational  values  of  x;  and/(*)=l,  for  all  irrational  values  of ,% 

This  function  is  nut  inte^mble  in  any  intorval,  Toe  it  is  totally  discontinuous. 

4.  Let  /(a)  bo  denned*  for  the  interval  (0,  1)  as  follows:— For|  £  *£  l,let/(.r)  =  l 
for^<.rSg,  let /(«:)  =  !  j  fi»^<*<^,,  let/(x)=|3;  and  generally,  for 

2,m<^S^,  let  ./»  =  !;  and/(0)=0. 
is  integralite,  and  I    /(*)d»=^=j  "  .,   oSB1_a  i  where  x  is  between 


This  function 

1 


THE  FUNDAMENTAL    THKOllKM    OV   THE    INTttfiRAr,    CALCULUS. 

258.  The  fundamental  theorem  of  the  Integra]  Calculus  asserts  that  the 
operations  of  differei  it  iation  and  of  integration  are  in  general  inverse  operations. 
Before  we  proceed  to  consider  the  conditions  under  which  this  is  the  case,  the 
following  theorem  will  be  established  :— 

If  f(x)  be  «  limited  function  which  ix  integrtihl.e  in  the  interval  (it,  b),  then 
j  f(se)dx  is  a  continuous  function  of  .«,  for  the  whole  interval  (a,  b),  and 
it  is  a  function  of  limited  total  fluctuation  in  (a,  b). 

It  has  already  been  shewn  that  J  /  (x)  da-  exists,  for  any  point  x  of  the 
interval  (a,  b);   denoting  its  value  by  F(x),  we  have 


F(»±h)-r(w)-jj'f<fi)d*; 


hence  by  (7),  of  §  256,  \F(a>  ±  h)  -F(as)  \  <  Ph,  where  P  is  the  upper  limit  of 
f(ce)  j  in  (a,  b).  If  e  be  any  arbitrarily  chosen  positive  number,  and  we  take 
&,<  e/P,  then  for  all  values  of  A  which  are  £  Ii^,  we  have  |  F (so  ±  h)  —  F(x)  |  <  e; 
but  this  is  the  condition  of  continuity  of  F(sr)  at  the  point  x.  In  case  x  be 
one  of  the  end-points  of  (a,  b),  h,  must  be  restricted  to  have  one  sign  only. 

To  prove  that  Fix)  has  limited  total  il  net-nation  in  (a,  b),  let  (a,  b)  be 
divided  into  n  sub-intervals  by  the  points  a,  x1,a%,...xn„1,  b.  The  sum  of  the 
absolute  differences  of  the  values  of  F  (x)  at  the  ends  of  these  sub-intervals  is 

|  £'/(.)  <to|+|jV(.)«i»|  +  ...+|j^/(«)1j.| 

and  this  is,  in  accordance  with  the  theorem  (7)  of  §  256,  &  I     \f(x)  \  dx;  and 

therefore  the  sum  is  less  than  a  fixed  positive  number.     Since   the   total 

*  Dini,  Grundlagen,  p.  314. 


/Google 


350  Integration  [ch.  v 

variation  of  F(x)  in  (a,  b)  is  limited,  it  follows  from  tin;  theorem  of  §  196, 
that  the  total  fluctuation  in  the  interval  is  also  limited. 

When  f(ce)  is  integrable  in  (a,  b%  the  function  j  f(x)dai,  which  has  been 

shewn  to  be  continuous,  and  of  limited  total  fluctuation  in  (a,  b),  is  said  to 

be  the  integral  Jh action-  corresponding  tof(w). 

If  f(x)  be  any  function  defined  in  (a,  6),  a  function  $  (ar)  which,  at  every 
point  x  of  the  interval,  possesses  a  differential  coefficient  equal  to  f(x),  is 
said  to  be  an  indefinite  integral  of  f(x). 

The  definition  is,  however,  extended  to  cases  in  which  <f>'(x)  either  does 
not  exist,  or  is  not  equal  to  f(x),  at.  points  belonging  to  an  exceptional  set ; 
the  condition  <t>' Or)  =  fix)  being  satisfied  at  all  points  not  belonging  to  the 
exceptional  set. 

Taking  the  function  F(x)=\  f(x)dx,  as  the  integral  function  corre- 
sponding to  fix),  the  following  properties  will  be  established:— 

(A)  Under  certain  restrictions,  F(x)  possesses  a  differential  coefficient 
which  is  equal  to  f(x),  and  thus  F(x)  is  an  indefinite  integral  of  f(x). 

(B)  Also  it  will  be  shewn  that,  if  <f>  (an)  be  a  function  which  possesses  a 
differential  coefficient  f  (as),  then  f(x)  has  in  general  an  integral  F(x),  in  an 
interval  (a,  x),  which  integral  differs  from  tj>(x)  by  a  constant  only;  and  thus 
that  the  indefinite  integral  of  fix)  is  determinate  except  for  an  additive 
constant. 

It  will  appear  that  there  are  cases  of  exception  to  both  theorems.  When 
F{x)  is  an  integral  function,  it  happens  in  certain  cases  that  F  (x)  does  not 
possess  a  differential  coefficient;  and  when  $>  (x)  is  a  function  which  possesses 
a  differential  coefficient,  it  is  not  always  the  case  that  the  latter  is  integrable, 
and  when  integrated  yields  the  function  ${x)  except  as  regards  a  constant. 

259.  If  j'  (x)  be  continuous  in  the  interval  (a,  b),  and  F  (x)  denote  the 
integral  function  j  /  (x)  d%,  then,  at  every  point  in  (a,  b),  F  (x)  possesses  a 
differential  coefficient  which  is  equal-  to  f  (x). 

For  since  f(x)  is  continuous,  an  interval  (x  —  ku  x  +  hf)  can  be  found  such 
that  \f{se±  6h,)—  f(x)\<  e,  for  all  proper  fractional  values  of  8.     It  follows 

that  F(x  ±  h.)  -F(x)  =j  f  (a)  dx,  lios  between  h  [/(«)  +  c]  and  h  [/(*)  -  e], 
provided  h  <  kt .     Hence  since  —^    ~   I — "~  'ies  between  f(x)  +  e,  /Ox)  -  e., 

for  h<!i,,  it  follows  that  /(x)  is  the  differential  coefficient  of  F Ox).  At 
the  points  a,  b,  the  function  F  (x)  possesses  derivatives  on  the  right  and  on 
the  left  respectively,  and  their  values  are  /(a),  /(h). 
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If  <p(a)  be  a  function-  which  at  every  point  of  (a,  b)  has  a  differential 
confident,  which-  in  a   ornlinumis  function    fix),  then 

$  (»>-  +  (<0  -£/<»)  dm. 

For  let  [*f(p)dx  be  denoted  by  F(x\  then  the  function  <j>(x)-F(x) 

has  at  every  point  a  di  lie  rent  ml  coefficient  which  is  zero,  and  therefore  by  the 
theorem  of  §  200  the  function  4>  (''■')  ~  F(:v)  is  constant ;  it  is  clear  that  this 
constant  must  be  0  (a) :  and  thus  the  theorem  is  established.  In  this  theorem 
and  elsewhere,  a  derivative  at  a  on  the  right,  and  a  derivative  at  b  on  the 
left,  are  included  in  the  term  differential  coefficient. 

260.  If  a  given  limited  integrable  function  f{x)  be  not  everywhere 
continuous  in  the  integral  (a,  b),   the  proof  given  above  is  applicable  to 

prove  that,  at  any  point  of  continuity  of  f  (,*),  the  function,  j   f(x)  dx  has  a 

differential  coefficient  equal  to  f(x). 

At  a  point  of  ordinary  discontinuity  of  f(x),  the  same  proof,  when 
modified  by  taking  only  positive  values  of  h,  or  only  negative  values  of  h. 
and  using  /  (x  +  0)  or  /  (x  —  0),  in  the  two  cases,  instead  of  f  (.«),  will  shew 
that  F  (as)  has  at  such  a  point  derivatives  on  the  right  and  on  the  left,  and 
that  these  are  f(a>  +  0),  /  (x  -  0)  respectively.  At  a  point  at  which  /  (a) 
has  a  discontinuity  of  the  second  kind,  the  proof  fails  altogether;  at  such  a 
point  therefore  F(x)  need  not  possess  a  differentia!  coefficient,  nor  definite 
derivatives  on  the  right  and  on  the  left,  but  may  have  all  its  four  derivatives 
D*F(x\  D+F{x),  D-F(w),  D.F(x)  of  different  values. 

If  f(x)  be  an  integrable  point-wise  discontinuous  function,  and  ^(x)  is 
the  function  formed  by  extension  of  the  functioual  values  of  f(x)  at  its 
points  of  continuity,  as  explained  in  §  257,  we  have  f(x)  =  %  (x)  +  ty  (x). 
where  %{&')  is  an  integrable  null-function  ;  and  therefore  /"(*')  and  -^r(x)  have 
the  same  integral  function  F(x).  The  derivatives  of  F(x)  are  independent 
of  the  function  x  (*)■  and  depend  only  upon  i/f  (x),  which  is  determined  by 
the  values  of  /  (x)  at  its  points  of  continuity, 

Cx+ll. 

Since  F(x  +  h)  —F(x)  —  I  ■\!r(x)d:o,  and  since  the  values  of  \jr(x)  in  the 
interval  (x,  x  +  k)  all  lie  between  ijr  («■  +  ())  +  e,,  and  ^  (x  +  0)  —  ^,  where 
eu  ea  converge  to  zero  as  h  does  so,  we  see  that  — -j— 


f  (tv  +  Q)  +  e,  and  ±(®  +  Q)  -  <*,  hence  D+F{x),  D+F(x)  both  lie  between* 

*'  It  is  stated  by  HuhiinltifcB,  see  lie-)  tela  iibur  die  ileiuiimir.hre,  p.  :<UW,  tins;  Uic  derivatives  of 
F(x)  are  equal  to  ^(s+O),  ffa+0),  'fi^O),  ^_{x-Q).  This,  however,  is  not  necessarily  the 
case.      It  has  been  shewn  by  Haiin,  MonaUliefts  del-  Math.  u.  1'hysib,  vol.  xvi,  }>.  317,  that  f(x) 
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^■(#  +  0),  ty(a>  +  0).  By  taking  h  negative,  we  see  that  D~F(x),  D_F(x) 
both  lie  between  i// (.*;  —  ())  siud  i/r(a;  — 0>.  In  case  ijr(x)  he  continuous  on  the 
right,  F  (x)  has  a  derivative  on  the  right,  ■ty-(x  +  0) ;  and  in  case  i/r  (a;)  is  con- 
tinuous on  the  left,  F(x)  has  a  derivative  ^-(aJ-O)  on  the  left.  It  may 
happen  that  -i/r  (a;)  is  continuous  at  a  point  of  discontinuity  of  fife) ;  at  such 
a  point  ■#"(#)  lias  a  differential  coefficient  equal  to  the  value  of  yjr(x).  Even 
when  ■$■(%)  has  a  discontinuity  of  the  second  kind,  it  is  possible  that  F(x) 
may  have  a  differential  coefficient,  or  a  derivative  on  the  right,  or  on  the  left, 
or  both. 

If  f{x)  be  integrable,  and  F(x)  be  the  corresponding  i. ) it '-egral  function,  any 
one  of  the  four  derivatives  l)F(x)  of  F(.v)  is  integrable,  and  has  F(x)  for  its 
integral  function. 

For  DF(x)  differs  from  f  (x)  only  afc  a  point  of  discontinuity  of  f(x),  and 
at  a  point  of  discontinuity  DF(x)  lies  between  the  upper  and  lower  limits  of 
i/r(.«);  thus  f(x)-DF(ru)  is  an  integrable  null-function.     Therefore 

ff  («)  d.r  =  ["d+F  (x)  dx  =  laD+F{x)  dm  =  Fd-F(x)  dx 

=  [*D-F(tB)dx  =  /"/(»)  dx  =  F(x). 

It  has  been  shewn  that  the  integral  function  of  an  integrable  point-wise 
discontinuous  function  has  a  differential  coefficient  at  the  every  where -dense 
set  of  points  of  continuity  of  the  discontinuous  function;  there  may  however 
also  be  an  everywhere-dense  set,  of  points  at  which  this  continuous  function 
does  not  possess  a  differential  coefficient. 

261.  It  has  been  shewn  that,  if  the  continuous  function  <f>(x)  possesses 
everywhere  a  differential  coefficient  ,/'(■'')  which  is  everywhere  a  continuous 
function,  then 

*  («)  -+(»)  -/*/(«)  *>-  *(•> 

This  is  a  particular  case  of  the  following  more  general  theorem  : — 
If  <£  ('(■)  he,  a  f miction  continuous  in  the  interval  (a,  b),  and  if  one  of  its  four 
derivatives  D+(j>(x),  D+if>(x),  l)~tb(x), .!).._ <£(,'/;)  be  a  United  integrable  function 
in  {a,  6),  then  each-  of  the  other  three  derivatives  is  ah.u  limited  and  integrable 
in  (a,  b),  and  <p(x)  —  ^  (a,)  is  the  integral  of  any  one  of  the  four  derivatives 
through  the  interval  {a,  x). 

If  (a,  x)  be  divided  into  a  number  of  parts  (a,  xf),{xlt  3%),  ...(#„_,,  w),  it 

may  he  so  chosen  that  tin:  (;orrcK|)On:linj-r  oitnjtral  function  has,  at  a  particular  point,  derivatives 
on  the  right  having  arbitrarily  given  values  lying  between,  or  eiinal  to,  the  values  of  ^(.t  +  OJ, 
\p  (js  +  0)  at  the  point ;  ;oi;i  i:i  patlioulav  that  ./  {:•:)  :i:.-i.y  be  mi  consh'ueted  as  to  have,  at  the  point, 
ii  definite  derivative  which  ha;  an  assigned  value  between  the  two  limits. 
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has  been  shew 


,:;,-4,(r 


lower  limits  of  any  one  of  the  four  derivatives  7)<fi(%)  in  the  interval  (xr-\,x,-)- 
It  follows  that  $(x)  —  (f>(a)  lies  between  the  two  sums 
0,  -  a)  U(a,  x„  D)  +  (x3  -  x,)  U(x„  4,  B)  + ...  +  (6  -  #„_,)  ^{a^-i,  6,  D), 
(a;,  -a)L(a,  wlt  D)  +  {w, -  flf,)  i^,  ara,  £)  +  ...  +  (6  -  fl^-,)  £  0„_i,  6,5), 
where  U(x,._,,  x,.,  D),  £(av-u  "V,  5)  are  the  upper  and  lower  limits  of  Dtj>(w) 
in  the  interval  (xr-i>  #r) ;  aT1d  it  is  known  that  these  are  the  same  for  all  four 
derivatives.     The  limits  of  the  above;  sums,  when,  the  intervals  are  diminished 
indefinitely,  so  that  the  greatest  of  them  converges  to  zero,  are  the  upper  and 
lower  integrals  of  any  one  of  the  four  functions  D4>  (a-).     If  it  be  known  that 
any  one  of  these  derivatives  is  iutegrable  in  (a-,  x),  then  the,  upper  and  lower 
integrals  are  equal,  and  the  other  three  are  also  in  iognibl  o,  the  common  value 
of  the  integral  being  if>  (,r)  -  $  (a).     Thus 

4>(x)-$(a)=[XD+<j>(x)dx  =  \XD+<l>{x)dx  =  iD-$(%)dx={D-j>{x)dx, 

It  should  bo  observed  that,  as  has  been  shewn  in  §  219,  the  four  derivatives 
are  all  equal  to  one  another  at  a  point  at  which  one  of  them  is  a  continuous 
function  ;  and  thus  at  such  a  point  there  is  a  differential  coellicient.  If  one 
of  the  derivatives  be  iutegrable,  there  is  therefore  a  set  of  points  of  measure 
equal  to  that  of  the  interval  (a,  b),  at  which  all  four  derivatives  have  equal 
values,  and  at  which  therefore  a  differentia-]  coefficient  exists. 

262.  In  case  Dif>  (x)  be  a  limited  function  which  is  not  iutegrable,  the 
above  proof  shows  that  ip(x)  —  cf>(a)  lies  between  the  upper  and  lower  in- 
tegrals in  (a,  x)  of  any  one  of  the  four  functions  D<f>(x).  This  includes  the 
case  in  which  rf>  (a;)  has  a  differential  coefficient  which  is  limited  but  not  in- 
tegrate ;  in  that  ease  $  (*■)  —  ij>  (a)  lies  between  I  <j>'  (a;)  dx  and  J   <p'  (x)  dx. 

Since  I  $'(x)dm  is  in  absolute  value  less  than  h.U,  where  U  is  the 
upper  limit  of  if>'  (x)  in  (a,  b),  it  follows  as  in  §  258,  that  I  <f>  (x)  dx  is  a  con- 
tinuous function  of  x;  similarly  it  maybe  seen  that  I  <fi'(x)dx  is  a  continuous 

function  of  x.     At  a  point  of  continuity  of  <j>'  (x),  both  j  tp'  (x)  dx,  I  <ft'  (x)  dx 

have  the  differential  coefficient  <j>'  (w),  as  may  be  seen  by  a  process  precisely 
similar  to  that  in  §  259.  Thus  the  upper  and  lower  integrals  of  (f>'(x)  possess 
properties  similar  to  those  of  the  integral  of  tj>'  (,-/.■)  when  it  exists. 

The  function  T)§(x)  when  not  iutegrable,  may  bo  a  noii-in  tcgrable  point- 
wise  discontinuous  function,  or  it  may  be  totally  discontinuous. 

h.  23 
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It  f(x)  be  any  non-integrable  limited  function,  the  following  theorems 
may  be  established  by  proofs  similar  to  those  in  §  258  and  §  259:—- 

The  upper  and  lower  integrals  I  f(x)dx,  \  f(x)d%  are  continuous,  and 
of  limited  total  ff.  actuation,  in  (a,  b). 

At  any  point  of  (a,  b)  at  which.  f{x)  is  continuous,  the  upper  and  lower 

integrals  I    f(x)dx,   I    f(x)  dx  each,  possess  a  differentia I.- coefficient  which  is 

equal  to  ./'(*')• 

263.  An  important  general  class  of  continuous  functions  for  which  the 
four  derivatives  are  not  int.egra.ble,  even  when  a  differential  coefficient  exists, 
or  when  derivatives  on  the  right  and  en  the  left  always  exist,  is  the  class  of 
everywhere-oscillating  functions.  Those  functions  which  become  every  where- 
oscillating  functions  when  a  linear  function  is  added  have  the  same  property. 

If  a  derivative  DF(x)  be  such  that  in  every  interval  it  has  no  finite 
upper  limit  or  no  finite  lower  limit,  it  is  certainly  not  integrable;  it  is  there- 
fore only  necessary  to  consider  an  interval  in  which  the  function  DF  (x)  is 
limited.  Let  (a,  x)  be  such  an  interval,  and  let  us  suppose  that  F  (x)  —  F  (a) 
is  not  zero. 

In  every  interval  («,._!,  xr)  contained  in  (a,  w),  U (a:,—,,  xr,  D)  the  upper 
limit  of  DF{x)  is  positive,  and  L  (x,._„  xr,  D)  the  lower  limit  of  DF  (x)  is 
negative  ;  thus  the  two  sums 

(«i-a)  U(a,xuD)+(xs-xl)  U(x„x,,D)+  ... 

+  {b-xn_i)  U(a^.ub,D), 
(x1-a)L{a,ici,D)-i-(xs-xl)  L(x,,ak,D)+  ... 

+  (b-x^)L(xn_ub,D), 
are  such  that  the  first  is  essentially  positive,  and  the  second  essentially 
negative,  the  non-vanishing  number  F (x)  -  F(a)  lying  between  them. 

It  follows  that  the  limits  of  these  two  sums,  as  the  number  of  sub- 
divisions of  (a,  x)  is  increased  indefinitely,  must  be  different  from  one  another, 
since  they  cannot  have  zero  as  their  common  value;  thus 


fXDF(x)dx,     jXDF{x)dx 


are  distinct  from  one  another. 

It  has  thus  been  proved  that  a  continuous  function  which-  is  everywhere- 
oscillating  in  (a,  b)  cannot  ham  a  derivative  which  is  iniwmtble  in  (a,  b),  even 
if  it  have  everywhere  a.  differeuliul  coefficient,  or  definite  derivatives  on  the  'right 
and  on  the  left. 
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The  function  DF  ($),  or  f(x),  in  the  case  of  such  function,  may  be  a 
point-wise  discontinuous  function  such  that  the  measure  of  the  set  of  points 
of  discontinuity  is  greater  than  zero,  or  it  may  be  a  totally  discontinuous 
function. 

A  continuous;  monotone  function,  which  in  not  reducible  to  a  function  with 
an  infinite  number  of  oscillations  by  the  addition  of  a  linear  function,  has 
at  every  point  definite  derivatives  on  the  right  and  on  the  left,  each  of 
which  is  either  continuous  or  is  an  integrable  point-wise  discontinuous 
function,  since  either  derivative  has  only  ordinary  discontinuities.  Thus  such 
a  function  has  intertable  deii.val.ives,  provided  these  derivatives  are  limited 
iu  the  interval. 

In  case  the  continuous  function.  F(x)  have  a  differential  coefficient,  or  a 
derivative  which  is  not  everywhere  finite,  or  is  not  limited  in  the  interval, 
this  derivative  is  not  integrable  in  the  sense  in  which  we  have  hitherto  defined 
integration.  This  ease  will  be  considered  in  connection  with  the  theory  of 
improper  integrals. 

264.  The  preceding  investigations  provide  answers  to  the  questions 
which  arise  as  regards  the  validity  of  the  two  propositions  (A)  and  (B) 
of  §  258,  which  together  constitute  the  fundamental  theorem  of  the  Integral 
Calculus  asserting  that  the  operations  of  differentiation  and  of  integration 
are  in  general  reversible.  The  definition  of  a  definite  integral  has  hitherto 
been  restricted  to  that  of  Riemann,  and  is  applicable  to  limited  functions 
only.  The  extensions  of  that  definition  to  the  case  of  unlimited  functions, 
which  will  be  considered  later,  and  also  a  more  general  definition  of  integra- 
tion due  to  Lebesgue,  of  which  an  account  will  also  be  given,  will  lead 
to  corresponding  extensions  of  the  scope  of  the  fundamental  theorem. 

As  regards  the  theorem  (A),  that  the  integral  function  F(x)  =  I   f(tv)  dx 

of  a  limited  integrable  function  possesses  a  differential  coefficient  equal, 
at  a  point  *  of  (a,  b),  to  f(x),  it  has  been  shewn  that  the  theorem  holds 
without  restriction  in  case  f{%)  is  a  continuous  function;  but  that,  if  f(x) 
be  not  continuous,  the  theorem  still  holds  as  regards  every  point  of  continuity 
of  /(&).  It  follows  that  the  points  of  (a,  b)  at  which  F(x)  either  possesses 
no  differential  coefficient,  or  possesses  one  which  is  not  equal  to  fijc),  form 
a  set  of  zero  measure,  which  may  however  be  everywhere-dense  in  (a,  b). 

The  theorem  (B)  that,  if  *f>(*')  possess  a  differential  coefficient  /"{«), 
then  the  corresponding  integral  function  F(x)  =  1  f(x)  da;  differs  from  $  (x) 

only  by  a  constant,  holds  if. /'(*')  °°  ll  continuous  function,  and  more  general  I}', 
if  /(*)  be  limited  and  integrable.  In  case  </>(«)  do  not  at  all  points  possess 
a  differential  coefficient,  the  more  general  theorem  is  applicable  that,  if  any 

23—2 
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one  of  the  four  derivatives  of  ij>  (w)  be  limited  and  integrable,  then  the 
integral  function  corresponding  to  that  derivative  differs  from  <£(&')  by  a 
constant  only.  The  theorem  finis  either  in  ease  c?>(jj)  be  not  a  function  with 
limited  derivatives,  or  in  case  it  be  a  function  with  limited  derivatives,  but 
those  derivatives  do  not  satisfy  Kiemann's  condition  of  integrability. 

The  problem  of  the  determination  of  a  continuous  function  which  shall 
have  a  given  function  f(x)  for  its  differential  coefficient,  at  every  point  at 
which f{x)  is  continuous,  may  be  here  considered  in  the  case  in  which. /(«)  is 
restricted  to  be  limited  in  the  interval  {a,  b)  for  which  it  is  defined.  This 
problem  is  regarded  as  having  a  determinate  solution  provided  functions 
exist  which  satisfy  the  condition,  and  further  provided  any  two  such 
functions  differ  from  one  another  by  a  constant  only,  that  constant  having 
one  and  the  same  value  for  the  whole  interval  (a,  b).  In  the  first  place,  the 
problem  cannot  be  determinate  unless  /(;'-')  be  integrable;  for  either  of  the 

two    functions   J   J(ie)dx,  J  /(#)<&;  satisfies  the  condition  of  the  problem, 

and  these  functions  do  not  differ  from  one  another  by  a  constant,  as  they 
both  vanish  at  the  point  a,  and  are  elsewhere  unequal.  Next,  if  /(«)  be 
integrable,  the  function  /  f(ic)dx  satisfies  the  condition  of  the  problem, 
but  the  solution  is  not  necessarily  determinate.  In  case  however  the  points 
of  discontinuity  of  the  integrable  function  /(,«)  form  an  enumerable  set, 
the  theorem  of  §  206  shews  that  the  solution  is  determinate;  for  any  two 
functions  which  have  equal  finite  differential  coefficients  at  all  points  of 
(a,  b)  except  those  of  an  enumerable  set,  differ  from  one  another  by  a 
constant.  In  this  case  I  f{x)dx  +  G  is  the  function  required.  When  the 
points  of  discontinuity  of  the  integrable  function  /(■'«)  form  an  unenumerable 
set,  although  that  set  must  have  zero  measure,  the  problem  has  not  a 
determinate  solution.  For,  although  I  f{x)dx  is  a  function  which  has 
the  required  property,  another  solution  is  obtained  by  adding  to  it  any 
continuous  function  which  has  all  the  intervals  complementary  to  the  perfect 
component  of  the  unenumerable  set  as  lines  of  invariability ;  that  such 
functions  exist  has  been  established  in  £  208.  There  exists  however  only 
one  function,  viz.    I  f(x)dw,  with   limited   derivatives,  which  satisfies   the 

condition  of  the  problem ;  for  it  has  been  shewn  in  §  224,  that  any  two 
functions  which  have  limited  derivatives,  one  of  which  derivatives  is 
prescribed  at  all  points  not  belonging  to  a  certain  set  of  measure  zero,  differ 
from  one  another  by  a  constant. 

Similar  remarks  apply  to  the  more  genera!  problem  of  the  determination 
of  a   function  which   shall  have  one  of  its   four  derivatives,  say  the  upper 
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one  on  the  light,  equal  to  a  given  function  /(.<■)  at  every  point  of  continuity 
of  /(#).  This  problem  has  a  solution  whenever  f(w)  is  limited  :  in  virtue  of 
the  theorem  of  §  206,  the  solution  is  determinate  when  f(w)  is  integrable, 
and  the  points  of  discontinuity  of  /'(;'«)  form  an  enumerable  set.  When/(#) 
is  integrable,  and  the  set  of  points  of  discontinuity  is  unenumerable,  there 
exists,  in  virtue  of  the  theorem  of  §  224,  only  one  solution  for  which  the 
derivatives  are  limited.  As  before,  if  the  restriction,  that  the  required 
function  is  to  have  limited  derivatives  be  not  imposed,  the  solution  of  the 
problem  is  indeterminate. 


Let  G  be  a  perfect  non-dense  set  of  points  in  the  interval  !a,  l>),  and  such  that  its 
content  is  greater  than  zero.     Let  (u,  #)  be  an  interval  complementary  to  the  set  6,  and 

let  4>(!B,  n) =(#-„)* sin -i-,  and   therefore   £'(>,  o)«a(*-o)Bin-i — cos    ~.    The 

function  $'  {z,  a)  vanishes  at.  an  infinite  number  of  points  in  («,  3}  ;  let  a  +  y  be  the  greatest 
value  of  .v  which  does  not  exceed  |(b+j9),  for  which  <p'(x,  a)  vanishes.  Let  F(x)~Q  at 
every  point  of  G,  and  in  each  interval  (a,  0)  complementary  to  C7,  let  F{m)=<f>(x,  n),  for 
values  of  m  such  that  a  s  #  =  a+y  ;  let  F(x)=<f>  (a+y,  a)  for  values  of  x  such  that 
n+ygj;£|S-y;  and  let  F(z)=  -${x, .»)  for  (3-Tg#£&.  The  function  Fl»  is 
continuous,  and  has  everywhere  a  finite  differential  coefficient  which  is  limited  in  the 
interval  (a,  />).  It  is  easily  seen  that  /'"  {)■)  vanishes  at  every  point  of  G.  The  function 
F1  (m)  has  a  discontinuity  of  measure  3  at  each  point  of  the  sot  G  which  is  not  of  zero 
content,  and  therefore  F'  [x]  is  not  an  integral  ik  function.  This  example  was  given*  by 
Volterra,  as  the  first  known  example  of  a  ooiit.inuous  function  possessing  a  non- integrable 
limited  differential  coefficient. 


FUNCTIONS    WHICH    ARF,   LINEAR    IN    BACH    INTERVAL    OF    A    SET. 

265.  The  existence  of  continuous  functions  which  are  linear  in  each 
interval  of  an  everywhere -dense  set  of  intervals  has  been  already  referred 
to  in  §  213.  It  has  been  shewn  in  §  208  how  a  function  f(os)  can  be 
constructed  which  is  continuous,  and  has  as  lines  of  invariability  the  intervals 
complementary  to  a  non-dense  perfect  set  of  points.     It   is  clear  that  the 

integral  junction  I  f(ce)dx  is  linear  in  each  of  the  intervals,  and  being  also 

continuous,  it  is  a  function  of  the  type  referred  to.     A  more  general  function 
which  is  continuous,  and  is  linear  in  each  interval  of  the  set,  may  be  obtained 

by  adding  to   /  f(x)das  any  continuous  function  for  which   the   intervals 

of  the  set  are  lines  of  invariability. 

*   Giorn,  di  BaltngUni,  vol.  xix,  1881, 
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MEAN   VALUE   THEOREMS. 

266.  It  is  frequently  of  importance  to  be  able  to  assign  upper  and 
lower  limits  between  which  the  value  of  a  definite  integral  lies,  in  cases 
where  the  exact  determination  of  the  value  of  the  definite  integral  is  not 
required.  Such  estimates  of  the  value  of  a  definite  integral  may  frequently 
be  made  by  means  of  theorems  known  as  mean  value  theorems ;  the  most 
important  of  these  will  be  here  given. 

IfJ(x)  be  a  limited  integrable  function  defined  for  the  interval  (a,  6),  it  is 
clear  from  the  definition  of  the  integral  as  the  limit  of  a  sum,  that  if  U,  L 
denote  the  upper  and  lower  limits  of/(,e)  in  the  interval  (a,  b),  then 

it  follows  that  /((c) dx  =  {b-a)M, 

whore  M  is  some  number  which  satisfies  the  condition  U  =  M  ~L. 

In  case  f(%)  is  a  continuous  function,  there  must  be  some  value  or 
values  of  «  in  (a,  b)  for  which  f(x)  —  M ;  if  then  such  a  point  be  denoted  by 
a  +  8(b—  a),  we  obtain  the  following  theorem: — ■ 

If  f(x)  be  continuous  in  the  interval  (a,  b),  then 


]■*/<«)  i.-(J-a)/(«  +  «(l-a)}, 


where  8  is  some  'number  sv.ch  that  0  ="=  0  &  1. 

Next,  let/(«),  <£(#)  he  integrable  function*  defined  Cor  the  interval  (a,  b), 
the  function  #<#)  being  positive,  or  zero,  for  the  whole  interval;  we  then 
have  immediately  from  the  definition  of  the  integral 

L  f<f  («) dx  5  j */(*) <f>(x)d%£UJ  <f> (a) dx, 
where,  as  before,  U,  L  are  the  upper  and  lower  limits  o{f{x)  in  (a,  b). 
It  follows  at  once,  that 

£/ <«)  4>  (a)  da  =  M,  JV(«)  <k, 
where  Jlf,  is  some  number  such  that 

In  ease /"(*)  be  a  continuous  function,  we  obtain  the  following  theorem  ; — - 
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Iff(ai)  be  continuous  in  (a,  b),  and  <l>  (■<:')  be  a,  limited  inteyra.bh 
which  has  the  same  sign  throughout  {",  b),  except  where  it  may  be  zero,  then 

f  f(x) 0 (x)  dx  =/{a  +  6,(1-  a)\  I  $  (a) dee, 

where  (?,  is  some  number  such  tlmt  0  S  ^,  S  1. 

This  theorem,  including  also  the  more  general  case  in  which  f(x)  is  not 
continuous,  is  known  as  the  First  Mean  Value  Theorem. 

An  extension  to  the  case  in  which  <£(V)  is  not  necessarily  everywhere  of 
the  same  sign  in  the  interval  (a,  b),  may  be  obtained  by  applying  the  theorem 
to  tf>(a;)+  C,  where  C  is  so  chosen  that  this  latter  function  is  of  invariable 
sign  in  the  interval. 

267.  If  the  limited:  function.  f(:i:)  be  everywhere  -positive  in  the  interval 
{a,  b),  and  never  increase  us  u:  increases  from  a  to  h,  and  is  consequently 
integrable,  and,  if  <j>(%)  be  limited,  and,  inteyruble  in  (a,b),  then 


£/(.)  *  (.)  ib  -/(«)/'*  (•)  <b. 


where  f  is  some  number  such  that 

a&£&b. 
Also    if  f(x)  be  everywhere  positive,   and  never  diminish  as  x  increases 
from  a  to  b,  then 

where  %  is  some  number  such  that  a  S  f  &b. 

This  theorem  was  first  given*  by  Bonnet,  and  applied  by  him  to  the 
theory  of  Fourier's  series. 

Another  form  of  the  theorem  was  obtained  by  Wei  era  trass,  and  also  byf 
Du  Bois  Reymond,  and  is  generally  known  as  the  Second  Mean  Value 
Theorem.     This  is  as  follows : — 

If  fix)  be  ■Monotone  and.  /here/ore  infeyra.ble  in  (a,  b),  and  if  </>(#)  be 
limited  and-  inteyruble  in  t-Ji.e  sa,me  interval,  then 

£/<•)  4,  (»)  da,  -f(a)  J'  *  («)  <fa  +/«/'  +(•)*! 

where  f  is  some  point  in  the  interna,!,  (h,  b). 

The  theorem  in  this'  form  is  deductible  immediately  from  Bonnet's  theorem, 
by  writing  in  that  theorem  f(x)  —f(b\   or  /(*')  —/■(«),  in  the  two  cases, 

*  See  Mem.  Acad.  Belt),  vol.  xxm  (1850),  p.  8 ;  also  Lioumlle's  Journal,  vol,  xiv  (1849), 
p.  249. 

+  Ogle's  Journal,  vol.  wax  (1868),  p.  SI, 
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instead  of  f{%);  Bonnet's  theorem  is  however  not*"  immediately  deducible 
from  the  second  theorem. 

It  is  clear  that,  since  the  value  of 

£/<•)+<*)<*■ 

is  unaltered  by  changing  the  values  of  f(a)  and  f(b),  we  may  in  the  above 
statement  instead  of  /(<>)./((>)  take  any  two  uumbersf  A,  B  which  are  such 
that  the  function  ■$■(&)  defined  by 

ir(a)-A,   +(J)-B,   f(«)=/(4 
for  a<at<  b,  is  monotone.     We  have  thus  the  following  generalized  form  of 
the  theorem : — 

£/(•)  +  (•)<«"-■* /'♦(•)*'+-B/J'+(»)<f 

where  Aif(a+0),    BS/(6-0), 

if  fix)  never  decreases;  >>r 

Aifia  +  0),    Bsfib-0), 
if  /(a?)  never  increases. 

The  value  of  £  depends  in  genera]  upon  the  chosen  values  of  A  and  B. 
In  this  generalized  form,  the  theorem  includes  Bonnet's  theorem  as  a 
particular  case.  For  we  may  take  A=0,  B=f(b),  if  /(«)  is  positive  and 
never  decreases,  as  x  increases  from  a  to  b ;  or  A  —f(a),  B—0,in  ease  f{x)  is 
positive  and  never  diminishes,  as  x  increases  from  a  to  b. 

Various  proofs. 'J  of  the  theorem  of  Weierstrass  and  Du  Bois  Bcymond^  have 
been  given.  In  these  proofs  the  function  </>  (.r)  is  usually  restricted  to  change 
its  sign  only  a  finite  number  of  times ;  but  a  proof  free  from  that  restriction 
was  given  by  Du  Bois  Reymond.  A  proof  has  been  given  by  Pringsheim]|  in 
which  4>(x)  is  not  restricted  to  be  a  limited  function,  but  may  bo  any 
function  such  that  it  has  an  absolutely  convergent  integral,  or  in  certain 
cases  it  may  have  an  integral  which  does  not  converge  absolutely. 

The  following  proof,  in  which  if)  («)  is  restricted  to  be  a  limited  function, 
is  due  to  Holder*!'. 

*  This  was  pointed  out  bv  Pringshoiiri,  MliwMwe  Bmtr.lde,  vol.  x*x  (1900),  where  an  account 
of  various.  |'ii  oofs  of  iiie  fh.'oicin  is  given. 

t  Du  Bois  Seymour!,  ScMUmilch's  Zeitichrift,  vol.  xx  (1875) ;  Hint.  Lit.  Abtij.  p.  128. 

*  For  example,  by  Hankel,  SehlSmilek'i  ZeiUehrift,  vol,  xiv  (1869)  ;  by  Meyer,  Math. 
Annalen,  vol.  vi  (1873) ;  by  C.  Neumann,  Kreis-  Kv.pd-  mid  Ci/iimhri'iiiiclkiiien.  Leipzig,  1881, 
p.  28. 

g  Cretin's  Journal,  vol.  r.xxrx  (1875),  p.  is.      Seo  ills'"  Krcncckc; '.■■  V  orlesungen,  vol.  I. 
||  Loe.  eit. 

*!  Giittinger  Avitiflcih  1SIH,  p,  fllii.  Another  proof  hua  lieon  pven  by  Notto,  Schlthmlclrs 
Zeiuehrift,  vol.  xl  (1895).     See  also  Kowalewaki,  Math.  Ann.  vol.  j,x,  1905, 
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Let  a,  b  be  denoted  by  a,-,.  a„,  and  let  a,,  a,2,  <h>  ■■■<t~ll-i  be  points  in  {a,  b) 
in  order  from  left  to  right.     We  consider  the  sum 

"?(«.«-  «.)/(«.)  *(o.) (1) 

where  c„  is  any  point  in  the  interval  (a„,  «„+i);  the  limit  of  this  sum  defines 
the  integral 

£/(.)*  (.)*L 
This  sum  may  be  transformed  into 

+  /(0„)"S' («»,-«,)  +  («,) (2) 

By  increasing  the  number  of  points  in  the  interval,  we  may  obtain  a  con- 
vergent sequence  of  sub-divisions,  then 

rb 
hasaslimit  /(&-*>)/    £(«)<£& 

We  have  now  10  examine  the  sum 

*S   ([/(».)  -/(o,+,)]   Sq  0v«  -  «,)  *  («.))• 

Since  /'(.*')  is  monotone,  this  is  equal  to 

where  M  is  between  i.ho  greatest  and  least  of  the  numbers 
Wo  have  now,  from  (1)  and  (2), 

"x  <«„- ».)  /(<=->  <M<=.) 

-/(0„)*fa(«.+,  -  «o  *  (<v)  -  Jf  i/(».)  -/(a  ...(3) 

In  order  to  estimate  the  value  of  .M,  we  have 

i  (a„+1  -  «,)  ^  to,)  -  f ""*'  <p  («)  <fa  -  5  f  **+1  (+(»»)  -  ♦(»))  <fc ; 

the  absolute  value  of  this  difference  is  at  most 

S  (a„,  -  a,)  A,  S  2  (a,+1  -  a,)  A„ 
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where  A^  is  the  difference  between  the  upper  am.]  lower  limits  of  <f>  (»■)  in  the 
interval  (a,,,  (1^).     We  have  therefore, 

S  (a„+1  -  «„)  0  (<v)  =  J""+1 0  (a)  tfcr  +  fl's1  K+,  -  <*„)  Art, 
where  - 1  £  fl^  1. 

If  G  be  the  greatest,  and  H  the  least  value  of  the  continuous  function 

f'fi*)  dm, 
of  £,  in  the  interval  (a,  b),  we  have  now,  from  (3), 

H  -  '%  ((!„,  -  <v>  Am  S  if  ;i  t?  +"S  (ffl„+1  "  <V)  A*. 
We  now  obtain  from  (3),  tin:  inequalities 
{ff -"^<<V»  -  O  A  J  [/(c0)-/<c„_,)] 

£  V  (<*„„  -  «,)/(c„)  0  (o.)  -f(cn->)  *S  K+1  -  -V)  *  (<>,) 
3  [G  +  T(<Vh  -  <v)  A,}  [/(ft,)  -/((V-i)], 

provided  that  /(#)  does  not  decrease  as  ;c  increases  in  the  interval  (a,  b) ;  in 
the  other  case,  the  signs  <  and  >  must  be  interchanged. 
We  obtain  now,  by  proceeding  to  the  limit, 

R{na  +  0)-f(h-0)}*lj(m)4>{m)dm 

-/(&-0)j%(»)<toSff{/(a  +  0)-/<6-0)}i 

hence      j  f(a>)<j>(a,)dx-f(b  -0)  J  £(«;)<&  =  JT  {/(«  +  0)-/(6  -0)}, 

where  JW   is  between  i?  and   G.      There  must  be  a  value  of  X  in   the 
interval  (a,  b),  such  that 

M'  =  j    $(p)dt»;; 
we  therefore  obtain  the  equation 

Jy«*<«>  *•-/(»+<>)/%(«)  <*•+/<*-<>)  £+<•)*»• 

268.  The  theorem  thus  obtained  is  not  identical  with  the  theorem  of 
Du  Bois  Reymond.  and  Weierstrass  in  its  original  form,  since  /(«  +  0): 
/(&— 0)  take  the  places  of  / («),  /(&);  it  is  however  a  particular  case  of  the 
generalised  theorem  which  includes  the  original  one.  We  therefore  proceed 
to  deduce  the  generalised  theorem  from  the  special  form  obtained  in  Holder's 
proof. 
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Let  the  monotone  integrate  function  F{x)  be  denned  by  tho  conditions 

F(x)-A,  for  liiis.  +  c, 

F (»)=/(«),  for  a +  ,<!,<  b-  6, 

F{as)  =  B,  for  l-.Siii; 
we  can  then  apply  the  foregoing  result  to  F(z)  instead  of/(.-c);  it  is  clear  that 

F(a  +  0)  =  A,  F(b-0)-B. 
We  have  now 

J  F(a>)$(a>)dv  =  AJ  0(«)<fa  +  sf  <f,(a:)dx; 
b»t      j^f(*>'$(*>cb-j'Fi*)H4d* 

-|"V(«) -  4]  « («)<fa  +/'__[/(«) -  -B]  * (■)  *"• 

The  absolute  value  of  the  expression  on  the   right-hand  side  is  less  than 
e  (P  +  Q),  where  P,  Q  are  the  upper  limits  of 

l  [/(.)-.!)*(.)  I. 
ii/w-jii+wi 

in  the  interval  («,  6).     Now  e  is  arbitrarily  small,  hence 

fj(x)  0  («)  <&  -  ,ij%  (z)dx~B  [V  («)  <fe, 

where  f  depends  on  e,  is  <  (P  +  Q)  e ;  hence 

J  f(mii(m)d—A  (% (*) <b  +  5  f '  £(#) &, 

where  f,  is  the  limit  of  %,  when  e  converges  to  zero.     The  condition  that 
F(x)  is  monotone  is  satisfied,  if 

A  s/(a  +  0),    Ba/(6-0), 
when  /(#)  never  decreases  as  x  increases  from  a  to  h ;  and  if 

4£/(a  +  0),    BS/(6-0), 
in  case  /(#)  never  increases. 

It  will  be  observed  that  the  sole  conditions  which  are  attached  to  the 
functions  /  (as),  <f,  (x),  are  that  they  be  both  limited,  and  integrable, 
and  that  f(x)  be  monotone ;  both  functions  may  have  any  set  of  discon- 
tinuities which  is  consistent  with  integrability,  and  no  assumption  is  made 
as  to  their  differentiability.  The  proof  of  the  theorem  given  by  Weierstrass 
depended  upon  an  integration  by  parts,  in  which  the  existence  of  a  differential 
coefficient  of  one  of  the  functions  is  a  necessary  assumption ;  this  assumption 
would  place  a  restriction  on  the  validity  of  the  theorem  which  would  unduly 
limit  its  applicability  to  investigations  sueh  as  those  connected  with  the 
theory  of  Fourier's  series. 
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269.  If  the  function /(;<;)  be  not  monotone,  but  be  such  that  the  interval 
(a,  b)  can  be  divided  into  a  finite  number  of  portions  in  each  one  of 
which  /(#)  is  monotone,  the  second  mean  value  theorem  may  be  applied 
to  the  integral   taken   through  each  of  these  portions  separately;   we  then 

£  /(»)  0  6»)  dm  =  f  (a  +  0)  fy  (•)  dx  +f(cu  -  0)  £*>  (»)  dx 

+f(a3  +  0)fy  (x)  cfc  4-/(0,  -  0)  J%  (a)  (fa 

+ 

where  (a,  a*,),  (<h,  Hj)  -■■  are  the  intervals  in  each  of  which /(a?)  is  monotone. 

When  f(x)  is  a  function  with  an  infinite  number  of  oscillations,  and  is  of 
the  first  species,  a  function  f(x)  —  lx  can  be  found  which  is  monotone  in 
(a,  b) ;  we  then  have 

jj(x)  <j>  («)  dx  -/(a)  j%  (»)  ^  +/(6)  J*  ^  (•)  ^ 
-  (a  f  0  (a)  <fc  -  Z&  1"  <£.  (a)  <fe 
+ 1 j  x<f> (x) &x,     where  a&^&b, 

Again,  j  ts<f>(x)dx  =  aj    <j>(x)dx  +  b  j   0  (*)  (fa, 

where  a  £  f  £  b ;  we  thus  find  that 

+/(&)  J'  *  (•)<&-  1  (S  -  a)  I"  4-  (»)  <fe 

where  J  is,  in  accordance  with  §  214,  any  number  which  does  not  He  between 
the  upper  and  lower  limits  of  the  derivatives  of  /(.*)>  flll|l  foe  values  of  f,  f 
will  in  general  depend   upon  the  value  of  I  chosen. 

IMPROPER    INTEGRALS. 

270.  The  definition  of  a  definite  integT.il  becomes  nugatory  if,  in  the 
interval  (a,  b),  there  exists  any  sub-interval  in  which  the  upper  limit  or  the 
lower  limit  of  the  function  is  indefinitely  great.  In  such  a  ease  the  function 
is  not  limited,  and  the  sums  whose  limits  are  the  upper  and  lower  integrals 
become  in  one  case  or  in  both  eases  indefinitely  great ;  and  thus  the  function 
is  not  integrable  in  the  sense  defined. 

Let  us  suppose  that  a  point  c,  where  a<c<b,  is  such  that  in  its 
arbitrarily  small  neighbourhood  the  function  has  no  upper  or  no  lower  limit, 
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and  let  us  supposes  further  that  c  is  the  only  point  of  this  kind,  so  that  the 
function  f(x)  is  integrable  in  any  sub-interval  of  (a,  b)  which  does  not 
contain  c  in  its  interior  or  at  an  end.     The  two  integrals 

£"'/(•)<«*  £./(«)*« 

both  exist,  whatever  sufficiently  .small  positive  values  be  assigned  to  e,  e. 

It  may  happen  that,  as  e,  e  are  d.-intinisl/ed  independeidh/  so  as  to  converge 
in  each  case  to  the  Until  zero,  lli.v  two  integrals  alao  converge  to  definite  limits; 
if  this  be  the  ease  we  define  the  sum 


limf"  /(«)<{*  + lim  J      /(*)& 


to  be  the  improper  integral,    of  /(■''-)  in    the  interval  (a,  b),  and  we  denote 
lids  improper  integral  by 

J   f<Jt>)da>, 

using  the  same  notation-  as  in  the  ease  in  which  /(;«)  is  integrable  in  (a,  b). 
The  condition  that 

lim  I       f($)  dx 

should  exist  is  that,  corresponding  to  each  arbitrarily  .small  number  B  which 
may  be  chosen,  a  number  e,  can  be  found  such   that 

I  £7<»)  *•[<«, 

whatever  value   9  may   have,   subject  to   the   condition    0<(?<1. 
A  similar   condition   must  be  satisfied  in  order  that 

lim  I       f(&)  dx 
may  exist. 

It  may  happen  that,  although  the  two  limits 

do  not  exist,  yet  if  we  take  e  =  e,  the  sum 

|"/(.)4.t£/(.)& 

may  have  a  definite  limit :  when  that  is  the  case,  this  limit  defines  Oauchy's 
principal  value  of  the  integral  of  /(re)  in  (a,  b). 

It  thus  appears  that  a  principal  value   may  exist  when   the  function 
possesses  neither  an  integral  nor  an  improper  integral  in  the  interval  (a,  b). 
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In  cum:  tin:  point  a  iUelf  lie  "  jioud-  uf  innnife  d-wnontiinfit-//,  then-  the  liiwd 
for  e  —  0,  when  it  e.chls,  in  defined  hi  be  the.  improper  integral 

£/(«)*• 

of  f{x)  in  the  interval  (a,  b). 

A  similar  definition  applies  in  case  the  point  b  is  a  point  of  infinite 
discontinuity  of  the  function. 

If  in  the  interval  (a,  b)  there  are  two  points  of  infinite  discontinuity 
c,j  Ca  where  (a  <  et  <  c2  <  b),  then  take  any  point  c  between  e,  and  ca.  In  case 
the  lour  improper  integrals 

jy^dx,    j°em<te,    jy^)dx,    j*f{m)dm 

all  exist,  their  sum  is  defined  to  be  the  improper  integral  of  f(x)  in  {a,  b), 
and  is  denoted  by 

/'/(•)  cfa; 

arid  it  is  clearly  independent  of  the  value  ofc.  The  definition  in  case  one  or 
both  of  the  points  c,,  ca  are  end-points  of  the  interval  (a,  b)  is  of  the  same 
character.     If  c,  =  a,  c2  =  b,  then  if  the  two  improper  integrals 

exist,  their  sum  de lines  the  improper  integral 

/'/(«)  <k 

The  definition  of  an  improper  integral  is  now  immediately  extensible  to 
the  case  in  which  there  are  any  finite  number  of  points  of  infinite  discontinuity 
in  the  interval.  If  these  be  c,,  c2,  c-, ...  c„  taken  in  order  from  left  to  right, 
then  if  the  improper  integrals 

|V(«)*e,    j°'f(x)dx,...j'f(x)<U 

all  exist,  their  sum  is  defined  to  be  the  improper  integral 

f*f(e)dm. 

271.  The  definition  of  an  improper  integral  was  extended  by  Du  Bois 
Reymoud  and  by  Dim"  to  the  case  of  a  function  with  an  indefinitely  great 
number  of  points  of  infinite  discontinuity  (brining  a  wet  of  the  first  species, 
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The  definition  has,  however,  been  further  extended  by  Harnack  to  the 
more  comprehensive  case  in  which  the  set  of  points  of  infinite  discontinuity 
is  any  set  of  zero  content.  The  set  is  closed,  since  any  limiting  point  of 
points  of  infinite  discontinuity  is  also  such  a  point.  It  is  sometimes  con- 
venient to  include  in  such  a  set,  points  at  which  the  functional  value  is 
regarded  as  indefinitely  great.  Unless  the  upper  or  lower  limit  of  the 
function  for  an  arbitrarily  small  neighbourhood  of  such  a  point  is  also,  when 
the  functional  value  at  the  point  is  disregarded,  indefinitely  great,  such 
a  discontinuity  is  a  removable  infinite  discontinuity. 

The  general  definition  of  an  improper  integral  is  obtained  by  ex- 
tending the  principle  which  has  been  applied  to  the  case  in  which  the 
number  of  pointy  of  infinite  discontinuity  is  finite,  namely  that  the  neigh- 
bourhoods of  all  the  infinities  are  excluded  in  taking  the  integral.  If  the 
integral  is  to  be  considered  as  iu  any  sense  belonging  to  the  whole  interval, 
the  sum  of  the  excluded  parts  of  the  integral  should  have  the  limit  zero ;  and 
thus  the  case  in  which  the  content  of  the  closed  set  of  infinite  discontinuities 
is  zero  indicates  the  extreme  extension  which  can  fairly  be  given  to  the 
meaning  of  an  improper  integral  through  a  given  interval. 

Let  the  points  of  infinite  discontinuity  of  the  function  f(af),  defined  for 
the  interval  (a,  6),  form  a  non-dense  closed  set  Q  of  zero  content ;  and  further 
let  /(#)  be  integrable  in  any  sub-interval  of  (a,  /•)  which  contains  no  point 
of  G  either  in  its  interior  or  at  an  end. 

Let  the  set  G  be  included  in  a  definite  number  n  of  sub-intervals 
Bu  8BJ  ...  S„, 
each  interval  S  containing  at  least  one  point  of    G  in   its  interior,  so  that 
the  remaining  part  of  (a,  b)  consists  of  a  number  of  sub-intervals 

Vl,    %.  •■■  Vn< 

which  are  free  in  their  interiors  and  at  thei.e  ends  from  points  of  G.  Denote 
by  iS,-j  the  sum  of  the  integrals  of  j'(x')  taken  through  all  the  sub-intervals  ij  as 
these  intervals  are  diminished  arid  their  number  increased. 

The  number  n  can  be  so  chosen  that  i  §  is  arbitrarily  small ;  and  therefore 

as  n  increases  indefinitely  XS  approaches  the  limit  zero.     Let  a  series  of 

values  of  n  be  so  chosen  that  iShasa  sequence  of  diminishing  values  ej,  ea,  ... 
which  converge  to  the  limit  zero,  and  let  «,,  n.2,  ns...  be  the  corresponding 
values  of  n. 

If*  ike  numbers  ,%t,  >%[,  .%h  ...  form  a  convergent  sequence  of  which  S  is 

"  See  Hamad; .  Math.  Auniden,  vol.  xxiv,  jj.  22i>,  where  tin.i  ildiuiuou  is  given  in  substance. 
See  also  Jordan,  Uaurs  d'.ltuili/.ie,  vol.  u.  [i.  50,  wiieiv  a  fimiliU1  delinitioo  in  given,  except  thai 
the  condition,  that  the  set  of  points  of  inlinias  dLwronlinna.v  should  have  zero  content,  is  omitted. 
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the  limit,  and  if  S  be  independent  of  the  particdar  choice  of  the  intervals  S, 
then  the  number  S  is  defined  to  be  the  improper  integral  of  f(x)  in  (a,  b),  and, 


byjjtod*. 


The  condition  for  the  existence  of  the  improper  integral  thus  defined  is 
that,  corresponding  to  any  arbitrarily  small  number  e,  it  must  be  possible  to 
find  a  number  %  such  that,  if  8,,  8j, ...  Bn  and  8,',  83', ...  8"n<  be  any  two  sets  of 
intervals  whatever  of  the  type  defined  above,  and  such  that 

ss<£,  £o"<£, 

then  the  absolute  difference  of  the  corresponding  sums  .S'(j,  H\i:  is  less  than  e. 
In  case  the  improper  integral  (    j(;i:)dx  exist,  it  is  the  limit  of  the  sum 

of  the  improper  integrals  of  /(.»;)  through  the  set  of  sub -intervals  comple- 
mentary to  the  set  of  points  G. 

It  is  easily  seen  that  the  general  definition  of  the  improper  integral  is 
consistent  with  the  definition  which  has  been  given  for  the  case  in  which 
the  number  of  points  of  infinite  discontinuity  is  finite. 

272.  A  definition  of  the  improper  integral  has  been  given  by  de  la  Vail ee- 
Poussm*  which  depends  on  a  principle  different  from  that  employed  in 
Harnack's  definition. 

Let  Mu  M.2, ...  Ms...  and  Nu  JVa,  ...&„...  be  two  independent,  sequences  of 

positive  number:-:  each,  of  winch  consists  of  continually  increasing  numbers  which 
have  no  upper  limit.  Let  a  sequence  of  -new  function.-;  be  defined  as  folloivs:- — 
If  f  {(c)  be  the  yiutin  function,  which  has  point*;  of  infi.nite  discontinuity  in 

the  interval-  (a,   b)  for   vjhich  it  -is   defined,  let  f,(:r)   be  defined  so  that 

/.(«)-/(«) 

for  all  values  of  x  -which,  are  such  that 

Ms  £  /  (a:)  £  -  iVs ;  but  f,  (ar)  =  M, 
for  ail  values  of  ;>;  for  which  fix)  >  Ms ; 

and  /,(*)•=-&, 

for  all  values  of  x  such  that        /(«)<  —  JVa ; 
■if  f(o:)  be  such  that  the  integrals 

£/.<•)**  £/.(•)<«*  -  £/.<•)*>... 

all  exist,  and  are  such  that  they  form,  a,  sequence  which.-  converges  to  a  definite 

"    f.ii>iir--iih:'a  Jmi-rwil,  sui'.   I,  vol.  viii.  p.  4 '37. 
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limit  independent  if  the  parli.o'.Uar  sequences  [  M\,  { JV] ,  then.  Had  limit  is  defined 
to  be  the  improper  integral  of  fix),  and  in  denoted  by 


J    f(x)&c. 


It  will  bo  observed  that,  whereas  in  Harnaek's  definition  the  improper 
integral  is  defined  as  the  limit  of  a  sequence  of  integrals  of  the  same  function 
taken  through  different  domains,  in  de  la  Vallee-Pousshrs  definition  the 
improper  integral  is  defined  as  the  limit  of  a  sequence  of  integrals  of  different 
functions  all  taken  through  the  same  domain.  It  will  however  be  seen  later 
on,  that  this  dtsfmetion  is  an  unessential  one. 


ABSOLUTELY   AND  CONDITIONALLY   CONVERGENT   INTEGRALS. 
273. 


rb 

An  improper  integral  i   j(x)  is  said  to  be  absolutely  convergent  if 

the  improper  integral  I  \f{x)\dx  also  exist;  other-wise  it  is  said  to  be  con- 
ditionally convergent. 

It  has  been  seen  in  §  "256,  from  the  definition  of  a  proper  integral,  that  all 
such  integrals  are  absolutely  convergent.,  and  therefore  the  distinction  between 
the  two  classes  of  integrals  has  reference  to  improper  integrals  only. 

Every  function  f(x)  can  be  exhibited  as  the  difference  of  two  functions 
/+  (aj)  and  /-  (x),  defined  so  that  /+  (x)  =  f(x)  when  /<»  >  0,  /+  («)  =  0  when 
/(#)S0;   and /»  =  -/<*)  when  /(«)<  0,  /-(*)  =  0  whet.  /(*)  £ 0. 

Wehave  then  /<»)-/*■(*)-/-(«),  and  |/<«)  [  =/+(«)  +/"(«).  In  an 
absolutely  convergent  improper  integral  both  the  functions  f+(x),  /""(;«) 
possess  improper  integrals,  but  not  so  in  the  case  of  a  conditionally  con- 
vergent improper  integral.  For,  the  points  of  infinite  discontinuity  of  the 
two  functions  f  (x),  \f{x)\  being  the  same,  the  improper  integrals  of  these 
two  functions  are  the  limits  of  proper  integrals  taken  over  sets  of  intervals 
which  are  the  same  for  the  two  functions.  It  follows  that  \f{x)  |  +/(«■), 
|/(*')|— /(*)  have  improper  integrals,  provided  j/(a?)|,  f{as)  both  have 
improper  integrals. 

The  improper  integrals  defined  in  the  manner  of  de  la  Vallee-Poussin 

fb 
are  all  absolutely  convergent.    For,  since  J    fs(x)dx  has  a  limit  as  the  two 

numbers  MSI  Ns  are  independently  increased  indefinitely,  and  the  integral  is 
the  sum  of  two  parts,  one  dependent  on  Ms,  and  the  other  on  Ne,  it  follows 
that  each  of  these  parts  lias  separately  a  limit.     Therefore  the  improper 

integral  I  f+(m)  dm  exists,  and  similarly  also  J  f-(x)dx;  hence  I  \f(x)\da> 
exists  in  any  case  for  which   I    /(as)  is  defined  as  an  improper  integral. 
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The  definition  of  improper  integral"  in  accordance  with  the  method  of 
Harnack  applies  both  to  absolutely,  and  to  conditionally,  convergent  integrals, 
arid  is  thus  wider  than  the  definition  of  de  la  Vallee-Poussin. 

It  has  been  pointed  out  by  Schonilics  thai  the  condition  that  the  set  of 
points  of  infinite  discontinuity  must  be  of  zero  eon  tent,  is  deduciblo,  in  the  case 
of  de  la  Vallee-Poussin's  definition,  from  the  condition,  contained  in  the 
definition,  for  the  existence  of  the  integral. 

Since  the  existence  of 


follows   from  that  of 

there  will  be  no  loss  of  generality  if  we  suppose  /(at)  to  be  everywhere 
positive.  Now  the  condition  for  the  existence  of  the  integral  as  a  finite 
number  is  that 


/_{/« (•)-/.  (»)(*» 


should,  as  s  is  increased  indefinitely,  have  the  limit  tfero.  Considering  any 
convergent  set  of  sub-divisions  of  (a,  b),  let  S,,  Sg,  ...  Bn  be  the  sets  of  snb- 
intervals  at  any  stage,  and  let  a  be  the  sum  of  (hose  <5's  which  contain  points  of 
infinite  discontinuity  aif(x).  In  all  these  latter  sub-intervals  values  of/6  (x) 
equal  to  Ms,  and  values  of /si.l  (as)  equal  to  MWi  occur  ;  thus,  in  the  sum  whose 
limit  defines  the  integral,  the  upper  limit  of /a+1  (x)— /«(■»)  is  Ms+1~  Ms,  and 
the  sum  of  the  products  of  the  intervals  into  the-;  upper  limits  of  the  function 
in  those  intervals  is  £  (i¥s+,  —  Ms)  it  :  hence,  the  integral  cannot  have  the  limit 
zero  unless  a  converges  to  zero  as  the  number  n  of  intervals  is  increased 
indefinitely.  Therefore  the  points  of  infinite  discontinuity  must  form  an 
unextended  set,  if  the  integral  is  to  exist  as  a  finite  number. 

274.  In  the  case  of  absolutely  convergent  integrals  it  can  be  shewn 
that  the  definition  of  Harnack  and  that  of  de  la  Vallee-Poussin  are  in 
complete  agreement.  Since,  in  accordance  with  either  definition,  the 
existence  of  the  absolutely  convergent  integral  of  j'(-v)  involves  that  of 
the  improper  integrals  of  f+(z),  and  f~(x),  it  is  clearly  sufficient  to  consider 
the  ease  in  which  /(*')  is  positive  or  zero  at  every  point  of  the  interval  (a,  b). 
Let  us  then  assume  that  the  function  /(#),  which  is  never  negative,  has  an 
improper  integral  in  accordance  with  Harnack 's  definition.  The  set  of  points 
of  infinite  discontinuity  of  G  is  enclosed  in  a  finite  set  of  sub-intervals 
[B],  and  the  remaining  part  of  (a,  b)  consists  of  a  set  of  sub-intervals  {17}. 
The  sum  SS  can  be  chosen  so  small  that  the  integral  of  /(as)  through  the 
intervals  [ijj  is  less  than  Haruack's  improper  integral  by  less  than  an 
arbitrarily  chosen  positive  number  £  Let  N  be  a  positive  number  not  less 
than  the  upper  limit  of  /(as)  in  all  the  intervals  [ijj,  and  let /n(%)  be  the 
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function,  corresponding  to  N,  employed  in  de  la  Vallee-Foussin's  definition. 
Let  another  set  of  sub-intervals  [8"\  all  interior  to  intervals  of  {S},  enclose 
all  the  points  of  infinite  discontinuity  of  _/'(*'),  an^  let  W]  be  the  intervals 
complementary  to  these.  The  integral  of  f(x)  through  {ij'J  lies  between 
the  value  of  the  integral  through  (i;],  and  that  of  Harnack's  improper 
integral,  and   then; fore  differs  from  the  latter  by  less  than  f. 

It  follows  that  the  integral  of  /(<c)  through  the  intervals  obtained  by 
removing  the  set  {B'\  from  the  set  [8]  is  also  <  £;  and  since  fa(x)&f(x), 
we  see  that  the  integral  of  /»(*)  through  the  same  set  of  intervals  is  <  f 
From  this  we  deduce  that  \fn(x)dx  taken  through  the  intervals  [B]  is  less 
than  %+NXB';  and  since  this  holds  for  an  arbitrarily  small  value  of  So", 
N  being  fixed,  we  see  that  I _/»(#)<&#,  taken  through  the  intervals  [B],  is  &  f. 

It  now  follows  that  |  fn(x)dx  —  \    f(tn)dx&  £;  and  since  £  is  arbitrarily 

small,  n  being  .sufficiently  increased,  it  follows  that  I  f„(as)dx  has  a  definite 
limit  when  n  is  indefinitely  increased,  and  that  this  limit  is  Harnack's 
improper  integral  I  /{as)  dx.     It  has  thus  been  shewn  that  a  function  which 

has  an  absolutely  convergent  improper  integral  in  accordance  with  Harnack's 
definition,  has  one  also  in  accordance  with  the  definition   of  do  la  Vallee- 
Poussin,  the  integrals  having  the  same  value  in  the  two  cases, 
To  prove  the  converse,  we  assume  that 

P/.(*)<fa     or     f    M*)dm+f   f(m)dm 

has  a  definite  limit  as  n  is  indefinitely  increased  and  S8  indefinitely 
diminished.  Since  both  the  integrals  are  positive,  it  follows  that  I  f{x)dx, 
which  increases  as  28  is  diminished,  is  less  than  a  fixed  finite  number,  and 
therefore  has  a  definite  upper  limit.  Therefore  Harnack's  improper  integral 
exists,  and  it:  has  been  shewn  above  that  it  must  then  have  the  same  value 
as  de  la  Valle'e-Poussin's.  The  two  definitions  have  thus  been  shewn  to  be 
completely  equivalent  to  one  another,  so  far  as  they  both  apply  to  absolutely 
convergent  integrals.  The  definition  of  Harnack  is  the  wider,  in  that  it 
applies  to  the  case  of  non -absolutely  convergent  integrals. 

EXISTENCE    AND     PROPERTIES    OF    ABSOLUTELY    CONVERGENT 
IMPROPER    INTEGRALS. 

275.  A  definition  of  the  improper  integral  of  a  function  with  infinite 
discontinuities  having  been  given,  it  is  necessary  to  investigate  whether  the 
limit  employed  in  the  definition  really  exists ;  and  it  is  further  necessary  to 

24—2 
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discuss  whether,  in  the  case  of  the  existence  of  the  improper  integral  in  (a,  b), 
that  improper  iutegv.il  shares  the  fundamental  property  of  integrals  that  it 
exists  for  any  and  every  sub-interval  whatever  of  (a,  b),  and  also  exists  for 
every  set  of  such  sub-intervals,  and  is  in  particular  such  as  to  satisfy  the 
relation 


]■'/<»)  &  =£/  (.)  dm  +  |y  («) 


d#. 


It  will  be  proved  that  the  limit  really  exists  in  the  case  of  absolutely 
convergent  integrals,  and  that  the  improper  integral  then  possesses  the  funda- 
mental properties  just  specified.  In  the  case  in  which  the  convergence  is 
conditional,  it  appears  that  the  improper  integral  when  it  exists  possesses 
some  but  not  all  of  the  fundamental  properties;  in  view  of  this  fact,  doubt 
has  been  thrown  by  some  writer's  upon  the  appropriateness  of  regarding 
improper  integrals  with  conditional  convergence  as  really  entitled*  to  the 
name  of  integral. 

Consider  first  the  case  of  a  function /(a;)  which  has  no  negative  values;  so 
that  in  (a,  b),  /(*■)  £  0.     In  this  case  it  can  be  shewn  that  the  numbers 

Sftti  8^,  S,h  ... 
either  increase  beyond  all  limit,  or  have  a  limit  S  which  is  independent  of 
the  mode  of  formation  of  the  successive  sub-intervals 


Take  sets  of  intervals 


V"",  oV"">  ■ 


each  set  of  which  conaints  all  the  points  of  infinite  discontinuity;  and  let  the 
corresponding  sets  of  intervals  which  are  free  in  their  interiors  and  at  their 
ends  from  the  points  of  infinite  discontinuity  be 
*hm,  V">  ■■■  Vn,m> 


■</i '■"'■',  v.:"< 


Moreover,  let  the  system  of  sets  be  so  chosen  that  all  points  contained  in 
the  ij<™>  are  also  contained  in  the  ^>"t+1i.  Since  /(#)  is  never  negative,  the 
sums  jSH|,  jSj-^,  ...  S^  ...  form  a  constantly  increasing  sequence;  and  thus  the 

*  See  Stolz,  SitMLngBbericMt  iter  koi*.  Akad.  Wien,  vol.  ovii,  Ha  (1898),  p.  207,  anil 
vol.  Cviil,  Ita,  p.  1234,  also  vol.  evil,  p.  211.  See  also  Stolx's  work  G-niinhiitje  der  Biff.  «. 
FrdegraJreclmitng,  part  in,  p.  273.  In  these  writings  "«i™  ii!  a  systematic  treatment  of  the 
absolutely  convergent  iinpnipLH  intujrtth-  in  iiecuiiLunju  with  HiuuacVb  definition. 
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sequence  must  have  a  definite  upper  limit  8,  unless  its  terms  in- 
definitely,  in  which  case  the  improper  integral  is  certainly  not  convergent. 
When  S  exists,  we  have  to  shew  that  it  is  independent  of  the  particular 
sets  of  intervals  used  in  obtaining  it.  The  number  in  may  be  chosen  so 
large  that  8  —  £,;,„<  e,  where  e  is  a  fixed  arbitrarily  chosen  number. 

Next,  take  any  other  set  of  successive  sets  of  intervals  which  enclose  the 
points  of  infinite  discontinuity,  leaving  corresponding  free  intervals,  and  let  Sm- 
be  the  sum,  fit  any  stage,  of  the  integrals  taken  through  these  free  intervals : 
then  compare  S%m  with  Sm:  The  two  sums  of  integrals  contain  a  number  of 
integrals  in  common,  namely  integrals  taken  over  those  pieces  of  the  interval 
(a,  b)  which  are  common  to  the  sets  of  intervals  belonging  to  8Tlm  and  $,„< ; 
S^  may  contain  parts  that  do  not  belong  to  8,,,-,  these  all  forming  parts  of  the 
intervals  ij(™>  ;  also  ;•>',„.<  may  contain  parts  that  do  not.  belong  to  8Tlm.  Now  the 
difference  8,^—8^  is  less  than  the  sum  of  the  integrals  taken  over  these 
latter  parts,  all  of  which  lie  within  the  intervals  8<m>)  and  in  all  these  parts 
the  function /(a)  is  limited;    it  follows  that 

Sm.  -  Szm<  PZS<™\ 
where  P  is  a  number  which  does  not  increase  as  to  is  increased.    Now  m  may 
be  chosen  so  great  that 

SS«  <  y  , 
and  then  8m-  —  S^m  <  e, 

hence  8m-  <  8  +  e ; 

and  since  e  is  arbitrarily  small,  we  have 

thus  8m>  cannot  be  greater  than  S.     We  have  again,  by  similar  reasoning 

S„-B*<QiS', 
where  Q  is  a  number  which  does  not  increase  as  the  number  to'  is  increased, 
depending  as  it  does  on  the  upper  limits  of  f{x)  for  intervals  all  of  which  lie 
in  the  i)im) ;  hence  when  m'  is  sufficiently  great 

8^-SrtO!,    or   8n,>S^-e>8-e. 
It  thus  appears  that  the  second  system  of  divisions  can  be  so  far  advanced 
that  £!„'  lies  between  8  —  e  and  8  +  e,  where  e  is  arbitrarily  small ;  and  hence 
Srf  has  S   for  its  limit.      The   existence   of  the  improper  integral  is  now 
established  for  a  function  fix)  £0,  provided  there  be  no  divergence. 

The  theorem  proved  may  be  immediately  extended  to  shew  that  the 
integral   /  /(•''-)  dw  exists,  provided 

£l /«!<*» 

exist,  that  is  provided  the  convergence  be  absolute. 
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Replace  f{%)  by  the  difference  of  the  two  functions  f+(w)  and  /"(*'); 
then  both  the  integrals 

|V  (•>■«*  JV  (•)<<■ 

exist,  unless  the  sums  of  integrals  of  which  they  are  the  limits  increase 
indefinitely. 

Now  J  V(.) |  i-JV (.)*+//-  <*)*"! 

hence  if  |/(V)|  have  an  integral,  both  the  functions  f+(x),  /""(«»)  have 
integrals,  and  thus  /(&■)  has  also  an  integral.  The  existence  of  absolutely 
convergent  improper  integrals  has  thus  been  established. 

276.  If  c  be  a  number  such  that  a  <<:<b,  and  if  /(,«)  have  an  absolutely 
convergent  improper  integral,  in  (a,  h),  then  it  has  also  such  integrals  in  (a,  c) 
and  in  (c,  b),  and  the  sum  of  the  two  /alter  integrals  is  equal  to  the 
former  one, 

Consider  a  system  of  intervals  {&},  (ij)  as  in  §  275.  If  the  point  a  lies  in 
an  interval  B  it  does  not  affect  the  sums  of  the  proper  integrals  through  the 
intervals  n\  but  if,  at  any  stage  of  the  limiting-  process,  the  point  c  comes  to  lie 
within  an  interval  i},  it  divides  it  into  two  parts.  Clearly,  the  sum  of  the 
integrals  of  |  fix)  |  taken  through  those  intervals  -n  which  are  on  the  left  of 
c,  and  through  that  part  of  the  interval  containing  c  which  lies  on  the  left 
of  c,  is  less  than  the  sum  of  the  integrals  of  !  /(&■)  ,  through  all  the  intervals  ij. 
The  same  is  true  of  the  sum  of  the  integrals  of  |  f(x)  [  through  all  those 
intervals  t]  which  lie  on  the  right  of  c,  and  through  that  part  of  the  interval 
containing  c  which  lies  to  the  right  of  c. 

Thus,  since  the  integral  of  \f(w)  .  through  all  the  intervals  -q  lies  below  a 
fixed  limit,  the  same  is  true  of  the  two  parts  into  which  the  integral  is 
divided  by  the  point  c;  and  thus  the  two  integrnls 

/V (•)!*>.  /j /(•)!*. 

exist;  and  therefore  also 

j'j(«)dm.     Jj(x)dx 

exist. 

The  splitting  up  of  the  sum  of  the  integrals  of  /(*■)  through  the  intervals 
n  into  two  parts  does  nor.  affect  that  sum  ;   hence  also  in  the  limit  we  have 


JV(«)i,=/yw<fa+/Vw 


A  corollary  from  this  theorem  is  that  if  '/(.?■)  have  an  absolutely  convergent 
improper  integral  in  (a,  b),  it  is  also  intey ruble  in,  an;/  interval  (a',  b')  which 
forms  part  of  {a,  b). 
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277.  If  AM  A2,  ...  A„,...  be  a  sequence  of  non-overlapping  intervals 
contained  in  (a,  b\  in  descending  order  of  length,  the  sum  of  the  integrals  of 
/(#)  taken  through  A,,  As,  ...  An  converges  to  a  definite  limit  as  n  is 
increased  indefinitely,  provided 

/*/<•>  *> 

converges  absolutely. 

Consider  the  two  functions  /+  (w),  f~  (x)  defined  as  in  §  273.  The  function 
/+(«)  is  iutograble  in  each  of  the  intervals  A,  and  the  sum  of  the  integrals 
of /+  (x)  through  the  intervals  A,,  A2,  ...  A„  is  positive  and  does  not  diminish 
as  ii  is  increased  ;  also  this  sum  never  exceeds  the  integral  of  /+  (%)  through 
(a,  b).     It,  follows  that  the  sum  of  the  integrals  of  /+  (x)  through 

A,,  As,  ...  A., 
converges  to  a  definite  limit  aw  n  is  increased  indefinitely.     The  same  is  true 
of  /-  (as) ;  and  hence  /(«),  which  is  /+  (x)  —f~  (.«),  is  such  that  the  sum  of  its 
integrals  converges  to  a  definite  limit  when  the  number  of  the  intervals  A  is 
increased  indefinitely. 

It  has  thus  been  shewn  that,  if 'f(x')  have  o.n  absolute! y  convergent  improper 
integral  in  (a,  b),  it  has  also  an  improper  integral  through  any  portion  of 
ia,b)  which  consists  of  a,  fin-He,  or  of  an  in  finite,  number  of  continuous  intervals. 

278.  If  H  be  a  set  of  points  in  (a,  b)  of  zero  content,  so  that  the  points  of 

H  can  be  enclose'!-  ii,  intervals  #,,  0,,, ...  0/}  whose  sum.  is  arbitrarily  small,  then 
the  integral  affix)  la-ken  through  the  intervals  (?,,  8..,  ...  8.p  lias  the  limit  zero., 
as  the  sum,  of  the  intervals  converges  to  zero,  their  number  being  indefinitely 
increased,  f  (a:)  having  an  absolutely  convergent  improper  integral  in  (a,  b). 

The  points  of  infinite  discontinuity  of f(so)  can  be  enclosed  in  a  set  of 
intervals  &,,  8,, ...  S„  such  that  the  integral  of  \f(&)  taken  through  these 
intervals  is  <  e.  Let  ipl7  <p2, ...  <£,.  be  the  parts  of  the  intervals  $„  02>  ...  $p 
which  are  common  with  the  intervals  yu  %,...i7,!l„  which  remain  in  (a,  b) 
when  the  o"s  are  removed.     The  absolute  value  of  the  integral  of  f{x)  taken 

through  the  intervals  6,,02, ...  6P  is  less  than  e  +  Ut,<f>,  or  than  e  +  U%6,  where 

U  is  the  finite  upper  limit  of  |/(®)|  in  all  the  intervals  v-  Having 
fixed   the   intervals   8,,  Saj  ...Sn,  we    can  choose   the   intervals   0   so   that 

§,0<elV;  thus  the  absolute  value  of  j  f(x)dx  taken  through  the  intervals  0 

is  then  <  2e,  which  is  arbitrarilysmall.     The  theorem  is  therefore  established. 

It  follows  that,  in  the  definition  of  the  improper  integral      /(as)  dee  as  the 

limit  of  the  sum  of  the  proper  integrals  through  the  intervals  i),  we  may 
suppose  the  neighbourhoods  of  the  points  of  H  to  be  removed  from  {a,  b), 
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these  neighbourhoods  being  so  chosen  that  their  sum  converges  to  zero  as  the 
sum  of  the  proper  integrals  converges  to  its  limit,  the  improper  integral  of 
/(«)  in  (a,  b). 

The  theorem  may  also  be  stated  in  the  form  that,  if  II  be  any  set  of  point* 
of  zero  content,  then  in  applying  llarnock's  definition,  the  .set  H  may  be  added 
to  the  set  G  of  points  of  infinite  discontinuity,  without  altering  the  value  of  the 
integral. 

From  this  theorem  we  may  deduce  that  if  f(,v),  -^  (%)  have  both  absolutely 
convergent  improper  integrals  in  (a,  b),  their  snmf(x-)  +  ty(x)  has  an  absolutely 
convenient,  improper  integral  in  (a,  b). 

In   relation  to    /     f(x)dx,  the  points  of  infinite    discontinuity  of  ty(x) 

form  a  set  H  such  as  is  contemplated  in  the  foregoing  theorem  ;  thus  in  the 

definition  of  j    f(%)dx  we  may  exclude  the  neighbourhoods  of  the  points  //, 

A  similar  remark  applies  to   I     ifr  (%)  da:.     The  points  of  infinite  discontinuity 

of  f(x)  +  -i/r  (x)  consist  in  general  of  the  sets  for  f(x)  and  for  ■$/■  (x)  together. 
ft 

It  therefore  follows  that  J   {/(#)  +  ^  (■'■');  dx  exists,  and  is  identical  with 

£/<<»>*• +{'+«&'■ 

The  following  theorem  lias  been  incidentally  established  : — 
If  2e  be  an  arbitrarily  chosen  positive  number,  then  a  positive  member  t/, 
dependent  on  e,  can  be  determined,  s'wh  tJn.it,  for  any  finite  set  of  non-overlapping 
intervals  whatever,  whose  sum  is  less  than  y,  the  a.hsolule  calve  of  the  sum  of  the 
integrals  off(x)  through  the  intervals  is  less  than-  2c;  it  being  assumed  that 
f(x)  has  an  absolutely  convergent  integral  in  (a,  b). 

279.  If  f(x),  -^r  (ic)  have  both,  obsolv.tely  convergent  imp-ropier  integrals 
in  (a,  b),  and  if  tine  two  functions  hare  no  points  of  infinite  discontinuity  in 
common,  then  the  product  f(ri)-ty-(.i.)  lias  om  absolutely  convergent  improper 
integral  in  (a,  b). 

The  infinities  of  /(#)  may  be  included  in  intervals  8,,  &$, ...  S„,  and  those 
of  ->jr(x)  in  intervals  S,',  oV, ...  Bm',  such  that  no  interval  8  encroaches  on  any 
interval  &',  Let  U  be  the  upper  limit  of  f(x)  in  all  the  intervals  h',  and  let 
V  be  the  upper  limit  of  -ty  (w)  in  all  the  intervals  8  ;  thus  U,  U'  are  definite 
numbers.  In  the  intervals  8,  \  /(•''■)  t//>  (w)  ncvci'  exeeods  V  \  f(x)  j,  and  hence 
since  |/(«)|  is  integrable  in  the  intervals  8,  having  an  improper  integral  in 
each  of  these  intervals,  in  accordance  with  the  definition  in  §  271 ,  it  is  clear  that 

\f(x)tjr(x)\  is  also  integrable  in  these  intervals  8;   and   I  If  (x) ■$■(&)  \  dx 
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taken  through  the  intervals  S  is  &U'  j  \f(x)\'dte  taken  through  the  same 

intervals.  Similarly  it  may  bo  shewn  that  |  /(«)  -f  («)  |  is  integrable  in  the 
intervals  S'.  It  follows  that  |/(a;)^>(3:)  |  is,  under  the  conditions  in  the 
enunciation,  integrable  in  the  whole  interval  (a,  b);  and  that  therefore 
f(x)^fr(x)  has  an  absolutely  convergent  ini|jn>per  integral  in  that  interval. 

280.  If  f(x)  have  an  absolute/;/  ronvergent  improper  integral  in  (a,  b), 
then  the  improper  integral  f    f(x)dx  in  a  continuous  function  of  the  upper 

This  theorem  is  the  extension  of  that  of  §  258  to  the  case  of  absolutely 
convergent  improper  integrals. 

Let  F(x)  denote   I    f(x)dx,  which  has  been  shewn,  in  §  276,  to  exist  for 

cz+h 
a&x&b.     We  have  F  (x  +  h)-F  (x)  =  I      f(x)  dx ;  if  then  x  is  not  a  point 

of  infinite  discontinuity  of  f(x),  h  may  be  so  chosen  that  (x,  m  +  k)  does  not 
contain  any  such  points,  and  in  that  case  |  F(x  +  h)  —  F(x)  \£\h\U,  where  U 
denotes  the  upper  limit  of  |  fix)  |  in  the  interval  (.*,  x  +  h)  ;  since  U  does  not 
increase  as  h  is  diminished,  it  follows  that,  corres ponding  to  a  fixed  number  c, 
a  value  of  h,  say  hL,  can  be  found  such  that  j  F(x  +  h)  —  F (x)  |  <e,  for 
|A|£|At|;    hence  F(x)  is  continuous  at  x. 

In  case  a;  be  a  point  of  infinite  discontinuity  of  f(x),  we  may  enclose  all 
such  points  in  a  finite  set  of  intervals  such  that  the  integral  of .  f{x)  |  taken 

I  fx+h  i        ra+ft 

through  all  of  them  is  <  e.    Since  f(x)  dx  j  £  j  f(x)  j  dx,  if  we  choose 

h  so  small  that  (x,  x  +  h)  is  entirely  within  that  interval  of  the  set  which 
contains  the  point  x,  we  see  that  |  F(x  +  h)~  F(x)  \  <  e ;  and  hence  the  point 
x  is  a  point  of  continuity  of  F(x). 

HON-ABSOLUTBLT   CONVERGENT   IMPROPER   INTEGRALS, 

281.  It  has  been  shewn  that  an  absolutely  convergent  improper  integral, 
when  it  exists,  possesses  the  fundamental  properties  which  belong  to  a  proper 
integral,  viz.  that  the  function  is  also  integrable  in  any  part  of  the  interval 
which  is  either  continuous  or  which  consists  of  a  finite  or  infinite  number  of 

continuous  portions,  and  that  I  f{x)dx=  I  f(x)dx  +  f(x)dx.  Further 
it  has  been  shewn  that  j  f{x)dx  is  a  continuous  function  of  the  upper 
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If  we  apply  the  definition  of  §  271,  to  the  case  in  which  I    [  f{x)  j  dx  does 

not  exist,  it  has  not  been  shewn  that  the  sum  of  the  integrals  of  /(,»)  through 
the  intervals  -r\  which  remain  when  the  points  of  infinite  discontinuity  are 
enclosed  in  a  set  of  intervals  S,  necessarily  cither  converges  to  a  definite  limit, 


or  increases  indefinitely.     Further,  if  the  limit  which  defines       f(x)dx  i 

any  particular  case  actually  exists,  it  has  not  been  shewn  that  /(»')  is 
necessarily  integrable  in  (a,  as),  or  in  general  in  every  interval  contained  in 
(a,  b),  the  proof  in  §  27(5,  depending  essentially  upon  the  assumption  tha.t 
|  /(*)  I  is  integrable  in  (a,  b).  It  is  thus  a  matter  for  further  investigation 
whether  a  non-absolutely  convergent  improper  integral  defined  in  Harnack's 
manner  necessarily  possesses  the  fundamental  properties  which  would  justify 
us  in  regarding  it  as  an  extension  of  the  conception  of  a  proper  integral.  The 
definition  of  de  la  Val lee-Poussin,  in  §  272,  is  applicable  only  to  absolutely 
convergent  improper  integrals. 

Under  these  circumstances  the  definition  of  a  non-absolutely  convergent 
improper  integral  has,  by  some  writers*,  been  restricted  to  the  case  in 
which  the  set  G  of  points  of  infinite  discontinuity  of  the  function  is  enumer- 
able and  of  the  first  species.  The  mode  of  definition  usually  applied  in  this 
ease  will  first  be  briefly  considered,  before  the  more  general  definition  of 
Harnack  is  considered. 

First  let  us  suppose  that  0  consists  of  a  finite  number  of  points 

C,,  Cg,  ...   Cm, 

in  §270,  j''    /(«)■!* 


then 

is  defined  to  be  tli 


/(*)*, 


as  e,  e'  independently  of  one  another  converge  to  zero,  on  the  assumption  that 
this  limit  exists. 


£'/(«)&,  £/(»)*•,...  f /w 


all  exist  in  accordance  with  this  definition,  their  sum  is  defined  to  be  the 
improper  integral 

"  f(»<fa. 


/)/<•) 


*  See  Du  Bon,  llcvmunJ,  Crrf-ts's  Journal,   vol.  i.xxix,  pp.  3G  and  45,  (tlsu  Pini,   (Inaidhujtm. 
p.  404. 
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This  definition  is  applicable,  whether  | /'(■«)  |  he  integrable  in  accordance 
with  it,  or  not;  and  it  thus  defines  non-absolutely  convergent  integrals  in  the 
case  considered. 

Next,  let  us  suppose  that  G  is  of  the  first  species  and  of  the  first  order. 
In  this  case  6"  consists  of  a  finite  number  of  points  e, ,  e„,  ...  er. 

If  all  the  improper  integrals 

f"""/(«)<t.,  r~V(«)<fe.  r~V(«)<fc 

each  of  which  falls  under  the  last  case,  have  each  a  definite  limit  as 
6i,  e,',  e2,  e3', ...  converge,  independently  of  one  another,  to  the  limit  zero, 
then  the  sum  of  the.se  limits  is  taken  to  define  the  integral 


J'/(«)fc 


It  is  clear  that  this  definition  admits  of  extension  to  the  case  in  which  6 
is  of  the  first  species  and  of  any  order.  It.  is  also  clear  that  an  integral 
in  (a,  b),  which  exists  in  accordance  with  [.his  definition,  entails  the  existence 
of  the  integral  in  (a,  w),  and  in  any  continuous  interval  contained  in  (a,  b)  ;  and 
further  the  truth  of  the  theorem 


£  f{x)  dx  =  £/(«) <*•  +  £  /<«)  «*» 


The  definition  has  been  extended  by  Schonffies  *  to  the  case  in  which  6 
is  enumerable  but.  possesses  derivatives  of  trausfinite  order. 

In  the  case  in  which  f(x)  is  absolutely  integrable  in  accordance  with 
Harnack's  definition,  and  in  which  G  is  of  the  first  species,  it.  can  be  easily 
shewn  that  llarnaek's  definition  reduces  to  the  one  here  given. 

It  should  be  observed  that,  in  the  case  of  a  non-absolute ly  convergent 
improper  integral  which  has  an  infinite  set  of  points  of  infinite  discontinuity, 
the  theorem  that  the  function  is  integrablo  through  any  set  of  intervals 
contained  in  the  interval  of  integration,  docs  not  in  general  hold  ;  so  that  such 
improper  integrals  are  not  in  this  respect  on  a  parity  with  proper  integrals. 
For  it  may  be  possible  to  choose  an  infinite  set  of  intervals  so  that  f{x)  is 
everywhere  positive  in  them ;  and  then  the  sum  of  the  integrals  of  f(x)  through 
these  intervals  does  not  in  general  converge  to  a  finite  value,  the  existence  of 
the  integral  in  (a,  b)  depending  essentially  on  the  cancelling  of  the  integrals 
through  those  parts  of  (a.  (>)  in  which  /(ft')  is  positive,  with  the  integrals 
through  those  parts  in  which  f(x)  is  negative.     The  two  integrals 

JV(.)<J*    £/-(■)<!• 

*  See  Ms  Bfiicht,  p.  185;  a  similar  definition  lias  ;;N(>  k:«u  finiiln_yi:(l  by  de  la  Valine- Pousara, 
lot.  cit.,  p.  453. 
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have  no  finite  values,  although 

may  have  a  definite  finite  value. 

That  F(x)  =  I    /(#)  dm  is  a  continuous  function  of  the  upper  limit  w,  in 

the  ease  when  the  integral  is  a  non-absolutely  convergent  improper  integral, 
in  accordance  with  the  definition  hero  given,  can  be  shewn  as  follows: — 


Sine 


F(m  +  h)-F(»)-j^hf(m)dmi 


if  a;  be  a  point  of  infinite  rlisooiii'.i  unity  of /(.'«),  we  know  that  the  integral  on 
the  right-hand  side  has  the  limit  zero,  when  ft  is  indefinitely  diminished 
either  through  positive  or  through  negative  values ;  and  hence  a  value  /(-,  can 
be  found  such  that      \F(x  +  h)-F(ts)\<  e,    for  \h\< k, . 

In  case  as  be  not  a  point  of  infinite  discontinuity  of  f(x\  the  proof  is 
identical  with  that  which  has  been  given  for  the  case  of  a  proper  integral. 

EXAMPLES. 

1.  Let  fix)  denote  a  function  which  is  integrable  in  every  interval  (a,  b),  where 
0  <  a<  b  ;  and  let/(s;),  be  in  the  neighbourhood  of  the  point  0,  of  the  form  --  A-  ,  where 

/;  is  positive,  and  0  (./■;  is  a  limited  fund. inn  of  constant  sign. 

We  have 

I  f*'#(*)j   I       .   (e'<te        A   r„  .      ... 

\j.  *¥**]<*  j.  ^ttV1--*-^ 

where  A  is  some  positive  number. 

If  0  <  k  <  1,  it  is  clear  that  j  ■■-/'t'-  d.v  is  arbitrarily  small  for  a  sufficiently  small 
value  of  ('(>  i),  and  therefore  the  improper  integral  I  /  ;'.■■■;  d.v  exists,  being  convergent 
at  the  point  ^  =  0.     If  h  g  0,  the  improper  integral  does  not  exist. 

2.  Let  /(#)  be,  in  the  neighbourhood  on  the  right,  of  the  point  0,  of  the  form 
- -,■-■        {,  .    ,  where  a  is  nnsitive,  mid  rji  ■'..■•':  ^iti-tie-i  -tl i ■  ■  .s'ciie  condition  as  in  Ex.  1. 

Wo  have 

I  f«'     ^;  k|      .^_  ^,_ 

(/,  *pflgtf|1+»      |      p  "•   "  J         l   o    j     ii 

and  thus  the  improper  hitegral   I     f(x)dr<j  exists,  being  absolutely  convergent. 

3.  /  — —  d.i;,  taken  through  any  interval  which  contains  a  point  of  infinite  dis- 
continuity of  tan. k,  does  not  exist. 
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j.     taj. 


dx>  -  log  -. 7, 


and  this  is  arbitrarily  great  for  ;i.  sulliciont.ly  great  value  nf  s.V ;  thus  the  integral  does  imt 
eonvorge  at  the  point  a'  =  ^ir.  The  integral  p> >^o.-.oj  howtvc-r  a.  principal  value  at  the 
point  -gTr.     For  the  .stun  of  the  inteLir.-.ls  !:■.-. ken  tlir.aieh  the  intervals  f-Jn-~e,  ^w-e')  and 

(i,7+,',^+,)i« 

J_'cot^.jJ'j:!<fa<2.(i^-.")->(l-i.'r1, 

and  this  converges  to  0,  with  t. 

4.  The  function  eos  ('.''-)+  ',  ej:sin  («■')  oscillates  between  indelinitdy  great  positive  and 
negative  values,  in  I.be  iieighli'inrliOL.d  of  t!m  paint  ,1  =  0.  For  every  value  of*  except 
,t  =  U,  the  function  =  ■'   {.'.■cos  (&% 


A:,,. 


/jiCoo.WJd.-.o-^-^oo.C?!, 


where  e  >  e"  >  0.     It  thus  appears  that  the  integral  nf  the  function  converges  at  the  point 
j.'=0  ;  and  therefore  the-  ('unction  in  integiablo  iti  an  interval  containing  l.ha.t..  point. 

282.  The  general  theory  of  improper  definite  integral;;,  both  those 
which  converge  absolutely,  and  those  which  converge  non-absolutely,  defined 
according  to  Harnack's  definition,  has  been  treated  by  E.  H,  Moore*,  who 
has  also  considered  other  definitions  of  such  improper  integrals. 

It  has  been  shewn  in  §  276,  that  \i  f(x)  have  an  improper  integral  in 
(a,  b),  in  accordance  with  Harnack's  definition,  and  such  integral  be 
absolutely  convergent,  then  /(*')  is  also  integrable  in  any  interval  (a,  b") 
which  is  part  of  (a,  b).  It  will  now  be  shewn  that  this  holds  whether 
the  improper  integral  converges  absolutely  or  notf. 

Let  \S\  denote  a  finite  set  of  intervals  enclosing  all  the  points  of  infinite 
discontinuity  of /(it),  each  interval  of  the  set  enclosing  at  least  one  such 
point ;  we  may  denote  by  fa  (m)  a  function  which  is  zero  at  all  points  interior 
to  the  intervals  [S\,  and  is  at  every  other  point  of  (a,  b)  equal  to /(«:). 
The  corresponding  function  for  any  other  such  set  of  intervals  {&']  may  be 
denoted  by  ft/  (%). 

The  condition  stated  in  §  271,  for  the  existence  of  the  improper  integral 
I  f(ffy  dx,  may  be  expressed  in  the  form  that,  corresponding  to  an  arbitrarily 
fixed  positive  number  e,  it  shall  be  possible  to  fix  a  number  £  such  that,  for 
any  two  sets  of  intervals   [8},  (S'},  such  that  SS  <  f,  %£'  <  {,,  the  condition 

|jV,(»)<b-£yK«)il.J<« 

may  be  satisfied. 

*   Trails.  Amur.  Math.  Sue,  vol.  n,  1901,  p.  2u(i,  and  a  second  papa1,  p.  469. 

t  This  is  contrary  to  a  ^ in  lenient  Hindi:  i.iy  Stely  ;   *ce  (JntittUHiw,  vol.  in,  p.  277. 
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Assuming  that  this  condition   is  satisfied  for  every  value  of  e,  it  will  be 
shewn  that,  for  every  pair  of  points  a,  b'  in  (a,  b),  the  condition 


I    rb'  rb' 

J^/t(«)i.-J^(*)d» 


is  satisfied,  provided    [8},  \S'\  are  any  two  sets  of  intervals  of  the  prescribed 
kind,  and  such  that  28,  28'  are  each  less  tlian  £f. 

Let  it  be  assumed  that,  if  possible,  a',  &*",  [S\,  {$'}  can  be  so  determined, 
subject  to  the  conditions  28  <  ££,  28'  <  J£,  that 


It  will  then  be  shewn  that  finite  sets  '{&-},  \B'-S'\  emi  ].io  determined,  each 
of  total  length  less  than  %,  and  each  containing  the  set  of  points  of  infinite 
discontinuity,  for  which 


//»(«>  <t -//».(*> 


(/.<■     ^  f 


and  since  this  is  contrary  to  the  hypothesis,  the  impossibility  of  the  above 
assumption  will  have  been  demonstrated. 

To  define  {S(-'j,  [8"1},  we  take  any  interval  of  {8}  within  (a',  ¥),  as  an 
interval  of  (8W} ;  and  any  interval  of  [S'}  within  (a,  b'\  as  an  interval  of 
{S(:"j.  Further,  we  take  for  the  parts  of  {8(2,j  and  {B{3]\  within  («,  a') 
and  (&',  b)  the  set  of  those  intervals  which  are  common  to  the  parts  of 
{8}  and  \8'}  that  lie  in  (a,  a')  and  (6',  b). 

In  case  a  is  contained  in  intervals  (a,  /3),  (a',  ,8'),  of  {8}  and  of  (8') 
respectively,  we  take  (a,  #)  and  («',  /3')  as  intervals  of  j8l!|}  and  of  {8(a)j 
respectively,   where  a' ><x.     A  similar  specification  will  refer  to  b'. 

It  is  now  clear  that,  in  accordance  with  these  definitions  of  {S(3)}  and 
{800},  We  have  /,(«)-/« (*),  and /,(«)-/„ <»),  if  *  is  within  («',  tf); 
and/j5(2,(fl;)=/S(S)(a;),  if  x  is  within  (a,  a'),  or  within  (&',  6). 

It  follows  that 

£/«.i  («>  *<  -  //» («)  *»  -  //« w  *■  -  £a  w  * 


/Vw («)  *>-//.» (»)*•  |  «< 


moreover  it  is  clear  from  the  mode  of  construction  of  {8M}  and  |8(3,j,  that 
28w  <  £,  2S(3)  <  £  The  impossibility  in  question  has  therefore  been 
demonstrated. 

Since  for  every  pair  of  numbers  a',  b'  such  that  uSa'<b'£b,  corre- 
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sponding  to  any  arbitrarily  chosen  number  e,  a  number  \t,  can  be  found 
such  that 

|  J  J,  (.)  im  -£/»(«)  it  |  <«, 

for  every  pair  of  sets  of  intervals  {5),  [8'},  enclosing  the  points  of  infinite 
discontinuity,  at  least  one  such    point,  being  contained  in  each  interval  of 

either  set,  and  such  that  ~£b  <  \%,  So"  <  ^ J,  it  follows  that  I   f(x)  das  exists. 

Moreover,  since  t,  is  independent  of  a',  V,  we  have  established  the 
following  theorem : — 

fb 

If  f  f(pe)diu  exist  as  an  improper  iutmral,  in  accordance-  with  Harnack's 
definition,  then  j  /{&■)  d-m  also  exists,  where  a,  b'  are  such  that  a&a'  <b'  Ab; 
and  the  couver/jeuce  of  this  inteijral-  is  uniform  for  all  values  of  a  and  b' . 

The  last  part  of  this  theorem  expresses  the  fact  that 

provided  2  (5)  <  -££,  for  every  value  of  a'  and  b' ;  the  number  f  depending  on 
the  arbitrarily  chosen  number  e. 

The  theorem         j  /(«)  dm  +  j   /(as)  dm  =  I  /(as)  da- 
is ra£id. 

This  follows  from  the  corresponding  theorem  for  the  proper  integrals 
of  _/j(as);  for  it  appears  that  the  expressions  on  the  two  sides  of  the 
equation  differ  from  one  another  by  2e  at  most ;  and  since  e  is  arbitrarily 
small,  their  equality  is  established. 

Since  the  existence  of  the  integral  of/(.r)  in  any  sub-interval  (of,  b') 
of  (a,  b)  has  been  shewn  to  be  a  necessary  consequence  of  the  existence  of 
the  integral  in  (a,  b),  it  is  clear  that  the  integral  of  /(as)  taken  through 
any  finite  set  of  non-overlapping  intervals  contained  in  (a,  b)  also  exists; 
being  the  sum  of  the  integrals  taken  through  the  separate  intervals.  How- 
ever, if  a  non-finite  set  of  non-overlapping  intervals  be  taken  in  (a,  b),  it  is 
not  in  general  true  that  the  sum  of  the  integrals  of ,/'(.«)  through  these 
intervals  converges  to  a  definite  number,  unless  the  integral  of  /(&')  is 
absolutely  convergent,  which  case  has  been  treated  in  §  277.  It  will  in 
fact  be  shewn,  hy  means  of  an  example,  that  the  property  in  question, 
that  f(w)  is  integrable  through  a  non-finite  set  of  intervals  in  (a,  b), 
does  not  appertain  to  non-absolutely  convergent  integrals,  and  must  be 
regarded  as  peculiar  to  absolutely  convergent  integrals.  This  does  not 
however  seem  a  sufficient  reason  for  refraining  from  applying  the  term 
"integral"  to  non-absolutely  convergent  improper  integrals. 
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283.  The  following  theorem  contains  the  necessary  and  sufficient  con- 
ditions for  the  existence  of  the  improper  integral  of  a  function  f(x)  in 
an  interval  (a,  b),  in  which  the  set  G  of  points  of  infinite  discontinuity 
of  f(x)  exists. 

The  coirvpleruenUi.ru  internals  of  G  being  denoted  by  («„,  />„),  the  necessary 
and  sufficient  conditions  for  the  existence  of  I  /(so)  dx  are 

(V)    tliat   all   the   integrals    I     f{x)dx   shall   eiist,   each   such  integral 

being  defined  as  the  limit  of  /(*')  die,  when  e,  /  converge  independently  to 

the  limit  zero,  and 

(2)  that  to,  +  a>.,  +  ...  +  o„  shall  converge  to  a  definite  number,  as  v  is 
indefinitely  increased;  where  gi„  denotes  the  Jlu.ctuniioii  of  I  f(x)dx  in  tlte 
interval  (ar,  bv). 

Moreover,  when   the  conditions  (I)  and  (2)  are  satisfied,  the  sum 

!_  J  ■/(«)*. 

tb 

is  convergent,  and  its  limit,  an  v  in  indefinitely  decrease/,  is  I   f(a;)dw. 

For  the  proof  of  this  theorem,  which  is  due  to  E.  H.  Moore,  reference 
must  be  made  to  Uic  original  memoir*. 

It  will  be  observed  that  in  Harnack's  definition  of  an  improper  integral, 
the  set  of  intervals  {%}  which  are  of  arbitrarily  small  sum,  Mid  which  enclose 
the  points  of  infinite  discontinuity  of  the  function,  have  been  so  chosen  that 
each  interval  5  contains  at  least  one  of  these  points.  If  this  latter  condition 
were  omitted  from  the  definition,  the  amended  definition  would  admit  only 
of  the  existence  of  absolutely  convergent  improper  integrals.  An  integral 
thus  defined  has  been  named  by  E.  H.  Moore  a  broad  integral,  in  contra- 
distinction to  the  narrow  integral  as  given  by  1  larnuek'.s  original  definition. 
It  is  unnecessary  here  to  shew  that  a  broad  integral  is  necessarily  absolutely 
convergent,  because  the  corresponding  definition  for  double  integrals  will  be 
fully  considered  below.  The  broad  integrals  are  a  special  case  of  the  narrow 
ones;  those  narrow  integrals  which  are  not  broad  ones  are  the  non -absolutely 
convergent  integrals. 

284.  A  method  will  now  be  given  of  constructing  a  function  /(*)  which 
is  continuous  at  every  point  of  the  interval  (a,  6),  except  at  the  point  b  at 
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which  the  function  haw  an  infinite  discontinuity  of  such  a  character  that 

J  f(x)deo  converges  non-absolutely. 

Let  a  sequence  of  intervals  («,,  b,),  (a.,,  K), ...  (aw,  bM) ...  be  defined  in  the 
interval  (a,  b),  such  that  no  two  of  the  intervals  overlap,  and  that  b  is  the 
limiting- point  of  each  of  the  sequences  («!,  a,2, ...  an  ...),  (b\,  &,,...&,„...), 
Let  Uj  +  u2+ ... +un  + ...  denote  a  no n -absolutely  convergent  arithmetic 
series  (see  Chap.  VI).  In  (a„,  bn),  let  f(x)  be  defined  so  as  to  be  continuous 
in  that  interval,  and  everywhere  of  the  same  sign,  and  let  /(&')  vanish  at 
a-IL  and  bn.     Further,  let  f(x)  be  so  chosen  in  the  interval,  that 

At  all  points  of  (a,  b)  exterior  to  all  the  intervals  (a„,  &,,),  let/(ic)  =  0. 

The  function /(.-«)  so  defined  is  continuous  in  (a,  b),  except  at  b. 

In  (an,  &„),  the  function  ]/(■>:)  ,  has  a  maximum  greater  than  !  %  [/(&„  —  an), 
and  therefore  f(w)  lias  indefinitely  great  posii.ivo  and  negative  values  in  every 
neighbourhood  of  the  point  b. 

We  have  now 

I    f(m)  dx  =   2  «*  +  0w.,1+1  , 
if  *  lies  in  the  interval  (bn,  bn+1) ;  where  6  is  some  proper  fraction. 

Now  the  improper  integral  J  f(a))dx  is  defined  by  lim  I  f{x)d&,  and 
its  value  is  therefore  the  limiting  sum  of  the  series  w,  +  wa  +  ...  +  w„+  .... 
It  is  further  clear  that   I   |/(a.')]<fa  does  not  exist,  since  the  aeries 

KI+KI+...  +  1..1+... 

is  not  convergent. 

This  case  may  be  employed  to  illustrate  the  fact  that  the  non-absolutely 
convergent  improper  integral  is  not  necessarily  the  limit  of  the  sum  of 
the  integrals  taken  through  a  set  of  intervals  which  in  the  limit  converges 
to  the  whole  interval  of  integration  ;  and  thus  that  such  an  integral  is  not  a 
broad  integral. 

Let  the  integral  of  /(*)  be  taken  through  the  intervals 
(a,  bm),  («„„  bPl),  (aPl,  &„„) ...  K,  V). 
where  Pi,Pi,...pr  are  increasing  numbers  al!>m,  such  that  uPi,  u.lh,...uPr 
arc  all  of  the  same  sign.    It  is  clear  that  m  may  be  so  chosen  that  I    /(,«)  dx 
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is  arbitrarily  near  to  I   f(x)dx\  then,  for  audi  a  fixed  value  of  to,  the  numbers 

pi, p?,  ...pr  may  be  so  chosen  that  uV!  +Up,  +  ...  ",,,.  is  as  large  as  we  please, 
since  the  scries  ~S.un  is  non-absolutely  convergent.  As  m  is  increased  in- 
definitely, the  set  of  intervals  (a,  bm),  (%,  bp)  ...  (apr,  bPl)  converges  to  the 
whole  interval  (a,  6),  the  total  length  of  the  complementary  part  of  (a,  b) 
diminishing  indefinitely,  and  yet  the  sum  of  the  integrals  of  f{x)  taken 
through  the  set  of  intervals  is  divergent. 

This  example  may  be  used  to  illustrate  the  fact  that  the  theorem 
established  in  §  278,  for  absolutely  convergent  integrals,  does  not  hold  for 
non-absolutely  convergent  integrals.     It  is  not  in  fact  true  that,  in  defining 

[  f{x)dw,  the  set  of  points  alt  a,, ...  an  ...  b,,  ia, ...  ba,  ...b,  which  is  of  zero 

content,  may  be  excluded  by  enclosing  these  points  in  a  set  of  intervals 
of  arbitrarily  small  sum.  For  we  may  include  all  the  points  a,,  «,,...  «,„, 
bu  6j, ...  bm  which  occur  in  (a,  bm)  in  a  finite  set  of  intervals,  so  that  when 

these  are  excluded  from  the  domain  of  integration  of  I  f(ai)dw,  that 
integral  is  altered  by  an  arbitrarily  small  amount. 

Again  we  may  shorten  each  of  the  intervals  (uPi,  bp.) ...  (a^,  6^.)  at  each 
end,  so  that  the  sum  of  the  integrals  taken  through  these  intervals  is 
diminished  by  an  arbitrarily  small  amount.  All  the  points  alt  <%,..., 
bu  b.2,...b  are  now  included  in  a  finite  set  of  intervals,  such  that  the  integral 
of  f{x)  taken  through  the  complementary  Intervals  has  an  arbitrarily  great 
sum.  These  complementary  intervals  consist  of  those  intervals  which  have 
been  obtained  by  shortening  (aPi,  bPl)  ...  {aPr,  6^,),  and  of  the  parts  of  (a,  bm) 
which  remain  when  the  points  alt  bl:  a?,  b2, ...  6,„  have  been  included  in  a 
suitable  set  of  intervals.  . 

Let  <£(«)  be  an   improper  integral  for  which  all  the  points  a,.,  a.^,..., 

&I;  b.,,...b  are  points  of  infinite  discontinuity ;  and  thus  I  <f> (x) dx  may  exist 

in  accordance  with  Harnack's  definition.     Also    I    f(x)  dx  exists,  as  defined 

above,  having  its  single  point   of  infinite    discontinuity  at   b.     It  appears 

rb 
however  that    I    {/(&■)+  <j>  (a;)}  dx   does  nut   exist,  because  /(*;)  +  0  (x)   has 

infinite  discontinuities  at  all  the  points  an,  bn,  and  at  b,  and  its  existence 

rb 
would  imply  that  in  defining  I   f(x)  dx  we  could  employ  sets  of  intervals 

which  exclude  not  only  the  point  b,  but  also  all  the  points  an,  bn. 
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THE  FUNDAMENTAL  THEOREM  OF  THE  INTEGRAL  CALCULUS  FOR  THE 
CASE  OF  IMPROPER  INTEGRALS. 
285.  The  theorem  of  §  260,  that  if  f{x)  be  integrate  in  {a,  b),  and 
F(x)  be  the  corresponding  integral  function,  any  one  of  the  (our  derivatives 
DF<%)  of  F{x)  is  integrable  in  (a,  b),  and  has  F(x)  for  its  integral  function, 
is  applicable  to  the  ease  in  which  the  integral  of/ (V)  is  improper  in  the  sense 
in  which  an  improper  integral  has  been  defined  above  in  the1  two  cases  of 
absolute  and  oi  non-absolute  convergence. 

Let  F(x),  ty  (a?)  be  two  functions  which  arc  both  continuous  in  (a,  b),  and 
let  us  suppose  that  one  of  the  four  derivatives  DF'x)  is  finite  and  equal  to 
the  corresponding  derivative  Dty  (»:).  at  every  point  of  (a,  b)  with  the  excep- 
tion of  a  set  of  points  O,  non-dense  in  (a,  b),  and  such  that  the  content  of  the 
closed  set  H,  obtained  by  adding  to  G  all  its  limiting  points,  is  zero.  At  the 
points  of  H,  the  derivatives  JJF(w'),  D^r  (V)  may  be  supposed  not  to  be  finite, 
or  not  to  be  equal. 

The  function  F(x)~\jf(x)  is  then  constant  throughout  any  one  of  the 
intervals  complementary  to  H ;  and  it  has  been  shewn  in  §  206  that 

is  constant  throughout  (a,  6),  in  case  H  be  enumerable,  but  that  it  need  not 
be  constant  if  II  be  unenumerable.  In  the  latter  case  the  complementary 
intervals  of  H  are  lines  of  invariability  of  F (x)  —■ty-{%),  and  the  function 

DF{a>)~D^r(a>) 
is  a  null-function  with  an  improper  integral  in  (it,  b). 

If(f>(x)  be  a  ooriiiui.iovs  fuuctioi/,  and  one  of  its  four  dvi-imtlw--; 

ftfM-/M, 

have  a  set  of  points  of  in/hrita  dwco/itiiiaiti/  wld-ck  is  enumerable,  andD<j)(%) 
have  an  improper  integral  in  (a,  b),  then 


/: 


For  the  set  of  points  of  in  finite  discontinuity  is  non-dense  and  closed,  and 
has  zero  content,  since  i  f{as)da:  exists.  If  yjr(x)  =  I  f(x)dx,  the  two 
functions  i^(a.'),  <j>(x)  arc  both  continuous,  and  have  the  derivatives  Dty(x), 
D$  (%)  everywhere  identical  with  fix),  except  at  that  set  of  points,  of  zero 
measure,  at  which  /(&■)  is  discontinuous.  Hence  (see  §  224),  in  any  interval 
containing  no  points  of  infinite  discontinuity  of /(.»)>  the  functions  <f>(x),f(x) 
differ  by  a  constant.  Since  fix)-  0  («)  has  as  lines  of  invariability  the 
intervals  complementary  to  an  enumerable  closed  set,  it  is  constant  through- 
out (a,  V) ;  and  it  is  clearly  equal  to  0  (a). 

If  the  set  of  points  at  which  D<j>(x)=f(x)  is  infinite  be  of  the  power 
of  the  continuum,  we  can  no  longer  conclude  that  ty(ee),  <p  (*)  differ  by  a 
constant.     In  this  case  we  have  the  theorem : — 

25—2 
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If<p  (x)  be  a  continuous  function,  such  that  one  of  its  derivatives 
fl#(«)s/(«) 
;  improper  integral  in  (a,  h),  and  if  the  set  of  points  of  infinite 
y  of  Dib(x)  be  unen>i/ueruMe,  then 

£/«<*«  =  +  («)-*(«)  +  f«  -  U(a) 

where  U  (*■)  't«  «■  f  miction  with  an  everyvjltere-dense  set  of  tines  of  invariability. 

Accordingly,  in  this  case,  the  fundamental  theorem  of  the  Integral 
Calculus. does  not  hold,  in  its  original  form. 

The  following  definition  of  the  definite  integral  of  a  function  f(x), 
which  in  the  interval  (a,  b)  possesses  an  enumerable  .set  0  of  points  of  infinite 
discontinuity,  has  been  given  by  Holder*. 

Let  F(x)  be  any  function  which  is  continuous  in  {a,  b),  and  is  such  that 
for  any  two  points  xlt  x,,,  such  that  no  point  of  G  lies  in  the  interval  (at,,  x^), 
the  relation 

holds;    the  function  f(x)  being   assumed  to  be  integrable  in  every  such 
interval.     Then  the  definite  integral  a\'f(x)  in  any  interval  {a,  b')  whatever, 

ft,' 
contained  in  (a,  b),  is  defined  by   I   / '(#)  dx  —  F (b')  —  F (a1). 

That  F(x)  is  unique,  except  for  an  additive  constant,  has  been  shewn 
above.  If  G  were  unenumern.ble,  this  definition  would  not  suffice  to  define 
the  integral,  because  F(w)  would  not  be  unique. 

GEOMETRICAL    INTERPRETATION     OF    INTEGRATION. 

286.  Letf(x)  be  a  limited  function  defined  for  the  interval  (a,  6),  and  of 
which  all  the  values  are  positive  or  zero.  This  function  may  be  considered  to 
define  a  two-dimensional  set  of  points  (x,  y)  which  consists  of  all  the  points 
of  which  the  coordinates  satisfy  the  conditions  a  &  x  S  b,  0  ^  y  &f(x).  In 
accordance  with  Jordan's  theory  of  the  measure  of  sets  of  points  (see  §  84), 
this  set  has  an  exterior  extent,  and  an  interior  extent,  and  the  set  of  points  is 
measurable  when  the  two  have  the  same  value.  The  extent  of  a  two- 
dimensional  set  of  points  may  be  regarded  as  a  generalisation  of  the  con- 
ception of  area ;  thus  in  the  present  case,  the  exterior  extent  and  the  interior 
extent  may  be  spoken  of  as  the  exterior  area  and  the  interior  area  of  the 
space  bounded  by  the  axis  of  x,  the  two  straight  lines  x=  a,  x=b,  and  the 
"  curve  "  defined  by  y  —f(x).  'This  set  of  points  G  has  an  area,  in  the  ordinary 

~   Math.  Amude.li.,  vol.  xxiv.  1HS-J. 
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sense,  when  the  exterior  area  and  the  interior  area  are  equal.  The  frontier 
of  the  two-dimensional  set  G  consists  of  those  points  of  G  which  are  limiting 
points  of  the  complementary  set  0(G),  and  of  those  points  of  0(G)  which  are 
limiting  points  of  G.  Those  points  of  G  which  do  not  belong  to  the  frontier 
are  said  to  be  interior  points  of  G.  If  a  rectangle  be  drawn  on  (a,  b)  as  base, 
and  of  height  greater  than  the  upper  limit  of f(w)  in  (a,  b),  and  if  this 
rectangle  be  divided  into  a  number  of  rectangular  portions  by  drawing 
straight  lines  parallel  to  the  axes  of  coordinates,  then  if  the  number  of  these 
rectangles  is  increased  in  definitely,  in  such  a  manner  that  the  maximum  of 
the  diagonals  has  the  limit  zero,  then  the  interior  extent  of  the  given  two- 
dimensional  set  of  points  is  the  limit  of  the  sum  of  those  rectangles  every 
point  of  each  of  which  is  an  interior  point  of  G.  The  exterior  extent  is  the 
limit  of  the  sum  of  those  rectangles,  each  of  which  contains  at  least  one  point 
which  is  either  an  interior  point  or  a  point  of  the  frontier  of  G. 

If,  at  any  stage  of  the  subdivision  into  rectangles,  those  sides  which  are  on 
(a,  b)  be  St.,  8,,,  ...  §rl>  the  two  sums  just  referred  to  are 

£SD"(S),     ls£(8), 

where  JJ  (8),  L  (8)  are  the  upper  and  lower  limits  of  f(x)  in  the  interval  8 ; 
and  the  limits  of  these  sums  are  the  upper  and  lower  integrals  of  f{x)  in  the 
interval  (a,  b). 

It  thus  appears  that  the  upper  integral  I    f(x)dx  is  the  exterior  extent 

of  the   set   of  points   defined   by  a  &  x  &b,  OSi/S  f(tc) ;   and  the   lower 

integral  I  J(x)dx  is  the  interior  extent  of  the  same  set.    If /(a;)  be  integrable, 

the  upper  and  lower  integrals  are  equal,  and  the  set  of  points  is  measurable 
in  accordance  with  Jordan's  definition  of  measure.  Thus  the  integral  repre- 
sents the  area  defined  as  the  measure  of  the  set  of  points,  when  that  set  is 
measurable. 

In  case  f(x)  be  limited,  but  not  always  positive  or  zero,  we  may  take 
f(x)=f1(x)  —  fi(x),  where  f,  (x)  =  f(m)  when  f(x)  is  positive  or  zero,  and 
/,  (%)  =  0,  when  /(*;)  is  negative  ;  with  a  corresponding  definition  of  /,  (a;).  In 
ease   the   two  sets  of  points  (x,  y)  for  which  a  A  m  £  b,  OSjf^/^it)  and 

a  S  #  3  J>,  0  &  y  S/"a  (x)  are  both  measurable,  the  integral  I    f{x)  dx  is  the 

excess  of  the  measure  of  the  first  of  the  two  sets  over  that  of  the  second ;  and 
this  may  be  interpreted  as  the  excess  of  that  part  of  the  area  defined 
by  x  =  a,  %=  b,  y  =  0,  y—f(x)  which  is  above  the  «.'-axis  over  that  part  which 
is  below  it. 

If  the  two  sets  of  points  be  not  measurable,  the  exterior  and  interior 
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extents  of  the  first  set  are  I   /,  (a:)  dx,    j    f,  (a;)  (fe;  and  those  of  the  second 

set  are   I    fi(x)dx,    j    /2 (a:)d.v  respectively. 

The  upper  integral  j  ./(.*)  d.«  is  then  the  excels  of  the  exterior  extent  of 
the  set  «,  S  a:  £  6,  0  3  j/  S  f,  (x),  over  the  interior  extent  of  the  sot  a  £  %  S.  b, 
0  &y^f2 (so);   whilst  the  lower  integral    J    /(#)<&;  is   the  excess  of  the 

interior  extent  of  the  first  of  the  sets,  over  the  exterior  extent  of  the 
second  set. 

The  condition  of  integrahility  of  the  function  f(x)  is  that  the  frontier 
which  consists  of  the  set  of  points  a  3  x  3  b,  y  =/(a>)  when  closed  by  adding 
the  limiting  points,  shall  be  a  set  of  zero  measure ;  this  measure  being  that 
which  is  applicable  to  two-dimensional  sets.  This  is  the  condition  for  the 
existence  of  the  area  in  the  ordinary  sense  of  the  term,  and  is  equivalent 
to  that-  of  the  existence  of  the  corresponding  integral. 

If  a  linear  set  of  points  G  be  defined  on  the  #-axis,  which  is  limited  and 
lies  in  the  interval  (a,  b),  then  a  function /(sj)  may  be  defined  by  the  rule  that 
f(x)  =  1,  if  x  be  a  point  of  (?,  and /(as)  =  0,  if  x  be  not  a  point  of  G.  This  set 
G  has  always  an  exterior  extent,  and  an  interior  extent,  which  are  given  by 


J7(*)<fc,  £/(»)*> 


respectively,  as  may  be  seen  by  referring  to  the  definitions.  For  it  is  easily 
seen  that  the  exterior  or  the  interior  linear  extent  of  G  is  numerically 
identical  with  the  corresponding  extent  of  the  two-dimensional  set,  defined 
by  the  function  y  =f  (as).  When  Q  is  measurable  in  accordance  with 
Jordan's  definition  of  a  linear  measure,  the  function  f(x)  is  integrable  in 
{a,  b),  and  j  f(x)  dx  is  the  measure  of  G.  This  measure  may  be  regarded  as 
a  generalization  of  the  notion  of  length  of  a  linear  interval.  The  condition 
that  a  linear  set  G  be  measurable  is  that  its  frontier,  which  consists  of 
those  points  of  G  which  are  limiting  points  of  0(G),  and  of  those  points 
of  0(G)  which  arc  limiting  points  of  G,  have  the  linear  measure  zero. 

lebesgue's  theory  of  integration. 

287.  A  definition  of  integration  has  been  developed*  by  Lebosgue  which 
is  applicable  to  a  more  extensive  class  of  functions  than  those  which  are 
integrable  in  accordance  with  Ricmann's  definition.  The  theory  depends 
essentially  upon  the  employment  of  the  conception  of  the  measure  of  a  set  of 
*  See  his  memoir  "Integrate,  Longueur,  Aire,"  AmuUi  di  Mat,  series  ma,  vol.  to,  1302; 
also  hie  Lemons  aw  V integration,  Fails,  1904. 
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points,  in  the  sense  in  which  the  term  is  employed  by  Borel  n,nrl  Lebesgue.  It 
has  been  shewn  in  Chapter  III,  that  a  set,  which  is  measurable  in  accordance 
with  the  definition  employer!  by  Jordan  is  also  measurable  in  accordance 
with  the  definition  employed  by  Bovel  and  Lebesgue,  but  that  the  converse 
does  not  hold. 

A  function  fix)  defined  for  the  itderriU  (a,  b),  in  said,  to  be  mmm-aMe.  if 
the  set  of  points  so  of  the  interval  (a,  b),  for  which  A  <f(s)  <  B,  is  always 
ineastrnMe,  wind-ever  numbers  A    and  B  may  be. 

A  function /(,'.)  which  satisfies  the  condition  stated  in  the  definition  may 
or  may  not  be  limited. 

The  set  of  points  of  (a,  b)  for  which  f(x)  has  a  fixed  value  k  is  measurable, 
if  f(oc)  is  a  summable  function.  For  this  set  is  the  set  of  points  common  to 
the  measurable  sets  for  which  k  —  8  <f(x)<k  +  S,  whore  S  has  a  sequence  of 
values  converging  to  zero;  hence,  by  a  theorem  of  §  82,  the  set  for  which 
/(ic)  =  k,  is  measurable, 

Let  f(x)  be  a  summable  function  which  is  limited  in  (a,  b),  and  is  never 
negative.  Let  the  interval  (L,  U)  of  variation  of  f(x)  be  divided  into  any 
n  parts  (a,s,  a,),  (a,,a3), ...  (an-i.On),  where  a„  =  L,  a„=  U.  Let  e,  be  the  linear 
set,  of  points  in  (a,  b)  for  which  f(si)  =  a„  and  let  e/  be  the  linear  set  of  points 
in  (a,  b)  for  which  at<f(x)  <al+1 ;  let  E  denote  the  two-dimensional  set  of 
points  for  which  aSsst,  Oli/S /(«).  Those  points  of  the  set  E  for 
which  the  values  of  x  belong  to  e,  form  a  two-dimensional  set,  of  which  the 
measure  is  alm(e,);  and  those  points  of  K  for  which  the  values  of  a;  belong  to 
e'  form  a  set  which  contains  a  set  of  measure  atm(e'),  and  is  itself  contained 
in  a  set  of  measure  al+1m  (ef). 

The  set  E  contains  a  set  of  measure 

I  o,m(flJ+i  at_1m{e'i_1)  =  Jf; 

and  it  is  contained  in  a  set  of  measure 

I  atm(ec)  +  I  a,m,(e\-i)  =  M'. 

The  interior  measure  of  E  is  £  M,  the  measure  of  the  set  which  E  contains;  and 
the  exterior  measure  of  E  is  S  M',  the  measure  of  the  set  in  which  E  is  con- 
tained. The  measures  M  and  M'  of  the  two  sets  differ  from  one  another  by 
not  more  than  (b  —  a)  a,  where  a  is  the  greatest  of  the  numbers  a,  —  «.,_, .  If 
n  be  increased  indefinitely,  and  the  sub-division  of  (L,  U)  be  such  that  the 
greatest  interval  a  converges  to  zero,  we  see  that  the  limits  of 

I  atm(e,)+2a1_im(e'l_I) 

both  exist,  being  identical  in  value,  and  that  E  is  measurable,  its  measure 
being  the  common  limit.     It   is  easily  seen,  by  superimposing  two  sets  of 
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sub-divisions,  that  the  common  limit  is  independent  of  the  particular  sets 
of  sub- divisions  of  (U,  L).     It  lias  thus  boon  proved  that: — 

If  /(»)  &e  a  limited  sammtMe  /auction  -which  is  never  negative  in  the 
interval  (a,  b),  then  the  two-dimensional  set  E  of  points  (x,  y)  defined  by 
a£x£b,Q&y&  f(x)  is  measurable,  and  its-  measure  m  (E)  is  the  common 
limit  of  the  sums  given  above. 

The  value  of  the  Lebesgue  integral  of  f{x)  in  the  interval  (a,  b)  is  defined 
to  be  the  measure  m  (IS). 

It  may  be  shewn  that : — 

The  Lehe&gue  integral  off(x)  lies  between,  the  upper  and  lower  integrals  of 
/(;!■'),  and  is  identical  with  the  Jliemav-ii  inlegraJ,  ■'■«■  ea.,-:e  the  latter  evicts. 

For  it  is  clear  that  m  (E)  is  not  greater  than  the  sum  2,„.  employed  in  |  252, 
Jh  Jb 

in  denning  the  upper  integral       /Qv)d;u,  and  hence  m(E)&  I    f(x)dx. 

In  a  similar  manner  it  can  be  shewn  that  m  (E)  £  I    f(x)  dx. 

If  &  be  any  measurable  set  of  points  contained  in  (a,  b),  and  e„  e,'  now 
denote  those  measurable  sets  of  points  of  G  at  which /(;»)  =  »„  at<f(x)<al+l 
respectively,  then  the  common  limit  of  the  two  sets  of  numbers  M,  M',  formed 
as  before,  defines  the  lebesgue  integral  of  the  sumnudrde  function,  f  (x)  relatively 
to  ike  measurable  set  0. 

288.  If  f(x)  be  limited  and  summable,  but  be  not  restricted  to  be 
positive,  we  can  express  fix)  as  the  difference  of  two  summable  functions 
f(x),  fix)  each  of  which  is  positive  or  zero.  Thus/j  (a:)  =/(#),  when/(;c)£0, 
and/1(«)  =  0,when./»<0;  also /,(«)=  -/O),  when  /(«)£  0,  and  f(x)=Q, 
v/henf(x)>0.  The  two  .sets  of  points  a^x&b,  OSj  £  fi{&)>  an^  a&  xSb, 
0S,ySf(x),  being  measurable,  their  measures  may  be  denoted  by  m(Ei) 
and  m(Ea).  A  similar  statement  holds  when  the  interval  (a,  b)  is  replaced 
by  a  measurable  set  (1  contained  in  that  interval. 

The  Lebesgue  integral  of  a.  limited  swmmoble  function  fix)  is  defined  to 
be  m  (E,)  -  m  (E%),  where  E, ,  E.2  are  the  turn  sets  of  points  above  defined. 

The  measures  of  the  two-dimensional  sets  E„  E2  are  the  areas  in  the 
extended  sense  of  the  term,  which  are  defined  by  the  parts  of  the  function 
/(,-'.■)  which  are  respectively  above  and  below  the  axis  of  x. 

The  measures  m(E^).  m(E.,)  are  identical  with  Jordan's  measures  of  the 
same  sets,  in  case  the  latter  measures  exist :  and  thus  Ijebesgue's  value  of  the 
integral  is  in  agreement  with  the  value  according  to  Niemann's  definition,  when 
the  latter  is  applicable.  Sets  of  points  which  are  not  measurable  according  to 
Jordan's  system  are  in  general  measurable  in  accordance  with  the  Borel- 
Lebesgue  definition  :  accordingly  functions  which  are  not  integrable  according 
te  Riemann's  definition  may  be  so  according  to  Lebesgne's  definition.     It  is 
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not  known  whether  sots  exist  which  tire  nut  measurable  ;  but,  as  we  have  seen 
in  Chapter  III,  all  the  sets  which  are  defined  in  the  various  modes  usually 
employed,  are  measurable.  Thus  Lebesgue's  definition  of  a  definite  integral 
has  the  advantage  over  that  of  Riemann,  in  that  all  summable  limited 
functions  are  integrable  in  accordance  with  it. 

The  essential  distinction  between  the  two  definitions  of  an  integral  as  the 
limit  of  a  sum  is  that,  in  Riematm's  definition,  a  system  of  successive  sub- 
divisions of  the  interval  (a,  b)  of  the  variable  is  taken  as  the  basis,  whereas 
in  Lebesgue's  definition,  a  system  of  successive  sub-divisions  of  the  interval 
(X,  U)  of  the  function  is  fundamental. 

The  relation  of  Lebesgue's  integral  to  the  fundamental  theorem  of  the 
Integral  Calculus,  and  bo  the  problems  which  arise  in  connection  therewith 
will  be  dealt  with  in  Chap.  VI.  It  will  there  be  shewn  that  if  the  limited 
function  f(ce)  possess  a  limited  differential  coefficient  f(x)  in  the  interval 
(a,  b),  then  f  (»•)  is  always  integrable.  in  accordance  with  Lebesgue's  definition, 
and  I  /'  (x)  dx  =/(«)  -/(a).  It  has  been  seen  in  §  264  that  this  does  not 
always  hold  when  the  definition  of  Riemann  is  employed. 

289.  If  b  >  a,  I  f(x)dx  may  be  defined  to  be  —  I  /(a)  die.  It  is 
clear  that  if  f(x)  is  integrable  in  (a,  b)  it  is  integrable  in  any  part  (a,  x)  of 
(a,  b),  and  that 

£  /(«)  <fc  -  £>«  & + £/<•)  <fe 

If<fii,  05,  .-.  0,„  be  limited  nuiwuuihlc-fanotiuns,  and  if 

*,(+i,+.,...+-)-%0»X 

be  a  function  which,  is  continuous  with  res/met  to  (<f>lr  <ji.2,  ...  <£,„),  and  is  limited 
in  the  interval  (a,  h),  it  is  also  ti,  summable  function. 

If  i,,  V,  are  the  lower  and  upper  limits  of  0,  in  the  interval  (a,  b),  we 
may  divide  the  interval  (L,,  V{)  into  parts  (L,,  y,),  (y,,  ya)»  •■■  (y«-a>  ^n-i)i 
(yn-,,  (7,),  each  of  which  is  less  than  a  prescribed  number  e.  Let  tyl  (x)  be 
defined  as  follows  : — -f;  (so)  =  L, ,  for  all  values  of  ai  such  that  Lj  ^  0,  (w)  <  y, ; 
■fi  (x)  =  y, ,  for  all  values  of  x  such  that  yL  5  0,  (x)  <  ys ;  and  generally 
■ty\(x)  =  yf  for  all  values  of  a1  such  that  yr  fi  <bjx)  <  ?/,.+1.  It  is  clear  that  the 
function  -f-,^  (x)  is  summable,  and  it  is  such  that  i  0!  (x)  —  ^  (x)  \  <  e.  Let  the 
functions  i/<\,  (»'),  yjr3(x),  ...  yjr„,  (x)  which  correspond  to  03  (#),  03  (*),  ...  <pm.(x) 
respectively,  be  defined  in  a  similar  manner.  Since  F  is  a  continuous  function 
of  0,,  0a,  ...  0m,  therefore,  corresponding  to  a  fixed  positive  number  v,  a 
number  e  can  be  found  such  that 

[Ffafr,...  4>m)-F(fr,^,  ...  fm)\<v, 
when  t/>,,  t|t„,  ...  if-m  are  defined  as  above  for  the  value  of  e  which  corre- 
sponds to  7).     Thus  if  -FC^n  ^"ai  ■•■  ^m)  b°  denoted  by  \(.«),  we  have 
\x(x)-X(x)\<v: 
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also,  if  L,  U  be  the  lower  and  upper  limits  of  %  (,r),  in  (a,  b),  we  have 

L-V<\(x)<  U  +  % 
for  the  whole  interval  (a,  b).  Now  let  i\  have  successively  the  values  of  the 
numbers  in  a  decreasing  sequence  tfu  %,  ...  i;„  ...  which  converges  to  the 
limit  zero,  and  let  X! (#),  X2 (#),  ...  X,,(#),  ...  bo  the  corresponding  functions 
X  (.-«).  If  ji,  B  be  any  two  numbers  in  the  interval  (L,  U),  the  wets  of  points 
for  which  A  <X,  (x)  <B,A<\2  (a.-)  <  B,  &c,  are  all  measurable  ;  and  the  set  of 
points  for  which  A  <  %(x)<  B  is  such  that  each  point  belongs  to  an  infinite 
number  of  the  sets  tor  which  A  <  X  (x)  <  B,  and  is  therefore,  by  a  theorem 
of  §  82,  measurable.  It  thus  appears  that  the  function  %  («)  is  summable, 
and  therefore  has  an  integral  in  accordance  with  i.ebesgne's  definition. 

In  particular,  the  sum,  or  the  product,  of  a  finite  number  of  summable 
fvTtct/uiiis  is  sttv/.mable. 

If  f\  (.'(■),  /j  (.'/■)  be  summabk  in  the  interval  (a,  b),  then 

£  [/,  («) + /.  (•)]  *•  -  \[  A  (•)  <t + /*  /■  (»)  *»■ 

Tt  having  been  shewn  above  that/,  (,->;)  +ft(x)  is  a  su  mm  able  function,  we 
observe  that  if  ^  {.*■),  ^(x)  be  two  functions  defined  as  above,  eadi  of  which 
has  only  a  finite  number  of  values  in  the  interval  (a,  b),  and  be  such  that 

then  f'[/,(«)+/,W]i 

fb 

differs  from  I    [ifa  (,*■)  +  -^,  (x)]  dm 

by  less  than  2e  (b  —  a). 

Also  (   [■^(x)  +  ^1(ai)]dai  =  I   f1(x)dx  +  J   ■faWdai, 

each  integral  being   an   integral   in   accordance   with   Thiemann's  definition; 

hence  since  I   -ty;  (%)  dx 


by  less  than  e(b~a), 
and 


fb 

j   ^(x)dx 
rb 

f    fy  (%)  dx 


differs  from 

by  less  than  e  (b  —  a), 

it  follows  that  ["[/, («)+/» («)]& 
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jjU^da  +  Jl /*(*)<& 


by  less  than  4e  (b  —  a).    Since  e  is  arbitrarily  small,  the  equality  contained 
in  the  theorem  is  established. 


/"/« 


for  a  function /(.?;)  which  is  summable  in  (a,  b),  is  a  continuous  function  of  x, 
is  established  in  the  same  manner  as  in  the  case  of  a  function  integrable  in 
accordance  with  Ri em  aim's  definition. 

290.  A  general  theory  of  integral:] on  has  been  developed  by  W.  H.  Young 
independently*  of  the  work  of  Lebesgue,  in  two  memoirs.  In  the  second 
of  these  memoirs,  the  theory  there  developed  is  brought  into  relation 
with  the  work  of  Lebesgue.  The  domain  of  the  independent  variable, 
for  which  the  function  is  defined,  is  taken  to  be  any  set  of  points,  and 
the  following  definition  of  integration  of  a  function  with  regard  to  such  a 
set  is  formulated  :— 

Let  the  fundamental  set,  be  divided  into  -measurable  components  in  any 
conceivable  way,  and  lei  the  measure  of  eaeh  component  be  iimltiplied  by  tlie 
upper  (lower)  limit  of  the  mines  of  Hie  function  at  points  of  that  component, 
and  the  sum  of  all  such  products  be  formed;  then  the  outer  (inner)  measure 
of  the  integral  is  defined,  to  be  the  lower  (upper)  limit  of  oil  -inch  sivmmations. 

If  it  be  assumed  either  (1)  that  all  sets  are  measurable,  or  (2)  that 
all  functions  are  summable,  then  the  outer  and  inner  measures  of  the 
integral  are  equal  to  one  another,  and  their  common  value  defines  the 
integral  of  the  function  with  respect  to  the  fundamental  set  of  points. 

291.  Lebesgue  has  extended  his  definition  so  as  to  afford  a  definition  of 
an  absolutely  convergent  improper  integral.  It  is  clearly  sufficient  to  take 
the  case  of  an  unlimited  summable  function  /(•''■')  which  is  nowhere  negative 
in  the  interval  (a,  b)  for  which  it  is  defined. 

Let  a0,  a,,  a.,  ...an, ...  be  a  sequence  of  increasing  numbers,  such  that 
((0  =  0,  and  that  a„  has  no  upper  limit,  as  the  index  n  is  indefinitely  increased : 
also  let  the  differences  a,~  a0,  as,  — Oj, ...  an+1-a„, ...  be  limited,  having  i)  as 
their  upper  limit.     Consider  the  two  series 

i7=  S  avm,(er)+  2  a,m(e,.'). 

o-'=  2  aTm(a>)+  2  ar^m(er'), 
where  e,.,  e,.'  have  the  same  meaning  as  in  §  287. 

s  See  his  pipers  "On  u]i|"'-i'  and  lowoi  inte<.;r<ilion,"  Proc.  Lmul.  Math.  Sne.,  ser.  2,  vol.  it; 
!llso  "On  (he  general  tbeuiy  of  intfifrm.i.ion,"  Phil.  Trails.,  vol.  cciv,  190-5, 
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Since  the  difference  of  the  two  series  is  2  (<Vh  —  ffl,-) m  (e/)>  which  is  less 
than  »j  2  rn(e,'),  it  is  clear  that  the  two  series  are  cither  both  convergent,  or 

are  both  divergent.  Let  us  suppose  that  the  function /(a)  is  such  that  both 
series  are  convergent;  it  can  then  be  easily  shewn  that  they  are  still 
convergent  when  further  numbers  are  mt.erpuliUed  between  each  consecutive 
pair  of  the  numbers  o„,  a,,  as,  ...,  and  the  corresponding  new  series  are 
formed;  for  by  this  process  v  is  increased,  and  a'  is  diminished.  Therefore 
as  the  process  of  further  sub-division  of  the  interval  (0,  so  )  proceeds,  in  any 
manner  consistent  with  the  continual  diminution  of  i;  to  the  limit  zero,  the 
sums  tr,  a'  both  converge  to  one  and  the  same  number.  By  supe  rim  position 
of  different  systems  of  sub-division  it  can  also  be  directly  shewn  that  the  limit 
to  which  <r  and  tr'  converge  is  independent  of  the  particular  system  of  sub- 
division chosen.     The  common  limit  of  a  and  o-',  when  it  exists,  is  then 

rb 
defined  to  be  the  value  of  the  improper  integral  I  f(x)dx.     In  order  that  an 

improper  integral  of  the  function  f(x)  may  exist,  it  is  necessary,  though  not 
sufficient,  that  f{x)  be  a  summable  function  ;  and  also  that  the  measure  of 
those  points  (x)  at  which  f(x)  is  £  an  arbitrarily  great  number  N  shall  be 
arbitrarily  small  for  a  sufficiently  great  value  of  N.     For  it  is  a  necessary 

consequence  of  the  convergence  of  the  above  series,  that  2   (m  (e,.)  + m(e,.')j, 

which  is  the  measure  of  that  set  of  points  at  which  f(w)  S  an,  should  have  a 
value  which  converges  to  zero,  as  n  and  a,„  are  indefinitely  increased.  It  is 
however  not  necessary  that  the  content  of  the  set  K„  of  all  the  points  of 
infinite  discontinuity  should  be  zero;  in  fact  it  is  even  possible  that  the 
improper  integral  may  exist  whilst  every  point  of  (a,  b)  is  a  point  of  infinite 
discontinuity. 

It  will  now  he  shewn*  that  Lebcsgi.ie's  definition  can  be  replaced  by  one 
which  differs  from  that  of  dc  la  Vallee-Poussin  only  in  the  one  respect,  that 

the  convergent  sequence  of  proper  integrals  \fn  (:c)di-  consists  of  Lebesgue 
integrals,  which  are  not  necessarily  Kiemann  integrals. 

From  the  condition  of  convergence  of  the  second  series,  it  follows  that, 
corresponding  to  an  arbitrarily  chosen  positive  number  e,  we  may  determine 
s  so  that 

tr'=  2  a,,.m(e,)+     2     ar+lm  (€,!)  +  11, 

where  R<e;    whilst  at  the  same   time  t\  may  be  chosen  so  small  that,  a 

*  Hobson,  frail,  l.imd.  Math.  Hoc  ser.  2,  vol.  iv,  p.  144. 
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differs  from  I    /(#}  dx  by  less  than  e.     Now  let  as  =  JV,  and  let  fn  (*)  be 

that  function   which  =/0),  for  /(«)<  N,  and  =  ff,  for  /(«)  £  2V. 

The  Lebesgue  proper  integral    I  fn(w)d&   is   then   the   limit,   when  17 

converges  to  zero,  of  the  sum 

T  Orffl  (e,)  +  '  S     ^m  CO  +  ttB     2    n  (e,)  hSm  (e/) ; 

and  this  sum  is  equal  to 

S  «,.m(e,.)+  2  a,.+1m(e./)  +  S, 

where  £1  <  R<  e.  Keeping  a,.  —  N  fixed,  we  may  now,  if  necessary,  diminish 
i}  by  interpolating  further  numbers  between  the  pairs  of  numbers 
a,,  a„  a*,  ...,  until  we  have   the  new  sum  which  corresponds  to 

r%\m ($.)+  2  m(er')  +  S, 

differing   from    |   fn(x)dw  by  less   than   e;    the    part    S    not    having    been 

increased   by  any  diminution    of  )/.     We   thus   find   that   a'  differs   from 
rb 
I  fn(x)df>:  by  less  than  e,  when  N  is  sufficiently  great,  and  •>)  sufficiently 

small.  Also  a  has  been  taken  to  differ  from  I  f(x)ch;  by  less  than  e, 
1}  having  been  chosen  sufficiently  small.  Since  e  is  arbitrarily  small,  it 
is  clear  that  I  f„  (*)  dx  converges  to  I  /{*■)  dm,  as  If  is  increased  in- 
definitely. 

It  has  now  been  shewn  that   de   la  Vallee-Poussin's  definition   of  an 
improper  integral  may  be  extended   to   the   case  in  which   the   integrals 

rb 

I   fn(%)d%  exist  only  in  the  sense  defined   by  Lebesgue.     This  definition 

is  then  equivalent  to  that  of  Lebesgue.  It  is  clear  that  Harnaek's  definition 
is  only  capable  of  extension,  in  the  case  in  which  K^  has  zero  content.  If 
the  condition,  that  K„  have  zero  content,  be  satisfied,  the  reasoning  in  §  274 
is  applicable  without  essential  change;  and  m  that  case  Hamack's  definition 
of  an  improper  integral  can  be  extended  to  the  case  in  which  the  proper 
integrals  employed  in  that  definition  exist  only  in  the  sense  defined  by 
Thus,   in  this  case,  all   three  definitions   are   equivalent  to  one 
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INTEGRALS    WITH    INFINITE    LIMITS. 

292.     The  definition  of  the  integral    of  a  limited  integrn.ble  function 
given  in  §  251  is  applicable  only  to  the  case  in  which  both  the  limits  a,  b  are 

definite  points,  and  it)  which  therefore  the  interval  of  integration  is  finite. 

Let  Xi,  xit  ...  x,„  ...  he  a  sequence  of  increasing  numbers  which  has  no 
upper  limit ;  it  may  then  happen  that  the  sequence  of  integrals 

|*'/W«fc.   /""/«*>,...   £/■(.) d*... 

has  a  definite  limit  A,  independent  of  the  particular  sequence  {*„]   chosen. 
When  this  is  the  case /(a)  is  said  to  have  an  integral 


f/<«)<i* 


in  the  unlimited  interval  (a,  so  ),  the  value  of  this  integral  being  A.    It  has 
been  presupposed  that,  in  every  interval  (a,  #),  the  function  f(x)  is  limited 

and  ititegrable. 
If  the  integrals 


rb  rb  rb 

J    f{m)to,    \    f(x)dx,...    J    f(x)dx,. 


where  x,,  x2>  ...  xn  ...  is  a  sequence  of  descending  values  of  x  which  has  no 
lower  limit,  all  exist,  and  have  a  limit  B  independent  of  the  particular 
sequence  chosen,  the  limit  B  is  denoted  by 

£_/(«)  <te 

If  the  two  integrals 
as  thus  defined,  both  exist,  their  sum  is  denoted  by 

/"_/(«>*»■ 

The  three  numbers 

£/«<<*,  /'_/(*)*«,  /"_/<«)*>. 

being  the  limits  of  integrals,  and  not  themselves  in  the  proper  sense  of  the 
term  integrals,  belong  to  the  class  of  improper  integrals, 

In  each  case  it  is  necessary,  but  not  sufficient,  for  the  existence  of  these 
improper  integrals,  that  /(./;)  be  integrable  in  every  finite  interval  contained 
in  the  intervals  (a,  <x  ),  (—  oc ,  b)  or  (—  qo  ,  co ) ;  and  it  will  be  at  first  assumed 
that/ (x)  is  limited  in  every  such  finite  interval,  and  thus  has  therein  a 
proper  integral. 
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In  case  the  integral  j      f(x)  dx  have  a  definite  limit,  as  c  is  indefinitely 
increased,  that  limit  is  said  to  be  the  principal  value  of 

This  principal  value  may  exist,  even  when  the  integral 

£_/(»)<*», 

as  defined  above,  does  not  exist;  but  in  case  the  latter  do  exist,  its  value  is 
equal  to  its  principal  value. 

The  necessary  and  S'lljic'ei'l  condition  for  the  existence  of  the  integral 


/"/«*=, 


is  that  (1)  the  integral  exist  in.  ever;/  interval  (a,  -s)  where  x  >  a,  and  (2)  that, 
corresponding  to  every  arbitrarily  chosen,  positive  ■■member  e,  a  value  %  of  x 
caii.  be  found  such  that 

j|f/W<fc|<e. 
for  evert/  value  of  f  such  that  £'  >  £ 

A  similar  condition  applies  to  the  case  of 

293.  It  was  shewn  in  §  253  that  the  necessary  and  sufficient  condition 
that  f(x)  be  integrable  in  the  interval  (a,  b)  is  that,  if  oV"".  Km,  •■■  K,„m 
be  a  particular  set  of  intervals  whose  sum  is  (a,  b),  and  of  which  A,„  is  the 

,  S.DS  shall  converge  to  zero,  as  in  is  increased   without  limit,  the 


system  being  subject  to  the  condition  that  A,„  have  the  limit  ; 
fluctuation  of  f{%)  in  S  being  denoted  by  D.  If  this  condition  be  s 
for  any  one  such  succession  of  sub-divisions,  then  it  is  satisfied  for  every 
other  such  system.  We  have  to  enquire  how  far  a  corresponding  condition 
applies  to  the  case  of  an  integral  through  an  infinite  interval. 


Since  J    f{ai)dx,  when  it  exists,  is  the  limit 
lim  £/(*)<**. 
3  see  that  I    /(#)  dee 


is  given  as  the  repeated  limit  lim  lim  US.     The  question  then  arises  whether, 


,Google 


400  Integration  [on.  V 

and  under  what  conditions,  the  order  of  the  repeated  limits  may  be  reversed, 
so  that 


jj(x)d 


=  lhuSi/S=liniS£S 


where  SE/S  or  SiS  dunot.es  the  limit  of  the  sum  of  the  US,  or  the  LS,  taken 
through  a  finite  number  of  intervals  S,  aw  the  number  of  these  intervals 
is  increased  indefinitely  owing  to  continual  increase  in  b. 

In  the  first  place,  it  is  clearly  necessary  for  the  truth  of  this  proposition 
that  the  limits  -US,  XiiS  should  exist,  and  that  their  difference  HDS  should 
converge  to  zero  when  A  does  so. 

Let  us  consider  a  sequence  of  intervals  (a,  x^,  (x„  a*,),  ...  (»«_!,  xn) ..., 
where  xa  has  no  upper  limit  as  n  is  iiicfea.scd  indefinitely.  Assuming  that 
/'(*)  nas  a  proper  integral  in  each  of  these  intervals,  a  system  of  successive 
sub-divisions  of  (a,  *,)  can  he  found  such  that  "£])S  converges  to  zero  as  the 
greatest  of  the  S  does  so  ;  and  thus  a  set  of  intervals  S  exists  in  (a,  x,)  such 
that 

ZI>S<$e, 

where  e  is  a  fixed  arbitrarily  chosen  number.  Wiuiilaiiy  a  set  of  intervals  can 
be  chosen  for  (xu  a%)  such  that  %DS  <  ^  e,  and  so  on ;  thus  for  (&'„_„  xn)  a  set 

of  sub-divisions  can  be  found  such  that  XBS  <~^e.  A  set  of  sub-divisions  can 
accordingly  be  found  for  the  unlimited  interval  (a,  oo  ),such  that  2DS  for  (a,*,,) 
is  <e(l  —  =jA     The  sum  1,J)S  thus  found  converges,  as   n  is  indefinitely 


:d,  to  a  value  which  is  <  e.  By  taking  a  sequence  of  values  of  e, 
converging  to  zero,  we  now  see  that  a  system  of  successive  sub-divisions  of 
(a,  oo )  can  be  found  such  that  £i)S  converges  to  zero,  as  the  greatest  of 
the  §  converges  to  zero.  Conversely,  if  n,  system  of  sub-divisions  of  (a,  oo  ) 
exist  such  that  Si>S  converges  to  zero  as  the  greatest  of  the  S  does  so, 
it  follows  that  f(x)  is  integrable  in  any  finite  interval  contained  in  (a,  co  ). 
For  let  the  successive  sub-division  be  so  far  advanced  that  %I)S<i),  where  v  is 
some  fixed  number,  and  consider  any  interval  (a,  0)  in  (a,  oo  ).  Then  2.DS 
taken  for  those  S,  finite  in  number,  which  cither  lie  wholly  inside  (a,  ft),  or 
have  one  end  inside  (a,  fi),  is  less  than  -n ;  thus  we  have  a  set  of  sub-divisions 
of  (a,  j8)  such  that  %DS  <  v-  By  letting  ij  decrease  through  a  sequence  of 
values  which  converges  to  zero,  we  see  1  hat  a  system  of  successive  sub-divisions 
of  (a,  &)  exists,  such  that  2DS  converges  to  zero,  and  hence  that  f(x)  is 
mtegrahle  in  (a,  ft). 

It  has  thus  been  established  that  the  necessary  and  sufficient  condititm 
that  a.  limited /miction  f(x)  defined  for  (a,  go)  be  integrable  in  every  finite 
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interval  contained  in  (a,  x  )  is  thai  a  system  of  successive  sub-divisions  of  (a,  x>) 
should  exist  such-  that  XDS  converge*  to  a  value  X.  which  itself  converges  to  zero 
I,  of  the  intervals  3  converges  tu  zero. 


The  convergence  of  XliS  to  zero,  for  a  particular  system  of  successive 
sub-divisions,  is  not  sufficient  to  ensure  the  existence  of  the  improper  integral 

£7.0)**. 

but  only  that  I   f{x)dx 

shall  exist  for  every  value  of  b.  In  this  respect,  an  integral  through  an  infinite 
interval  differs  from  one  through  a  finite  interval ;  since,  in  the  latter  case, the 
convergence  of  the  finite  sum  XBS  to  zero,  for  a  particular  system  of  sub- 
divisions, is  sufficient,  to  ensure  the  existence  of  the  integral. 

294.  In  the  case  of  a  finite  interval  of  integration,  the  convergence  of 
£[75,  XLS,  where  U,  L  are  the  upper  and  lower  limits  of  the  function  in  the 
interval  S,  to  one  and  the  same  definite  limit,  follows  as  a  consequence  of  the 
convergence  of  2-DS  to  zero ;  but  in  the  case  of  the  integral  through  (a,  co  ), 
the  convergence  of  XUS,  XLS  does  not  necessarily  follow  from  that  of  XDS. 

It  will  however  be  shewn  that,  if  for  a  function  fix),  limited  in  the  iulermt 
(a,  oo  ),  a  system-  of  successive  svb-divisions  of  (a,  x>  )  exist,  such  that  XUB, 
XLS  have  the  same  definite  value  X  -which  converges  to  a  deflate  number  A,  as 
the  greatest  interval  $  converges  to  zero,  then  the  integral  I  / {x)  dx  exists,  and  its 
value  is  A. 

From  the  existence,  and  convergence  to  the  same  value,  of  XUS,  XLS,  the 
convergence  of  XDB  to  zero  follows,  and  therefore  /(■'.')  is  integrable  in  any 
finite  interval  of  (a,  so  ). 

Again  2 US  —  I  fix) dx  £  X'DS,  for  any  finite  value  of  n  ;  and  hence,  if 
all  the  S's  are  so  small  that  XDS  <  n,  we  have 

£08-1      "f(x)dx<V. 
Since  XUS  converges,  as  n  is  increased  indefinitely,  to  a  definite  value  X, 
a  number  m  can  be  found  such  that,  if  m  £  m,  X  US<n;  hence 


■r. 


/(«)*.   <2,,  ifn 
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Now  we  may  suppose  the  successive  sub-division  to  be  so  far  advanced  tha^ 
2  US  —  A  |  <  1} ;  we  then  have 


-r 


f{x)dx\  <  3jj,  for  n  £  t> 


It  follows  that  Li  —  i  f(x)  dx    <  .'5tj,  for  all  values  of  f  such  that  f  =  a  +  S<5, 

n  £  m.  If  then  X  be  any  number  greater  than  the  least  of  these  values  of  £, 
two  values  of  f  exist  between  which  X  lies;  and  if  £  be  the  smaller  of  these,  we 

have  I  /(&■)  da;  <  ETo-,  whore  a  is  the  greatest  of  all  the  intervals  S,  and  U  is 

the  upper  limit  of  fix)  in  (a,  x>).     .[t  now  follows  that 

|  A  -  f'/(m)  dx  ]  <  3>j  +  TJo 

for  all  values  of  X  which  exceed  a  fixed  number.     Since  i)  and  a  are  both 

rx  ... 

arbitrarily  small,  it  follows  that  I  f(ai)  dm  converges  to  the  limit  A,  as  X  is 

indefinitely  increased,  and  thus  that  the  integral  I   fix)  dx  exists. 

295.  It  will  now  be  proved  that,  if  \  fix)  dx-  have  a  definite  finite  value, 
aparticular  system  of  successive  sv.h-d,imsions  of  the  unlimited  interval  (a,  <x> ) 
can  always  be  found,  such  thai  X-U&  exists  for  each  set  of  the  system,  and  con- 
verges to  the  value  of  the  integral  as  the  greatest  of  the  intervals  &  converges 
to  zero. 

For  in  (a,  x,)  we  can  find  a  set  of  intervals  such  that 

in  (xj,  x^)  we  can  find  a  set  such  that  S Z7S  —  /  f  (x)  dx  <  ^ae ;  and  generally 
in  («„_!,  xn)  a  set  can  be  found  such  that  2 PS-  j**f(x).da> <-&..€.  Thus  a 
set  exists  in  (a,  xn)  such  that  XUS  —  j  f(x)dzj<e(l—-\.  Now xn can  be 
.taken  so  great  that  j  |    f(x)  dx  —  J  f(x)  dm  \<  t\. 

Thus  an  infinite  set  XXI  %  exists  such  that 
XUS-XUB< 


-j  /(*)*cj- 


2»E' 
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Therefore  2 US  converges  to  a  definite  limit  XUS  which  differs  from  /  f'x) 
by  less  than  i\  +  e,  or  by  not  more  than  e,  since  jj  is  arbitrarily  small.  By 
taking  a  sequence  of  values  of  e,  we  obtain  a  sequence  of  sub-divisions  of 

(a,  oo )  such  that  SPS  converges  to  the  value  /  f(x)dcc. 

It  may  also  be  possible  to  define  a  system  of  successive  sub-divisions; 
such  that  the  greatest  of  the  intervals  converges  to  zero  as  the  successive 
sub-division  advances,  but  such  that  2  US  does  not  converge  to  a  value 
2  US ;  and  thus  the  theorem 

f  f(x) c&  =  lim  1V$  =  lim 2Z8 

only  holds  provided  the  sub-divisions  of  {a,  co  )  he  such  that  2  US  exists  for 
each  successive  sot  of  interval*,  after  some  fixed  one. 


It  can  also  be  shewn  that  when  tint  integral  \  f(w)dw  has  a  definite  finite 
value,  then,  for  every  si/slem  <>/  successive  si'b-divis-ions  of  (a,  oo  )  which  is  suck 
that  2j9S  exists  and  converges  to  zero  as  the  greatest  3  converges  to  zero,  the 
set  of  numbers  2E78  e.vistn  and  converges  tu  the  value  of  the  integral. 

For  since,  for  every  value  of  n, 

ius^ja+zsf(x)dx+iDs, 

we  see  that  SE7S  converges,  as  n.  is  indefinitely  increased,  to  the  value 

["/(«)  da +  £l>8; 
and  hence, since  2-D^bas  the  limit  Hero,  as  the  successive  sub-division  proceeds 
indefinitely,  it  follows  that   2  US  has  the  limit  J  f(x)dx.     For  a  system  of 

successive  sub-divisions  which  is  not  such  that  XDS  converges  to  zero,  %UB 
does  not  in  general  converge  bo  a  definite  finite  value  as  n  is  increased 
indefinitely. 

296.  The  definitions  of  I  f(a;)dx,  f(x)dx  maybe  extended  to  the 
case  in  which  f(w)  has  points  of  infinite  discontinuity.  If  the  improper 
integral  f(a>)dx  exists  tor  every  value  of  X  which  is  >  a,  and  if  it  con- 
verges to  a  definite  limit  as  X  increases  indcliuii.cly  through  a  sequence  of 
values,  independently  of  the  particular  sequence,  then  that  limit  defines 

f/ (*>*»■ 
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The  integrals  I  f(x)  dx,  \  f(x)  dx,  when  they  exist,  possess  many  of  the 
properties  of  a  proper  or  improper  integral  I  f(x)dx.  These  integrals  are 
continuous  functions  of  the  finite  limit  x.     For 

f'jtx)dx=j"j  («)  <fa  +  jj  («)  <te, 
where  a < x;  and  since  I  f(x)dx  is  a  continuous  function  of  x,  so  also  is 

//'  a  function  F(,v)  be  ,mch-  that  the  sequence  F (x,),  F(x2),  ...  F(xn), .... 
where  a^,  xa,  ...  xn,  ...  is  a.  sequence  of  values  of  ,r  having  no  upper  limit,  has  a 
definite  limit,  independent  of  tlie  partial  lor  sequence  ';>:„},  then  that  limit  maybe 
1  hy  F(oo  ),  and-  the  function  F{x)  is  said  to  be  continuous  at  x=  oo , 


When  the  integral  \    f(x)dx  exists,  the  integral  I  f(x)dx  is  continuous 
for  all  values  of  ai  in  the  interval  (a,  x  ),  including  x  =  oo  . 

If  the  integral  I  f(x)dx  exist  for  every  finite  value  of  x  in  the  interval 

{a,  oo  ),  and  if  <p(x)  be  a  function  which  is  finite  and  continuous  for  every  such 
value  of  x,  and  be  such  that 

*(«)-  + (a) -JV(«)cfai 

then,  provided  <£(#)  be  continuous  for  a  =  oc  ,  the  function  /'(.«)  is  integrable 
in  (a,  oo  ),  and  0  (co  )  —  <f>  (a)  =  I  /(&)  d#.  If  the  function  $  (#)  have  a  deri- 
vative, say  D+tb{x).  which  is  integrable  in  every  interval  (a,.x)  of  (a,  oo);  then 
if  the  integral  be  a  proper  one,  or  be  such  an  improper  one  that  the  relation 

subsists,  then,  provided  the  limit  <f>  (oo  )  exist,  we  have  also 

A  similar  statement  applies  to  each  of  the  other  derivatives  of  <£(#).  In  tie 
case  in  which  0  (x)  —  <f>  (a)  differs  from  I  D+f(x)  dx  by  an  integrable  null- 
function,  this  holds  also  for  the  limit  w  —  oo  . 

297.     An   integral    I    f(x)dx  is  said   to  be   absolutely  convergent    when 
the  integral  I    |/(;e)|<£e  exists;    otherwise  it  is  said  to  be  conditionally  or 
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relatively  convergent.  If  I  \f(x)\dx  exists,  then  also  j  f(x)dx  exists;  for 
/  f(x)  das  £  I  |/{;e)  I  <&*;,  and  hence  the  convergence  of  the  latter  integral 
follows  from  that  of  the  former  one. 

If*f(x)  and  fix)  6  (x)  be  both  i idet/raMe  in  every  interval  (a,x)  contained  in 
(a,  <x>  ),  and  if  I  f(x)dx  he  absolutely  convergent,  and  if  <f>($)  be,  from  a/nd 
after  some  fixed  value  of  x,  numerically  less  than  some  jived  number,  then  the 
integral  j    f(x)  <p  (x)  dx  exists,  and  is  absolutely  convergent. 

For  since  I  f(x)dx  is  absolutely  convergent,  we  can  find,  corresponding 

n+ii 
to  a  fixed  positive  number  <r,  a  number  f  >  a,  such  that  I       \f(x)  \dx  <  a, 

for  all  positive  values  of  ft  ;  we  have  then 

I  rs+h  ri+h 

\li    /(.)*(.)ii.|ayj(    |/(«)|  *.**», 

where  K  is  the  upper  limit  of    4>{x)\,  and  is  by  hypothesis  finite.     It  is 
thus  seen  that  I    f(x)<j>(x)d%  is  convergent.     Also  since 

j'f  |/(«)  +  (.)  |  ib  s  if/""  |/(.)|  4.  a  K„, 

we  see  that  the  convergence  is  absolute. 

298.  If '/(«)  audf(;v)  <j>(v)  be  both  integra-ble  in,  every  interval  (a,  x),  and 
if  \  f(x)dx  exist,  and  if  further,  from  and  after  some  fixed  value  of  x,  4>(x) 
be  monotone,  and  \f(x).,  [$(z)\  be  each  less  than  sane  fixed  number,  then 
i   f(x)tf>(x)dx  has  a  de/iirUe  jinite  value. 

If  t  be  a  fixed  positive  number,  a  value  £  of  x  can  be  so  chosen  that 

rt+h 

I       f{x)dx<  o",  for  every  positive  value  of  A  ;  also 

rHh  /•*+«»  ft+h 

f(x)4>  (x)  dx  =  <f>(£)         f  {x)  dx  +  0  (f  +  A)         ./'(.,)  dx, 

J$  J  (  J  t+9h 

where  9  is  in  the  interval  (0,  1).     If  j  <£  (x)  \  <  K,  for  every  value  of  x  con- 
cerned, we  have 

i  fi+fc  I 

I J      f(x)4>(x)dz\<2o-K; 

hence,  since  a-  is  arbitrarily  small,  the  integral  |   f(x)  <b  (,■?;)  of*  is  convergent, 

*  EJemami's  We.rke,  [j.  23'J ;  also  1'riiigshcim,  .Unl/i.  Anwilai.,  vol.  xkxvii,  p.  591. 
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299.  An  important  set  of  tests  of  the  absolute  convergence  of  an 
integral   I    f(x)  dx  is  the  following : — 

If  f{x)  be  inter/ruble  in  carry  internal  {a,  w),  then  I  fix)  dx  con-verges  to 
a  definite  finite  value,,  provided  fix)  converge  to  zero,  as  x  is  increased  indefi- 
nitely, in  such  a  manner  that  one  of  the  expressions  f(v:) .x,+k,f(x)x(logx)1+lc, 

f(x)xlogx(loglogwy+k,  /(■'')'*  ^9  »'  ■  l°9  lu9  x (l-°9 1°9  ■■■  log  x)1+k, 

converges  to  zero  as  x  is  indefinitely  increased,  k  denoting  some  fixed  number 
greater  than  zero. 

The  integral  I  f(x)d%-  -is  not  convergent,  in  case  f(w)  be  of  invariable 
sign,  from  and-  after  some  fixed  value  of  w.  and  provided-  also  any  one  of  the 
above  expressions  do  not  converge  to  zero  as  m  -is  increased  indefinitely,  when 
k  has  Ike  value  zero. 

fX+h 

Wo  sec  that  in  the  first.  ra.se,  :  f(x)  i  dx  is  iinuiovicailv  less  than  one 

J  x 
of  the  expressions 

Jx      ■"*'        Jx      x(\ogx)'+k'      °JX      x\:o~gx(log\ogxy+*,■■■ 
where  0  is  a  constant  dependent   on   X,  which  converges  to  zero  as  X  is 
indefinitely  increased.     These  expressions  have  the  values 

2H     _!_!    ?M i 1 

k[X'     (X  +  hfj'    klilogX)-     (log  X  +  *)']' 


k  [(log  log  Xf     (log  log  X  +  hf\  ' 
henco,  k  being  positive,  it  is  deal'  that  X  may  be  so  chosen  that 

is  less  than  an  arbitrarily  fixed  number,  and  thus 

/Jl/wi*» 

is  convergent.     In  the  second  case,  k  being  now  zero,  we  see  that 
rx+h 

jz  /(«)*■ 

is  numerically  greater  than  one  of  the  expressions 

Jx      *'      Jx     xlogm'      jx     is  log  x  log  log  a>'  '" 

or  than  one  of 

0**+-\  0,g^>,  a.og.og'"^-"\  ... 
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and  these  expressions  increase  indefinitely  as  h  is  increased.     It  follows  that 
/    f(x)  dx  is  in  this  case  divergent. 

300.     An  important,  ease  of  convergent,  integral*,  which  do  not  necessarily 
converge  absolutely,  is  that  of  the  integrals 


|    $  (,'.')  sin  x  dx,       j    $  (x)  cos  x  dx, 


when  <$(%)  is  monotone,  from  and  after  some  fixed  value  of  x,  and  converges 
to  zero  as  m  is  indefinitely  increased. 


I    0  (jc)  sin  x  dx  =  <f>  (#0  I    sin  a;  <&c  +  <£  (a^)  I     sin  a; 


d#, 


where  #i  is  so  great  that  cj>  («)  is  monotone  for  *  £  x±,  and  #a  >«,.  From 
this  we  have 

||"«(«)idn<ili.|s!|«(«0]  +  S|^M|S4|^(<0|i 

and  henee,  if  «,  be  taken  sufficiently  groat,  ,  I     <£  (,*■)  sin  x  dx     is,  for  all  values 

of  «2,  less  than  an  arbitrarily  fixed  number  e.  The  convergence  of  the  integral 
has  thus  been  established.  The  case  of  the  second  integral  may  be  treated 
in  the  same  manner. 


INTEGliATJOM    JJY    J'Ali'LS. 

301.  Let  f(x),  </i  (x)  be  two  functions  which  are  continuous  in  the  in- 
terval (a,  b) ;  also  let  Df(x)  be  one  of  the  four  derivatives  of  f(x),  and  D<f>  (,*) 
one  of  the  four  derivatives  of  cj>  (x).  If  the  two  derivatives  .I)f(ie),  D<t>(x)  be 
both  limited  integrable  functions  in  the  interval  (a,  6),  the  relation 

£/<«).D+<«)*>-  [/(«>  +  (•)]!  -  |%(»)-D/(«><«» 

is  satisfied,  where 

[/<•)*  («)]|  denote,  /(»)*<«-/(<.)*<«)■ 

If  U  be  a  function  which  differs  from  Df(x)  only  by  an  integrable  null- 
function,  and  V  differ  from  Dt}>(w)  only  by  an  integrable  null-function,  the 
above  formula  may  be  written  in  the  form 

jbv(rUdx'\dtD=  [(TufaVrVdvjY  -  ("ufj'Vdxj  dx, 

where  a,  ft  are  arbitrarily  fixed  points  in  the  interval  (a,  b).     This  general 
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theorem  in  integration  was  first  *  obtained  by  P.  Du  Bois  Beymond,  arid  is  a 
generalization  of  Leibnitz's  formula  for  integration  by  parts, 


To  prove  the  theorem,  let  (a,  b)  be  divided  into  n  sub-intervals  S,,  §2,  ...  8„ ; 
then,  if  av-i.  #r  denote  the  end-points  of  the  sub-interval  B„  where  #,  =  «, 
#ft  =  &,  we  have 

[/(»)  *  («)]'  -  T  [+  (*)  i/K)  -/(*„)]  +/(*-,)  |*  («,)  -  *  (»„)]]  ■ 

fix.)  -  f(iCr-i) 

Now  -  / l'es  between  the  upper  and  lower  limits  of  Df(x)  in  the 

sub-interval  Sr,  and   similarly       — — ^- — ^-  lies  between  the  upper  and 

lower  limits  of  D$  (x)  in  the  same  interval ;  therefore  it  follows  that  the  sum 

on  the  right-hand  side  of  the  above  identity  may  be  written  in  the  form 

1*S,.W(«,.)X,.+/(.«M)+,], 

where  ■%,.  is  between  the  upper  and  lower  limits  of  I)f(x).  and  ij-v  between 
those  of  Dip  (%)  in  the  interval  8,.. 

Let  Xr  =  D/l^r)  +  er,  ifr,-  =  D<p  (aV-i)  +  Kt,  where  |  e^  |  cannot  exceed  the 
fluctuation  of  Df  (x)  in  the  interval  Br,  and  |  f T  |  cannot  exceed  that  of 
D$(x)  in  the  same  interval. 

We  have  now 

[/(«)  4,  (.)]'  =  S  8,  [+  («,)  £/(«,) +/GO  -B*  (*„)] 

+  i*s,  WW  »,  +/(*„)  H; 

and  the  absolute  value  of  the  second  sum  on  the  right-hand  side  cannot 
exceed 

t'l'ls,  1  ,,ij +*■?!«,.  1  f,ij, 

where  <£>,  F  are  the  upper  limits  of  |  <f>(x)  |,  \f(&)  \  in  the  interval  (a,  6). 
Since  Df($\  D$(jb)  are  by  hypothesis  integrable  in  (a,  6).  the  set  of  sub- 
intervals  may  be  so  chosen  that 

are  arbitrarily  small.  Since  6  (.«)  Dj'lx),  j'(x)  !)<!>  O)  are  by  hypothesis  in- 
tegrable, we  see  that,  if  the  number  11  be  made  to  increase  indefinitely,  and 

'"    AlihniuHiiiiijii;  d.  ill  Hitch.  Akatl.,  vol.  sn,  p.  129. 
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the  intervals  S  be  so  chosen  that  Llie  greatest  of  them  converges  to  the  limit 
zero,  the  above  identity  assures  us  that 

and  thus  the  theorem  is  established. 

302.  The  theorem  may  be  extended  to  the  case  in  which  Df(x),  D<j>(x) 
are  not  restricted  to  be  both  limited  functions,  but  may  have  points  of 
infinite  discontinuity  forming  an  enumerable  non-dense  closed  set.  It  has 
been  shewn  above  that,  in  any  interval  (c,  x)  contained  in  {a,  b),  in  which 
<$>{%)  Df{&)  +f(:c)l)ij)(ie)  has  a  proper  integral, 

[/(.)$<<.)]!=£j*(«)iy(.)+/<.)D*(«)}<i* 

It  follows  from  the  theorem  of  §  285,  that 

[/(«)  *  (.)]!  =  £  {*(«)  Df(.')  +/(*)  D*  (•)}  ■<•. 

provided  that  the  improper  integral  on  the  right-hand  side  exists.  If  now 
the  two  functions  <f>  (%)  Df  (x),  f(x)Dif>(w)  possess  absolutely  convergent 
improper  integrals  in  (a,  b\  it  follows  that  their  sum  has  the  same  property, 
and  that 

[/(«) *  (»)£= £  *  (•)  -»/«  *» + fV(«o  -»*  <•)  *«■ 

The  theorem  has  now  been  proved  under  the  suppositions  that  f(x),  <£  (#)  are 
continuous  in  (a,  6),  that  Df(m),  D${x)  have  at  most  points  of  infinite  dis- 
continuity forming  a  closed  enumerable  set,  and  that  the  functions /(#)./)$(#), 
4>(x)Df(x)  possess  absolutely  convergent  improper  integrals  in  (a,  b), 

l{f(x)<p(x)  have  a  finite  limit  for  x  =  x> ,  and  be  continuous  at#=  co  ,  in 
the  sense  defined  in  §  296  ;  and  if  further  the  conditions  be  satisfied,  that  the 
functions  / (x)  D<j>  (x),  $  (x)  Df \x)  are  integrable  in  the  infinite  interval 
(a,  ao),  then  the  formula 

[/(»>  * «]!  -  £*  <•)  Dfo  *>+//(•)  £*  (•>  *> 

holds.  If  the  formula  for  integration  by  parts  holds  for  (a,  b),  whatever 
finite  value  b  may  have,  but  if  f(x)  <£  (x)  be  not  finite  and  continuous  for 
se  =  x  ,  then  one  at  least  of  the  integrals 

is  infinite,  or  does  not  converge  to  a  definite  value. 
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CHA.VdK    OF    THE    VAKTA.BT.E    IS    AK    I  XTl'C!  HAL. 

303.  Let  f(x)  be  a  limited  function,  integrable  in  the  interval  (a,  b). 
We  now  assume  that  a;  is  a  continuous  ('unction  ^(y)  of  another  variable  y: 
denned  for  the  interval  (a,  0),  where  a  =  yjr  (a),  6  =  ifr  (/3),  and  that  -^  (y)  is 
monotone  in  the  interval  («,  /3).  If  we  further  assume  that  i^(?/)  has  no 
lines  of  invariability  in  the  interval  (a,  13),  then  ;</  e<m  be  regarded  as  a  single- 
valued  function  <£>(;«)  of  #,  defii.ietl.  for  the  interval  (a,  b)  of  # ;  and  also/(#) 
can  be  regarded  as  a  function  /  ji//>  (//)}   of  i/,  defined  for  the  interval  (a,  /3). 

7/  D^r(y)  be  one  of  the  derivatives  of  ty{y),  then,  ■prodded  TJif-  (y)  be 
limited  and  integrable  m  (a,  ft),  the  function  f  {■$■  (y)\  Ihp-  (y)  is  integrable  in 
{a,  #),  and 

This  result  is  a  generalization  of  the  well-known  formula  of  substitution 


£/(*)*.  -JVw-  Ml  *'(</)*, 


the  particular  case  of  the  theorem  which  arises  when  i^(i/)  is  differentiable 
throughout  the  interval. 

Let  the  interval  (a,  /3)  be  divided  into  n  parts  S/>  Sa'j  ■■■  S»'i  tnen  tne 
interval  (a,  b)  is  divided  into  corresponding  parts  SL,  S2,  ...  8„. 

Since  ^(y)  is  a  continuous  function  of  y,  the  intervals  jo"}  can  be  so 
chosen  that  in  each  of  them  the  fluctuation  of  i/r  (y)  is  less  than  a  fixed 
arbitrarily  chosen  positive  number  e.  and  hence  so  that  each  of  the  intervals 
S  is  less  than  e.  If  then  a  sequence  of  diminishing  values  of  e  be  taken, 
which  converges  to  the  limit  zero,  we  obtain  a  convergent  system  of  sets  [S'{, 
and  corresponding  to  them  a  convergent  system  of  sets  {&}  of  sub-intervals  of 
(a,  b).  We  may  assume  that  f  (w)  is  positive;  for  if  it  is  not  so  throughout 
the  interval  (a,  b),  it  may  be  made  so  by  the  addition  of  a  properly  chosen 
constant  c:  then,  if  [c +f{ty(y)}]D-f'(y)  be  integrable  in  (a,  $),  it  follows, 
since  D-ty(y)  is  integrable  in  that  interval,  that  j '  \^r  {y)\  Bifr  (y)  has  the 
same  property.  Let  TJr,  L,  denote  the  upper  and  lower  limits  of  f{x)  in  oV, 
or  of  f{ifr(y)}  in  8r';  and  let  u,.,  I,,  denote  the  upper  and  lower  limits  of 
Df(y)  in  Br'.  The  fluctuation  DT'  of/pf  (y)}  2ty(y)  in  V  is  5  Urur-L,.l,., 
or  S  TJT {ur  —  lr)  +  lT ( Ur  —  LT).  Hence,  since  lrSr'S,S,,  it  being  assumed 
that  Dty(y)  is  always  positive,  or  zero,  so  that  l.r  is  not  negative,  we  have 

d;  v  s  u(u,.  - 1,.)  v  +  o-r  ( pr -xr), 

where  U  is  the  upper  limit  o\'f  (.'/;)  in  (a,  0). 
We  have  now 

I  TV  V  ^  F2  («r  -  U  V  +  S  (  Or  -  ir)  &5 
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and  it  follows,  from  the  conditions  of  integral lility  of  Dty  (y)  in  (a,  ft),  and  of 
/(«)  in  (a,  b),  that  f{f(y)\  Df(y)  is  integrate  in  (a,  (3). 
Next,  we  have 

SS,/K)  -  ss,'/(f  to,)]  i>+  (yr)  -  i  s,'/(f  to,))  l\  -  Df  (3,)}, 

where  X,.  lies  between  the  upper  and  lower  limits  of  D-ty{y)  in  the  interval 
<$,.'■  The  absolute  value  of  the  expression  on  the  left-hand  side  is  con- 
sequently less  than    U~S,Br' (ar  -  h)>  which  is  arbitrarily  small,  on  account  of 

the  condition  of  integrability  of  Df(y)  in  (a,  ft).  It  has  thus  been  estab- 
lished, that 


fj  («)  dz-J'flt  (J,))  Df  (j)  <iy. 


304.  The  theorem  can  be  extended  to  the  case  in  which  D*ty-{y)  has 
points  of  infinite  discontinuity  forming  an  enumerable  closed  sol,  provided  that 
D-yfr(y)  have  an  absolutely  convergent  improper  integral  in  the  interval  {(t,  ft). 

For  in  this  case,  the  equality 

[/»i-J)l+«l»Hl)* 
holds  for  any  interval  (o',  y)  which  contains  none  of  the  points  of  infinite 
discontinuity  of  D-ty  (y).     The  integral  I   f(x)  dx  is  a  continuous  function  of 

the   upper   limit  x,  and   the  integral       f  \<r  («)}  D&  (y)  dy  is  a  continuous 

)  c' 
function  F(y)-F(c')  of  the   upper  limit  y.     Since  f{f(y)\  is  limited  in 
the    interval    (a,  ft),  f  \ijr  (■}/):■  lty(v)    has    an    improper    integral    in    that 
interval ;    and    the    relation    F  (y)  -  F  (o)  =      f{y}r  (y)}  Dyjr  (y)  dy    holds  in 

intervals  (c,  y),  which  contain  points  of  infinite  discontinuity  of  B^r{y).  It 
thus  appears  that  the  substitution  formula  holds  for  the  interval  (a,  b)  together 
with  the  corresponding  interval  (a,  ft).  Precisely  similar  considerations 
suffice  to  shew  that  the  theorem  still  holds  when  f(x)  has  a  set  of  points  of 
infinite  discontinuity  funning  an  enumerable  closed  set,  provided  /(as)  have  an 
absolutely  convergent  improper  integral  in  (a,  b). 

305.  The  theorem  of  substitution  is  still  valid  when  -yjr(y)  is  no  longer 
monotone  in  the  interval  (a,  ft),  but  has  a  finite  number  of  maxima  and 
minima,  or,  under  certain  restrictions,  an  infinite  number  of  maxima  and 
minima.  The  function  -Jr  (y)  may  also  have  lines  of  invariability.  In  this 
case  x  has  a  single  value  for  each  value  of  y  in  (a,  ft)  defined  by  the  con- 
tinuous function  -ty  (y),  but  the  inverse  function  <£  (x)  is  not  single- valued. 
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It  may  happen  that  the  values  of  m  given  by  yfr  (y)  do  not  all  lie  within  the 
interval  (a,  b).  In  this  case  it  is  convenient  to  conceive  the  function  f(x)  to 
be  defined  for  all  such  values  of  x,  so  that  it  is  integrable  in  every  interval 
of  x,  such  interval  extending  wo  far  as  necessary  beyond  (a,  b).  The  result  of 
the  substitution  will  consist  of  two  or  more  integrals  with  respect  to  tj. 

Let  us  assume  that  the  points  y  at  which  *fr(y)  has  a  maximum  or 
minimum,  or  is  the  end-point  of  a  line  of  invariability,  form  a  set  of  points 
in  (a,  ft)  with  the  content  zero;  they  can  then  all  be  enclosed  in  a  finite  set 
of  intervals  of  which  the  sum  is  less  than  an  arbitrarily  chosen  number 
e.  If  it  be  assumed  that  D-i/r  (y)  has  finite  upper  and  lower  limits  in  (a,  ft), 
then  the  sum  of  those  intervals  in  (a,b),  produced  if  necessary,  which  correspond 
to  the  finite  set  of  intervals  constructed  in  (a.  ft),  is  less  than  e  multiplied  by 
the  upper  limit  of  \I)yjr(y)  in  («,  ft):  and  this  may  be  made  as  small  as  we 
please  by  choosing  e  small  enough.  To  each  of  the  remaining  intervals  of 
(a,  ft),  when  the  finite  set  of  intervals  is  removed,  the  theorem  of  §  303  is 
applicable,  it  bein^  re  me  inhered  that  along  a  line  of  invariability  B-ty  (y)  =  0. 

In  such  an  interval  («,..  ft,.)  we  have 

/"'  / !+  (y)i  -Df  to)  *  -  [''  f  (•)  *». 

where  (a,.,  &,.)  corresponds  to  («,.,  ft.,),  since  ty(y)  is  monotone  in  the  interval. 

The  sum  of  the  integrals  on  the  left-hand  side,  taken  for  all  the  finite 
number  of  values  of  r,  differs  from 

jj{f(y)}Df(y)dy 

by  less  than  e  multiplied  by  the  upper  limit  of  |  /  {■$  (y)}  Difr  (y)  |  in  the 
interval  (a,  ft)  ;  and  the  sum  of  the  integrals  on  the  right-hand  side,  taken  for 

fb 

all  the  values  of  r,  differs  from    j   f{x) dx    by   less    than    e    multiplied    by 

the  upper  limit  of  |  D-ty(y)  |  in  (a,  ft),  and  by  the  upper  limit  of  \f(x)  |  for 
alt  the  values  of  x  for  which  f{x)  has  been  defined.  Since  e  is  arbitrarily 
small,  the  theorem  has  been  proved  for  the  case  in  which  ^fr  (y)  has 
maxima  and  minima  at  a  set  of  points  of  zero  content,  and  may  also  have 
lines  of  invariability  of  which  the  end-points  form  a  set  with  zero  content. 

The  theorem  here  established  can  be  extended,  as  in  §  301,  to  the  case  in 
which  Difr(y)  has  points  of  infinite  discontinuity  forming  an  enumerable 
closed  set,  provided  D-^r(y)  have  an  improper  integral  in  (a,  ft).  An  extension 
can  be  made  to  the  ease  in  which  f(x)  has  a  set  of  points  of  infinite 
discontinuity,  with  zero  content,  on  the  assumption  that  /(#)  ] 
improper  integral  in  (a,  b). 
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306.  The  theorem  of  §  303  may  be  generalised  sn  as  to  apply  to  the  case 
when  the  limited  function  f(x)  is  not  necessarily  integral)] e  in  the  interval 
(a,  b).  It  being  assumed  as  before  that  •$•($)  is  monotone  in  (a,  0),  and  has 
no  lines  of  invariability,  and  that  Ihjr  (y)  is  limited  and  integrabie  in  (a,  0),  it 
will  be  shewn  that  the  upper  integral  of  f(x)  in  (a,  b)  is  equal  to  the  upper 
integral  of  f  {^  (y)}  I)f  (y)  in  («,  0). 

Denoting  by  ur'  the  upper  limit,  of/ {i^  (y))  l)^r  (y)  in  the  interval  Br',  we  see 
that  «/  lies  between  Urur  and  [/,£,■  Also  8,.  lies  between  urS,'  and  /,.£/,  thus 
we  may  write  8,=s  Vjwr-  ^r(%—  k)}i  where  Ofi  0r5  1.  We  have  to  prove 
that  £{7rSr  and  &i,.'S,.'  converge  to  the  same  limit.  Writing  2£7A  —  2m/V 
in  the  form 

SV[^rK  -  0r(l*,  -  lr)\  ~  <j, 

or  2S,'(^m,-m,')-^V^.  Pr(w,-U 

we  have  SS,'(1^-h,')S  ^fK-^S  PSV(«p-  W 

and  also         2S/0, Ur  {ur  -  lr)  S  2S/ F, («,  -  ir)  S  E72V  (u,  -  U 

Since  D-f  (y)  is  integrabie  in  (a,  0),  it  follows  that  IS,'  (ur  -  lr)  is  arbi- 
trarily small,  when  the  number  of  intervals  8'  is  increased  ;  it  thus  appears 
that  %Urhr  —  2m,.' 8/  is  arbitrarily  small,  and  thus  5  (/.,■?,.,  Sii,-'Sr'  converge  to 
tlie  same  limit.     It  has  now  been  established  that: — 


If  D-ty-(y)  be  one  of  the  derivolinet  of  ty{y),  and  if  Ity  (y)  be  Untiled  and 
integrabie  in  (a,  0),  the  continuous  function  -Jr  (y)  beiwj  uionolon.e  and  without 
lines  of  invariability  in  (a,  0),  then 


£  /  (•)  <fa  -  J'  /  [+  (a)}  Df  (,j)  dy. 


The  corresponding  theorem  for  the  lower  integrals  may  be  established  in 
a  similar  manner. 

It  follows  from  these  theorems  that,  under  the  conditions  stated,  if  either 

of  the  integrals  j    f(x)d.x,   I    f[f-(y)]  Ihlr(y)dy  have  a  definite  value,  then 

the  other  one  has  the  same  definite  value.     The  method  of  substitution  may 

accordingly  be  applied  to   I    f{w)dx  without  assuming   that   this  integral 

has  a  definite  value,  and  may  thus  be  employed  to  decide  the  question  of 
the  integrability  of /(a;). 

The  extensions  in  §  304  and  §  305  may  be  applied  to  the  case  of  the 
upper  or  the  lower  integrals  of/(#). 

307.  It  may  happen  that,  when  x  and  y  are  connected  by  the  relation 
x  =  TJr(y),  an  infinite  interval  for  y  corresponds  to  the  interval  (a,  6)  of  x. 
For  example,  y  =  oo  may  correspond  to  x  =  b :  in  that  case  we  assume  that 
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if-  (oo  )  is  continuous,  i.e.  that  it  is  the  limit  oi'  yjr  {;?/)  when  y  is  indefinitely  in- 
creased. If  the  con <i it. ions  of  the  theorems  in  ^J  "0;]  :J0;>  be  satisfied  for  every 
interval  (a,  b  —  e)  of  x,  with  the  corresponding  interval  (a,  ft')  of  y,  we  have 

£ "  /(.)  A  -  J'/  (f  &)]  Df  (J)  dy ; 

and  since  this  holds  for  every  e,  we  have,  on  proceeding  to  the  limit  e=0, 

|V(«)  ib  -/"/{+  (y)}  J5f  (y)  <fr. 

in  accordance  with  the  definition  of  the  improper  integral  on  the  right-hand 
side.  Similar  considerations*  apply  to  the  case  in  which  y  =  —  x  corresponds 
to  x  =  a. 

308.  If  one  or  both  of  the  limits  a,  b  be  mdefiuit.'./lv  grout,  it  may  happen 
that  finite  values  of  y  correspond  to..«  =  a,  s:  =  b,  or  else  that  one,  or  both,  of 
the  limits  of  y  may  be  infinite. 

The  method  of  procedure  adopted  above  suffices  to  establish  the  theorem 
that,  if  f(x)  be  iidegrable  in.  the   finite    or  infinite  interval  (a,  b),  then  the 

integral  I  f(x)  da:  can  he  transformed  by  meant  of  ,r=  ^  (if)  into  the  integral 

I  /  ('r'(y))  ^^(y)^y>  ™  which  M'.e  interval  of  integration  is  finite  or  infinite, 
provided  that  ^  (;</)  &e  finite  and-  continuous  in  {a,  0),  or  have  at  most  in  every 
part  of (a,  fi)  points  of  infinite  discontinuity  forming  a  set  of  zero  content;  with 
the  further  conditions  that  B-ty-  (j/)  be  integrabU  in  (a,  fi),  and  that  in  every  part 
of  this  interval  its  mairitiia.  and,  mini  ma  and.  end-points  if  lines  of  invariability 
form  a  set  of  points  of  zero  content. 

It  will  be  observed  that  a  large  class  of  those  improper  integrals  which 
have  an  infinite  interval  of  integration  may  ho  transformed  into  proper 
integrals.  It  has  been  suggested  by  Kronecker  that  every  such  integral 
through  ;m  infinite  interval  can  he  trans  for  mod  into  a  proper  integral. 

309.  If  it  be  desired  to  transform  the  integral    j   f(x)dx,  by  means  of 

the  relation  y  =  (b{x),  where  <b  (ec)  is  a  single-valued  function  of  x,  then, 
unless  0  (x)  be  monotone  in  the  interval  (a,  b),  the  inverse  function  yfr  (y)  will 
not  be  everywhere  single- valued. 

If  it  be  assumed  that  c/i  (a)  is  monotone  in  (a,  b),  and  that  a=  <£(«), 
f3  =  <b(b),  a  derivative    l)<p(u:)  of  <b(x)  is  reciprocal  to   a  derivative  Dty(y) 

of  t|t  (y).     If  it  be  assumed  that  yrj-;—,  is  integrable  in   (a,  £),  and   that 

fix) 
the  same  holds  for  ;,  ■,-".—   considered  as  a  function  of  y,  or  else  that  fix) 
D$(x)  *  J  v    ' 

in  (a,  b),  then  we  may  use  the  transformation 
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fM*-[J&--- 


fb 

If  <£(#)  be  not  monotone,      f(x)dx  can  not  in  general  be  transformed  into 

a  single  integral  in  y.     If,  for  example,  <b  (,?;)  increases  from  a!  =  a  to  x  =  h, 
and  then  diminishes  from  #  =  &  to  #  =  &,  we  must  take 

and  the  integrals  on   the  right-hand  side  cannot  in  general  be  amalgamated 
into  one  integral  through    the  interval  («,  /3),  because  in  the  two  integrals 
the  integrand  has  different  values  for  the  same  value  of  y. 
Thus,  for  example,  if  y  =  sin  #, 


j>*»j:[^M[^]* 


cos'  '</) 


^dy, 


Vi-y         J,       VI -y* 

the  value  of  cos*  in  the  second  integral  on  the  right-hand  side  of  the 
first  equation  being  negative,  and  the  values  of  sin-1i/,  cosr'y  being  in 
the  interval  (0,  ^tt). 

DOUBLE   INTEGRATION. 

310.  Let  G  denote  a  set  of  points  in  two-dimensional  space,  entirely 
contained  in  a  rectangle  with  sides  parallel  to  the  w  and  y  axes;  the 
set  G  is  accordingly  a  hounded  set.  It  has  been  pointed  out  in  §  286  that,  if 
the  fundamental  rectangle  be  divided  into  any  number  of  parts  by  means  of 
straight  lines  parallel  to  the  sides,  and  the  sum  of  those  rectangles  be  taken 
each  point  of  which  belongs  to  G,  then  the  sum  of  the  rectangles  has  a 
definite  limit  8„  the  interior  extent  of  G,  when  their  number  is  increased 
indefinitely  in  any  manner,  subject  to  the  condition  that  the  diagonal  of  the 
greatest  of  the  rectangles  have  the  limit  zero.  Also  the  sum  of  those  rect- 
angles each  of  which  contains  at  least  one  point,  either  of  G  or  of  the 
frontier  of  G,  has,  under  a  similar  condition,  a  definite  limit  S,,,  the  exterior 
extent  of  G.  When  S1  =  Sr2,  the  set  of  points  G  is  measurable  in  accordance 
with  Jordan's  definition,  and  consequently  also  in  accordance  with  the 
definition  of  Borel  and  Lebesgue ;  and  the  set  G  then  has  a  single  definite 
extent  or  area,  the  measure  of  the  set. 

Let  a  function  f(x,  y)  be  defined  for  the  bounded  set  G,  which  we  shall 
assume  to  have  a  definite  extent  in  the  sense  just  explained.  We  further 
assume  that  |/(a>,  y)\    has  a  definite  upper   limit   for  the   set  G,  so  that 
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/{*',  y)  is  a  limited  function.  It  will  be  convenient  to  assume  that/(te,  y) 
is  extended  to  the  whole  rectangle  in  which  0  is  contained,  by  providing 
that  /{,*',  y)  vanishes  at  every  point  of  the  rectangle  which  belongs  to  the 
complementary  set  G  (G). 

The  definition  of  the  double  integral  of  /(a-,  y),  with  respect  to  the  set 
G,  is  now  similar  to  Riemann's  definition,  in  §  25),  of  a  single  integral  of 
a  function  with  respect  to  a  linear  interval. 

Let  the  fundamental  rectangle  be  divided  into  jij  rectangular  portions 
&im,  ^a"1,  ■-■  Sjj,"1,  so  tnat  ^  $rw  —  A,  the  area  of  the  fundamental  rectangle; 
and  let  Ai  denote  the  grunt  est  of  the  diagonals  of  the  rectangular  portions. 
Let  these  rectangles  be  further  sub-divided  in  any  manner,  so  that  the  whole 
area  A  is  divided  into  n3  parts,  the  greatest  diagonal  being  A5;  the  rect- 
angular portions  of  A  now  being  S,(aj,  Ss^i  ■•-  KJ31-  Let  this  process  of  sub- 
division of  A  be  carried  on  indefinitely,  so  thai  at  any  stage  of  the  process 
A  is  divided  into  n„,  rectangular  portions  Vs1,  &im,  •■•  <S„w(nl),  the  greatest 
of  the  diagonals  of  these  portions  being  A,„.  If  this  system  of  sub-division 
of  A  be  made  in  any  manner  whatever,  which  is  such  that  the  sequence 
Ai,  Aa, ...  Am,  ...  has  the  limit  zero,  it  will  be  spoken  of  as  a  convergent 
system  of  sub-divisions  of  the  area  A. 

Let  Jf(V"")  denote  any  number  whatever  which  is  so  chosen  as  to  be 
not  greater  than  the  upper  limit,  and  not  less  than  the  lower  limit,  of  /(*',  y) 
in  St""1 ;  and  consider  the  sums 


If  the  sequence  8it  St,  ...  8m,  ...  be  convergent,  and  have  the  name  number 
S  for  its  limit,  whttiever  convergent  system  of  sub-divisions  of  A  be  employed, 
and  however  the  numbers  il/(Ss,:'"':')  be  chose//,  subject  only  to  their  limitation  in 
relation,  to  the  upper  ami  lower  limits  vf  /(.'',  y)  in  the  rectangle  Bsml,  then  the 
function  /(*,  y)  is  said,  to  he  inteyrah/e  in  the  set  G,  and  the  number  S  defines 
the  value  of  the  double  integral.     This  double  ivlegral*.  v;hen  it  exists,  may  be 

denoted  by  I     f(cc,  y)  (dxdy). 

It  will  be  observed  that  the  double  integral  has  been  defined  as  the 
single  limit  of  a  sum,  and  accordingly  the  sign  of  integration  is  here  employed 

*  The  extension  of  Hiern  ami's  oYtiiii;!™  to  limihie  in!.q:)al*  wa?  givun  by  H.  J.  S.Smith, 
Proc.  Land.  Math.  Stic,  vol.  vi,  p.  152,  lHVfj,  ami  hy  Tljomri",  F.ittlsi.tuiitj  in.  din  Theurie  tier 
ln'.'ti»untai  litirtyrtile,  p.  ;i:5,  1  W7i>  ;  als-j  Sri'itmtirk's  Zfittcit.-iji-,  vol.  xxi,  p.  224. 


/Google 


310,  311]  Double  integration  417 

only  once  in  the  notation  adopted  for  a  double  integral.  The  term  "double," 
in  the  traditional  name  double  integral,  must  be  taken  to  have  reference  to 
the  two-dimensional  set  of  points  for  which  the  function  is  defined. 

311.  As  in  the  case  of  the  single  integral,  the  investigation  of  the  con- 
dition for  the  existence  of  the  double  integral  is  facilitated  by  the  definition 
of  the  upper  and  the  lower  integrals*  of  the  function.  If  the  number 
M(Sstmi)  be  identified  with  U(SBtm]),  the  upper  limit  off(x,y)  in  the  rectangle 
£s""i,  and  we  denote  by  £,„.  the  corresponding  sum 

8,«  <7(Vml)  +  Wl]  U  (V"1)  +■  ■■+  KJml  TJ  (KJm)), 
it  will    be   proved   that  2m  converges,  as   m  is   i  rule  finitely  increased,  to  a 
number  2,  which  is  independent  of  the  particular  convergent  system  of  sub- 
divisions chosen.     This  limit  2  is  termed  the  upper  integral  of  f(x,  y),  and 

may  be  denoted  by   I    f{x,  y)  {dxdy).     A  similar  definition  applies  to  the 

lower  integral  I      f{x,  y)  (d;vdi/\   which  is  obtained  by  identifying  M(Ss'm)) 
J_{&) 

with  L  (Ss'""),  the  lower  limit  of  /(«,  y)  in  &W. 

The  upper  and  lower  double  integrals  always  existing,  the  necessary  and 
sufficient  condition  for  the  existence  of  the  double  integral  consists  in  the 
equality  of  the  upper  and  lower  integrals. 

To  establish  the  existence  of  the  limit  2,  we  observe  in  the  first  place 
that,  as  the  process  of  sub -division  proceeds,  2,„.  may  diminish,  but  cannot 
increase ;  moreover  2m  >  AL,  where  L  is  the  lower  limit  of  f(x,  y)  in  A  ;  it 
thus  follows  that  the  sequence  2j,  2(,  ...  Xm,  ... ,  for  a  definite  convergent 
system  of  sub-divisions,  has  a  definite  limit  2-  It  remains  to  prove  that  this 
limit  2  is  independent  of  the  particular  system  of  sub-divisions  employed. 
Let  us  suppose,  if  possible,  that  with  another  convergent  system  of  sub- 
divisions the  limit  were  2',  different  from  2;  we  may  suppose,  without  loss 
of  generality,  that  2'  <  2.  Let  e^  ea,  ...  es  be  a  set  of  this  second  system  of 
sub-divisions,  where  s  is  so  great  that  the  sum  for  this  set  is  <  2'+  f,  where 
%  is  so  chosen  that  2'+?<2.  We  assume  that  m  is  taken  so  great  that 
A,B  is  less  than  the  least  of  the  diagonals  of  the  rectangles  e,  so  that  no  e  is 
entirely  in  the  interior  of  a  8.  Then  let  the  two  sets  of  rectangles  S,(ffl), 
8a(nw,  ...  S„m(ml  and  e1,e3,...ex  be  superimposed,  the  rectangle  A  being  thus 
divided  up  into  a  set  of  rectangles  which  may  be  regarded  as  a  continua- 
tion of  either  set  of  sub-divisions.     The  sum  of  the  rectangles  of  the  new  set, 

*  See  Jordan's  Conn  d'Ah-ilti:\',  to!,  r,  p.  ,-M.      An  elaborate  tiviLtinmit  of  doubk  integration 
has  been  given  by  Stolz,  6're  »»'£,:>',  vol.  m,  where  the  triable  or  polygon  ie 
to  the  measures  of  sets  of  points,  instead  of  tliu  ioelan;;le.     On  this  point, 
p.  179. 
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each  multiplied  by  the  corresponding  upper  limit  of  the  function,  is  obtained 
by  diminishing  2m  by  leas  than  U—L  multiplied  by  the  sum  of  those  of 
the  S's  which  are  not  interior  to  rectangles  e.  Those  of  the  rectangles  S  which 
are  interior  to  a  rectangle  e  are  also  elements  of  the  superimposed  system. 
If  we  consider  any  one  of  the  rectangles  e,  the  sum  of  the  areas  of  those 
rectangles  &  which  encroach  on  this  rectangle  e,  but  are  not  contained  in 
its  interior,  is  less  than  the  perimeter  of  this  rectangle  e,  multiplied  by  Am 
the  greatest  diagonal  of  all  the  rectangles  B.  Therefore  the  sum  of  the  areas 
of  all  those  rectangles  §  which  are  not  entirely  interior  to  some  rectangle  € 
is  less  than  A^P,  where  P  is  the  sum  of  the  perimeters  of  all  the  rectangles  e. 
Hence  the  sum  2m  is  diminished  in  the  new  system,  obtained  by  superim- 
position,  by  less  than  (U—L)kmP.  Since  Am  diminishes  indefinitely  as  m 
is  indefinitely  increased,  we  may  choose  m  so  great  that  (U  —  L)AmP  is  less 
than  an  arbitrarily  chosen  positive  number  i].  Hence  the  sum  for  the  super- 
imposed system  is  >2m  — ij,  or  >%-vj.  But  this  new  sum  is  certainly 
<2'+f  Now  i)  can  be  chosen  so  small  that  the  conditions  that  the  new 
sum  is  <£'+£  and  >2  —  n  are  incompatible  with  one  another.  It  thus 
3  that  2  and  2'  cannot  be  unequal. 


The  existence  of  the  lower  integral  follows  from  the  fact  that  it  is  the 
upper  integral  of  —f(x,  ?/),  if  its  sign  be  changed. 

The  condition  for  the  existence  of  I       f  (■'<■-  >l){ds.d->t)  is  then  that  thefunda- 

J(G) 

mental  rectangle  can  be  divided  into  a  number  of  recta mjukir  parts  such  that 
the  sum  of  the  prod  nets  of  the  area  of  each,  part  into  the  ftwtuation  of  f(x,  y) 
in  that  part  is  less  than  an  arbitrarily  chosen  positive  number. 

By  reasoning  precisely  similar  to  that  in  §  254,  the  intervals  and  neigh- 
bourhoods being  replaced  by  rectangles,  it  can  be  shewn  that  the  condition 
for  the  existence  of  the  double  integral  is  reducible  to  the  following  form: — 

The  necessary  and.  sutp.-eieid  condition,  for  the  existence  of  the  double 
integral  of  a  limited-  function  defined  for  a  domain  G  contained  in  a  rect- 
angular area  is  that  those  points  at  which,  the  saltt's  of  the  function  is  =  k, 
form,  for  each  value  of  the  positive  number  k,  a  set  of  'points  of  zero  content. 

It  will  be  observed  that  those  points  of  A  which,  without  being  points  of 
G,  are  points  of  the  frontier  of  <?,  will  in  general  be  points  of  discontinuity 
of  the  function  /(,'?;,  y)  extended  to  the  whole  domain  A  by  attributing  zero 
values  to  the  function  for  all  points  of  A  which  do  not  belong  to  G.  It  has, 
however,  been  assumed,  in  assuming  that  the  frontier  G  has  zero  measure, 
that  those  points  of  A  which  are  limiting  points  of  G,  without  belonging 
to  G,  form  a  set  with  zero  measure.  Therefore  the  content  of  the  points 
at  which  the  saltus  of  the  function  is  £  k,  is  unaffected  by  the  points  of  the 
boundary  of  G  which  do  not  belong  to  it;  and,  in  the  above  statement  of 
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the  condition  of  integrability,  the  set  of  points  at  which  the  saltus  is  £  h 
may  be  taken  to  he  points  of  G  only. 

As  in  tho  case  of  single  integrals,  the  necessary  and  sufficient  condition 
for  the  existence  of  the  integral  may  be  expressed  in  the  form,  that  the  set  of 
points  of  discontinuity  of  the  fwivtion  in  the  domain  for  which  it  is  defined 
must  form  a  net  of  v. Molt  the  two-dimensiooal,  vieasv.re  is  zero.  ' 

It  is  clear  that  the  definition,  and  the  condition  for  the  existence,  of 
an  integral  of  a  function  of  any  number  of  variables,  called  ;i  multiple  integral, 
are  of  the  same  character  as  in  the  case  of  a  double  integral.  For  simplicity, 
the  investigations  will  be  here  restricted  to  the  case  of  double  integrals; 
and  it  will  then  be  easy  to  extend  the  results  to  triple  or  to  n-fold  integrals, 

312.  In  defining  the  double  integral,  successive  sub-division  of  the 
fundamental  rectangle  into  rectangular  portions  lias  been  employed;  it  will 
however  be  seen  that  this  mode  of  sub-division  is  not  essential,  but  is  a 
special  case  of  a  more  general  mode.  Let  us  consider  a  closed  connex  set  e 
of  points  in  the  fundamental  rectangle.  The  distance  between  a  pair  of 
points  of  e  has  an  upper  limit,  when  every  possible  pair  is  considered  ;  this 
upper  limit  we  may  speak  of  as  the  diameter  of  the  closed  connex  set  e. 
Let  the  fundamental  rectangle  be  divided  into  a  definite  number  m  of  closed 
connex  sets  e„  e2, ...  er,  the  frontier  of  each  of  which  has  zero  content;  let 
Ue<,  Uet,  ...  Uer  denote  the  upper  limits  of  the  limited  function  f{a,y)  in  the 
various  sets  e\  and  let  LCi,  Le^  ...  L^.  denote  the  corresponding  lower  limits  ; 
also  let  d  denote  the  greatest  of  the  diameters  of  the  sets  e. 

Let  us  now  consider  an  indefinite  succession  of  such  sub-divisions  of  the 
fundamental  rectangle,  subject,  to  the  condition  that,  as  the  number  r  of  the 
parts  of  the  rectangle  is  increased  indefinitely  as  the  successive  sub-division 
proceeds,  the  number  d  converges  to  zero. 

The  two  sums  2  Uem(e),  ~&L,,m(e),  where  m(e)   denotes  tho  measure  of 

the  set  e,  converge  to  two  definite  numbers.  For  2  XJam(e)  cannot  increase 
as  the  successive  sub-division  proceeds,  and  it  is  not  less  than  L  multiplied 
by  the  area  of  the  fundamental  rectangle ;  and  therefore  it  converges  to  a 
definite  limit.  The  proof  is  precisely  similar  for  the  second  sum.  It  will  be 
shewn  that  these  limits  are  independent  of  the  mode  of  successive  sub- 
division of  the  fundamental  rectangle,  provided  the  conditions  stated  above 
are  satisfied.  It  follows  that,  in  the  definition  of  the  double  integral,  any 
mode  of  successive  sub-division,  of  the  type  specified,  may  be  employed ; 
the  sub-division  into  rectangular  parts  being  merely  a  special  case  of  the 
general  mode.  The  division  of  the  rectangle  into  curvilinear  portions  by 
means  of  two  families  of  ordinary  curves  is  a  special  case  of  the  mode  of 
sub- division  specified  above. 
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In  the  first  place,  since  X  r/cm(e)  is  greater  than  a  fixed  number,  it  follows 
that  there  exists  a  lower  limit  %  of  all  the  numbers,  2  Utm(e),  for  every 
value  of  r,  and  for  every  possible  system  of  sub-divisions  of  the  type 
considered. 

It  will  next  be  shewn  that  any  system  of  rectangular  sub-divisions,  as  in 
§  311,  is  such  that  2"  is  the  lower  limit  of  the  sum  %m  for  such  sub-divisions, 
i.e.  that  2  =  2. 

Consider  the  rectangles  oV™1,  &im,...  Bnmm,  for  which  2m  =  2S"(m*  U(Sl-m)). 
We  observe  that  a  system  of  sub-divisions  e1:  e2,  ...  eK  may  be  so  chosen  that 
tUBm(e)  is  less  than  2  +  ij,  where  y  is  an  arbitrarily  chosen  positive  number. 
We  may  suppose  m  to  be  fixed  so  large  that  A,„  is  less  than  the  least  of  the 
diameters  of  e;,  e2,  ...  eB.  Some  of  the  rectangles  8  will  be  interior  to  one  or 
other  of  the  e's,  and  others  will  contain  points  of  the  frontier  of  two  or  more 
of  the  e's.  We  may  divide  2  S(ml  U (Sm)  into  two  parts,  corresponding  to 
this  distinction  relatively  to  the  rectangles  <5.  Denoting  these  two  parts  by 
2mi>  2™;  respectively,  we  have 

2m=  2mi  +  2ms  s  2  Uem  (e)  +  (U-L)  2, 
where    2   denotes  the  sum   of  all  those  of  the  o"s  which  are  not   interior 
to  one  of  the  e's. 

Now,  since  the  frontiers  of  all  the  e's  have  zero  content,  it  follows 
that,  when  m  is  sufficiently  large,  (U  —  £)2  is  less  than  an  arbitrarily 
chosen  number  J;  and  therefore  2m  <  2  -I-  rj  +  J.  Also  2ni  i  2  ;  hence,  since 
•q  and  f  are  arbitrarily  small,  it  follows  that  2,  the  limit  of  2m,  is  equal  to  2. 

Lastly,  it  will  be  shewn  that  for  any  system  of  successive  sub-divisions  e, 

of  the  type  defined  above,  the  limit  of  2  Urm(e),   when  the  sub-division  is 

continued  indefinitely,  is  the  same  as  for  a  rectangular  system  of  sub- 
divisions. The  general  theorem  will  then  have  been  established,  that,  what- 
ever system  of  sub-division*  be  token,   of  the  type  defined  above,  the  limit  of 

2  Uem(e)  is  one  and  the  same  number,  which  is  the  upper  integral  of  f(x,  y) 

in  the  fundamental  rectangle. 

Taking  a  fixed  set  of  rectangular  sub-divisions,  for  which  the  sum 
££1™'  U(^m)  is  less  than  2  +i),  we  may  suppose  the  successive  sub-divisions 
into  parts  e  to  be  so  far  advanced  that  d  is  less  than  the  least  of  the  sides  of 
the  rectangular  sub-divisions.  Some  of  the  parts  e  will  then  be  interior  to 
a  rectangle  o,  but  none  will  contain  such  a  rectangle  in  its  interior. 
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We  have  then 

%Uem(e)^Sm  +  Pd(U-L), 

where  P  denotes  the  sum  of  the  perimeters  of  all  the  rectangles.     Since  d  is 
arbitrarily  small,  and  %„  <  2  +  ij,  we  see  that 

where  J  is  arbitrarily  small.     Hence  £  JJcvi(e)  lies  between  £  and  S  +  £; 

and  therefore  the  lower  limit  of  -  Uem(e)  is  S.     The  corresponding  theorems 

for  the  lower  integral  may  be  deduced  by  (.'hanging  the  -sign  of/{iB,  y). 

If  we  denote  the  measure  of  a  portion  e  of  the  fundamental  rectangle  by 
Be,  wo  may  denote  the  double  integral  of  f{%,  y)   over  this   rectangle  by 

\f(x,y)de,  where  dvdyis  written,  as  in  §310,  forcfe,  in  case  a  rectangular  system 

of  sub-divisions  of  the  fundamental  rectangle  be  supposed  to  be  employed. 


The  definition  of  the  integral  of  a  summable  function,  due  to  I 
(|  287),  can  be  immediately  extended  to  the  case  of  summablo  functions  with 
two  or  more  variables.  In  this  co.se  the  formal  theory  is  exactly  similar  to 
that  developed  in  s-Sj  28'7.  288,  for  the  case  of  summable  functions  of  a  single 
variable.  The  sets  et>  e,'  there  employed,  must  be  interpreted  to  be  sets  of 
points  in  two  or  more  dimensions,  the  measures  m  (e,),  m(e,')  denoting  two- 
dimensional,  or  multi-dimensional,  measures. 


REPEATED    INTEGRALS. 

313.  The  actual  evaluation  of  a  double  integral  over  the  fundamental 
rectangle,  of  which  the  sides  are  #=  x„,  x  =  x,,  y  =  y0,  y  =  yi,  is  usually  made 
to  depend  upon  the  evaluation  of  successive  single  integrals  taken  first 
with  respect  to  one  of  the  variables,  and  then  with  respect  to  the  other. 
The  expression 


Ij^iyi* 


in  which  f{x,  y)  is  supposed  to  be  integrated  first  with  respect  to  y,  for 
a  constant  value  of  as,  and  then  with  respect  to  x,  is  called  a  repeated 
integral.      Similarly,  the  i 


Sjyjy^ 


i,  y)da, 

i  which  the  integrations  are  performed  in  the  reverse  order,  is  also  called  a 
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repeated  integral.  The  question  of  the  existence  of  these  repeated  integrals, 
and  in  any  given  case,  their  relation  with  one  another,  and  with  the  double 
integral,  will  be  here  investigated.  It  will  be  observed  that  the  double 
integral  has  been  defined  as  a  single  limit;  whereas  the  repeated  integrals 
are  each,  when  they  exist,  obtained  as  the  results  of  repeated  limits.  We 
have  then  to  investigate  whether,  or  under  what  conditions,  a  double  integral 
is  capable  of  representation  as  a  repeated  limit  of  one  of  the  forms  indicated. 
It  cannot  be  assumed  a  priori  that  the  existence  of  the  double  integral 
necessarily  implies  the  existence,  for  each  valise  of  x,  of  the  single  integral 

as  a  definite  number.  Neither  is  the  existence  of  this  single  integral, 
as  a  definite  number,  necessary  for  the  existence,  as  a  definite  number, 
of  the  repeated  integral 

dx\    f(x,y)dy. 
Jit        J  So 
In  fact,  if  we  assume  that  the  upper  and  lower  integrals 

J  f(®,y)dy,    J  f(p,y)fy 

have  different  values  for  some  of  the  values  of  x,  it  may  happen  that  the  two 
repeated  limits 

J    da  j  '/(»,  y)dy,       j'daj  '/(«■  y)dy 
have  identical  values. 

The  repeated  integral  will   consequently  be    regarded    as,    in   this  case, 
existing;   and  thus  it  may  be  defined  as 


f&'/VfesO* 


where  the  upper  or  lower  integral  with   respect  to  y  is  to  be  taken  in- 
differently, provided  the  repeated  limit  exists  as  a  definite  number. 


[Si  pi 

In  a  similar  manner        I     dy  \    f(x,ii)dx. 


when  it  has  a  definite  value  independent  of  whether  the  upper  or  lower 
integral  with  respect  to  x  be  used,  will  be  regarded  as  the  repeated  integral, 
first  with  respect  to  m  and  then  with  respect  to  y. 

314.  It  was  first  established  by  P.  Du  Bois  Raymond*  that,  when  the 
limited  function  f  (x,  y)  has  a  double  integral  in  the  fundamental  rectangle, 
then  the  two  repeated  integrals  exist  and  are  each  equal  to  the  double  integral. 

*  Crelle's  Journal,  vol.  sciv,  188a,  p.  277. 
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We  shall  first  give  a  proof*  of  this  theorem  which  exhibits  its  relation  with 
the  theory  of  sets  of  points. 

'The  following  preliminary  theorem  will  be  (list  established  : — 


vj/i-. 


;  y)(dxdy),  taken  thrmyh  the,  ftindamtaital  rectangle,  have  a  definite 

value,  then  the  -set  of  values  of  :i-  for  which  the  single  integral  Ififi,  y)dy,  taken 
with  x  constant,  has  a  definite  value,  defines  a  set  of  points  on  a  hide  of  the  rect- 
angle, of  linear  ■measure  equal  to  the  length  of  thai  side. 

It  follows  from  this  theorem,  that  the  set  is  everywhere-dense  in  the 
interval,  and  of  cardinal  number  c.     Moreover,  the  points  at  which 


jf(x,y)dy,    jf(x,y)dy 


differ  from  one  another  form  a  set  of  measure  zero. 

On  the  assumption  of  the  existence  of  the  double  integral,  the  set  K  of  all 
the  points  at  which  the  saltus  of  f(x,  y)  is  S  k,  where  k  is  an  arbitrarily  chosen 
positive  number,  is  a  closed  set  of  plane  content  zero.  If  a  straight  line  be 
drawn  parallel  to  the  y-axis  through  the  point  x  of  the  side  of  the  rectangle, 
then  the  component  of  K  on  this  straight  line  will  be  denoted  by  Kx,  and  its 
linear  content  by  I  (Kx).  It  has  been  shewn  in  §  108,  that,  o-  denoting  a 
prescribed  positive  number,  the  linear  content  of  that  set  of  points  jc,  on  the 
side  of  the  rectangle,  for  which  I (K^)  £><r,  is  zero;  and  thus  that  I (Kx), 
considered  as  a  function  of  x,  is  an  integrablo  null- function,  for  each  value 
of  k.  The  function  %(x),  —\imI(Kx),  is  also  an  integrablo  null-function; 
for  the  set  of  points  at  which  x  (x)  does  not  vanish 
of  points  at  which  I(K^),  I(K„*),  ...  I '(%»<#), 
if01,  K®,  ...  If1"',  ...  correspond  to  a  diminishing  sequence  of  values  of  k 
converging  to  the  limit  zero :  and  since  each  of  these  sets  has  zero  measure, 
it  follows  that  the  set  of  points  at  which  %(«)  does  not  vanish  has  zero 
measure.  At  any  point  Xj,  at  which  %  (V)  vanishes,  I{K3f\  vanishes  for  every 
value  of  k. 


made  up  of  those  sets 
do  not  vanish,  where 


It  should  be  observed  that,  at  a  point  of  Kx,  it  is  not  necessarily  the  case 
that/fa,  y),  considered  as  a  function  of)/,  with  w  constant,  has  its  saltus  5  k; 
in  fact,  this  saltus  may  be  less  than  k,  or  may  be  zero.  However,  all  the 
points  at  which  the  saltus  of  f{x,  y)  taken  with  x  constant,  is  =  k,  are 
certainly  included  in  the  set  Ka. 

For  any  fixed  value  of  x,  the  upper  and  lower  integrals 


jf(x,y)dy,     jf(x,y)dy 


!i  llml  of  Sclii'mflios,  tlericht  ''Uir.r  die  iii-.iujeiikhre,  p.  193, 
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both  exist,  and  the  two  have  equal  values  at  any  point  of  the  everywhere- 
dense  set  of  points  x,  at  which  %(x)  vanishes.  The  preliminary  theorem 
above  stated  has  thus  been  established. 

Let  F(x)  denote    f  f(x,  y)dy,  where  F(x)  consequently  has  a  single 

determinate  value  at  each  point  x  at  which 

//(«,!!)*,    \f(«,y)Ay 

are  equal.     At  any  point  of  that  set  of  zero  measure,  at  which 

]f(",y)i'j,    //(«,</)% 

have  different  values,  F(x)  is  regarded  us  in  determinate ;  and  the  upper  and 
lower  integrals  are  the  upper  and  lower  limits  of  indeterminacy.  It  will 
now  be  shewn  that  the  function  F  (x),  so  defined,  is  an  intcgrable  function. 

Let  x'  be  a  point  on  the  side  of  the  rectangle,  such  that  the  component 
Kx-  of  K,  on  the  line  a;  =  x',  has  content  <  a.  A  finite  number  of  intervals 
?!,  f2,  ...  em  can  be  determined  on  the  straight  line  ic  —  x',  neither  abutting 
on,  nor  overlapping,  one  another,  such  that  their  sum  eL  +  e2  +  . .  ■  +  em  >  b  ~  rr, 
where  b  is  the  length  of  the  side  of  the  rectangle  parallel  to  the  y-axis,  and 
such  also  as  to  contain,  in  their  interiors  and  at  their  ends,  no  points  at  which 
the  saltus  of  f(x,  y)  is  S=  k.  For  each  point  of  one  of  these  intervals  e  there 
exists  a  rectangle  with  the  point  at  the  centre,  such  that  the  fluctuation 
°f  f(a:>  y)  in  that  rectangle  is  <  k.  The  breadths  of  those  rectangles  for  all 
points  of  e  must  have  a  finite  minimum,  for  otherwise  there  would  exist  a  point 
of  e  which  would  belong  to  K.  It  follows  that,  for  the  point  x',  an  interval 
(V  — «,  X1  +  (3)  can  he  determined,  such  that  the  straight  lines  x  —  x'  —  a, 
x  —  w'  +  ft,  intersect  all  the  rectangles  corresponding  to  all  the  points  of  the 
intervals  elt  e2,  ...  e,„.     If  a;,,  x„  be  any  two  points  in  the  interval 

<>'-«,  J  +  P), 
we  have  |  F(x,)  -F(m$  \  <  bk+  a  (U-L). 

Now  a  finite  number  of  separate  intervals  81,  8(,  ...  B,  can  be  determined 
on  the  side  as  of  the  rectangle  (length  =  a),  such  that  S,  +-  S3  + . . .  +&r>a—i}, 
where  r\  is  a  prescribed  positive  number,  and  such  that  each  point  of  each  of 
the  intervals  8  is  a  point  a/,  for  which  an  interval  (x'  —  a,x'  +  ft)  can  be  deter- 
mined as  above.     By  applying  the  Heine-Borel  theorem  we  see  that 

*!,    Si,  ...  Br 

will  all  be  covered  by  a  finite  number  of  these  intervals  (x'  —  a,  x'  +/3).  It 
thus  appears  that  the  #-side  of  the  rectangle  can  be  divided  into  a  finite 
number  of  parts 
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and  \,  Xs,  ...  \qj 

such  that  t,  +  rt  4-  - .  -  +  tp  >  a  ~- 1\, 

and  Xj  +  Xj  +  . , .  +  Xq  <  n ; 

and  such  that  the  flu  dual  ion  of  F(x)  in  any  one  of  the  parts  t  is 

Let  h  =  ej2b,  a  =  ej2{U~L); 

we  see  then  that  F(a;)  is  such  lhal  the  »'-side  of  the  fundamental  rectangle 
can  he  divided  into  a  finite  number  of  parts,  .such  that  the  sum  of  those  parts, 
in  which  the  fluctuation  of  F(x)  is  £  e,  is  less  than  the  arbitrarily  chosen 
number  ij.     It  follows  that  F  (x)  is  integrable  along  the  side  of  the  rectangle. 

It  has  now  been  shewn,  on  the  assumption  of  the  existence  of  the  double 
integral,  that  the  repeated  integral 


Jj»,fa,    or  jixff(z,y)dy. 


taken  through  the  fundamental  rectangle,  has  a  definite  value.  Moreover, 
this  value  is  equal  to  that  of  the  double  integral.  For,  let  the  fundamental 
rectangle  be  divided  up  by  means  of  straight  lines  parallel  to  the  y-axis,  through 
the  end-points  of  each  interval  of  the  two  finite  sets  [t]  and  [X\.  Any  one  of 
the  rectangles  so  constructed,  with  r  as  base  and  with  height  b,  can  be 
divided  into  parts  by  means  of  straight  lines  parallel  to  the  ,-e-axis,  such  that, 
in  each  one  of  a  number  of  these  parts  the  sum  of  whose  heights  is  >  b  —  a-, 
the  fluctuation  of  f{x,  y)  is  <  k.  The  fundamental  rectangle  has  now  been 
divided  into  a  finite  number  of  parts,  such  that  the  sum  of  the  products  of 
each  part  multiplied  by  the  upper  limit  of  fix,  y)  in  that  part  exceeds  the 
sum  of  the  products  of  each  part  multiplied  by  tin;  lower  limit  of  the  function 
in  that  part,  by  less  than  abk  +  {a<r  +  br/) (U  —  L),  which  is  arbitrarily  small. 

Also  jdxjfix,  y)dy,  and  Jf(x,  y)(dxdy), 

both  lie  between  the  two  sums  of  products,  and  therefore  differ  from  one 
another  by  less  than  ablc  +  (aa  +  bv)  (U -  L).  The  equality  of  the  double 
integral  and  the  repeated  integral  is  thus  put  in  evidence  by  the  mode  of 
sub-division  of  the  rectangle  which  has  been  adopted. 

Similar  reasoning  applies  to  the  repeated  integral  in  which  the  integration 
is  taken  first  with  respect  to  x,  and  then  with  respect  to  y. 

It  has  thus  been  established  that,  if  the  double  integral  through  the  funda- 
mental rectangle  exist,  then  the  two  repeated  integrals  also  exist,  and  are  each 
equal  to  the  double  integral. 
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All  the  points  at  which  x(x)  vanishes  are  points  of  continuity  of  the 
function  F(w);  but  there  may  also  be  other  points  at  which  F  (x)  is  con- 
tinuous; because  (..he  existence  of  a  saltus  of  f(x,  y)  at  a  point  (x,  y)  is 
consistent  with  f(x,  y)  being  continuous  with  respect  to  x,  and  also  with 
respect  to  y,  at  the  point. 

The  function  A'(*')  mav  '1(1  replaced  by  it  (a1),  the  most  nearly  continuous 
function  related  to  it  (§  IS) 2).     We  thus  have 


J/(«,Jl)(d.lfc)-J,  +  («)!fe 


It  has  been  assumed  that  the  set  of  points  G,  for  which_/'(.T,  y)  is  defined, 
is  measurable  in  accordance  with  Jordan's  definition  of  a,  measurable  set ;  and 
thus,  that  the  double  integral  of  the  limited  function  maybe  replaced  by  that 
of  the  function  f(x,  y),  defined  for  all  points  of  a  rectangle  which  contains  G, 
by  the  convention  that, /(a;,  y)  shall  vanish  at  all  those  points  of  the  rectangle 
which  do  not  belong  to  G.  If  the  set  G  be  such  that  each  straight  line 
parallel  to  the  y-axis  contains  points  of  G  which  fill  up  a  finite,  or  an 
indefinitely  great  number  of  continuous  intervals,  or  more  generally,  if  the 
set  of  such  points  for  each  value  of  x  be  linearly  measurable,  then  the  integral 

taken  along  the  whole  segment  of  the  line  between  the  sides  of  the  rectangle, 
may  be  replaced  by  the  same  integral  taken  through  tne  component  of  G  on  the 
same  segment.  In  particular,  if  the  points  of  G  on  the  straight  line  through 
the  point  cc  consist  of  all  the  points  in  the  linear  interval 

we  may  replace  I  f(x,  y)  dy 

by  /(:>:,  y)dy; 

and  therefore  in  this  case, 

I    f(*,y)(dmdy)  =  {"  dx  f'iX)  f(w,y)dy. 

315.  A  simple  proof*  of  the  fundamental  theorem  of  §  314,  will  be  given, 
which  depends  upon  the  fact  that,  for  any  limited  function  f(x,  y),  if  the 
operation  of  taking  the  upper  integral  first  with  respect  to  y,  and  then  with 

*  This  method  of  proof  was  first  «:i!iiloyeil  l>v  Hamad; ;  fi'.f.  his  oilition  of.  Sfrrol's  'Differential, 
and  Integral  Calculus,  p.  383.  Other  proofs  of  this  kind  lisivc  bcon  j;ivcn  by  Areola,  Mali,  dell'  1st, 
di  Bologna,  ser.  5,  Vol.  H,  p.  12S ;  by  Jordan,  I.ioiivii.Lc's  Journal,  sir.  4,  vol.  vm,  p.  84,  or  Court 
d'Analyse,  vol.  i,  p.  4*2;  nlao  by  PringBheim,  Sitiung$beriehte  d.  Miinch.  Akad.,  vol.  xsvni, 
p.  oil,  arid  vol.  xsis,  p.  ■'•',).  Urn  also  i'ievpijiu.'s  papor  "  Oi'i  rn-iltipln  intr^rals,"  Trans.  Artier, 
Math.  Soc,  vol.  ii,  1'jOj.  ■.vlu'-ru  a  pro;;;'  ot  this  ul  .araijlur  fur  muiiiplo  integrals  is  given. 
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respect  to  a;,  he  performed,  the  result,  nan  not  exceed  the  upper  double  integral ; 
and  that,  similarly,  the  result  of  successively  talcing  the,  lower  integrals  with 
respect  to  x  and  to  y  cannot  be  less  than  the  lower  double  integral :  thus 

J/O,  y)(dxdy)  a  /»>//(•,  y)dys,Jd*Jf(x,  y)dy 

sj/(»,„)(dxds), 

the  integrals  being  all  taken  over  the  fundamental  rectangle. 
Iff  (as,  y)  be  integrable,  so  that 

J/(»,  y)  (<kdy)  =  ]"/(«,  3/)  (duly), 

il  follows  that 

/<b//(«,  »)  *-/•>//(«,  S)  * 

-[*»[/(«,  j)  dy=j<tj/fe  y)dy, 
ami  thus  that  the  repeated  integral 

/*•//(*  </)  * 

has  a  definite  value  equal  to  the  double  integral. 

rl'o  establish  the  theorem,  let  the  rectangle  be  divided  into  a  number  of 
parts  h  by  means  of  straight  lines  parallel  to  the  sides.  Since  the  double 
integral  is  assumed  to  exist,  this  may  be  done  in  such  a  manner  that,  e 
denoting  an  arbitrarily  chosen  positive  number,  the  condition:; 

J>(«,  jr)  ((infer)  -  .  a  1  {Si  (8)]  a  S  {S  V  («)}  a  //(*,  </)  (ibty)  +  « 

are  satisfied,  where  the  summation  2  is  taken  for  all  the  rectangles  S,  and 
£7(S),  £  (B)  denote  the  upper  and  lower  limits  of  /(#,*/)  in  a  rectangle  S. 
Now,  if  we  take  the  upper  and  lower  integrals  of.'/(.r,  y)  along  a  straight  line 
parallel  to  the  y-asis,  we  have 

|/(,,»)J,321{fi(J)l1 

where  the  summation  2,  refers  to  all  those  rectangles  S  which  are  intersected 
by  the  straight  line  along  which  the  upper  and  lower  integrals  are  taken ;  and 
in  the  case  when  that  straight  line  is  along  one  or  more  boundaries  of  the 
rectangles  6",  2  refers  to  all  the  rectangles  on  one;  side  of  that  line:  also  6" 
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denotes  that  interval,  along  the  line  of  integration  which  is  in  the  rectangle  S. 
It  follows  that 

jWj/(*,  y)  dy  £  S  [SU (8)1  £  |/(.,  y) (dvdy)  +  . 
and  j<k,jf{z,y)dyZt{SL(S)]  B,J>(*,  ,)(dxdy)-t; 

and  since  these  inequalities  hold  for  every  value  of  e,  we  have 
jdxjf(x,y)dy£~jx*,y)(d*dy) 

jdzjf(*,y)dSsjf(x,y)(dzdy); 

and  thus  the  theorem  is  established. 

316.  The  converse  questions  now  arise  whether,  from  the  existence  of  one 
of  the  repeated  integrals,  or  from  the  existence  and  equality  of  both  repeated 
integrals,  that  of  the  double  integral  can  be  inferred.  The  answer  to  both 
quostions  must  be  in  the  negative.  Continuity  of  a  function  f(as,  y)  with 
respect  to  m  and  y  separately  does  not  necessarily  imply  eontinuity  with 
respect  to  (x,  y);  moreover,  the  salt. us  of  the  function  at  a  point  with  respect 
to  x,  when  y  has  a  constant  value,  or  with  respect  to  y  when  x  has  a  constant 
value,  is  not  necessarily  equal  to  the  saltus  of  the  function  with  respect  to 
(w,  y).  It  may  happen  that  the  component  of  K  on  a  straight  line  parallel 
to  one  of  the  axes  may  consist  of  points  some  or  all  of  which  are  points  of 
continuity  of  the  function  when  considered  as  a  function  of  one  variable  on  that 
straight  line.  Thus  K  may  have  a  plane  content  greater  than  zero  ;  and  yet 
the  linear  content  of  the  points  on  all  straight  lines  parallel  to  the  axes,  at 
which  the  linear  saltus  of  the  function  is  =  k,  may  be  zero.  Hence  either,  or 
both,  of  the  repeated  integrals  may  exist,  whilst  for  values  of  k,  the  sets  K  are 
not  of  zero  content* ;  and  therefore  whilst/ (a1,  ?/)  does  not  admit  of  a  double 
integral.  The  relation  of  Lebesgue  integrals  with  repeated  integrals  will  be 
considered  in  Chap.  VI. 

EXAMPLES. 

l.t  For  the  rectangle  bounded  by  x=0,  ,r=l,  y  =  0,  y=l,  let  /(*,  y)  =  I,  for  all 
rational  values  of  %,  and  fix,  -if.  —  'iii,  fur  all  irrational  value*  of  x.  We  have  then 
I    /(#!  y)^y  =  l)  whatever  value  x  may  have;  and  hence  the  repeated  integral 


i1  dm  i' 


m» 


■rem  relating  to  thLs  point  lias  i.i««u  given  by  Siehonitios,  sue  his  Bcricltt, 
p.  137.  In  this  theorem  the  condition  that  K  should  be  closed  is  stated  to  be  the  condition  for 
the  existence  of  the  double  integral.  If,  however,  K  were  not  closed,  it  could  not  represent  the 
set  of  points  at  wliieh  any  function  had  a  sultu^  >  I;.  The  examples  giver 
in  rsaldy  aeeord  v-.itli  nis  theorem. 

t  Thomae,  Sehlnmilch't  Zeitsehrijt,  vol.  sxin,  p.  67. 
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has  the  value  1:  but  the  double  mtcqn.il  does  not  exist,  since  l{h')>0,  for  any  value  of 
k  in  the  interval  {0,  I), 

2*  Let  #  be  represented  by  a  finite  or  infinite  decimal,  excluding  those  decimals  in 
which  every  figure  from  and.  sifter  some  fixed  place  :s  9,  Lei,  px  denote  the  number  of 
decimal  places  in  the  representation  of  x  in  the  manner  described.  Let  y  be  represented 
in  a  similar  mariner,  with  a  corresponding  definition  of  p.,.     Let.  the  function  /(j»,  y)  he 

defined  in  the  rectangle  bounded  by  x=0,  x=l,  y=Q,  y=l,  by  f(x,  y)=  — —  H — r 

when  px  and  p,,  are  both  finite;   otherwise  let  /(a:,  t/)  =  0. 

We  have  /  — —  dy  =  0;  for  there  are  only  a  finite  number  of  values  of  j/  in  (0,  1),  for 
which  py  is  less  than  an   arbitrarily  chosen  fixed  integer,  or  is  greater  than  an 

arbitrarily  chosen  fixed  proper  fraction.     The  function  fix,  y)  vanishes,  except  when  one 
at  least  of  x  and  y  is  re]  >re  sen  fable  by  a-  finite  decimal  ;  and  thus  the  double  integral 

jf(x,y)(dxdy)  =  0. 

Now  jQf(.^y)dy=-p~v      |* /(**)*-<>; 

and  thus    I    f(x,y)dy  has  no  definite  value  for  any  value  %  of  the  everywhere- dense 

enumerable  set  of  points   for  which  p.c  is  finite. 


Nevertheless  I    dx  j    f(x,y)dg  =  ii=\f{x,y)(dxdy). 


3*.     "With  the  same  notation  as  in  the  last  example,  lei.  fix,  y)  =  0,  when  px,  pv  are 

both  finite  or  both   infinite;   let  f(x,  y)=-~ ,  when  px  is  finite  and  pv  infinite,  and 

f(x,  #)  =  - ,  when^„  is  finite  and  px  is  infinite.     In  this  case  f(x,  y)  differs  from  0  at 

an  nnemimerable  set  of  points;  and  yet-  the  set  of  points  a.f  which  f[x,  y)>e  has  the 
plane  content  *cro,  since  all  such  points  are  on  a  finite  number  of  lines  parallel  to  the 
coordinate  axis,  although  they  are  every  whore -do  use  on  those  lines.  The  double  integral, 
and  consequently  the  repeated  iiilegr.ils.  exist  in  this  case, 

A*  An  example  has  been  given  in  Ex.  1,  §  108,  of  a  set  of  points  K  which  is 
every  where- dense  and  unclosed,  whereas  the  sets  ii\,  A',,,  are  all  finite.  Let  f(x,  y)  =  d  at 
every  point  of  f(,  and  —  •:■  at  '■very  other  point.  In  this  case,  the  double  integral  doe.s  net- 
exist  ;  but 

\f{^y)dx=c,        \f{xty)dy=c, 
whatever  values  y  and  x  may  have  in  the  first,  and  in  the  second  iutegra.l  respectively. 

In  this  ease  /     dx    I    f(x,y)dy  and    I    dy   j    f(x,y)dx 

both  exist  and  have  the  same  value  o. 

5.*  Let  a  set  <(x',  y')|  be  defined  as  follows: — Let  ;>.:'  have  any  value  for  which  px,  is 
finite;  and  with  such  a  fi.xed  value  of  ,?/,  let  f.vury  ■</  be  taken  for  which  p^^p^.  On 
every  line  parallel  to  the  v/-a.xis  there  are  only  a  finite  number  of  points  of  the  set;  but 

'■■   PfingshfeJin,  tiiUiii.:<!/bt:rii:L./e  o.  Li'ir,;'nh-i  Akttdeiitii.'.  vol.  xxvm,  p.  71. 
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■■lie.  :■'.;■.,  is  .j.'.ci-y ','.  1  ici  c--i  u-r;^f  on  every  li'io  whieh   is  piitv:.  I'.iv.  "o  the  .i'-axis,  .nui  which  has 

for  its  ordinate  one  of  the  #'.  Let  f(x,  y)  —  c'  for  the  set  {{#',  y'j},  and  let  /(#,  y)  =  c 
for  all  remaining  points. 

We  have,  in  this  case,  I     /(*,  <i)  dy=e, 


*/*/<** 


jo dx  J0f&'$dy=a- 

r,  y')d-v  has  r;  ami  <j'  for  its  iifipoi'  and  lower  values  ;  and  t  lie  sot  of  v;dues 

of  y'  being  every  where  -de  use,        •///   I     /'(,»;,  y)  tf,r  does  not  exist, 

6.*  Let /(#,  y)  be  dunned  at  all  points  of  the  rcetai igle  bounded  by  x  —  0,  #=1, 
y  =  0,y  =  ],  by  the  condition  that/i>,  ;</)=---0,  except  at  those  points  (.-<.■',  y"j  at  which 

* ^-,     y-^-i  "here /Crf.jO-^, 

m,  ra,  ^  and  y  being  positive  integers. 

In  this  case  the  double  inle^ral  exists,  and  t'nerefoi'e  i,he  repealed  integrals  both  existt, 

PROPEBTIES    OF    THE    DOUBLE    INTEGRAL. 

317.  The  following  properties  of  the  proper  double  integral  may  be 
established  in  a  simple  manner: — 

(1)  Iff{x,  y)  have  a  double  integral  in  the  domain  G,  then  \fits,  y)  |  also 
has  a  double  integral  in  the  same  domain  ;  i.e.fip,  y)  is  absolutely  integrable 
in  the  domain  G. 

For  the  fluctuation  of  \f{x,  y)  |  in  any  rectangular  cell  cannot  exceed  that 
of /(#,  y);  hence  it  follows  from  the  condition  of  §311,  that  \f{x,y)\  is 
integrable,  if/(#,  y)  be  so. 

It  follows  from  the  definition  that 

(2)  If  G  be  divided  into  two  parts  G„  G\,  each  of  which  is  measurable 
in  accordance  with  Jordan's  definition,  then  M  f(x,  y)  have  a  double  integral 
in  G,  it  has  also  double  integrals  in  G\  and  G'a,  which  satisfy  the  condition 

I   /<*»)(*>*)+[  /(«. y)(«sO  =  I  f(s,y)(daay). 

For  if,  the  set  of  points  of  G  at  which  the  saltus  of  /(#,  y)  is  5  &,  may  be 
divided  into  its  two  components  Kv  in  (?,,  and  if2  in  (r2.     The  only  points  of 

*  Du  Bois  Eeymond,  Cretin's  Journal,  vol.  xciv,  p.  «TB  ;   also  Stela,  (irumldige.,  vol.  in,  p.  73. 

f  This  is  denied  by  Stela,  Giuii/hiige,  vol,  in,  p.  88,  on  the  srouDii  Ilia).  f{x,  y)  for  x- 
is  not  integiabk  willi  i/espect  to  ;;.  hut.  has        ami  0   lor  its  uiiiit'i  and   lower  values.     We  have, 
however,  shown  i.hal  i\\\>  I-  no  justification  for  denying  the  existence  of  the  repeated  integral. 
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G,  at  which  the  salt  us  of /(#,  y),  considered  as  defined  for  G,  only,  is  £&, 
consist  of  the  points  of  the  set  K,,  together  with  points  forming  a  set  Ks'  on 
the  frontier  of  G2.  The  content  of  this  frontier  being  zero,  K,'  has  zero 
content ;  also  K-L  has  zero  content,  since  it  is  a  part  of  K.  Since  Kl  +  K,'  has, 
for  every  value  of  k,  the  content  zero,  it  follows  that  f(n;  y)  is  integrable  in 
ff,;  similarly,  it  is  integrable  in  (?s.     Also 

is,  by  definition,  the  limit  of  the  finite  sum 

S^SO  +  MW-K-.  +  MW. 

The  rectangles  8  consist  of  (.1)  those  which  contain  interior  points  of  G2  only, 
(2)  those  which  contain  interior  points  of  6\  only,  (H)  those  which  contain 
points  on  the  frontiers  of  G  and  of  G,  and  (?a.  The  above  sum  may  therefore 
be  divided  into  three  portions  containing  those  S's  respectively  which  belong 
to  (1),  (2)  and  (3).     The  limit  of  the  first  of  these  is 


that  of  the  second  is 


f  ftovHW). 


and  that  of  the  third  is  at  most  equal  to  U  multiplied  by  the  content  of  the 
points  on  the  frontiers  of  (?i  and  (r2,  where  U  is  the  upper  limit  of  |/(#,  y)  ]. 
Since  the  contents  of  the  frontiers  are  zero,  the  limit  of  the  third  part  of  the 
sum  is  zero;  hence  the  second  part  of  the  theorem  is  established. 

(3)  If  F(f,,f2,  ■■■/„)  be  a  continuous  function  in  G  of  the  n  functions 
/n/s.  •  -■/».  each  of  which  has  a  double  integral  in  G,  then  F  has  itself  a 
double  integral  in  G. 

The  proof  of  this  is  identical  with  the  one  applicable  to  the  ease  of  a 
single  variable,  given  in  §  266. 

That  the  sum  or  product  of  two  or  more  integrable  functions  is  integrable 
is  a  particular  case  of  this  theorem. 

(4)  If/  be  integrable  in  G,  and  the  function  f,  be  defined  by/i=/  for 
every  positive  value  of  f,  and  byf,  =  0,  when  /ia  negative  or  zero;  the  function 
/a  being  defined  by/2  =  —  /,  for  every  negative  value  of/,  and  by  /"a=0,  when 
/  is  zero  or  positive  ;  then  f,  and  /a  are  each  integrable  in  G.  For/]  ~/9  being 
=/,  is  integrable,  and  also  in  virtue  of  (l),/i+/i  is  integrable  in  G,  hence  by 
(3),  f\  and /^  are  both  integrable  in  G. 
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IMPROPER  DOUBLE  INTEGRALS. 

318.  As  in  the  case  of  single  integrals,  the  definition  of  a  double 
integral  may  be  extended  to  the  case  in  which  the  function  has  a  set  of 
points  of  infinite  discontinuity.  This  set  is  necessarily  closed,  and  it  will  be 
assumed  throughout  that  its  plane  content  is  zero.  It  will  also  be  assumed 
that  the  domain  for  which  such  a  function  is  defined  is  bounded,  and  that  the 
frontier  has  the  content  zero,  the  domain  being  therefore  measurable  in 
accordance  with  Jordan's  definition  ;  and  consequently  the  function  may  be 
replaced  by  another  function  defined  for  all  the  points  in  a  fundamental 
rectangle,  the  new  function  being  taken  to  vanish  at  all  points  not  in  the 
original  domain,  and  to  have  the  same  value  as  the  original  function  at  all 
points  of  that  domain.  These  assumptions  being  made,  a  definition  of  the 
improper  double  integral  which  is  substantially  the  one  given  by  Jordan*, 
and  adopted  by  Stolzf,  may  bo  stated  as  follows:' — 

Let  D,,  D%,  ...  DM  ...  denote  a  sequence  of  down-ins  contained  in  the  funda- 
mental rectangle,  each  one  of  which  consists  of  a,  finite  number  of  connex  closed 
■portions  eo.ch  with-  its  frontier  of  zero  content,  and  in  which  the  number  of  the 
portions  may  increase  indefinitely  with  n.  Further,  let  us  suppose  that  none  of 
these  domains  contain,  in  their  interiors  or  on  their  frontiers,  a.ny  point  at 
which  f'x,  y)  has  an  infinite  discontinuity,  and  that  the  sequence  is  such  that 
the  measure  of  DK  converges  to  that  of  the  fmtda.nmrtal  rectangle;  then  if 
the  upper  integrals 

T  f(r.,y){dj,:d,j).    7   f{x,y)(dxdy),...  J  f(*,y)(ixdy),... 

taken  over  the  domains  Dlt  D,., ...  ,  converge  to  a-  definite  Uiv.it  independent  of 
the  particular  sequence  \Dn)  chosen,  this  limit  is  defined  to  be  the  improper 
upper  integral 

7/(*y)(<My) 

of  f'x,  y)  in  the  given  domain.  ,-1  similar  statement  applies  to  the  case  of 
the  improper  lower  integral.  When  the  improper  upper  and  lower  integrals 
both  exist,  and  have  the  sa.m.e  value,  then  the  improper  integral 

j/(m.  y)(d,dy) 

over  the  given  domain  is  said,  to  e.rist,  a.nd  to  ho.oe  thin  common,  value. 

It  will  be  observed  that  the  domains  Dn  are  all  measurable  in  accordance 
with  Jordan's  definition  of  a  measurable  set,  and  therefore  also  in  accordance 
with  the  definition  of  Bore!  and  Lehesgue. 

*  Cours  d' Analyse,  vol.  u,  p.  76. 
+   Grundziige,  vol.  in,  p.  124. 
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In  case  the  function  f(x,  y)  be  iutegrable  in  all  the  domains  Dj,  B2, ...  , 
however  this  sequence  may  be  chosen,  subject  to  the  conditions  stated 
above,  then  if  the  sequence 


f   f(%.y)(dxdy),        f(x,y)(dxdy),... 


converge  to  a  definite.  limit,  independent  of  the  particular  sequence  [Dn],  that 
limit  defines  the  improper  double  integral 


(■/(*,  j,)(*r%). 


If  a  function  f(x,  y)  have  an  improper  integral  in  the  fundamental  rect- 
angle, then  f(x,  y)  has  a  proper  integral  in  any  conn ex  closed  domain  of 
which  the  frontier  has  zero  measure,  and  which  is  contained  in  the  funda- 
mental rectangle,  but  itself  contains  no  points  in  its  interior,  or  on  its  frontier, 
at  which  f(x,  y)  is  infinitely  discontinuous.     For,  by  the  definition, 


converge  to  one  and  the  same  definite  limit,  as  D  converges  to  the  funda- 
mental rectangle;  therefore  D  can  be  so  chosen  that,  if  e  be  an  arbitrarily 
chosen  positive  number, 


J  D  J  D 


Now  if  Z*'  bo  any  domain  of  the  type  defined  above,  in  the  interior  of  D,  it  is 
clear  that  the  difference  between  the  upper  and  lower  integrals  of  f(x,  y) 
throughout  D'  cannot  exceed  the  difference  of  the  upper  and  lower  integrals 
throughout  D,  and  is  therefore  <  e.  Since  e  is  arbitrarily  small,  it  follows 
that  the  upper  and  lower  integrals  throughout  D'  must  be  identical,  and 
therefore  that  f(ce,  y)  is  integrable  in  I)'.  It  has  thus  been  shewn  that 
if  f(x,  y)  have  an  improper  double  integral  in  the  fundamental  rectangle, 
H  must  possess  a  proper  integral  in  any  Conner  closed  domain  interior  to 
that  rectangle,  such  that  the  domain  hats  its  frontier  of  zero  measure,  and 
contains  no  'points  of  i  njinite  disconfinuily  of  the  function,  either  in  its  interior 
or  on  its  frontier. 

319.     The  -necessary  arid   sufficient  condition  for  the  existence  of  the  im- 
proper upper  double  integral 

J/(*  »)(<&«) 

is  that,  corresponding   to  any  arbitrarily   chosen  positive    number  e,  another 

positive  number   B  can   be   determined,  such,  that,  if  A  be  any  connex  closed 

domain  whatever,  of  winch  the  frontier  has  zero  measure,  and  which  is  contained 

h.  28 
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in  the  fundamental  redan'.jle,  bat  itself  contains  no  points  of  infinite  discon- 
tinuity of  f(p,y),  either  in  its  interior  or  on  its  frontier,  then,  provided  the 
measure  of  A  is  <  8,  the  condition 

[//(a,,  y)(<to<«j<«, 

taken  over  A,  is  satisfied. 

A  similar  theorem  applies  to  the  improper  lower  double  integral. 

To  shew  that  the  condition  stated  in  the  theorem  is  sufficient,  let  D,  D' 
be  two  domains  of  the  kind  specified  in  |  HIS,  such  that  m.(D),  m(D")  both 
differ  from  the  area  of  the  fundamental  rectangle  by  less  than  8;  they  are 
both  interior  to  the  fundamental  rectangle,  and  contain  none  of  the  points 
of  infinite  discontinuity  of  the  function.  Let  d  be  the  set  of  points  of  D 
which  do  not  belong  to  D',  aud  d'  the  set  of  points  of  D'  which  do  not 
belong  to  D ;  then 

m(d)<A-m(D')<8, 
and  m(d')<A-m(D)<8, 

where  A  is  the  area  of  the  fundamental  rectangle.  Also,  since  the  domains 
D  +  d',  D'  +  d  are  identical,  we  have 

IS-Ijy  =  Id-I#s 
where  I  denotes  the  upper  double  integral 

J/(«4Jr)<<Msr) 

taken  over  the  domain  indicated  by  a  suffix.     It  follows  that 

\b-Ij,\a\I,\  +  \I,\<i,; 
and  hence  it  is  easily  seen  thai,  any  two  sequences 

both  converge  to  one  and  the  same  definite  limit. 

To  shew  that  the  condition  stated  in  the  theorem  is  necessary,  let  us 
suppose   that   it    is  not    satisfied.      We    thus  assume    that    a    domain    d    of 
arbitrarily  small  measure  can  be  found,  such  that  \I^\>  e. 
Let  D  be  interior  to  the  rectangle,  and  such  that 
A-m(B)<8. 
Taking  D  to  contain  d,  we  then  have 

m(I>-d)>A-28, 
provided  m  (d)  <  8. 

The  two  domains  D,  D  ~  d  both  converge  to  A,  if  8  be  decreased  indefinitely  ; 
Id  —  I  D-d  — 1&\ 


and 
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thus  |  Ij)~Ij}-&\  >«, 

however  small  B  may  be;  hence  the  limit  does  not  in  this  ease  exist, 

The  necessary  a.ral  snjJicivv.t  condition  that  flu:  improper  upper  and  lower 

integrals  of  f(x,  y)  in  the  jundamentul  rectangle  -may  both  exist  is  that  the 

improper  vpjxzr  iiderpvJ,  of  \f(v,y)\  may  exist. 

To  shew  that  the  condition  stated  is  sufficient,  we  observe  that,  on  the 

assumption  of  the  existence  of 

it  follows  from  the  theorem  established  above  that  the  upper  integral  of 

I  A«.jO  I 

through  a  coimex  domain  I),  interior  to  A,  and  containing  none  of  the 
points  of  infinite  discontinuity,  tends  to  the  limit  zero  as  m(D)  does  so. 
Also 

I  f/(»,  J)  (dxdg)  J,    If  /(.,  y)(d.dy) 
are  both  s(   |  J  (*>,  y)  \  (tody), 

J  D 

as  is  easily  seen.     It  follows  that  both 


J  d  -Id 


converge  to  zero  as  u>(i>)  docs  so, and  uniformly  for  all  such  domains  D ;  and 
that  these  are  the  suilieient  condition.-  for  the  existence  of 


j/fejHiMy),  jf(n,y)(dtdy). 


To  prove  that  the  condition  stared  is  a  necessary  one,  let  us  assume  that, 
for  every  connex  domain  I)  satisfying  the  specified  conditions,  and  such  that 
m  (D)  <  B,  we  Lave 

If  /(«.y)(«i»(ij)|<«- 

[J  D  I 

Nowlet  /(«,!/)=/+(«,  </)-/"(*.  V), 

where  f  *(*,  <j)  =/(*>,  y) 

at  all  points  where/(.£,  y)  is  positive,  and  everywhere  else 

also  /-  {x,  y)  =  -f(x,  y), 

at  every  point  where  f(w,  y)  is  negative,  and  f~  (so,  y)  is  everywhere  else 
zero.  The  domain  D  may  be  divided  into  a  finite  number  of  rectangles  <5, 
some  of  which  may  lie  partly  outside  D;  the  functions  being  taken  to  be 
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zero  in  all  anch  outlying  portions.     Denoting  by    U$  the  upper  limit  of  a 
function  in  the  rectangle  S,  we  have 

in  all  elements  S  in  which  /(a;,  y)  has  positive  values  ;  and  in  all  other  elements 

U,{f+(x,y)}-0. 
The  elements  may  be  taken  such  that,  if  i)  be  an  arbitrarily  chosen  number, 
the  inequalities 

isu,  [/(«,  <,))-Jy(«,  j.)  (<&%)<,, 

SSC  (/+  (x.  j,))  -//+(*, !»(*«*)<! 

are   both   satisfied.      These    conditions   are   also   satisfied  for   any  domain 
contained  in  D. 

We  have  now 

7  /+(«,  <,)<fa<ft/3  SS(7«I/+(a,  y)}  S  S8ft{/(*,  ji)) 
in  z>  i>, 

i  [/(„;,;,)(<!*<«  +  , 

Ji, 

where  Dj  consists  of  the  domain  which  is  composed  of  those  elements  S  of  D 
in  which  f(a\  </)  has  positive  values.     Since  i;  is  arbitrarily  small,  we  have 

|   f+(x,y)(dxdy)£e. 

J  D 

Again,  since 

jj(x,  y)  (dxdy)  =  -  /n-{/(^,  V))  (dxdy) 

we  see  that  ~  [f(x,  y)\  (dxdy) 

J  D 

has  the  limit  zero  when  m(D)  has  the  limit  zero;  and  from  this  it  follows  as 

before  that 

jBf-(w,y)(da>dy)&£. 

Sin^  /<^)=/+(^)-/-(^), 

we  have  \    \  f(x,  y)  I  (dxdy)  £  2e ; 

J  D 

and  therefore  J    \f(x,  y)  I  (dxdy) 

J  D 
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has  the  limit  zero  when  ■m(D)  converges  to  zero.    It  now  appears,  by  employ- 
ing the  first  theorem  of  this  section,  that 


||/<«i  <<)|  (*>%), 


taken  throughout  the  fundamental  rectangle,  lias  a  delinite  value. 
It  should  be  observed  that  since 

f  [ /(«,!,) !(«!,) a 7  |/(*,j,)|  (,&%), 

the  lower  integral 

f   | /(«,»)  |  (4.*) 

has  the  limit  zero,  whenever  zero  is  the  limit  of 

7  |/(.,»)|(<fai»)i 

Jj) 
and  that  therefore  1 1/(«,  y)  |  (dxdy) 

always  exists  when  1 \f(x,  y)  |  (dxdy) 

docs  so,  the  integration  being  over  the  fundamental  rectangle. 

320.  It  has  been  seen  in  §  318  that,  in  case  f(x,y)  have  an  improper 
integral  in  the  fundamental  rectangle,  it  has  a  proper  integral  in  any  closed 
connex  domain  D  contained  in  that  rectangle,  with  frontier  of  zero  measure, 
and  containing  no  points  of  infinite  discontinuity  of  the  function.  It  follows 
by  the  theorem  of  §  317  (1),  that  \f{x, ;//)'  is  also  iutegrable  in  the  domain  D; 
and  we  have  already  seen  that  the  existence  of  an  improper  upper  integral  of 
f(x,  y)\  is  a  necessary  consequence  of  the  existence  of  the  improper  integral 
of  f(x,  y).  It  thus  appears  that  the  improper  upper,  and  lower,  integrals 
of  \f(x,y)\  must  be  identical,  and  therefore  that,  if  fix,  y)  be  a  function 
which  has  an  improper  donh'e  wter/n/L  in  ac-oord-ance  with  Jordan's  definition, 
then  \f(x,  y)\  has  also  an  improper  interim/,,  .so  that  every  such  improper 
integral  is  absolutely  convergent. 

We  have  seen  that  Han  lack's  definition  of  an  improper  single  integral  is 
applicable  not  only  to  the  cases  in  which  the  convergence  is  absolute,  but 
also  to  cases  in  which  the  convergence  is  not  absolute.  Jordan's  definition 
of  an  improper  double  integral  is  however  much  more  stringent  than 
Harnack's  definition  of  an  improper  single  integral.  In  the  latter  case 
the  integral  is  defined  as  the  limit  of  the  proper  integral  taken  through  a 
finite  number  of  intervals,  not  chosen  arbitrarily  in  any  manner  consistent 
with  the  condition  that  the  sum  of  these  intervals  is  to  converge  to  the 
length  of  the  interval  of  integration,  but  chosen  so  as  to  satisfy  the  special 
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condition  that  they  are  complementary  to  a  finite  set  of  intervals  which 
contain  in  their  interiors  all  the  points  of  infinite  discontinuity  of  the 
function,  each  interval  of  the  finite  set  containing  at  least  one  such  point. 

If  the  proper  integrals  of  which  the  improper  integral,  in  Harnack's 
definition,  is  the  limit,  were  not  subjected  to  the  above  mentioned  restriction, 
reasoning  precisely  similar  to  that  applied  above  would  shew  that  every 
improper  single  integral  must  be  absolutely  convergent.  In  order  that 
a  definition  of  the  improper  double  integral  should  admit  of  the  existence  of 
double  integrals  which  do  not  converge  absolutely,  it  would  be  necessary  to 
subject  the  domains  D3.  A.  ■-■  Ai,  ....  (the  proper  integrals  through  which 
define,  as  their  limit,  the  double  integral),  to  some  restriction  which  would 
allow  of  the  existence  of  a  limit  in  cases  in  which  such  a  limit  does  not  exist, 
independently  of  the  particular  set  [Bn\  chosen,  when  no  such  restriction 
is  made.  Such  a  restriction  as  to  the  nature  of  the  domains  J)n  would 
correspond  to  the  restriction  to  a  special  class  of  sets  of  intervals,  of  the 
intervals  through  which  the  proper  integrals  in  Harnack's  definition  of  an 
improper  single  integral  are  taken.  The  true  extension  of  Harnack's 
definition  to  the   case  of  double  integrals  would  be  the  following: — 

Let  the  points  of  infinite  discontinuity  of  /(.'.',  y)  {the  set  of  such  points 
being  of  zero  content),  be  enclosed  in  a  finite  set  of  rectangles  with  sides 
parallel  to  those  of  the  fmula,  mental  rectangle-,  each-  rectangle  of  the  finite  set 
containing  at  least  one  point-  of  infinite  discontinuity,  and,  no  such  point  being 
on  the  frontier  of  the  set  of  rectangles ;  and,  let  T)n  denote  the  remaining  part 
of  the  fundamental  rectangle  when  the  finite  set  of  rectangles  is  removed,  then,  if 
fix,  y)  have  a  proper  integral  in  every  such  domain  ./).„,  and  if  this  proper  in- 
tegral converge  to  a  definite  limit  -when  any  sequence  whatever  of  such,  domains 
Dn  is  taken,  such  that  the  -measure  of  I)„.  converges  to  that  of  the  fundamental 
rectangle,  this  limit  shall  define  the  improper  double  integral  offfie,  y). 

This  extension  of  Harnack's  definition  would  admit  of  the  existence  of 
non-absolutely  convergent  improper  double  integrals,  as  we  have  seen  to 
be  the  case  for  improper  single  integrals.  With  this  definition,  the  theorems 
of  §  319  would  no  longer  be  valid. 

When  it  is  asserted  that  non-absolutely  convergent  double  integrals  do 
not  exist,  the  assertion  must  be  taken  to  mean  that  such  integrals  do  not 
exist  in  accordance  with  the  definition  of  Jordan,  and  not  that  it  is  im- 
possible to  give  definitions,  such  as  the  above  extension  of  Harnack's,  in 
accordance  with  which  double  integrals  exist  that  do  not  converge  absolutely. 

The  properties  of  improper  double  integrals  which  are  not  necessarily 
absolutely  convergent  are  more  restricted  than  those  which  exist  in  accor- 
dance with  Jordan's  definition,  and  it  is  consequently  a  matter  of  opinion 
whether,  though  the  former  certainly  exist  as  limits,  the  name  integral 
may  be  appropriately  applied  to  such  limits. 
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EXAMPLE. 

If  we  take  as  the  domain  of  integration  the   rectangle  hounded  by  :r  =  0,  x~a,  y  =  Q, 
y  =  b,  then  the  double  integral  or  -  sin       is  not  convergent,  and  therefore  in  accordance 

with  Jordan's   definition    does    not   exist;    although   the   single  integral    I     -sin-diris 

non-;iliM>l',itely  convergent,,  and  dues  exist  iu  accordance  with  IL:  mack's  definition. 

The  existence  of   j     -  sin     d.n  depends  upon  the  fact  that    /     -  sin  -  dm  converges  to 
Jo  x       x  J ,  x       a 

s.  definite  limit  as  e  converges  to  *:m.  and  this  is  sufficient  to  ensure  the  existence  of  the 


single  integral.     Although  /  -  ain  -  (dmdy)  taken  over  the  domain  bounded  by  x=t,a=a, 

y  =  Q,  y  =  b,  converges  to  a  definite  limit,  as  s  converges  to  zero,  this  is  not  sufficient  to 
ensure  the  existence  of  the  Jordan  double  integral.  Taking  Jordan's  definition,  let  the 
domain  Dn  consist  of  the  rectangular  spaces  bounded  by  the  lines  y-  ;0,  y  =  &,  and  the 
lines  parallel  to  the  //-axis  at,   the  extremities  of  the  intervals  on  the  .r-axis 

The  double  integral  taken  T.'-.rnugh  t::cse  spaces  is 

fa  f  h  1  1  p-Bo     fipi  [b\  \ 

\  j     -  sin  -  dxdi/ +      2        I  /    -am-dzdy, 

J       i        Jo  x        "  p=n+iJ       i        Jnm        % 

j\_  /.':,to:**+6/>'*t.i+*;*i 

(2»  +  l).T 

which  is  greater  than 


and  this  converges  i.o 

whereas  J  -sin-  (dxdy)  taken  over  the  domain  hounded  by  m  =  e,  m=a,  y  =  ti,y  =  b,  o 

t  ':I';.;e.-!    to 

Therefore  the  mode  of  choice  of  the  intervals  /'„  affects  the  limit  to  which 

converges,  as  D„  converges  to  the  complete  domain.     Thus  .it,  is  clear  that  the   double 
integral,  in  accordance  with  Jordan's  definition,  does  not  exist. 
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321.     A  definition  of  the  improper  double  integral  haa  been  given  by 

de  la  Vallee-Poussin,  precisely  similar  to  bis  definition  for  single  integrals. 
This  may  be  stated  as  follows:— 

Let  fn(x,  y)  be  the  function  -which,  is  such  that 

at  every  point  (x,  y)  at  which 

where  Mn,  N„  are  two  positive  mrahers,  and  is  also  such  that 

/,(*,, j)=M„ 
at  every  point  ■where  /(a;,  y)  >  M,,',  oho  let  f„  (a;,  y)  —  —  Nn, 
at  every  point  ivhere  f(x,  y)<—  Nn- 

If  /(%,  y)  be  such  that  the  proper  integral 

exists,  whatever  positive  value*  MH,  JVn  may  have,  and  if  also  the  double  limit 
lim.        f/n  (x,  y)  (dtcdy) 

have  a  definite  finite  value,  that  limit  is  said  to  define  the  improper  integral 

jf(w,y)ldvdy). 

The  existence  of  the  double  limit  implies  that,  if 

MitMt,...M%t...  and  N%,  AT,,...  Nn, ... 
be  any   two   independent    sequences  of  increasing  numbers  with  no   upper 
limits,  then  the  sequence-)  of  numbers 

jf,  («,  »)  (duty),    [/,  («,  jr)  (&%)  ...//.  («,  y)  (fk,dy) . . . 

converges  to  a  definite  limit,  independently  of  the  mode  in  which  the  twe 
sequences  {Mn\,  [Nn\  are  chosen. 

It   may  be  shewn,  exactly   in   the  same   manner  as  in  §  273,  that  the 
existence,  in  accordance  willi  this  definition,  of  the  improper  integral 

ff(*,y)(dxd,), 

implies  the  existence  of  \\f(xi  y) I  (dxdy) ; 

and  thus,  that  all  improper  integrals,  so  defined,  are  absolutely  convergent. 

As  in  §  273,  it.  appears  that,  for  the  existence  of  the  double  integral,  it  is 
necessary  that  the  closed  .set  of  points  of  infinite  discontinuity  of  the  functioi 
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should  have  zero  content ;  and  in  fact  that,  k  denoting  any  positive  number, 
the  set  of  points  at  which  the  measure  of  discontinuity  of  the  function 
is  S/b,  must  have  content  zero.  Thus  all  the  points  of  discontinuity  of  the 
function  form  a  set  of  zero  plane  i 


322.  Since  the  definitions  given  by  do  la  Vallee-Poussin  and  by  Jordan 
both  apply  only  to  the  case  of  absolutely  convergent  integrals,  it  is  of 
importance  to  shew  that  they  arc  completely  equivalent  to  one  another. 
If,  in  the  proof  given  in  §  274,  of  the  equivalence  of  the  two  definitions  of 
absolutely  convergent  single  integrals,  intervals  be  replaced  throughout  by 
rectangular  cells  with  sides  parallel  to  the  sides  of  the  fundamental  rectangle, 
we  have  a  proof  that  in  the  case  of  absolutely  convergent  double  integrals, 
the  definition  of  de  la  Vallee-Poussin  is  completely  equivalent  to  the 
extended  definition  of  Harnack,  given  in  §  320.  It  only  remains  to 
prove  that  the  latter  is,  in  the  present  case,  equivalent  to  Jordan's.  It 
will  be  sufficient  to  give  a  proof  that,  for  a  function  which  is  never  negative, 
if  the  integrals  taken  through  the  special  domains  Dn,  which  consist  of 
sets  of  rectangles  with  sides  pared  lei.  to  the  axes  of  x  and  y,  converge  to  a 
definite  limit,  then  the  integrals  taken  through  domains  D'n,  each  of  which 
consists  of  a  finite  number  of  connex  closed  portions  of  any  kind,  also 
converge  to  the  same  definite  value  as  in  the  case  of  Dn,  when  ni(D'n) 
converges  to  the  area  A   of  the  fundamental  rectangle. 

Taking  D\s  so  that  A  -  m  (B'n)  =  en,  Ai  can  be  so  chosen  as  to  contain 
D'n  in  its  interior.  For,  since  D'u  does  not  contain  either  in  its  interior  or  on 
its  frontier  any  points  of  infinite  discontinuity  of  the  function,  therefore,  for  each 
one  of  the  latter  points,  the  distance  from  all  the  points  of  D'„  has  a  minimum 
greater  than  zero,  D'n  being  closed  and  connex.  Hence  each  point  of  infinite 
discontinuity  can  be  enclosed  in  a  rectangle  which  contains  no  points  of  D'n 
either  in  its  interior  or  on  its  sides. 

Since  the  set  of  points  of  infinite  discontinuity  is  closed,  a  Unite  set  of 
the  rectangles  can,  in  accordance  with  the  Heine-Born!  theorem,  be  chosen 
so  as  to  enclose  the  whole  set  of  these  points ;  and  the  complement  of  this 
finite  set  of  rectangles  may  be  taken  to  be  Dn. 

This  may  be  done  for  each  value  of  n. 

If  m(iyn)  converge  to  A,  it  is  clear  that  iu(D„)  which  is  >m(D'„)  also 
converges  to  A.  Also  a  number  n  >  n,  can  be  determined,  such  that  D'n- 
encloses  Dn  in  its  interior ;  we  have  then 

f     /(*,)(<Mj,)£[  /(a,  j,)  (<(«%)  sf    /(«ijr)(<My> 

J  p'„'  J  Da  J  D'„ 

If  I    /{.,»)(«,) 
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converge  to  a  definite  limit         I  f(x,  y)(dxdy), 
n  may  be  taken  so  great  that 

is  less  than  the  arbitrarily  small  number  ij ;  then  also 

j/<>,  y)(dxdy)-j     _/(«,  y)(dxdy)<y, 
and  it  thus  follows  that  I      /(a;,  y)  (dxdy) 

also  converges  to  the  limit  l/<X  y){d'-edy). 

The  complete  equivalence  of  the  two  definitions  has  now  been  estab- 
lished. 

The  definition  of  a  Lebesgue  integral  may  be  extended  to  the  case  of 
improper  integrals,  as  in  §  291.  It  may  be  shewn,  precisely  as  in  §  291,  that 
the  definition  of  a  Lebesgue  improper  double  integral  may  be  put  into  a 
form  which  is  an  extension  of  do.  la  Valle'e-Poussm's  definition  to  the  case  in 
which  the  functions  /„.(.■'■,  y)  possess  Lebesgue  integrals,  but  not  necessarily 
Riemann  integrals.  Exactly  as  in  §  291,  it  may  be  shewn  that  the  three 
definitions  of  an  improper  double  integral  are  in  accord*  with  one  another 
whenever  all  three  are  applicable. 

DOUBLE   INTEGRALS   OVER  INFINITE  DOMAINS. 
323.     Let  the  function  fix,  y)  be  defined  for  an  unbounded  domain  G, 

and  let  it  be  assumed  that /(a;,  y)  possesses  either  proper,  or  improper,  upper 
and  lower  integrals  for  every  bounded  domain  .1)  contained  in  G,  such  domain 
being  closed,  and  having  its  frontier  of  zero  content. 

Let'f  Dl,  D2,  ...  Dn,  ...  be  a  sequence  of  don  uii  ns  each,  consisting  of  a  finite 
number  of  conneu;  doted  portion*,  and  such-  that  Dn  contains  every  point  of  G 
of  which  the  distance  from  the  origin  is  <  pn,  where  pn  is  a  positive  number 
which  increases  indefinite!'!)  -with  n.  If  the  proper  or  improper  upper  integral 
of  f(x,  y)  taken  over  D„  have,  for  the  whole  sequence,  a  definite  limit  inde- 
pendent of  the  par  tic  alt  it  sequence  './),,}  chosen,  mihject  to  the  above  condition, 
then  this  limit  is  said  to  define  the  improper  upper  integral  of  fix,  y)  over  the 

unbounded  domain  G,  and  it  maybe  denoted  hu        f(>:,  y)(dwdy).     A  similar 
J  G 

statement  applies  to  the  improper  lower  integral   I     f{x,  y)(dxdy). 

'  Hnbson,  Pros.  I  Mid.  Math.  Hoc.  :.a.  2,  vol.  iv,  p.  145. 

t  See  Jordan's  Casus  d'Anali/Si;,  vol.  n,  |i.  Si  :  also  Hk)]?.'s  drmvhiiiie..  vol.    n,  p.  148, 
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When  the  improper  upper  and  lower  integrals  both  exist,  and  have  the 
same  value,  then  this  value  defines  the  improper  integral 

jj{w,y){dxdy) 

of  f(x,  y)  over  the  domain   G. 

The  necessary  and  S'lj'ficient  condition  for  the  existence  of 

f /(*  »><*«*) 

J  G 

is  that,  corresponding  to  each  arbitrarily  chosen  number  e,  a  number  p  can  be 
determined,  such-  that  for  over;/  bounded  conne.i:  closed  domain  A  contained  in  0, 
and  itself  containing  no  points  of  distance  from  the  origin  <  p,  the  inequality 


Let  us  first  assume  that  the  condition  stated  is  fulfilled.  Let  D,  D'  be 
two  domains  each  containing  as  a  pact  all  those  points  of  G  of  which  the  dis- 
tance from  the  origin  is  <  p,  and  let  E  be  the  domain  common  to  D  and  D', 

Let  D  —  2?=  A,  I?  —  E  =  &';  then  all  points  of  A,  A'  are  at  distances 
S  p  from  the  origin.     We  have  then 

1 7  /(*,  y)  (<fa%)  I  <  .,         1 7  /to  y)  (<fa<%)  I  <  « ; 

1  J  A  I  I  J  A1  [ 

and  since  A  -  A'  =  I)  —  If,  we  have 

If  f(x,y){dmdy)-\    f{x,y){dxdy)\<<te; 
and  the  condition  for  the  existence  of 

7/toy)(iA,) 

J  G 

is  therefore  satisfied. 

To  shew  that  the  condition  stated  in  the  theorem  is  a  necessary  one, 
let  us  assume  that  the  condition  is  not  satisfied.  Then,  for  every  pair  of  values 
of  e  and  p,  there  exists  a  domain  A,  all  the  points  of  which  are  of  distance 
j£  p  from  the  origin,  such  that 


\jj(x,y)(<bdy)\ 


Let  E  be  a  bounded  domain  contained  in  G,  and  itself  containing  every 
point  of  which  the  distance  from  the  origin  is  <  p  ;  and  let  E  contain  A.    Let 
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E—  A  =  ^;  then   E,  also  contains  every  point  of  G  whose  distance  from 
the  origin  is  <  p.     Then 


f(x,y){dxdy)-\    f(x,y)(dxdy)\ 

E  J  E, 


It  follows  that,  however  great  p  may  be,  there  exist  in  6  two  domains, 
each  containing  all  points  of  G  of  distance  from  the  origin  <p,  such  that  for 
fchem  this  last  condition  is  satisfied  ;  in  this  case  the  Improper  upper  integral 
through  G  cannot  exist.  It  has  therefore  been  shewn  that  the  condition 
stated  in  the  theorem  is  a  necessary  one. 

The  necessary  and  sufficient  Condi/ion  thai  the  upper  and  lower  integrals  of 
f{x,  y)  throuyh  the  infinite  domain.  G  -may  both  exist  is  that  the  improper 
upper  integral  of  j  f(%,  y)  \  over  G  may  exist. 

The  proof  of  this  theorem  is  a  repetition  of  the  proof  of  the  corresponding 
theorem  in  §319;  the  only  difference  being  that,  in  the  present  case,  D  is 
taken  to  be  a  eonnex  closed  domain  contained  in  G ,  every  point  of  which  is  at 
a  distance  from  the  origin  5>p.  The  indefinite  increase  of  p  corresponds  to 
the  indefinite  diminution  of  m  (2))  in  the  former  case. 

324.  It  now  follows,  as  in  §  320,  that,  if '  f(a,  y)  he.  a  function  which  has 
an  improper  integral  over  the  infinite  domain.  G,  in  accordance  with  Jordan's 
definition,  then  \  J  (x,  y)  |  has  also  such  an  improper  integral,  so  thai  every 
improper  integral  is  absolutely  convergent. 

In  order  to  obtain  a  definition  in  accordance  with  which  n  on -absolutely 
convergent  improper  integrals  over  an  infinite  domain  may  exist,  some 
restriction  must  be  imposed  upon  the  nature  of  the  domains  D„  Da,  ... 
which  are  employed  in  the  definition  in  §  323.  For  example,  we  may 
restrict  Dlt  Ds,  ...,  as  in  the,  extended  definition  of  Harnack,  which  has 
been  given  in  §  320. 

EXAMPLES. 


uf.,M-/,; 


-if-'idxdy), 


where  0<r<l,  0<s<],  taken  over  the  positive  quadrant,  has  i 
absolutely  convergent  improper  Integra],  We  find  that  the  integral  taken  over  the  rect- 
angle bounded  by  a-  =  0,  x  =  h\  y  =  0,  y  =  h  tends  to  the  limit  a~r  ty  ■sr()*)r(s)  sin  $(»•+*)  ir, 
as  h  and  k  are  increased  indefinitely.  If  the  integral  be  taken  over  the  domain  #>0, 
*/>0,  ax  +  by<h,  then  when  h  is  indefinitely  increased,  the  integral  has  no  limit  if 
l<r  +  s<2;  but  it  tends  to  the  same  limit  as  before,  when  r+g<  1.  The  integral  may 
be  regarded  as  conditionally  convergent,  if  wo  adopt  a  deiiuition  in  accordance  with  which 
it  is  sufficient  that  the  integral  taken  through  the  rectangle  x-  0,  ,r  =  L  y  =  Q,  y=k  have  a 
definite  dov.ble  limit,  as  /■  and  i:  are  indefinitely  increased. 


*  Hardy,  Messenger  of  Math.. 


I,  p.  96. 
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I  eoa(a,i;B  +  2A.w  +  ft/')  (chul'j),        (sin  frj.r^-V-  2/iv-ij  +  hif-)  Uli:dy) 

where  a,  ab-k-  ure  positive,  taken  over  the  positive  quadrant,  do  not  exist  as  absolutely 
convergent  integrals.  It  may  be  seen  that,  if  the  integrals  are  taken  over  the  quadrant 
of  a  circle  bounded  by  r  =  B,  the  value  of  the  integral  has  no  definite  limit  as  R  is 
Increased  indefinitely.  If  the  integral  be  taken  over  the  rectangle  bounded  by  #  =  0,  x  =  A'. 
;'/  =  0,  //  =  /;',  then,  when  /•■'  and  /■'  an;  increased  inderiuitely,  the  integrals  have 
_  1  cos_x  J_ 

1  2-Jab-hs  -J of- 

for  limits  respectively,  the  inverse;  cosine  having  its  leant  positive  value.     These  may  be 
regarded  as  the  values  of  the  integrals,  subject  to  a  suitable  restriction  on  the  domains 
of  which  the  positive  quadrant,  is  the  limit. 
If  a=0,  6=0,  h=i, 

J  s.ma%{dxdy) 

over  the  positive  quadrant,  has  no  existence,  even  considered  as  the  limit  of  an  integral 
over  the  rectangle.    But 


0,  and  —  — 


exists  and  is  equal  to  In.  when  the  integral  is  defined  as  the  limit  of  the  integral  o 
finite  root-angle.     Tt  may  be  remarked  that  the  single  integrals 


fh'  fh" 

I     cos  xy  dx,       I     amxydy 


THE    TRANSFORMATION    OF    DOUJH.E    INTEGRALS. 

325.  Let  (x,y)  be  a  point  of  a  limited  perfect  and  connex  domain  H,  and 
let  x  and  y  be  expressed  by  means  of  two  functions  f„  fs  in  terms  of  two 
new  variables  f,  -q,  which  may  be  represented  by  points  (f,  ij)  in  another  plane. 
Let  us  suppose  that  the  functions 

•-/,(.(.  v).     »=/.«,•)), 

and  the  reciprocal  functions 

£  =  0i  <>,  y),     V  =  <k  O.  y). 
are  such  that  the  following  conditions  are  satisfied: — ■ 

(1)  To  each  point  (#,  y)  there  corresponds  one  point  (f,  if);  and,  con- 
versely, to  each  point  (£,  tj)  there  corresponds  one  point  (x,y);  and  to  the 
limited  domain  H  there  corresponds  a  limited  domain  S. 

(2)  The  functions /j  (f,  r/),  /s(£,  i?)  are  continuous  functions  of  (|,  i;) 
throughout  the  domain  H. 

*  Hardy,  Meuaitier  t>j   Math.,  vol.  xxxu,  p,  159. 
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(3)  The  functions  /,(£  jj),  /a(f,  jj)  have,  at  every  point  (£,  jj)  of  if, 
definite  partial  differential  coefficients  with  respect  to  f  and.  17,  and  each  one 
of  these  is  everywhere  continuous  with  respect  to  (£,?;),  and  nowhere  vanishes. 

(4)  The  Jacobian  of  /,  {f,  jj),  /4  (f,  ?;)  with  respect  to  f  and  ?;  does  not 
vanish  in  the  domain  H.  In  virtue  of  ('■■$)  the  Jacobian  is  everywhere  con- 
tinuous, and  of  fixed  sign. 

From  (2)  and  (3)  it  follows  that,  if  (f  +  Af,  jj  +  Aij),  (£  ij)  be  two  points 
of  H,  and  (a:  +  Aie,  y  +  A?/),  (m,  y)  the  corresponding  points  of  H,  then 


where  0„  6„  8S,  #4  converge  to  zero  as  Af,  A17  do  so,  and  (see  §  237) 
uniformly  for  all  points  (f,  ?j)  in  any  closed  domain  contained  in  H.  On 
solving  these  equations,  we  find 

J"  +  at 
with  a  similar  expression  tor  A17,  where  J"  denotes  the  Jacobian 
3(/.,/.) 

and  et]  is  a  function  of  0M  0a,  #3,  6t  which  converges  with  them  to  aero. 
Since,  by  (4),  J  never  vanishes,  it  follows  from  these  equations  that  Af,  Ajj 
converge  to  zero  with  A#,  Ay,  and  thus  that  the  functions  $,  (a',  1/),  $>,s(%,  y) 
are  both  continuous  functions. 

The  partial  differential  coefficients 

dts      drjl    '      dy  '       dx  '       dy 

arc  also  continuous  in  II;   and  Therefore 


where  Xi>  X"  T0»  X*  converge  to  zero  with  A*,  Ay,  and  uniformly  so  for  all 
points  (as,  y)  in  H, 

Corresponding  to  any  closed  set  h,  of  zero  content,  contained  in  H,  there 
is  a  closed  set  h,  of  zero  content,  contained  in  H.  It  is  clear,  from  the  con- 
tinuity of  the  functions  which  define  the  transformation,  that  a  limiting 
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;point  of- a  sequence  of  points  in  H  corresponds  to  the  limiting  point  of  the 
corresponding  sequence  in  H ;  and  thus  h  is  closed,  since  h  is  so. 

Writing  Af  =  £Aa>  4-  M&y,       A17  =  £'A#  +  Jf 'Ay, 

it  follows,  since 

(S$T(s||ai'  +  i''  +  *'  +  J,/',  +  2i''*+™'1' 

where  i,  L',  ...   eonvorgo   uniformly  to 

3£,       836, 

cte  '      3ai  '      "*' 
that,  if  I  Ax  |,  [  Ay  I  be  both  restricted  to  be  less  than  a  fixed  positive  number 
e,  the  ratio 

(A^-KAy)' 

has  a  finite  upper  limit  A8,  for  the  whole  domain  H.  Now  let  the  points  of 
/(  be  enclosed  in  a  finite  number  of  circles,  the  radii  of  which  are  all  <e; 
it  then  follows  that  the  points  of  h  can  be  'enclosed  in  a  finite  number  of 
cireles  of  which  the  radii  are  all  less  than  eA.  The  sum  of  the  areas 
of  these  circles  on  the  (£,  ij)  plane,  which  contain  in  their  interiors  all  the 
points  of  7>.  has  to  the  sum  of  the  areas  of  the  circles  on  the  (%,  y)  plane, 
which  enclose  all  the  points  of  h,  a  ratio  less  than  A8.  Since  the  sum  of  the 
latter  circles  can  be  taken  to  be  arbitrarily  small,  it  follows  that  the  points  of 
h  can  all  be  enclosed  in  a  finite  number  of  circles  the  sum  of  whose  areas  is 
arbitrarily  small.     Therefore  h  has  the  content  zero. 

326.  Let  /(.«, ;(/)  be  a  limited  function,  defined  for  all  points  of  a  closed 
connex  domain  6  contained  in  B,  the  frontier  of  67  having  content  zero: 
and  let  f{x,y)  be  integrable  in  67.  If  x,  y  be  expressed  in  terms  of  £,  i)  by 
the  relations 

■=/.«<*    »-/.({.  1). 

which  satisfy  the  conditions  of  §325,  then,  corresponding  to  f(x,  y)  in  67,  we 
have  a  function  F (£,  ij)  in  the  domain  67,  contained  in  H,  which  corresponds 
to  G.  The  frontier  of  G,  corresponding  to  the  frontier  of  G,  has  also  the 
content  zero.  A  point  of  discontinuity  of  f(x,  y)  in  the  (x,  y)  plane  corre- 
sponds to  a  point  of  discontinuity  of  F(^,  ij)  in  the  (£,  rj)  plane,  the  measures 
of  discontinuity  at  the  corresponding  points  being  the  same.  Since  those  points 
of  (x,  y)  at  which  the  sal  wis  of/(«',  y)  is  S  k  form  a  closed  set  of  zero  content, 
it  follows  that  the  points  of  (£,  11)  at  which  the  saltus  of  F(%,  ij)  is  £  k  form 
also  a  closed  set  of  zero  content ;  and  therefore  J*(£,  ij)  is  integrable  in  G. 

In  order  to  transform  jf(x.y)(dxdy)y  taken  throughout  G,  into  an  integral 

taken  throughout  67,  it  is  convenient  to  make  use  of  an  intermediate  transfer- 
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mation*^=i|r(Mi,  i*a),  y  =  n.it  foil  owed  h};  the  trans  Ton  nation  MI  =  f,  ^u  =/2  (f,  i})] 
the  function  ^(w,,  Wg)  being  such  that 

f(«„ «,)-/, <f,  i)- 

It  is  easy  to  see  that  each  of  those  transformations  satisfies  the  conditions 
of  \  325. 

Since  f{%,  y)  is  integrable  in  0,  we  may,  in  accordance  with  the  result  of 
§314,  replace  the  double  integral 

by  the  repeated  integral  jdy  If  (as,  y)das, 

or  by  jdy  J  f  {as,  y)  das. 

Applying  the  transformation  a>  =  ^r(w„  v^)  to  the  upper  and  lower  integrals 

these  may,  in  virtue  of  the  theorem  of  ij  306,  be  transformed  into  the  single 
upper  and  lower  integrals, 

where    </>(yi.  ■«■»)    represents    the    function    of  u,,   u2   which    corresponds    to 
f(x,  y).     We  thus  have 

J/<>.  y)(dxd/y)=jdiHj4>{ui,  i^) —du, 
=  I  tfwa  /$  («i,  w2)  s—  rfji, 

=  j^(«lj^)g^(rfWId«a), 

the  double  integral  being  taken  through  the  domain  in  the  plane  («,,  w2), 
which  corresponds  to  G  in  {&,  y). 

Since  =—  is  the  Jacobian  of  {as,  y)  with  respect  to  (ul7  u^),  we  have 
by  a  known  theorem 

3wi  '   o  (£,  )/)  ' 

*  Tiiis  ;noi.iKit3  i*  Liiii'lo.vnl  m  -jiic  LVJinril  i-:!-i!  of  1 . i : 1 1 1 L | ■  1 .  in!  grills  !'v  Pic-ipum ;  -co  his 
paper  "  On  multiple  intervals,"  7V«w-i.  .lirtii'.  JiWlfi-,  Sw.,  vol.  vi,  p.  432.  It  is,  however,  there 
assumed  that/ (a-,  ;/)  is  integrable  with  respect  to  x  for  tijich  value  of  y  :  but  this  is  unnecessary. 
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hence,  since  J  never  vanishes, 

dx         .   i 
5—   and 


3  (■'„«.) 

3  (f,  1) 


Applying  the  same   method   of  transformation  to 

/*(«..  ».)§";  <*.*<,), 

where  11,  -  {,     «,-/,(£  5), 

we  have  |/(«,  y)  <dzdv)  -  J>(f,  ,)  fi  ^  (rjf  *,), 

where  3a,_3Qi,  «,). 

3r?       9  (?,  ij)  ' 

hence  finally  wo  obtain  the  formula 

//(*,  y)(dxdy)-jw{$  n)JWdvy, 

which  is  the  formula  of  transformation  of  the  integral  of  f(x,  y)  throughout 
0  into  an  integral  through  G. 

It  has  heen  assumed  that  ,/  has  a  fixed  sign  throughout  the  domain  of 
integration.  If*  now  this  sign  be  negative,  the  product  A^A^,  in  J&%t\ij, 
which  correspond-!  to  it  A;/  in  the  plane  of  (a1.  </),  must  be  accounted  negative, 
when  AceAy  is  positive.  It  is  however  more  convenient  to  consider  A£Atj 
as  essentially  positive,  otherwise  the  measure  of  a  set  of  points  in  the 
(f,  9)  plane  would  have  to  be  reckoned  as  negative.  Adopting  this  con- 
vention, we  write  |J"|A|A?j  instead  of  Jd^drj;  and  therefore  the  formula 
of  transformation  will  be   written   in  the  form 


ff(«,,1,Xdzdy)-fr(!,v){J\<.aiav). 


327.  Let  us  now  assume  that  at  certain  points  of  <?,  which  form  a  set  L  of 
zero  content,  either  (1)  f{w,  y)  has  an  infinite  discontinuity,  or  (2)  one  or 
more  of  the  partial  tliffet'otitial  coefficients 

?/,    s/,    y,    v, 

does  not  exist,  or  is  discontinuous,  or  (3)  the  Jacobian  J  vanishes.  In  case 
J  be  positive  over  a  part  of  G,  and  negative  over  another  part,  it  is  convenient 
to  divide  the  double  integral  into  two  portions,  taken  over  these  two  parts 
of  G  respectively,  and  to  transform  these  two  portions  separately.  It  will 
accordingly  be  assumed  that  J  never  actually  changes  its  sign  in  the  domain 
G}  although  it  may  vanish  at  the  points  of  the  part  L  of  G.     We  may 
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denote  by  Z  tlie  set  of  points  on  the  (f,  77)  plane  which  corresponds  to  L :  it 
will  be  assumed  that  L  has  zero  content.  It  will  be  shewn  that,  if  one  of  the 
two  integrals 

jf(z,y)(dxdy), 

taken  over  G,  and  \F(%,  if)  \J\  (d%&rj), 

taken  over  G,  exists  as  an  absolutely  convergent  improper  integral,  or  as  a 
proper  integral,  then  the  other  one  exists,  and  the  two  have  the  same  value. 

then  be  sufficient,  in 


Let  us  assume  that  \    f  {%,  y)  (dxdy)  exists :  it  will 


order  to  establish  the  existence  of  the  other  integral,  and  its  equality  with 
the  first,  to  shew  that,  tor  any  domain  G,  contained  in  0  and  itself  contain- 
ing no  points  of  L  cither  in  its  interior  or  on  its  frontier  (which  frontier 
is  to  be  taken  to  be  of  zero  measure),  the  condition 


I  /(»,y)(d»iiy)-[  F(t,v)\J\{di;<h) 


<V 


>d,  provided  that  m  ((?)  —  ■??>,((?,)  be  less  than  some  fixed  finite  number 
dependent  on  i\. 

A  domain  g  interior  to  G,  and  containing  in  its  interior  and  on  its  frontier 
no  points  of  /,,  can  be  found  such  that 

f(x,y)(dxdy)-\  f(x,y)(dxdy)\<e. 

\J  a  Jo  I 

If  h  be  any  domain  contained  in  g,  such  that  m  (g)  —  m  (h)  is  sufficiently 
small,  we  have 

j  /(*,  y)  (dzdy)-^J(a:, ./) (dxdy)  |  < « ; 

and  therefore  I   f(x,  y)  (dxdy)  —  i  f{x,  y)  (dxdy)   <  2e. 

Now  let  k  be  a  domain  interior  to  G,  containing  in  its  interior  and  on  its 
frontier  no  points  of  L,  and  containing  h,  then 

Jji*  y)(dwdy)-  jj (.,  y)  (My)  |  <  St 

For  let  j?  denote  the  domain  obtained  by  taking  the  two  domains  g  and 
k  together,  then 

f  /(«,  y)(d,:dy)-  \  /(«,  y){d*dy)  I  <  >, 

and  |  J  f(x,  y)  (dxdy)  -  JJ(x,  y)  (dxdy)  |  <  e, 

and  by  combining  these  inequalities  the  result  follows, 
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We  have  now 

[  F(&v)\J\(d£dv)=f  F(tn)\J\(d$&i)-l  F(?tn)\J\(d£dn), 

■>  G,  J"  J- 

where  U  is  the  domain  formed  by  taking  all  points  which  belong  to  one 
or  both  of  the  domains  (?,  and  h;  and  V  consists  of  those  points  which 
belong  to  h  but  not  to  ^. 

Now  U  corresponds  to  a  domain  in  the  {x,  y)  plane  which  contains  It,  and 
which  domain  may  be  taken  to  be  identical  with  k ;  therefore 

f  F(l,V)\J\(dZdr,)  differs  from    f  f(x,y)(dxdy) 

by  a  number  numerically  less  than  2e.     Again 

\f_F(Z,v)\Jl(dZdv)\<n{m(G)-m(G1)} 

where  fi,  is  the  upper  limit  of  |F(£,  y)J\  in  the  domain  T  obtained  by 
removing  from  h  those  points  which  belong  to  <?,. 
We  thus  have 

\fj(a,y)(dxdy)-j  F(E,,,)\J\(dt&,)\<U  +  r[m<P)-m<R)}. 

Now  let  e  be  fixed  so  that  it  is  <|ij,  then  A  is  fixed,  so  that  p  cannot 
exceed  a  fixed  finite  number  ^,    If  then  C?j  be  so  chosen  that 


the  inequality 

j  f  /(«,  y)(dxdy)~  (  F{t  n)\A  (dl-dj)  !  <V 

will  be  satisfied.     Therefore  it  follows  that 

exists,  and  is  equal  to 

f  f(w,y)(dxdy). 

JO 

328.  This  method  of  transformation  may  be  extended  to  the  ease  in 
which  one  of  the  domains  G,  G~  is  infinite,  or  to  the  case  in  which  both  are 
infinite.     It  can  be  shewn  that,  if  either  of  the  integrals 

jj(w,  y)  (dxdy),        jj  (ft  V)\J\  (d%dv) 

exist,  the  definition  of  §  323  being  applied  when  G  or  G  is  infinite,  then  the 

29—2 
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other  integral  also  us  Is  Is.  and  the  two  Integrals  are  equal.  The  proof  can  be 
given  by  slightly  modifying  (.lie  procedure  of  §  327. 

There  may  be  a  set  of  points  of  zero  content,  in  the  domain  of  67,  such 
that  the  corresponding  values  of  f,  j;  arc  infinite,  or  such  that  one  of  them 
is  infinite.  This  set  now  takes  the  place  of  the  set  L.  Whether  G  be  finite 
or  infinite,  the  finite,  or  infinite,  domain  h  contained  in  G  may  be  so  fixed  as 
to  exclude  all  points  which  correspond  to  infinite  values  of  £  or  ?j.  The 
domain  k  including  h,  and  containing  no  points  which  correspond  to  infinite 
values  of  |  and  ij,  may  then  be  fixed  as  before,  and  will  satisfy  the  condition 

I  /(«,  j,)  (dnjj,)  -  I  /(«,  S)  (dtdy)  j  <  2,, 

Je  J  k  I 

it  being  assumed  that  the  integral  of  fix,  ■//)  over  G  exists. 

The  finite  domain  h  contains  all  points  of  G  of  which  the  distance  from 
the  origin  is  less  than  some  number  Ii  depending  on  the  domain  G  —  h,  which 
contains  in  its  interior  all  points  (x,  y)  that  correspond  to  infinite  values 
of  f  or  i}  or  of  both.  The  same  statement  holds  for  k,  which  contains  h. 
When  the  finite  domain  ff,  is  such  that  the  condition 

/F*(6i>  I  Jl  W*i)<  i« 

is  satisfied  (and,  in  order  that  this  may  be  the  case,  (?,  must  certainly  contain 
all  points  of  G  whose  distance  from  the  origin  is  less  than  some  fixed 
number  E,  &  R),  we  have  as  before 

|  fsf(x,  y)  {dxdy)  -J_  F  (f,  v)  \J\  ffldv)  |  <  v  i 

and  as  <q  is  an  arbitrarily  lixed  number,  we  thus  see  that 

exists  and   is  equal  to 

\j(x,v)(dmdy). 
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CHAPTER  VI. 

FUNCTIONS   DEFINED    BY    SEQUENCES. 

329.  Let  us  suppose  tbat  it,,  w5,  it,,  ...  un,  ...  is  an  unending  sequence  of 
numbers,  so  that  «„  has  for  each  value  of  na  definite  numerical  value, 
assigned  by  means  of  a  prescribed  rule  or  set  of  rules.  Let  the  sums  u,, 
U,  +  itg,  u,+  ih  +  us, ...  u,  +  «a+  ...  +  u„,  ...  be  denoted  by  s,,  s2,  s3, ...  sn, ... , 
and  let  us  consider  bhe  aggregate  («,,  sa,  ...,  8n  ...  ).  If  this  aggregate  be  a 
convergent  one,  in  the  sense  described  in  §  28,  it  has  a  limit  su  or  s,  which 
is  said  to  be  the  limiting  sum  of  the  infinite  series  'm,  +  m2+  ...  +un+  ... , 
in  which  case  the  series  is  said   to   be  convergent. 

The  condition  that  the  sequence  (s„  s2,  s„  ...  sn, ...)  be  convergent  is  that, 
corresponding  Lo  each  arbitrarily  chosen  positive  number  e,  a  value  of  n  can 
be  found  such  that  |  sn+m  —  sn  \  <  e,  for  m  =  1,  2,  3, This  is  then  the  con- 
dition that  the  infinite  series  u,  +  u1  +  ...  +ua+  ...  may  be  convergent. 

The  difference  sa+m—sn  =  un+l  +  u!ti.il  +  ..,+un+m  is  called  a  partial 
remainder  of  the  infinite  series,  and  may  be  denoted  by  Rn,m-  Thus  the  con- 
dition of  convergence  of  the  infinite  series  may  be  stated  in  the  form,  that, 
corresponding  lo  each  arbitrarily  chosen  positive,  number  e,  a  value  of  n  can 
be  found  such  that  all  the  partial  rein.auu.hrs  Rn,i>  -K»,a>  ■■■  &n,  m<  ■•■  are 
numerically  less  than  e. 

Since  &&-!,,— un,  it  is  seen  to  be  a  necessary,  but  not  a  sufficient,  con- 
dition for  the  convergence  of  the  scries,  that  |  un  |  be  arbitrarily  small  when  n 
is  sufficiently  great;   this  condition  may  be  written  in  the  form  lim  un  —  0. 

If  the  series  it,  +  u?  +  ...  +  un+  ■■  .  be  con  verge  lit,  then,  for  any  value  of  n, 
the  series  un+I  +  u„+i,+ ...is  alao  convergent,  and  has,  in  the  sense  denned 
above,  a  limiting  sum  which  may  be  denoted  by  Rn.     This  limit  is  called  the 

remainder  after  n  terms  of  tins  original  convergent  series ;  thus  s=  sn  +  Rn. 

It  is  clear  that,  the  given  series  being  convergent,  the  sequence 
Rt.Rs,  ...  Rn, ...  is  also  convergent,  and  that  its  limit  is  zero.  That  this  may 
be  the  case  lias  sometimes  been  given  as  the  necessary  and  sufficient  condition 
for  the  convergence  of  the  given  series;  such  a  statement  of  the  condition  is, 
however,  circular,  because  the  existence  of  the  numbers  lt„  cannot  be  assumed 
unless  the  given  series  is  already  known  to  be  convergent. 
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It  is  important  to  observe  that  the  number  s  has  not  been  defined  as  the 
sum  of  the  infinite  series  u,  +  wa  +  --.  +ua+  ... ;  for  that  would  have  implied 
the  completion  of  an  indefinite  series  of  operations  of  addition  :  but,  conversely, 
the  limiting  sum,  or  simply  the  sum,  of  the  infinite  series  has  been  defined  to 
be  that  number  s  which  was  itself  defined,  as  in  §  28,  by  means  of  a  con- 
vergent sequence. 

330.  If  all  the  terms  of  the  series  u,  +  «s  +  . . .  +  un  +  . . .  be  positive,  the 
numbers  of  the  sequence  s„  ss,  . ..  sn,  ...  continually  increase;  and  hence  it  is  a 
sufficient  condition  for  the  convergence  of  tlie  series  that  a  number  K  exist 
such  that  sn<K  for  every  value  of  n;  for  the  numbers  8,,  s2,  ...  sn, ...  then 
have  an  upper  limit  s. 

If  the  terms  of  the  series  us  +  %  +  ua  +  . . .  +  uri  +  . . .  be  of  alternate  signs, 
or  if  this  be  the  ease  from  and  after  some  lixed  term,  then  the  necessary  and 
sufficient  conditions  for  the  convergence  of  the  series  are  that  |m„|  should 
continually  diminish  as  n  is  increased,  and  that  limwB  =  0.     For,  in  this  case 

j  Sn+m—  sn  |  <  |  «b+i  |,  for  every  value  of  m,  from  and  after  some  fixed  value  of 

n,  and  |  u-n+1  |  i*  arbitrarily  small,  if  a  sufficiently  great  value  of  n  be  chosen ; 
hence  the  sequence  su  s5,  ...  s„, ...  is  convergent. 

If  the  series  u1  +  u.1  +  ...  +u„+  ...  be  convergent,  and  a,,  a^, ...  a„, ...  be  a 
sequence  of  numbers  which ,  from  and  after  some  particular  value  of  n,  are  all 
positive,  and  do  not  increase  as  n  -is  increased,  then  the  series 
«!»!  +  (ta'.fs  +  ...  +  anuVr  + ... 


In  proving  this  theorem,  it  is  clear  that,  without  loss  of  generality,  we 
may  suppose  all  the  numbers  «,,  Ma, ...  to  be  positive  and  not  increasing, 
since  we  need  only  remove  a  definite  number  of  terms  from  each  series  to 
reduce  the  general  case  to  this  one.     We  have 
aa+jUn+j  +  an+iun+1  +  ...  +  an+mun+,„ 

=  an+1Mn  +  (an+^~  an+i)  Jin+i  +  ...  +  {an+m~~  anrtm^)Mn+m-1  —  an+mHB^m. 
Since  the  series  %u  is  convergent,  we  can,  corresponding  to  an  arbitrarily 
chosen  e,  find  n  such  that  Rn,  Rn+1,  Rn+i,  ...  are  all  numerically  less  than  e; 
also  «m^.2—  On+u  «»-n  —  <*n+s>  •■■  are  all  of  the  same  sign,  therefore 

^s+i^n+i  +  aB+9'Mn+s  +  - . .  +  f^n+m^n+m  \  *-  aa+ie  +  |  '^n+m       On+i  \  e  +  Uti+hiC 

<  2cs,j+1e  <  2a,e  ; 
and  thus,  from  and  after  a  large  enough  value  of  n,  all  the  partial  remainders 
of  the  series  ^Lau  are  nrbitrarilv  small,  and  therefore  t.lie  series  is  convergent. 
It  is  clear  from  the  preceding  proof  that  the  theorem  also  holds  if,  from 
and  after  some  fixed  index  n,  the  numbers  0%,  a?,  eta, ...  do  not  diminish,  but 
be  such  that  all  of  them  are  less  than  some  fixed  number. 
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331.  The  partial  sums  s,,  s3, ...  s„, ...  of  a  series  m,  +  m2+  ...+■«■„+  ... 
may  be  represented  in  the  usual  manner  by  an  Enumerable  set  of  points  G,  on 
a  straight  line.     The  following  cases  may  arise : — 

(1)  The  set  G  may  all  lie  between  two  fixed  points  A,  B,  and  the  deriva- 
tive G'  may  consist  of  n,  single  point  a;  in  this  case  the  series  is  convergent, 
and  s  is  the  limiting  sum. 

(2)  There  may  not  exist  any  two  points  A,  B  between  which  all  the 
points  of  G  lie,  and  G'  also  may  not  exist;  in  this  ease  |s„|  has  no  upper 
limit,  and  the  series  is  said  to  be  divergent. 

A  divergent  series  may  be  such  that,  from  and  after  some  fixed  term,  all 
the  partial  sums  are  of  the  same  sign  and  increase  without  limit.  An  example 
of  a  divergent  series  of  this  kind  is  the  series 

111  1 

T  +  O  +  0  +  ---  +  -  +  "-- 
12     3  n 

A  divergent  series   may  be  such  that,  although   |  sn  |  increases  without 

limit,  there  are  an  unlimited  number  of  positive  elements  s„,  and  also  an 

unlimited  number  of  negative  elements  s^.     An   example  of  this  class  of 

divergent   series   is   the   series    1-2  +  3-4  +  .,. +(2n-l)-2n  +  ...,    for 

which  sa,t_1  =  7i,  sm=~  n. 

(3)  The  set  G  may  consist  of  points  all  lying  between  two  fixed  points 
A  and  B,  and  the  derivative  G'  may  consist  of  more  than  one  point;  in  this 
case  the  series  is  said  to  be  an  oscillating  series.  The  set  G'  may  contain 
a  finite,  or  an  infinite,  number  of  points,  but  it  must  be  a  closed  set ;  it  con- 
sequently has  an  upper  boundary  U  and  a  lower  boundary  L;  and  these 
boundaries  U,  L  are  called*  the  limits  of  indeterminacy  of  the  series.  It 
is  always  possible  to  find  a  sequence  (sn„  s„2,  s,i3,  ...  )  of  partial  sums,  where 
n,  <  n,  <  «s, ... ,  which  converges  to  the  point  U,  and  another  such  sequence 
which  converges  to  L,  or  to  any  point  of  G'  which  may  be  chosen.  It  thus 
appears  that,  by  introducing  a  suitable  system  of  bracketing,  according  to 
some  norm,  the  terms  of  an  oscillating  series,  the  series  may  be  converted  into 
a  convergent  one  of  which  the  limiting  sum  is  any  chosen  point  of  (?',  in- 
cluding either  limit  of  indeterminacy.  The  set  G'  may  be  non-dense  in  the 
interval  (L,  U),  or  it  may  consist  of  all  the  points  of  that  interval,  or  it  may 
consist  of  a  closed  set  of  the  most  general  type,  as  described  in  §  86, 

The  series  1—1  +  1  —  1  +  1  ...  has  1  and  0,  for  the  upper  and  lower  limits 
of  indeterminacy ;  and  G'  may  be  regarded  as  consisting  of  these  two  points, 

his  Aiitriti.ipnitirainm,  p.  3. 
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Let      s,  =  - 
and  generally 


It  follows  that  the  aeries 


2         _1 

2            1 

2 
~  2m  + 1 ' 

m  +  1 

•••"-«-s+i- 

2      2.3     3.43.4     3.6 

has  1  and  0  for  the  upper  and  lower  limits  of  indeterminacy.  The  set  G 
consists  of  all  the  rational  numbers  between  0  and  1  ;  so  that,  G'  consists  of 
the  whole  interval  (0,  1).  By  introducing  a  properly  chosen  system  of 
brackets,  the  series  may  bo  converted  into  one  converging  to  a  limiting  sum 
which  is  any  proscribed  number  of  the  interval  (0,  1). 

(4)  The  derivative  G'  may  exist,  but  one  or  both  of  the  points  A,  B  may 
be  absent;  in  this  case  also  the  series  is  said  to  be  an  oscillating  series.  If  the 
points  sn  have  no  upper  boundary,  then  the  upper  limit  of  indeterminacy 
is  said  to  be  +  oc  ;  and  if  they  have  no  lower  boundary,  the  lower  limit  of 
indeterminacy  is  said  to  be  —  cc  .  In  this  case  the  series  may  be  made  to 
diverge,  by  introducing  a  properly  chosen  system  of  brackets,  or,  on  the  other 
hand,  it  may  be  made  to  converge  to  any  point  of  G'. 

It  should  be  observed  that  oscillating  series  are  frequently  included  in  the 
term  divergent  series. 

For  example,  a  series*  may  he  constructed  which  oscillates  between 
infinite  limits  of  indeterminacy,  but  which,  by  introducing  a  suitable  system 
of  brackets  in  accordance  with  a  norm,  may  be  made  to  converge  to  any 
prescribed  number  whatever. 

2a.'  —  1 
If  a/  =  =,  where  the  positive  sign  is  ascribed  to  the  radical,  the 

V«(l-«) 
points  x  of  the  interval  (0,  1)  have  a  (1,  1)  correspondence  with  the  points  x 
of  the  unlimited  straight  line  (—00,00).  It  is  clear  that  a  set  of  points  \x\ 
in  the  interval  (I),  1 )  corresponds  to  a  set  {x'\  in  (—  00 ,  00  ),  the  relation  of 
order  being  conserved  in  the  correspondence.  Further,  a  limiting  point 
of  the  one  set  corresponds  to  a  limiting  point  of  the  other  set.  The  rational 
points  of  the  interval  (0,  1)  of  *  correspond  to  a  set  of  points  a?  everywhere- 
dense  in  (—  go,  go).  This  method  of  transformation  in  ay  be  applied  to  the 
series  obtained  in  (3),  which  oscillates  between  the  limits  of  indeterminacy 
0,  1,  and  which  can  be  made,  hy  introducing  suitable  brackets,  to  converge  to 
any  prescribed  number  in  the  interval  (0, 1). 

■■    tiee.  'IL->bson,  Pro*:.  L-j>>il.  Miith.  Sue,  ner.  2,  vol.  in,  p.  50. 


,Google 


331,  332]  Arithmetic  series 

We  find  that 


and  generally 


m  ,  2w  + 1 

m-1 

8ta+lMM+al~V{2(m+l)}' 
Therefore  the  series 

_J_      /J 2_\      l2_,l\_(3]L_\3_ji_ 

V2  +  W2     v'3/  +  W3     V2/      U     V2>      2     V5 
has  the  required  character:  it  may  be  made  to  converge  to  any  i 
number  whatever,  by  suitably  bracketing  the  terms  together  in  accordance 
with  a  norm,  and  amalgamating  tin:   terms  in   each    bracket. 


ABSOLUTELY    (lONVIiJir-)ENT,    AND    CONDITIONALLY    CON'VKIIUENT,    SERIES. 

332.  Let  us  suppose  the  terms  of  a  convergent-  arithmetical  scries  to  be 
all  positive.  The  order  of  the  terms  in  the  series  is  defined  by  the  norm 
which  defines  the  series. 

If  now  a  new  series  be  defined  by  another  norm,  and  be  such  that  any 
assigned  term  in  either  series  is  identical  wit.li  a  definite  term  in  the  other 
series,  then  the  new  series  is  said  to  be  obtained  by  rearranging  the  terms 
of  the  original  series;  and  the  two  scries  are  conventionally  regarded  as 
identical  with  one  another.  It  can  be  shewn  that  the  new  scries  converges  to 
the  sum  of  the  original  series. 

Let  <s,,  s2, ...  an, ...),  (*,',  S2',  ...s'tf,  ...)  be  the  aggregates  of  partial  sums 
of  the  two  series,  and  let  s  be  the  sum  of  the  given  series  defined  by  the  first 
of  these  aggregates.  If  e  be  an  arbitrarily  chosen  posirive  number,  n  can  be 
determined  so  that  s  —  sn  <  e ;  and  then,  since  all  the  terms  of  the  series  are 
positive,  it  follows  that  s  —  sn+m<e,  for  m  =  l,  2,  3, .... 

A  number  n'  can  be  determined  such  that  the  first  n  terms  of  the  first 
series  all  occur  in  the  first  «.'  terms  of  the  second  series  ;  and  therefore 
*»<*'»'-  Again  a  number  n"  can  be  determined  so  that  the  first  n  terms 
of  the  second  series  all  occur  in  the  first  n"  terms  of  the  first  scries;  then  we 
have  sn  <  s'n-  <  sw».    Since  s  —  sn,  s  —  sn»  are  both  <  e,  it  follows  that  s  —  s'n-  <  e; 
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and  this  clearly  holds  for  all  values  of  n'  greater  than  the  one  employed. 
Since  e  is  arbitrary,  it  has  thus  been  shewn  that  the  second  aggregate  of 
partial  sums  converges  to  s;  and  therefore  the  sum  of  a  convergent  series 
whose  terms  have  all  the  same  sign,  is  unaltered,  if  the  order  of  tlte  terms  be 
altered  in  accordance  with  some  -norm,  suck  that  each  term  of  the  original 
series  has  a  definite  place  in  the  new  series. 

333-  Next  let  us  suppose  the  arithmetical  series  uL  +  u.2  +  m3  +  . . .  to  have 
both  positive  and  negative  terms,  each  indefinitely  great  in  number.  Let  the 
positive  terms,  in  the  order  in  which  they  occur,  be  a1,as,a3,...  and  the 
negative  terms,  in  the  order  in  which  they  occur,  be  -  b„  -  b2,  -  bs,  ... ;  and 
consider  the  two  series 

«]  +  u2  +  «3+...,   (1) 

b,  +  b2+bs  + (2) 

Denoting  by  am,  tr'm-  the  sums  of  w,  and  in  terms  respectively  of  these  series, 
we  see  that,  if  in  the  first  n  terms  of  the  given  series  there  are  m  positive  and 

in'  negative  terms,  then 

If  both  the  series  (1),  (2)  he  convergent,  then  <s.m,  a  ,„■  have  finite  limits, 
and  the  given  scries  is  itself  convergent,  its  sum  being  independent  of  the 
arrangement  of  the  positive  and  negative  terms,  provided  only  that  each  term 
of  the  original  series  occurs  in  the  series  obtained  by  the  rearrangement  of 
the  order  of  the  terms. 

The  series  wI  +  w2  +  us+  ...  is  said  to  be  absolutely  convergent,  provided 
|  ui|  +  |  ^1  +  lMal  +  ■••  oe  convergent,  which  is  the  case  when  both  the  series 
(1),  (2)  formed  respectively  by  the  positive  and  by  the  negative  terms,  are 
■convergent.  The  sum  of  an  absolutely  convergent  series  is  thus  unaltered  by 
a  rearrangement  of  the  terms,  in  accordance  with  some  norm. 

If  one  of  the  two  series  (I),  (2)  be  convergent,  and  the  other  be  not  con- 
vergent, the  given  series  is  not  convergent. 

If  both  the  series  (1)  and  (2)  be  divergent,  it;  may  happen  that  the  given 
series  itself  is  convergent ;  in  this  case  trm  —  <r'm'  hfts  a  definite  limit,  although 
c™.  ""'m'  have  no  limits. 

If  the  series  w,  +  u,,+  ...  be  convergent,  whilst  the  series  \  u,  \  +  |  u^  j  +  ...   is 

not  convergent,,  then   the  given  series  is  said  to   be  conditionally*  convergent. 

It  will  be  seen  that  the  order  of  the  terms  in  a  conditionally  convergent 

series  cannot  in  general  be  altered  without  affecting  the  sum  of  the  serius,  or 
of  possibly  rendering  it  no  longer  convergent, 

*  By  Stokes  the  term  Licuiikiifcully  troinw^ent  is  uswl ;  liv  hkl'ij  v.-iikTH  iacli  series  are  spoken 
of  ftB  semi-con  Vermont ,  bar-  this  Minn  is  also  used  in  ijaitc  .iuoUikv  connection. 
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334.  It  will  now  be  shewn  that  the  terms  of  a  conditionally  convergent 
series  can  always  be  so  rearranged  in  u-r.oordance  with  a  norm,,  that  (1)  the  new 
series  is  convergent,  and  has  us  swtn  an  arbitrarily  given  number ;  or  (2)  80 
that  the  new  series  is  divergent ;  or  (3)  that  the  new  series  oscillates  between 
arbitrarily  given  limits;  .moreover  each  of  these  rearrangements  may  be  made 
in  an  indefinitely  great  number  of  ways. 

Let  A, ,  &s ,  ASJ ...  kn,  ...be  a  sequence  of  positive  numbers,  assigned  in  accord- 
ance with  any  prescribed  law,  and  which  are  such  that  no  one  is  less  than  the 
preceding  one.  Take  px  terms  of  the  series  (1),  so  that  a1  +  a.i  + ...  +aPi 
or  aPi,  is  greater  than  ks.  whilst  <rPl-i  &  A,;  next  take  ijt,  terms  of  the  series  (2) 
such  that  Oj  +  OaH- ...  + ffp, -&!-&!-  ...  -  6ft,  or  <rPi  -<rqi',  is  less  than  fc„ 
whilst  trPi  -  <r'qi-i  £&,.  Next  take  p^  more  terms  of  the  series  (1)  so  that 
ffp  -  a^ +  (a,Ps+i  +  aPi+2  +  ...  +alh+p)  is  greater  than  k.,,  whilst 
ffp,  -  Tg'  +  (aP,+>  +  aP,+»  +  ■  ■  ■  +  ai>,+P,-i)  s  h ■■ 
then  take  ga  more  terms  of  the  series  (2),  such  that 

°>i  —  ff9i   +  (°ft-W,  ~  °i>i)  —  V17  5i+4t  —  ff9l  )  *■  "* 

whilst  o-ft  -  <yq;  +  (o-^-fft  -  «>,)  -  (<rSl-W«-i  -  *«.')  =  k* 

By  proceeding  in  this  manner,  we  define  an  arrangement  of  a  number  of 
terms  of  the  given  series,  which  is  such  that 
{al  +  ai+...  +aPl)-(bl  +  b2+  ...  +  bq) 

+  (ay1+1+  ...  +aP^P!)-(bqi+1+  ...  +  o3l+„s) 

+  ... 

+  (<V+ft+ ...  tf»-r+-3  +  ■  ■  ■  +  "P.+P.+  ■■■  +*.)  -  (*W-  +*-**  +  • "  •  +  &9.+  ■■  + J  (3) 
is  less  than  kn,  whilst,  if  we  leave  out  the  last  bracket,  the  expression  is 
greater  than  ka.  It  will  be  observed  that  none  of  the  numbers  jp,,  p^,  ...p„, 
?i-  °,i>---<}n  can  be  zero.  The  expression  we  have  obtained  differs  from  ka 
by  less  than  &9l+B+iii+ih;  and  if  in  the  expression  we  leave  out  the  last 
bracket,  the  resulting  expression  differs  from  kn  by  less  than  aPl+p,+,..+p„  i 
also,  since  the  given  series  is  convergent,  both  the  numbers  apl+P!+...+Pn, 
69i+8i+iii+9b  are  as  small  as  we  please,  if  n  be  taken  sufficiently  large.  Now 
suppose  (&„  &a,  ...  &„,  ...)  to  be  a  convergent  sequence  which  defines  the 
number  k,  arbitrarily  given,  then,  taking  n  large  enough,  kn„  Jc„+1,  ...  all 
differ  from  k  by  less  than  an  arbitrarily  small  number ;  hence  a  number  n  can 
be  found  such  that,  for  it  and  for  all  succeeding  integers,  the  series  we  have 
found  differs  by  an  arbitrarily  small  number  from  k,  even  when  we  suppress 
the  last  bracket.  We  have  thus  assigned,  by  means  of  a  norm,  an  arrange- 
ment of  the  terms  of  the  given  scries  so  that  the  new  series,  so  defined, 
converges  to  the  arbitrarily  given  number  k\  and  it  is  clear  that  this  may 
be  done  in  an  indefinitely  great  number  of  ways,  since  there  are  an  in- 
definitely great  number  of  convergent  sequences  which  define  the  same 
number  k. 
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Next  suppose  the  sequence  kly  k*, ...  kn,  ...  increases  without  limit;  then 
we  have  denned  an  arrangement  of  the  terms  of  the  given  series  which  makes 
the  new  series  divergent.  It  is  clear  that  the  same  method  would  have  been 
applicable  if  we  had  taken  the  numbers  k1:k2,  ...  all  negative  and  numerically 
increasing. 

It  remains  to  be  shewn  that  the  terms  of  the  series  can  be  arranged  so 
that  the  sum  of  the  new  series  oscillates  between  two  arbitrarily  given  numbers 
k,  k'  (k  >  k').  We  may  suppose  without  loss  of  generality  that  k,  k'  are  both 
positive. 

Let  (&!,  &2,  ...  kn  ...)  be  an  aggregate  of  increasing  numbers  which  defines 
the  number  k,  and  (&/,  &/, ...  kn' ...)  another  such  aggregate  which  defines  k'; 
where  we  may  suppose  that,  for  all  values  of  n,  kn>  kn'. 

Choose  p,  so  that  trPi  >  &,  whilst  o^-,  £  £, ;  next  choose  q,  so  that 
a-p,  —  <rqi'  < kj,  whilst  <Tp,  —  o"'g,-i  £  W',   tben  choose  p„  so  that 

+ft-0<k', 

■ies  of  the  form  (3)  whose  sum 
-.-+9*'  an<^  moreover,  if  the  last 
,  but  differs  from  kn  by  less  than 
api-hft+-.+P«-  I*  *s  now  c'ear  tnat  an  arrangement  of  the  terms  of  the  given 
series  has  been  assigned,  such  that  the  resulting  series  oscillates  between k and 
¥ ;  and  this  can,  as  before,  be  done  in  an  indefinitely  great  number  of  ways. 

'  A  special  case  of  this  general  theorem  as  to  the  nature  of  the  now 
series  obtained  by  rearranging  the  terms  of  a  conditionally  convergent  series 
in  accordance  with  some  norm,  is  that  in  which  0^  =  61,  03=61,  ...  an  =  bn  ...  ; 
so  that  the  original  series  is  a,  —  a^  +  dj  —  ae  +  #3  —  a^  +  . .. ,  which,  provided 
lim  an=  0,  has  zero  for  its  sum.      It  thus  appears  that,  from  the  terms  of  a 

divergent  series 

aI  +  os  +  .  ..+o„+  ..., 
which  is  such  that  an  is  arbitrarily  small  when  n  is  taken  large  enough,  we 
can,  in  an  indefinitely  great  number  of  ways,  construct  series  which  are  con- 
vergent and  have  a  given  sum,  are  divergent,  or  oscillate  between  given 
limits,  by  taking  the  various  series  of  the  form 
a1  +  ai+...  +aPl  —  a,  —  a,  — ...  - agi  +  aPl+1  +  Opi+9  +  . . .  +  Ojn+p, 

-  dq1+1  —  aa,+2  -   ...   -  <.t.q,+qs+   ..-, 

the  numbers  p±,  p9,„.qi,  y»,  ...   being  assigned   in   the   manner  explained 
above. 


whilst 

then  choose  q2 

so  that 

°>\' 

-o«, 

+  («*4*r* 

whilst                  <rPl  -  aq;  +  (trPl+Tt  -  ffPl)  -  (<j'qi 

Proceeding  in  this  manner,  we  define  a  st 

is  <k,i,  but  differs  from  kn'  by  less  than  6(?L_H. 

bracket  be  suppressed,  the  sum  is  then  >  k.n. 
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EXAMPLES, 

1.  The  series 

3+3~4       '  +  3)i-l.  ~2w  +  '"' 
in  cond  itionaJ.lv  uonvoigent,  its  limiting  sum  in; ins;  log,,  2.     The  aeries 

which  is  obtained  by  systematic;  i-l?y  WM.rr.i.neirig  the  tonus  of  the  first  scries,  converges  to 
|  log.!. 

For  we  find  that 

_™=»/_l 1_      __1      _  J_\ 

and  that,  for  the  second  series 

S S"=m=l  \4m-3  +  4m-  1  ~  2m J  ' 

therefore  i'i.-H.-V  (j^ -  ^)  -gf*. 

Since  Sj,,,  s^j  both  converge  to  log..,  -2,  as   .■'.  is  imielinitely  increased,   it.  follows  that  s^,, 
converges  to  x  logs  2. 

2.  By*  rearranging  the  term,*  of  the  convergent  scrie* 

1-1+S-5+S-i+-+S-i+"- 

we  obtain  the  series 

_J_     ,        1,1        1, 
"""6    3T""'    »-i~l"2»-l"r2n     b"1"'"' 

Pi  +  3rc^2  +  3?P~i  +  3»  ~~  ™+  •" ' 

*  "*■« "■"  i?  "'"5"'" «  —  a"*""' 


TiT3T4      2T5T6T7T8 


1  1  11 


«-lT(»-l)a+lT(w-iy+2n 

The  first  of  these  new  series  converges  to  log,  2,  the  second  to  log,:!,  and  the  third 

SERIES  OF   TBAN8FINITE   TYPE. 

335.     It'  suss,s3,  ...  sn,  ...  «„,«„+!,  ...  sv,  ... 

be  a  set  of  numbers  each  one  of  which  is  definite,  and  in  which  every  index 
that  is  less  than,  or  equal  to,  some  number  ft  of  the  second  class,  occurs  as  a 

suffix,  and  if  the  aeries 

«!  +  «„+  ...  +  U»  +  ...  +  «*  +  Mu4-i+  ...  +Uy+  ... 

*    Dini's  Grundltuten,  \).  13H. 
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be  formed,  where 


in  which  the  indices  of  u  include  every  number  less  than  0,  then  the  series  is 
said  to  be  a  convergent  series*  of  type  0.  If  0  be  a  limiting  number,  the 
series  has  no  last  term,  but  if  0  be  a  non-limiting  number  the  Inst  term  of  the 
series  is 

Mp_!  =  Sjj  —  Sp-i. 

An  ordinary  infinite  series 

%  +  «n  +  ...  +  uH  +  ... 
is  of  type  (•>.     A  scries 

U,  +  Uz+  ...  +UH+  ...  +  V,  +  »,  +  »,+  ...  +%+  ... 
is  of  type  o>2  ;  and  a  double  series 


1    £ 

r=l  s= 

a,.s, 

all  +  ali  +  a,3.+  , 

..  +aln  + 

a?,  -f  c%  +  (Ta,  +  ■ 

..  +  fflm  + 

Ma  +  a»  +  . .  . 

1-  Om  +  «m  +  a,*  4 


is  of  type  w2,  if  it  be  taken  in  columns  successively,  or  in  rows  successively  ; 
but  it  is  of  type  &>  if  the  terms  are  taken  diagonally  in  the  form 

flu  +  (Oia  +  a.a)  4- (oia  +  Osa  +  aa)+  .... 
Conversely,  a  series  of  any  type  0  is  convergent  if  all  the  sums 

be  definite  numbers. 

It  is  clear  that,  0  being  any  given  number  of  (he  second  class,  any  scries 
of  the  ordinary  type  a>  can  have  its  terms  so  arranged  that  the  series  becomes 
of  type  0.  For  a  correspondence  can  bo  defined  between  all  the  ordinal 
numbers  up  to,  and  including  0,  and  the  ordinal  numbers  of  the  first  class. 

Let  us  now  suppose  that,  all  the  terms  of  a  convergent  series 
W1+«B+  ...  +  Uv  +  Uv+1  +  ...  +uy  +  ... 
of  type  0,  are  positive,  and  thus  that 

«:  <«,<«,,   ...   <Sa,,   ...   <8p. 

If  we  represent  the  numbers 

■   Sunk  series  have  litei!  investigated  in  a  uiff Brent  mijmcr  Ly  Hnvriy,  /Voir.  Loin!.  Math.  Sue.. 


/Google 


335]  Arithmetic  series  of  transfinite  type  463 

in  the  usual  manner,  by  points  on  a  straight  line,  the  terms  of  the  series 
are  represented  by  a  set  of  intervals 

(0,«,),  („„»,),  ...(«.,».„)  ... 

on  the  straight  line;  each  interval  abuts  on  the  nest;  and  all  the  points  sa 
where  «  is  a  limiting  number  of  the  second  class,  are  semi-external  points  of 
the  set  of  intervals.  The  end-points  and  the  semi-external  points  of  the  set 
of  intervals  form  an  enumerable  closed  set  which  has  consequently  zero 
content ;  and  it  follows,  from  the  theory  of  the  measures  of  sets  of  points,  that 
the  set  of  intervals  has  a  measure  equal  to  that  of  the  whole  interval  (0,  ss), 
which  is  therefore  Sp.  Since  the  measure  of  an  infinite  sequence  of  intervals 
is  equal  to  the  sum  of  the  measures  of  the  intervals,  it  follows  that,  if  the 
intervals  be  arranged  in  a  sequence  of  type  a>.  their  sum  is  Sp.  The  following 
theorem  has  thus  been  established  : — ■ 

If  a  series  of  positive  numbers  be  converge) d,  and  of  type  $,  it  will  also  be 
convergent  when  arranyed  in  type  a> ;  also  tlie  sums  will  be  the  same;  and 
conversely. 

We  may  pass  to  the  consideration  of  series  of  type  /3,  of  which  the  terms 
are  not  necessarily  all  positive,  but  of  which  the  convergence  is  absolute. 

An  absolutely  cntcerytid,  serins  of  type  j3  is  a  series  which  is  con  I'ergent  when 
each  term  is  replaced  by  its  modulus. 

Let  us  suppose  the  intervals  constructed  as  before,  which  represent  the 
terms  of  the  series 

|«,|  +  [h,|+  ...  +l«-  |  +  1  «u+i|  +  ...+K|+  .... 
If  we  choose  out  from   this  set  of  intervals  those  which  correspond  to 
positive  terms  of  the  series 

«i  +  «a+  ■-■  +  «»  +  ...  +uy+  ..., 
we  have  a  set  of  intervals  which  has  a  definite  finite  measure  ;  and  the  same 
is  true  of  the  set  of  those  intervals  which  correspond  to  negative  terms  of  the 
given  series.  The  given  scries  converges  to  a  sum  which  is  the  difference  of 
the  measures  of  these  two  sets  of  intervals,  and  this  sum  is  unaffected  by  the 
order  in  which  the  intervals  are  taken  in  either  the  positive  or  the  negative 
component.      It  has  thus  been  shown  that: — ■ 

If  a  series  be  absolutely  conver/ietd,.  and-  of  type  (1,  then  the  series  is 
ccn.verye.nt,  and:  its  sum.  is  independent  if  the  type. 

An  important  particular  case  of  this  theorem  is  Cauchy's  theorem  that  an 
absolutely  convergent  double  series  has  the  same  sum  whether  the  sum  be  taken 
by  -rows  or  by  columns. 
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DOUBLE   SEQUENCES   AND   DOUBLE   SERIES. 

336.  A  set  of  numbers  [san\,  where  each  of  the  indices  m,  n  may  be  any 
positive  integral  number,  and  the  single  number  &■„,,,  is  defined,  in  accordance 
with  some  norm,  for  each  pair  of  values  of  m  and  n,  is  said  to  form  a  double 


The  numbers  of  the  sequence  may  be  regarded  as  arranged  in  rows  and 
columns,  in  accordance  with  the  scheme 


in  which  no  column  and  no  row  has  a  last  constituent. 

If,  for  a  given  double  sequence,  a  number  a  exist,  such  that,  corresponding 
to  each  arbitrarily  fixed  positive  number  e,  the  condition  \s  —  g^^ebe 
satisfied,  for  every  value  of  m  and  n  such  that  m  Sjp,  n  ~p,  where  p  is  some 
fixed  integer  dependent  on  e,  then  the  double  sequence  is  said  to  be  convergent, 
and  the  number  s  is  said  to  be  the  limit  of  the  double  sequence. 

This  is  denoted  by 

s  =      lim      simi. 

The  theory  of  double  sequences  may  be  correlated  with  that  given  in 
§§  231,  2'32,  of  the  double  and  the  repeated  limits  of  a  function  of  two 
variables.  For,  if  we  assume  x=  1/m,  y  =  ljn,  then  the  number  smn  may  be 
taken  to  define  the  value  of  a  function  f(x,  y)  at  the  point  %  —  1/m,  y  =  1/n. 
That  the  function  f(w,  y)  is  not  defined  for  all  positive  values  of  x  and  y  in 
the  neighbourhood  of  the  point  as  =  0,  y  =  0  makes  no  difference  as  regards 
the  validity  of  the  results  obtained  for  a  function  of  two  variables.  These 
results  may  now  be  interpreted  as  properties  of  the  sequence  {smn\. 

The   double    limit      lim    f(x,  y),   when    it    exists,   is    identical    with 
lim      smn,  and  the  existence  of  the  one  double  limit  implies  that  of  the 
other  one. 

Corresponding  to 

IW/(«,J,),     lim/(«,j,),     lim/(«,y), 

*  The  theory  of  double  sequences  bis  be™  t.iviu.od  by  Pringslioiiu.  Mihieh.  Xitzawashcrichte. 
vol.  xsvm,  1898  ;  ulpo  in  Hath.  An>i.t!.tf»,  vol.  j.lii,     Wet-  uIko  js  \i:\\\i-.i-  by  London  in  Math.  Annalmi, 

vol.  an,  1900. 
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the  notation  lim  smn,     lim  smn,     lim  smn 

may  bo  employed  to  denote  the  upper  limit,  the  lower  limit,  or  the  limit 
of  the  mth  row  of  the  sequence ;  the  limit  existing  when  the  tipper  and 
lower  limits  are  identical.     The  notation  lim  smtl  may  be  used  to  denote  the 

upper,  and  the  lower,  limits,  when  either  is  to  be  taken  indifferently.  The 
corresponding  notation 

lim  smn,     lim  s.mn,      lim  smn,      lim  smn 

is  applicable  to  the  nxA\  column  of  the  sequence. 

The  repeated  limits  lim  lim  smn,  lim  lim  smn  correspond  precisely  to 
the  repeated  limits  lim  lim  f(a),  y),  lim  lim  f(x,  y)  respectively. 

x-0    v  =  0  y=U    vil 

The  following  results  are  obtained  from  those  in  §  232. 
The  existence  of s=       Urn      .*„,.,,  implies  the  existence  of  the  repeated  limits 
lim  lim  smK,  lim  lim  s,nn,  ■which  have  both  the  value  s. 

The  existence  of  s  is  however  not  a  necessary  consequence  of  tfie  existence, 

and  the  equality,  of  the  two  repeated  limits. 

The  existence  of  the  repealed  limit  lim  lim  smii  does  not  necessarily  involve 
that  of  lims,IIM,  as  a  definite  number;  but  it  implies  that 
lim  lim  smn,     lim,  limsmn 

have  one  and  the  same  value. 

In  case  the  sequence  be  such  that  s^Sj™,  for  every  value  of  m',n', 
such  that  m'  Sm,ti'S n,  and  for  every  value  of  m  and  n,  then  the  sequence 
is  said  to  be  monotone.     It  is  also  said  to  be  monotone  in  case  the  relation 

»  satisfied. 


The  following  theorem  may  be  easily  established : — 
If  the  sequence  [.?,„,,]  be  'monotone,  then  the  existence  of  any  one  of  the  three 
limits       lim      smn,   lim  lim  smn,  lim  lim  smn  implies  the  existence  of  the  other 

two;  and  all  three  are  equal. 

Let  us  now  assume  that  all  the  rows  of  the  sequence  converge,  i.e.  that 

lim  smn  exists  for  each  value  of  m. 

If  lim  smjl  be,  for  every  value  of  m,  numerically  less  than  some  fixed 
positive   number,  and   if  further,  corresponding   to   any  arbitrarily  chosen 
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positive  number  e,  an  integer  nc,  dependent  on  e,  but  independent  of  m,  can 
be  determined,  such  that  I  sm„  —  lim  s^ I  <  e,  provided  tSu,,  and  for  every 

value  of  m,  then  the  convergence  of  the  rows  is  said  to  be  uniform.  A  similar 
definition  applies  to  the  uniform  convergence  of  the  columns. 

The  rows  of  a  double  sequence  may  bo  uniformly  convergent,  and  yet  the 
columns  need  not  converge. 

From  the  theory  of  the  limits  of  a  function  of  two  variables,  the  following 
theorem  is  easily  deduced : — 

In  order  that  the  double  sequence  {sm,\,  of  which  the  rows  are  known  to 
converge,  may  converge,  it  is  necessary  and  svijieienl  that  the  convergence  of  the 
rows  be  uniform.,  and  thai  lim  lims.lYlK  shall  exist. 

The  double  sequence  may  however  be  convergent,  without  the  rows  being 
convergent. 

337.     The  theorems  of  §  2M3  and  §  -'3  I-  rimy  be  employed  to  obtain  the 
necessary  and  sufficient  conditions  that  the  two  limits 
lim  lims„m,     lim  lim  smn 

may  both  exist,  and  have  the  same  finite  value. 

We  thus  obtain  the  following  theorems: — 

In  order  that  the  repeated  I  units  lim  lim.  s.„m,  lim  lim  sjU),.  may  both  exist 
and  have  the  same  finite  value,  it  is  necessary  and  sufficient,  (1)  that 
Um  sm,„  —  lim  s,,m    should    have    the    limit    zero,    for    m  =  oo  ,    and    also    that 

lim  smn  —  lim  s„m  should  have  the  limit  zero,  for  n=<x>;  and  (2)  that,  cor- 
responding to  each  fixed  positive  number  t,  arbitrarily  chosen,  a  positive 
integer  N  can  be  determined,  sack  that  for  each  value  of  n  that  is  >  N, 
a,  positive  integer  31„,  in  general  dependent  on  n,  can  be  determined,  such  that, 
for  this  value  of  n,  s.„m  lies  between  lim  «„„,  +  e  and  lim  smn  —  e,  for  all  values 

of  m  that  are  >  Mn, 

If  Mw,  when  found  for  n,  is  also  applicable  for  all  greater  values  of  n, 
then  the  conditions,  thus  rendered,  more  stringent,  ensure  that  lim  slm  also 
exists,  and  is  equal  to  the  repealed,  limits. 

If*  the  tovjs   and.  the  columns   of  the  sequence  [s„m}  be  both  convergent, 

*  This  theorem  was  given  by  Brora  with,  Prm:.  f.ond.  Math.  Hoc,  ser.  9,  vol.  I,  p.  185 ;  except 
that  in  the  statement  there  given  a  ledmuiariL  condition  is  contained,  \i/..  that  lira  lim  smn  must 
exist;  this  condition  is  however  contains!  in  the  one  stated  in  tlio  thooram  above.  This  arose 
from  the  fact  that  Ilronnvioii  (induced  1.1; o  tin  urc-iii  from  a  theorem  eonosnonding  to  the  alternative 
theorem  given  below,  in  which  this  condition  is  required. 
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i.e.  if  lim  smn,  Urn  sllllh  both  exist  as  definite  munbers,  then  the  necessary  and 

sufficient  conditions  that  the  two  repeated  limits  may  both  exist  and  have  the 
same  finite  value  is  that,  corresponding  to  each  Jived  positive  number  e, 
arbitrarily  chosen,  a  positive  int&jer  A"  can  be  determined,  such-  that  for  each 
value  of  n  that  is  >  if,  a  positive  interim-  M„,  in  f/mnrral  dependent  on  n,  can  be 
determined,  such  that,  for  this  value  of  n,  I  s„  —  lim  s„ln  <  e,  for  all  values  of  m 
thai  are  >  Mn. 

The  following  alternative  set  of  conditions  for  the  existence  and  equality 
of  the  repeated  limits  is  obtained  from  the  theorem  in  §  235  : — ■ 

The    necessary   and    sufficient    conditions    that    lint  lims„ln  —  lim  lim  s.„m.: 

their  value   being  finite,  are   (1)   that  lim  s„tll   converge  to   a  definite   value 

lim  lim  sm,    uilien   n    is   indefinitely    increased,    and    that    lim  smn  —  lim  sma 

converge  to  zero,  as  m  is  in  d,e  finitely  increased;  and  (2)  that,  corresponding  to 
each  arbitrarily  chosen,  positive  number  e,  and  to  an  arbitrarily  chosen  integer 
N,  a  value  if,  (>N)  of  n  can  be  determined,  and  also  an  integer  M,  such  that 
the  condition  that  s:::^l  lies  between  lim  s„:.u  -\-  e  and  lim.  smn  —  e  is  satisfied  for 
every  value  of  m  that  is  >  M. 

In  case  lim  smn  exists  for  every  value  of  m,  except  for  a  finite  number 
of  such  values,  the  condition  (2)  is  that  \ smKl- lim smn\<e,  for  every  value  ofm 
that  is  >M. 

338.  The  preceding  results  may  be  applied  to  questions  concerning  the 
convergence  of  a  double  series 

+  On  +   «22  +   Om  +  ■ .  •  +  Om  +  ■  •  • 


which  has  been  defined  in  §  \Y,io,  as  a  series  of  type  ar.     For  this  purpose  we 
denote  by  smi  the  sum  of  the  finite  series 

an  +  aVi  +da  +  ...  +  aln 
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The  condition  of  convergence  of  the  double  series  is  then  equivalent  to  that 
of  the  double  sequence  {s„m\.     If       lim      s„  be  +  °o  or  —  so ,  the  double 

series  is  divergent;  if       lim      sma  does  not  exist,  then  the  double  series  is 
said  to  oscillate. 

In  case  the  double  series  be  convergent,,  it  is  not  necessary  that  the  single 
rows,  or  the  single  columns,  should  separately  converge;  but  only  a  finite 
number  of  rows,  or  of  columns,  can  diverge,  or  have  infinite  limits  of  inde- 
terminacy; and  the  difference  between  the  limits  of  indeterminacy  of  a  row, 
or  of  a  column,  must  be  arbitrarily  snmll,  from  and  after  some  fixed  row,  or 
column. 

If  the  double  series  be  convergent,  and  if  also  every  row  be  convergent, 
then  the  series  of  the  sums  of  the  rows  must  converge  to  the  limits.  A  similar 
statement  applies  to  the  columns. 

When  all  the  rows,  and  all  the  columns,  converge,  and  when  the  sum 
of  these  sums  in  each  case  converges,  the  double  series  may  oscillate,  and 
this  is  necessarily  the  case  if  the  two  limiting  sums  are  different. 

The  series 

«n  4- ct,a  +  aai  +  o,3  +  Oj2  +  «3i  +  ■■■  +  «i»  +  OsMt-i)  +  ...  4-a-Bi  +  ■■-, 
which  has  the  type  a,  is  said  to  be  the  diu.goval  series  corresponding  to  the 
double  series.     If  this  series  converge,  its  sum  is  said  to  be  the  diagonal  sum, 
of  the  given  series. 

In  accordance  with  a  theorem  in  §  335,  if  all  the  terms  of  the  double 
series  be  positive,  the  existence  of  the  sum  s  ensures  also  that  of  the  diagonal 
sum;  and  the  converse  is  also  the  ease.  The  convergence  of  the  double  series 
also  ensures,  in  this  case,  that  all  the  rows  converge,  and  that  the  sum  of 
their  sums  converges  also  to  s.  A  similar  statement  holds  for  the  columns : 
the  sum  of  the  series  being  independent  of  the  type. 

A  convergent  double  series  is  said  r.o  be  absolutely  convergent,  if  the  double 
series  of  which  the  terms  are  \amn\  be  convergent*. 

The  theorem  of  §  333,  that  the  absolute  convergence  of  a  series  of  any 
term  implies  the  convergence  of  the  series,  and  of  all  the  series  obtained  by 
rearranging  the  terms  in  another  type,  shews  that,  if  the  given  series  be 
absolutely  convergent,  then  the  diagonal  series  converges  to  the  sum  of  the 
double  series;  and  also  the  sum  taken  by  rows,  or  by  columns,  converges  to 
the  sum  of  the  double  series. 

1  H  has  been  assorted  by  .Tm^fLii  th.n.:'  !l:no  exist  cnly  ;Ll)«oli;rc;lv  mrv-r-T/rriri  .IuuIiIb  series  :  see 
his  Court  d'Analyte,  vol.  I,  p.  302.  This  rtiitenifent  rests  upon  »  defective  definition  of  Con- 
vergence, 
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Thus,  for  an  absolutely  convergent  series,  each  one  of  the  four  equations 
2  amn  =  s,      2    2  0,^  =  3,      2    2  amn  =  s> 

2  (a,„  +  a!()M,  +  . . .  +  am)  =  s, 
implies  the  other  three. 

A  convergent  double  series  which  is  not  absolutely  convergent  can  be 
replaced  by  a  new  series  which  diverges,  and  is  such  that  each  term  aMn  occnrs 
in  a  definite  place  in  the  new  series,  and  that  no  terms  occur  in  the  new  series 
which  do  not  belong  to  the  original  one. 

EXAMPLES. 

1.  Let  smH=(-l)m+',(m-'l+?i-«),  where  p>0,  q  >  0.     In  this  case  lira  ■?„,„  and 

lim  smn  do  not  e\ist  as  definite  numbers,  but  the  three  limits       lim       sm„,   lim  lim  smn, 
lim    lim  *„  all  exist,  and  are  zero. 

2.  Let  smii=fx? y^1    ^n  ^'^  case     ■''m       s™n  ^"^  l10''  ^'^i  but  the  two  repeated 

limits  i'nth  evisi,  iUirt  are  zero.     The  stime  remark*  apply  to  thf.1-  ease  smij  —  --.— -';2 . 

3.  Let  sm!l=~  ( \—  J,  where  «>1.     In  this  case  the  double  limit  exists  and 

is  zero,  but  neither  the  rows  nor  the  columns  of  the  correspondm?;  series  are  convergent, 
but  sire  oscilkting  series  ;  consequently  the  double  serins  docs  not:  converge  absolutely. 

4.  Leta„m=(-l)m+"| =  + |.    In  this  case  the  single  rows  and  the  single 

columns  converge;,  and  l.lu:  double  .series  convolves,  but  fclic  sum   of  the  diagonal  series 
oscillates  between  Iog2  +  l  and  log 2  —  1. 


function's  iU''.piu:sr:\iED  by  series. 

339.     Let  us (a),  v* (as),  ...un{tc)  ... 

be   an  unending  sequence  of  functions,  defined   for  a  given  domain  of  the 
variable  x,  which  domain  is  most  usually  a  continuous  interval  (a,  6),  but 
may  be  any  given  set  of  points  G.     The  infinite  series 
«,(«)  +  «=(">)  +  ...  +  «»(«)  +  ... 
is  taken  to  define  a  function  s(cc),  for  the  domain  of  the  variable,  in  the 
following  manner  : — At  any  point  x  =  a,  for  which  the  series 
u,(a)  +  ii1(a)+ ...+«.(«)+... 
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converges,  the  limiting  sum  of  the  series  is  taken  to  be  the  value  s(a)  of  the 
function  ;  if,  at  the  point  a,  the  series 

v,(a)+  us(a)+  ... 
diverges,  the  function  s(ai)  is  undefined,  but  it  is  frequently  convenient  to 
say  that  the  value  of  the  function  at  that  point  is  one  of  the  improper 
numbers 

+  oo  ,  or  —  qo  ,  or  ±  co , 
according  to  the  mode  of  divergence  of  the  series.     If,  at  x  =  a,  the  series  is 
an  oscillating  one,  the  function  s(x)  may  be  regarded  as  multiple-valued, 
and  as  having  all  the  values  to  which  a  sequence 

«.,  («),«„  («),... 

of  the  partial-sums  may  converge,  s  (a)  having  thus  the  same  limits  of  in- 
determinacy as  the  series  itself. 

If  M,  (as)  +  «*(«)+  ...  +  «»(*) 

be  denoted  by  sn(x),  the  function  s(#)  is  definable  as  the  limit  of  the 
sequence  of  functions 

«iW  81(00),  ...  sn(w)  .... 

It  will  be  observed  that  the  term  "limit"  is  here  used  in  an  extended 
sense,  which  covers  the  cases  when,  at  a  point  0,  the  sequence  of  functional 
values  is  divergent  or  is  oscillating.  Stated  in  this  form,  the  theory  may  be 
regarded  as  a  theory  of  functions  defined  us  the  limits  of  sequences  of  given 
functions,  the  serial  form  being,  in  fact,  only  a  particular  mode  of  presenta- 
tion.    Thus 

*,(«),«,(,»),...<>„(*),... 

may  be  a  sequence  of  functions  represented  in  any  manner,  for  example  by 
continued  fractions,  or  by  determinants;  but,  in  whatever  manner  the  s„(ic)be 
represented,  the  limiting  function  s{w)  can  always,  of  course,  be  exhibited  in 
the  form  of  the  series 

B,  (.)  +  [«,  (.)-«,  (.)]  +  [»,  (.)-*(.)]+.... 
The  function  s  (a;)  may  be  termed  the  sv.m-j 'unction  of  the  series.. 


UNIFORM.    CONVERGENCE    OF    SERIES. 

340.     If  the  series 

«l(«)+«l(")  +   ...   +M„(«)+   ... 

converge,  for  the  point  %  =  a,  in  the  domain  for  which  the  functions  u  (x)  are 
defined,  then,  corresponding  to  each  arbitrarily  assigned  positive  number  e,  an 
integer  n  can  bo  found  such  that 

|«k,M|,|*,.<a)|,...|*k.(«)|... 
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are  all  numerically  loss  than  e,  this  being  t.he  condition  of  convergence  of  the 
series  at  the  point  a. 

A  similar  statement  holds  as  regards  each  point  at  which  the  series 
converges.  The  least  value  of  n  for  which  the  condition  stilted  is  satisfied  will 
in  general  depend  upon  the  arbitrarily  chosen  number  e,  and  also  upon  the 
value  of  a ;  but  it  is  important  to  consider  the  ■case  in  which  n  can  be  chosen, 
for  each  fixed  e,  so  as  to  be  independent  of  a.  Let  it  now  be  assumed  that  the 
series  is  everywhere  convergent  in  a  given  domain. 

If  a  value  of  n  can  be  found,  corresponding  to  each  arbitrarily  assigned 
positive  number  e,  such  that,  far  all  value*  of  a:  -which  belong  to  a  given  domain, 

l*»(«)l,|J^.(»)l,...|JV.WI- 

be-  all  less  than  t.  titen,  if  this  value  of '  n  be  iudepeud/jiit  of  x,  the  series 

u1(x)  +  ui(x)  +  ut(x)  +  ... 
is  mid  to  converge  imifor-mbj  in  the  given,  domain,  of  a:. 

If  we  denote  by  <p(e,  x)  the  least  value  which  n  must  have,  for  a  fixed 
value  of  x  belonging  to  the  given  domain,  in  order  that 

|-B..,W|,|A,,.W|, ... 

may  all  be  less  than  ^e,  the  series  is,  in  accordance  with  the  above  definition, 
uniformly  convergent  in  the  domain  of  x,  provided  that,  corresponding  to 
each  fixed  value  of  e,  the  values  of  $  (e,  x)  for  all  values  of  x  in  the  domain 
be  all  less  than  some  fixed  integer  n, ;  and  this  integer  ^  is  such  that  all  the 
numbers  |  RUyS  (x)  |,  for  every  value  of  x,  are  less  than  e,  for  all  values  of  n 
that  are  £  ns.  The  definition  which  has  been  given  of  uniform  convergence 
in  a  given  domain  includes  the  condition  that  the  series  converges  at  each 
point  of  the  domain.  If  it  be  assumed  that  this  is  already  known  to  be  the 
case,  the  definition  of  uniform  convergence  may  bo  stated  as  follows: — 

If  the  series  %  (%)  4-  w2  (x)  +  . . .  4-  un  (x)  +  . . . 

converge  for  each  value  cfx  in  a  given  d.oniain.  to  the  value  s  (x),  then  the  series 
issaid  to  converge  uniformly  in  the  domo.in,  provided  that,  corresponding  to  each 
arbitrarily  chosen  po.iUiue  e,  a  nundier  u,  independent  of  x,  can  be  found,  such 
that  all  the  remainders 

|. (.)-*(.)  I.  |s(«)-«,«WI,  ...|»<»)-*h.«|  .... 

for  every  value  of  x,  are  less  than  e. 

341.  A  mode  of  convergence  of  a  scries  in  a  given  domain,  less  stringent 
in  character  than  that  of  uniform  convergence,  lias  boon  considered  by  Dini 
and  by  other  writers.  This  mode  of  convergence  has  been  termed  by  Dini 
"simple-uniform  convergence,"  and  is  defined  by  him*  as  follows:— 

*  See  Grmidlayt-n,  h\  Liirotli  and  Schepp,  p.  137. 
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The  series  u1(x)  +  u2(x)  +  ...  +un  (a;)  +  ... 

which  converges  ot  each  point  vf  a  given  domain  to  the  vola-e  s  (x),  is  said  to  be 
simply-uniformly  convergent  hi  the,  domain, if,  correspond  hi  g  to  each  arbitrarily 
chosen  positive  number  e,  and  to  each  integer  m',  only  one  or  several  integers  m, 
not  less  than  n/.\  exist,  which  u.re  such  that,  for  all  values  of  a:  in  the  domain, 
the\Rm(x)\are<e. 

The  condition  of  simple-uniform  convergence  is  less  stringent  than  that 
of  uniform  convergence,  in  that,  in  the  latter  case,  all  the  remainders  after 
a  certain  one  are  numerically  less  than  e,  whereas  in  the  former  case  one  or 
several,  but  not  all  the  remainders,  need  be  numerically  less  than  e. 

As  regards  the  above  definition,  it  may  be  remarked  that,  if  there  be,  for 
each  e,  one  value  of  m  which  satisfies  the  prescribed  condition,  there  must 
be  an  infinite  number  of  such  values ;  because  we  have  only  to  ascribe  to  m' 
a  series  of  values  which  increase  indefinitely,  and  for  each  of  these  exists  a 
corresponding  value  of  m.  Any  one  of  an  infinite  set  of  values  of  m  may  thus 
be  taken  to  correspond  to  one  value  of  m.  Moreover,  the  definition  can  be 
reduced  to  a  simpler  form,  thus:— Let  us  first  suppose  that  there  exists  no 
value  of  n  such  that  Rn(x)  =  0  for  every  value  of  m  in  the  domain  ;  it  will 
then  be  shewn  that,  if,  corresponding  to  each  e,  one  value  of  n  can  be  found 
such  that  |  Rn  (w)  |  <  e,  independently  of  oc,  then  there  must  be  an  indefinitely 
great  number  of  such  values  of  n.  Let  us  denote  by  BB,  the  upper  limit  of 
I  Rs  (x)  |  for  the  whole  domain  of  x  ;  !iK  may  have  a  definite  value,  or  it  may 
be  indefinitely  great.  If  \  Rn(x)\  <e  for  every  value  of  x,  we  have  Bn  ^  e ; 
let  us  therefore  take  a  positive  number  e,  less  than  Rn,  and  also  less  than  the 
least  of  the  numbers  __     __  _ 

Eq  ,   R% ,    .  -  .     Rji— 1 , 

then,  by  hypothesis,  a  number  si,  can  be  found  such  that,  for  all  values  of  x  in 
the  domain,  |  Rni(x)\<e-,.  This  number  v-,  cannot  be  one  of  the  numbers 
1,  %  3, ...  n ;  for  it  is  always  possible  to  find  a  value  of  x  for  which  |  Rs  (x)  |  is 
arbitrarily  near  its  upper  limit  R„,  and  is  thus  >  e, ;  hence  a  number  Wj,  >  n, 
has  been  shewn  to  exist,  such  that,  for  all  the  values  of  x,  \  Rn>  (x)  |  <  e. 
Similarly  it  may  be  shewn  that  a  number  ma,  >  n,,  exists  which  has  the  same 
property;  and  thus  there  is  an  indefinitely  great  set  of  values  of  n  such  that 
I  Rn(w)\  <  e.  If  there  be  an  indefinitely  great  number  of  values  of  n  such 
that  _££„(«;)  =  0,  for  every  value  of  a:  in  the  domain,  I.lini's  definition  of  uniform 
convergence  is  satisfied.  In  the  case  in  which  there  are  a  finite  number  of 
such  values  of  n,  it  will  be  sufficient,  in  order  to  ensure  simple -uniform  con- 
vergence, that,  for  each  e  one  value  of  n  shall  exist,  such  that  \  Rn  (x)  \  <  e,  and 
also  such  that  Rn(x)  is  not  zero  for  every  value  of  x;  in  this  case  the  above 
reasoning  is  applicable,  provided  e,  be  taken  less  than  Rn,  and  also  less  than 
all  those  of  the  numbers  R„  R.it  ...  Rn-it  which  do  not  vanish.  The 
definition  of  simple-uniform  convergence  may  now  be  stated  as  follows : — 
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A  series  which  converges  for  every  value  of  a:  in  a  given  domain,  is  said  to 
converge  simply-uniformly  either,  (1 )  ■/;  there  be  tit  most  a  finite  number  of 
values  ofn  such  thru  ft,,  (■''-')  vanishes  for  ever:/  value  of  x,  and  if,  corresponding 
to  each  arbitrarily  chosen  positive  number  e,a  numher  n  com  be  found  such  that, 
independently  of  x,  J  Rn(x)\<  e,  'whilst  ltn(x)  does  not  varnish  for  every  value  of 
x,or  (2)  if 'then  'e  be  an  indejiriilcly  <j  rvat  number  of  values  of  n  for  which  Rn(%) 
vanishes  for  every  value  of  x. 

A  series  which  is  uniformly  convergent  is  also  si mply-uniforinly  convergent; 
but  the  converse  does  not  hold. 

If  the  series  be  simply-uniformly  convergent,  but  be  not  uniformly  con- 
vergent, there  must,  corresponding  to  each  sufficiently  small  e,  be  an 
indefinitely  great  number  of  values  ofn  for  which  the  condition 

I  *.(«)!<., 

for  all  values  of  x,  is  not  satisfied ;  for  if  there  were  only  a  finite  number  of 
such  values,  n  could  be  taken  greater  than  the  greatest  of  these,  and  thus  the 
condition  for  uniform  convergence-  would  be  satisfied,  which  would  be  contrary 
to  hypothesis. 

If  all  the  terms  un  (x)  of  a  series  be  positive  for  every  value  of  x  in  the 
domain  of  the  variable,  then,  if  the  series  1u{x")  he  simply-uniformly  con- 
vergent, it  is  also  necessarily  uniformly  convergent.  For  the  condition  of 
simple-uniform  convergence  ensures  that,  corresponding  to  an  arbitrarily 
chosen  e,  n  can  be  found  such  that  the  sequence 

converges  for  every  value  of  x  to  a  value  which  is  less  than  e ;  and,  since  the 
terms  of  the  series  are  all  positive,  each  element  of  this  sequence  is  less  than, 
or  equal  to,  the  next  one ;  and  therefore 

i£„,i,  Rn,z>  R«,s  ■  ■■  are  all  <  e. 
It  follows  that  Rn+m,s,  which  equals  RniS+m  —  Ra}„,  is  also  <  e,  for  all  values 
of  ra  and  s ;  and  thus  that  -Bn+,„  <  e ;  hence  the  series  converges  uniformly, 

It  may  easily  be  shewn  that,  if  the  two  series  £  u  (V),  1  \  u  (x)  \,  be  both 

simply-uniformly  convergent,  then  £  u  (V)  Is  uniformly  convergent. 

Let  e„  fi2,  ...  be  a  sequence  of  diminishing  positive  numbers  which 
converges  to  zero.  If  the  series  %u(x)  he  simply-uniformly  convergent, 
a  number  »,  can  be  found  such  that  \Rni(x)\<e1,  for  all  values  of  <e;  a 
number  «„,  >tt1,can  then  be  found  such  that  ]  Rni(^)  |  <e,;  then  ns,  such  that 
i  Rw3  ("0 1  <  es ;  and  so  on.  If  now  the  first  n^  terms  be  amalgamated  into  one, 
then  those  after  the  first  n^  up  to  and  including  >irii(x),  and  so  on,  the  series 
may  be  written  in  the  form 
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and  in  tliis  form  the  series  is  uniformly  convergent.  It  thus  appears  that  a 
simply-uniform !  y  covverfient  aerie-*;  can  be  chum/fid  into  one  which  is  uniformly 
convergent,  by  bracket \i 'uy  the  terms  suilaUy,  in  accordance  with  a  norm,  arid 
taking  each  bracket,  la  constitute  a  term  in  the  new  series. 

Conversely,  a  uniformly  couceryent,  aeries  may  be  replaced  by  one  which  is 
only  siiiiply-umijurndy  convergent. 

If  each  term  un(x)  of  a  uniformly  convergent  series  be  replaced,  in 
accordance  with  some  norm,  by  the  sura  of  r„  functions,  such  that 

«.<«)-  B„,,M  +  C„(«)+  ...  +  BUM, 

then  the  new  series 

Di.l(*)  +  P'l.l(*)  +  ...  +  U,,r,(x)+  PmO")+  ■■• 

is  not  necessarily  convergent,  but  may  oscillate.  If,  however,  the  functions  U 
be  so  chosen  that  the  series  converges  in  1,5 1 e  whole  domain  of  x,  Then  the  series 
converges  at  least  si m ply-uniformly.  It  thus  appears*  that  the  distinction 
between   uniform    convergence    and   simple-uniform   convergence   is    an    un- 


NON -UNIFORM    COX VEHG  KNCIC. 

342.     If  we  denote  by  ty  (e,  x)  the  least  value  which  n  can  have,  such  that 

\Rn{x)\,  \EM1{x)\,\Rn+i(x)\... 
may  all  be  <e,  where  the  series  %a(x)  converges,  for  every  value  of  x  in 
a  given  domain,  to  the  value  s(x),  then  the  condition  of  convergence  ensures 
that  for  any  fixed  value  of  a,  -ty{e,  x")  has  a  definite  Unite  v;due,  for  each  value 
of  e,  which  however  may  increase  indefinitely  a.s  e  is  indefinitely  diminished. 
Taking  a  fixed  value  of  e,  sufficiently  small,  it  may  happen  that  i^(e,  x)  has 
no  finite  upper  limit  for  all  values  of  x  in  the  domain  ;  and  this  will  happen 
in  case  the  convergence  of  the  series  be  non-uniform.  The  function  {ty  (e,  x)}~* 
has,  in  this  case,  zero  for  its  lower  limit ;  and  therefore  in  accordance  with 
the  theorem  of  §  171,  there  must  be  at  least  one  point  x,  such  that,  in  an 
arbitrarily  small  neighbourhood  of  it,  zero  is  the  lower  limit  of  [yjr (e,  *)}"'. 
There  maybe  a  finite,  or  an  infinite,  sot  of  such  points;  and,  in  an  arbitrarily 
small  neighbourhood  of  any  one  point  of  this  set,  i/r  (e,  x)  has  no  upper  limit, 
and  thus  has  values  greater  than  any  arbitrarily  chosen  number  .A.  Never- 
theless ^(e,  x)  has  a  definite  finite  functional  value  at  each  point  of  the  set, 
provided  that  such  a  point-  belong  to  the  domain  of  the  variable;  for  otherwise 
the  series  would  not  converge  at  such  a  point. 

*    Sec   Atzcb't,    ISoioijna    Itendiaiid-i,    1899  ;    also    Ilobsou,    1'roc.   Land,    Math.    Soe.,    ser.    2, 
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A  point,  in  the  arbitrarily  a  mall  aeighljourl/ood  of -which-  "fy-{e,  #)  has  no 
upper  limit,  provided  t  be  aiij'iicieiiUy  small,  in  said  to  be  such  that-  the  series  is 
7ioti- uniformly  conmvyevi  in  its  neighbovrliood. 

frequently,  for  shortness,  such  a  point  is  said  to  be  a  point  at  which 
the  series  is  non-nniformly  convergent,  or  to  be  a  point   of  non-uniform 


It  has  been  shewn  that  such  points  exist  whenever  the  series  is  non- 
uniformly  convergent  in  the  domain  of  the  variable  ;  and,  in  the  ease  in  which 
the  domain  is  a  closed  set,  which  ca.se  is  alone  of  importance,  these  points 
themselves  all  belong  to  the  domain  of  the  variable. 

When  there  are  only  a  finite  number  of  points  of  non-uniform  convergence, 
the  series  is  frequently  said  to  be  in  general  uniformly  convergent.  It 
becomes  in  this  cane,  uniformly  convergent,  if  arbitrarily  small  intervals  con- 
taining these  points  be  removed  from  the  domain  of  the  variable. 

If  X  —  a,  be  a  point  of  non-uniform  convergence,  a  sequence 
«,,  Hs,  ...  «„,  ... 
of  values  of  x  in  the  closed  domain  can  be  found  which  converges  to  the 
value  a,  and  is  such  that  the  numbers 

ifr(e,  aj),  yjr (e,  «„),  ...  i/r(e,  a,,)  ... 
form  a  sequence  with  no  upper  limit,  where   e  has  a  fixed  value  chosen 
surliciently  small.     Thus  one  of  the  limits 

+  (,,i+0),t(e,i^0) 

is  infinite,  or  both  are  so,  although  i^{e,  «)  must  be  itself  finite.     Therefore  a 
is  a  point  of  infinite  discontinuity  of  the  function  yfr(e,  it). 
If  one,  but  not  both,  of  the  limits 

f  (e,  a+0),  -f  (e,  a^O) 
be  infinite,  the  point  is  said   to  be  one  of  non-uniform-  continuity  on  the  right 
or  on  the  left,  as  the  case  may  be. 


THE   CONTINUITY  OF  THE   SUH-FUNCTION. 

343.     Let  us  suppose  that  the  domain  of  *  is  either  the  interval  (a,  b),  or 
else  a  perfect  set  of  points  in  that  interval,  and  further  that  the  functions 

«,(»),  ih{e;),  Utile),  ... 

are  continuous  throughout  the  domain.      It  will  then  be  shewn  that: — 

If  the  series  1-v,(-v)  converge  at  lead  simply-uuiformly  in  the  domain  of 

the  variable,  the  sum-function  s  (m)  is  every  where  continuous- 
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Lot  a.  be  any  point  in  the  domain  of  x,  and  a  +  §  another  such  point  on 
the  right  of  a;   then 

3  (a)  =  »„(«)  +  A,  («), 

»(«+S)-»„(«  +  8)  +  ii»(«+8); 

thus 

8  (a  +  8)  - 1  (a)  -  [«»  (a  +  8)  -  *  («)]  +  [ft,  (a  +  8)  -  A,  (a)]. 

Since  the  series  converges  simply-uniform  ly,  a  value  of  n  can  be  found, 
corresponding  to  any  arbitrarily  small  e,  such  that 

\Rn(a)},  \Rn(a  +  &)\  are  each  <£e, 
for  all  positive  values  of  $  such  that  a  +  S  belongs  to  the  domain  of  «.    Suppose 
n  to  have  this  value;  then,  since  s7l(a:)  is  continuous,  a  value  S,  of  B  can  be 
determined  such  that 

|  sn(a  +  8) -  s„  (a)  |  <  £  e,  if  0  <  S  £  S,. 
It  follows  that        |  *  (a  +  S)  -  b  (a)  |  <  e,  provided  0<8sS1; 
and,  as  e  has  been  arbitrarily  chosen,  the  condition  of  continuity  of  $(#)  at  a, 
on  the  right,  is  satisfied.     In  a  similar  manner  it  may  be  shewn  that  s  (%)  is 
continuous  at  a.  on  the  left. 

A  fortiori,  the  condition  that,  the  scries  converge  uniformly  is  sufficient, 
to  secure  that  the  sum-function  may  be  continuous. 

The  above  proof  also  suffices  to  establish  the  following  more  general 
theorem  :-— 

If  the  function?  </.,  (.«)  be  all  continuous  at  the  point  x  —  a,  but  not  necessarily 
elsewhere,  the  condition  of  simple-uniform  convergence  of  the  series  in  an 
interval  containina  the  point  a  in  its  interior  is  sv.ficient  to  ensure  that  s{%)  is 
continuous  at  the  point  <*. 

344.  If  the  function  s  (x)  be  discontinuous  at  a,  say  on  the  right,  then  8, 
cannot  be  chosen  so  that,  for 

0<8£S1,  [»(«  +  8)-#(b)|<* 
provided  e  be  chosen  sufficiently  small ;  hence,  in  this  case,  it  is  impossible  to 
choose  n  such  that 

\Rn(a  +  $)-Hn(a)\<%e, 
for  all  the  values  of  S  concerned,  s,t  being  n.  continuous  function  for  the  domain  ; 
and  it  follows  that  it  is  impossible  r.o  choose  n  such  that 

|JS,(«  +  S)|<J«, 
for  all  values  of  S  such  that  0  <  S  S  $,. 

Therefore,  in  this  case,  the  series  converges  neither  uniformly  nor  simply- 
uniformly,  and  the  point  a  is  a  point  of  non-uniform  convergence, 

It  has  long  been  known  that  the  sum  of  a  series  of  which  all  the  terms 
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are  continuous  is  not.  necessarily  itself  continuous.  The  important  discovery 
that  such  a  discontinuity  is  duo  to  the  non-uniform  convergence  of  the  series 
was  made  independently  by  Stokes*  and  by  Seidelf.  It  was  not  until  a 
later  time  that,  under  the  influence  of  Weierstrass,  the  great  importance  of 
the  notion   of  uniform    convergence  in  the  Theory  of  Functions  was  fully 


The  question  whether  non-uniform  convergence  necessarily  implies 
discontinuity  in  the  sum-function  remained  for  many  years  an  open  one. 
It  was  decided  in  the  negative  sense  when  Darbotix  and  Du  Bois  Keymond 
constructed  examples  of  eases  in  which  the  series  are  no n- uniformly  con- 
vergent, and  yet  nevertheless  have  continuous  sum-functions. 

TESTS    OF    UNIFORM    CONVERGENCE. 

345.  In  certain  cases  it  can  be  easily  established  that  a  series  is  uniformly 
convergent.    This  can  frequently  be  done  by  applying  the  following  theorem  : — 

2un  (x)  denoting!  a,  serifs  of  fi.vhctv.iii-s  such,  that  .  u„  (x)  j  has,  for  each  value 
of  n,  an  upper  limit  u„.for  the  whole  domain,,  if  the  series 

u,+u.,+  ...  +un+  ... 
be  convergent,   then  the  given   series  is  itself   uniformly    convergent,    and   is 
absolutely  convergent  for  each,  value  of  x. 

The  remainder  unH  +  w„+2  +  . . . 

of  the  series  Sit,  is  greater  than,  or  equal  to,  the  remainder 

[W>l  +  I«w.(">l  +  - 

of  the  series  2)  |  «„  (so)  \.  If  n  be  so  chosen  that  the  former  remainder  be  <  e, 
the  latter  remainder  is  also  <  e,  for  every  value  of  x ;  and  the  convergency 
condition  of  Si(„  states  that,  corresponding  to  each  e,  a  number  n,  exists,  such 
that  all  the  remainders,  of  index  Sn,,,  are  <  e;  therefore  the  same  holds  as 
regards  the  series  X\un(x)\.  Hence  this  latter  series  is  uniformly  convergent; 
and  since  no  remainder  of  %un  (x)  can  exceed  numerically  the  corresponding 
one  of  X  |  w„  (a;)  I,  it  follows  that  Xu  (x)  is  uniformly  convergent,  and  converges 
y  for  each  value  of  x  in  the  given  domain. 

346.  If  all  the  terms   of  the  series  u,(x)  +  u3 (x)  +  ...  +un(x)  +  ...  be 

or  zero,  for  all  values  of  x  in  (a,  b),  and,  the  series  converge  uniformly 
in  that  interval,  then  the  series  obtained,  by  rearranging  the  order  of  the  terms, 
in  accordance  with  some  ■norm.,  is  also  uniformly  convergent  in  the  interval. 
That  the  new  series   obtained  by  rearranging   the  order  of  the  terms 

*  "  On  the  critical  raluus  of  Lin-  sums  of  pur;o;iii;  scris/tv'  AO'th.  mid,  I'ln/xk"!  f'tipur.i,  vol.  I, 
p.  236. 

f  ■'  Mote  fiber  nine  Eif^ii^chnft  der  lieiben,"  Ahini.  d.  Muimli.  J  had.  vol.  vu.  On  the  history 
Of  this  discovery,  see  Eeift'K  G?.s,:hi<\i)i.f.  dci  muiidJialiri'.  Heihcn,  p.  207. 
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converges  to  the  sum  of  the  original  scries,  everywhere  in  (a,  b),  has 
been  proved  in  §  IS32.  An  integer  n'  exists,  such  that  the  first  n  terms 
of  the  given  series  all  occur  amongst  the  first  ri  terms  of  the  new  series; 
it  follows  that  Rn(x)£  /£',,..(,*),  where  Rn(x),  R',„:{x)  denote  the  remainders 
after  n  and  n'  terms  respectively,  in  the  original  series  and  in  the  now  series. 
If  n  be  so  chosen  that  U,.  (w)  <  e,  for  all  values  of  <c  in  (a,  V),  we  have  also 
R'n-  (x)  <  e  for  all  values  of  x ;  therefore  the  new  series  is  also  uniformly 
convergent. 

If  the  series  | W:  (x)  \  +  \  u^  (x)  j  +  . . .  +  |  un  (tc)  |  +  . . .  converge  uniformly  in 
(a,b),  then  the  series  u,(x) +  us(x)+ ... +un(x)  + ...  converges  uniformly  in 
(a,  b);  also  any  series  obtained  by  rearranging  the  order  of  the  terms  of  the 
latter  series,  in  accordance  with  any  norm.,  is  uniformly  convergent. 

The  second  scries  is  necessarily  convergent:,  everywhere  in  (a,  6);  also  its 
remainder  after  n  terms  cannot  exceed,  in  absolute  value,  the  remainder 
after  n  terms  of  the  first  series.  It  follows  that,  if  n  be  so  chosen  that  the 
remainder  of  the  first  series  after  n  terms  Is  less  than  e,  for  every  value  of  x, 
the  absolute  value  of  the  remainder  of  the  second  series  satisfies  the  same 
condition.  Therefore  the  second  series  is  uniformly  convergent.  Since,  from 
the  last  theorem,  a  rearrangement  of  the  order  of  terms  of  the  first  series 
does  not  affect  its  uniform  convergence,  it  follows  that  a  corresponding 
rearrangement  of  the  terms  of  the  second  series  does  not  affect  its  uniform 
convergence. 

The  converse  of  this  theorem  also  holds,  and  may  be  stated  as  follows  :— 

If*  the  series  u1(a;)  +  u,Jx)  +  ...  be  uniformly  convergent  in  (a,  b),  and  if 
all  the  series  obtained  hy  systematic  rearrangement  of  the  terms  of  the  series  be 
also  uniformly  convergent,  then  the  series  \u1_(w)\  +  |w2(W)]  +  ...  is  uniformly 
i  in  the  same  interval. 


347.     The  following  theorem-!-  is  sometimes  useful: — 

If  the  terms  of  the  series  u1(x)  +  %  (x)+.. .  be  continuous  in  (a,  b),  and 
never  negative,  and  if  the  series  converge  to  a  cmdiimo'i.s  smn-fimction  s(a;). 
then  the  sari.es  converges  uniformly  in  (a,  6). 

To  prove  this  theorem,  let  x±  be  any  point  in  (a,  b),  then 

t  («)  -  .  W  -  i»,  (.)  -  o„  («,))  +  (-R,  (.)  -  R,  («J). 

For  the  fixed  point  cc^,  and  corresponding  to  any  fixed  positive  number  e, 
an  integer  n  can  be  so  chosen  that  R,fx,)  <  |e.  This  value  of  n  being  fixed, 
an  interval  (a:,  -  S,  x,  +  8)  can  be  so  determined,  that,  if  x  be  in  this  interval, 
both  \s(a)-s(w1)\  and  | *„ («*)-*„ («0 1  are  <le>  this  follows  from  the  con- 

*  This  theorem  liaa  beec  proved  by  G.  D.  Birkhoil,  Annul*  of  Math.,  Ber.  2,  vol,  vi,  1905, 
p.  90. 

+  See  Dini's  Gnaulkujeu,  p.  US. 
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tinuity  oi'  s(n)  and  sK(>v)  at  x,.  We  now  see  that,  throughout  the  interval 
(#!  —  §,  a^  +  S),  the  condition  !£„.(*')  <  e  is  satisfied;  and  since  the  terms  of  the 
given  series  are  never  negative,  it  follows  that  R^  (x)  <  e,  for  every  value  of  n' 
that  is  5  n,  and  every  value  of  x  in  (#,  —  S,  ;c,  +  5).  It  has  therefore  been 
proved  that  x,  is  a  point  of  uniform  continuity  of  the  series;  and  since  x, 
is  any  point  whatever  in  (a,  b),  the  convergence  of  the  series  is  uniform 
in  (a,  i). 

If  a  sequence  s,(x),  sa(«), ...  s„(«), ...  be  such  that,  for  every  value  of  x  in 
an  interval  (a,  b),  one  of  the  sets  of  conditions  ,%,(.(■)  =  s„.-i  («■)  for  every  value 
of  ft,  or  S„(#)  Ssa+1(ai)  be  satisfied,  then  the  sequence  is  said  to  be  monotone 
in  (a,  o). 

The  above  theorem  may  be  stated  in  the  following  form  :— 
A  sequence  of  continuous  functions  \$K{x)\  -which  are  monotone  in  a  given 
interval,  and  which  couverqes  to  a  continuous  [auction  s  (.:<.■),  converges  uniformly 
to  •(..). 

348.  If*  Mi(«),  Ui(x), ...  un(x),  ■■■  be  defined  for  the  interval  (a,  b),  and 
be  limited  in  that  interval,  and  -positive  for  all  the  values  of  x,  and  if  further 
un  (x)  =  wn+1  (x),  for  ever;/  value  of  n  and  x ;  then,  if  2  an  be  any  convergent 
series,  the  series  %  a-tji-„(x)  converges  uniformlg  in  the  internal  (a,  b).  More- 
over, if%a.„  do  not  converge,  but  oscillate  between  finite  limits  of  indeterminacy, 
then,  provided  the  additional  conditions  that  the  functions  u.a(x)  be  all 
continuous,  and  that  Urn  un  (x)  =  0  for  each  value  of  x,  be  satisfied,  the  series 
%anu,l{x)  is  imiforndg  convergent  in  the  interual  {a,  o),  and  its  sum  is 
conset/ueutlg  continuous. 

In  case  the  series  2  a,  be  convergent,  the  partial  remainder  Rn%m  of  the 
series  2.  o.nun  (%)  being 

(aw,  +  an+s  +  . . .  +  an+m)  Mn-m+i  («) 

+  r|  (an+i  +  m»+3  +  . . .  +  <t„+,)  {uH+r  (»)  -  uli+r+I  (»)J, 

we  see  that,  by  choosing  n  so  great  that  all  the  partial  remainders  of  the 
series  %an  after  the  rath  term  are  numerically  less  than  the  arbitrarily  chosen 
number  e,  the  condition 

is  satisfied ;  and  therefore,  for  every  value  of  x  in  {a,  6),  we  have  |  R^  m  \  <  e .  U, 
where  U  denotes  the  upper  limit  of  u,(x)  in  (a,  b).  Since  eU  is  arbitrarily 
small,  it  has  thus  been  shewn  that  the  condition  of  uniform  convergence  of 
%anun(x)  is  satisfied. 

It  is  easily  seen  that  this  part  of  the  above  theorem  also  holds  when  the 
terms  of  the  series  2«.„.  are  functions  of  x,  provided  2«,K.  converges  uniformly 

*  See  Hardy,  1'roc.  Loud.  Math,  Sot:.,  srr.  'i.  vol.  ly,  pp.  2j)0,  'iol. 
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in  (a,  b).  When  the  series  %a.x  oscillates  between  finite  limits,  K  can  be 
determined  such  that  |  an+1  +  a,l+i  +  . . .  +  att+r  \  <  K,  for  all  values  of  n  and  r. 
Also,  since  the  sequence  Uj(x),  u2(x),  u,{x),...un(x),...  is  by  hypothesis 
monotone,  and  converges  to  the  continuous  limit  zero  in  the  interval  (a,  b), 
it  follows  from  the  theorem  of  §  347,  Unit  the  sequence  converges  uniformly 
to  the  limit  zero.  We  can  consequently  choose  n  so  lb  at  un+r  (x)  <  e,  for  every 
value  of  r  and  x;  therefore  '  li.rl<ri(:c)\  <  lieX,  and  since  3eff  is  arbitrarily 
small,  it  follows  that  the  series  is  uniformly  convergent. 

EXAMPLES. 


Let*     «fc_i(*)=- 


«*„'>'- 


«*  +  (l-«*)l'  "*W_("ll+l)V+{l-(«+l>*}'' 

In  this  case,  the  Juries  C' mviiiGjos  for  all  values  of  x,  and 

In  an  interval  (a,  0),  which  contains  the  point  ,1.— 0,  die  serins  convolve*  simply- uniformly, 
but  it  does  not  converge  uniformly,  since  B^^-t  (-\  =  1,  however  great  n  may  ho. 

2.    Lett  «.(*)=?-5j!  *(#)  =  0,  for  0<*<1.     This  scries  converges  non-uniformly 


in  the  neighbourhood  of  the  point  x=Q.  The  approximation  curves  i/~$lt(x)  have  peaks 
of  height  fan?,  whifth  im:rc:iH(>  hi'ieiinitoly  in  lioIy.li t.  fis;>  is  increased.  At  the  same  time,  the 
point  -| ,  ftt  which  the  ordinate  is  a  maximum,  continually  approaches  the  point  0 ;  and 

thus,  for  any  value  of  x  which  is  >0,  n  may  be  taken  so  great  that  ijse)  is  arbitrarily 
small.     At  the  point  #=0,  we  have  s„(#)  =  0,  for  overy  n. 


*  Tannery,  Thearie  des  functions,  p.  134. 
t  Osgood,  Amer.  Journal  of  Math,,  vol.  xi; 


o  Li.  Cantor,  Mnth.  Amialcn,  vol.  : 
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s  (.!■}  =  0.  0g.r;il..     Tlio  curves  ,y  =  s„(»  have  peaks  all  of  the 


same  height  J  at  the  points  x  =  -.    As  in  the  last  emmple  the  point  #=-,  below  the  peak. 

continually  approaches  the-  origin  as  «  is  increased.     The  convergence  is  non-uniform  in 
Uiri  neighbourhood  of  #=0. 


The  series  which  defines  n. ,{.),■)  converges  uniformly,  ami  thus  «„  (.c)  is  a  continuous  function 
of  x.      In  the  neighbourhood  of  any  rational  point  ;,;—p;q,  the  curve  y  =  sn(x)  has  peaks 

arising  from  the  term  -,-,<pk\':':\  where  £  is  the  smallest,  integer  such  that  £!  is  divisible 
by  3.  The  series  converges  to  the  limit  s{x)  ■■-().  1  ion- uniformly  in  any  inton'al  whatever 
(a,  6),  taken  in  the  interval  (0,  1). 

4.  Let*    >%,-.i(#)=#B+1,   ^(a--)  =-#"+'  |l-  j|,   where  Og#<l,  and 

..m-i,. 

The  sories  Su(x)  is  simply-uniformly  convergent  in  (0,  1),  but  it  is  not  uniformly  con- 
verge: it. 

5.  Lett  n,(*)«a»(l-*),  Og*«l.     In  this  case  »{*)»*,  for  Ogaxrl";  but  s(x)=0, 
for  *  =  1 ;  and  the  series  converges  11011  uniformly  io  the  neighbourhood  of  the  point  x=  1. 

6.  Let+«„(j!)=«n(l-^).  If  |as|<l,wefind*(*)=j^-i;also*(l)=0;whereaslim*(jir) 

is  indefinitely  great.  The  scries  converges  non -uniformly  in  the  neighbourhood  of  the 
point  i,  and  its  sum-function  has  an  i  mimic  discontinuity  at  thai,  point. 

7.  Lett  MK(#)=-2(»-l)2:K-|n^lw+2^a-e-',w.   Here  *(«)=0  for  every  value  of  x; 
Ra(x)=-2n2xe~'"^^;  and  at#=-, -Hi, f -}=»-  —  .    The  series  converges  non-uniformly  in 

*  Volterra,  Gior,  di  Mat.,  vol.  xix,  p.  79. 

t  Aiyela,  J.f<in<oWt>  «';  I'loloijna,  ser.  5,  vol,  vni,  p.  139. 

J  Darboux,  4»m.  rfs  i'scnfe  normtie  ««;»;>■<"«  mi*,  vol.  v,  "  Sinv  Its  foactions  diacontieuea  " 
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the  neighbourhood  of.?;  =  0.  since  arUtr.-M-ily  large  values  of  the  Jin\x)  exist  in  such  neigh- 
bourhood ;  but  the  sum-function  is  continuous  at  ar=0. 

8.  Let*  HC*)-4»(«)+^f#.(BI*>+..-+Fitfhp!'0+"- 

whero  0„f^)  =  V2e.»sins7ra;.c",'5si",,r3!.  The  series  whioh  defines  ,v>')  (;on  verges  uniformly, 
since  |  <£„(£!  #)|glj  and  thus  sn(x)  is  a  continuous  function  of  x  The  sum -function  «(*) 
is  also  a  continuous  function  of  x  ;  but-  the  convergence  of  the  Amotions  sa  (%)  to  s(x)  is 
non-uniform  in  every  sub-interval  of  the  interval  (0,  1). 

9.  Consider  +  the  series 

l  +  5a-  jE(»  +  a)n»+J(4-J>)n  +  l-g 

S<l+#)"l","',"»(ii+l){{»-l)*+I}<«H-l>        " 

Here  f»W=[^  +  (w_  *.  ^ , -H  -  ["^  +  j^n]  i    thus    «(*)«  8>    u,lless   *=°i    when 

3(0)=1;  and  the  sum-function  is  therefore  discontinuous  at  the  point  0. 

•Since  Unix)™ =  H ■ — ? ,  we  find  on  equating  this  to  e,  and  solving  for  n, 

thus,  for  ,'i  fixed  ?,  the  value  of  u  increases  indelmitely  as  c  approaches  the  value  0. 

10.  The  series{ 

is  uniformly  and  absolutely  convergent  in  any  interval  (  —  A,  J3).  For  s2H(a-)=0, 
tittl(a!)g.1-"-j^i  and  hence  sa„  +  i(^)<-  ;  therefore  the  series  converges  uniformly   to 


■     Tl+**T(l+a*)'     (I+3s)!T(I+ar')«     (1+*1)*     (l+a3)*      "' 
obtained  by  rearranging   the  terms  of  the  given    series,  is  however  non -uniformly  con- 
vergent in  {-A,  8).    For  ^.-i  (x)  =^n+^-*    '  and  for  *"t±(2"~:L-I)ii 

The  given  series  does  not  satisfy  the  condition  stated  in  the  theorem  of  §  346,  that  the 
series  whose  terms  are  the  absolute  values  of  those  of  -he  given  series  should  be  uniformly 
convergent.     For  the  series 

has  its  sum  discontinuous  at  the  point  x  =  0.  and  therefore  does  not  converge  uniformly  in 


'  *  Osgood,  "  A  geometrical  methc.ii  foi  the  treatment  of  uniform  convergence,"  Bulletin  of  the 
American  Hath.  Soc,  1896. 

-|-  Hto!:es,  3l'it!i.  and  Vhys.  Papers,  vol.  r. 

J  B&eher,  Annals  o/SJath.  ser.  2,  vol.  iv,  1904,  p.  169. 
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RELATION   OF   THE   THEORY   WITH   THAT  OF  FUNCTIONS  OF   TWO 
VARIABLES. 

349.  If  the  functions  *,(as),  ss(x),  ...  sn(x),  ...  converge  for  all  values 
of  a;  in  a  given  domain  to  the  value  s(x),  the  functions  sn(x),  and 

M,  (.)-<(.)  -»„(«), 

may  be  regarded  as  functions  of  two  variables  x,  y,  where  n  =  Ijy,  and  may 
be  written  a  (*,  #),  iS  (x,  y).  These  functions  have  been  defined  only  for 
values  of  y  which  are  the  reciprocals  of  positive  integers;  it  is  however 
frequently  convenient  to  assume  that,  for  a  value  of  y  between  two  values 
Via<  3Wi.  which  correspond  to  consecutive  integral  values  m,  m  +  1  of  n,  the 
functions  are  defined  by 

■  '    y«-»  -  Sh    v  '  *"+i;     y«+i  -  y™    v  ' Jmh 

31    ym-i  -  y™    v    *  +  '    y™+.  -  y™    v '  *** 

so  that  a  (a;, «/),  i£(#,  j/)  are  continuous  linear  functions  of  y  in  the  interval 

<y»,  yw-0- 

If  we  further  assume 

B(*,0)-0,     *feO) -»(•), 

the  functions  s(#,  y),  R(x,  y)  are  defined  for  all  values  of  x  in  the  domain 
of  x,  and  for  all  values  of  y  in  the  interval  (0, 1),  the  ends  included.  These 
functions  are  everywhere  continuous  with  respect  to  the  variable  y.  That  this 
is  the  case  for  y  —  0,  follows  from  the  condition  of  convergence 

Um8(m,lf)=8(x)-t(a1,0), 
lim R(x,y)  =     0     =  R{x,  0). 

The  functions  s(x,y),  R{x,y)  may  be  termed*  the  transformed  sum- 
function,  and  ih.p,  trttnsformed  rem.mncl.tir--fa-ftt::tioit  respectively.  The  study  of 
the  properties  of  series  or  sequences  of  functions  of  a  variable  may  be  thus 
reduced  to  the  study  of  the  properties  of  functions  of  two  variables,  and  this 
is  frequently  a  very  convenient  procedure. 

The  function  R(x,  y)  is  continuous  with  respect  to  x  in  the  domain  of  x, 
upon  the  line  y  =  0,  since  it  is  everywhere  zero ;  but  it  is  not  necessarily 
continuous  with  respect  to  {%,  y). 

*  Hobson,  "On  non-nniioim  convergence  ntn'l  the  integration  of  series,"  Proc.  Land.  Math. 
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Let  P  be  a  limiting  point  of  the  domain  o) 
a  semi-circle  qpq'  of  radius  p,  with  P  as 
centre.  The  upper  limit  of  |  P  (x,  y)  |  in 
this  semi-circle  will  have  a  value  0(p) 
which  is  a  function  of  p,  and  which  has 
a  limiting  value  fiP,  when  p  is  indefinitely 
diminished.  It  may  happen  that  /Sj,  is 
indefinitely  great.  If  /3p  be  zero,  P  is  a 
point  of  continuity  of  J.t(x,  y)  with  respect 
to  (x,  y) ;  but  if  0P  be  not  zero,  P  is  a  point 
of  discontinuity. 

It  is  easily  seen  that  a  point  P  of  discontinuity  of  K  (,«.  .</)  i 
non-uniform  convergence  of  the  sequence  {sn(x)'\. 

At  a  point  of  uniform  convergence,  corresponding  to  ar 
assigned  number  e,  in  a  sufliciently  small 
neighbourhood  NM,  a  value  yt  of  y  can  be 
found,  such  that  for  y  g  ye,  we  have 
\R(x,  y)\  <  e;  and  this  will  be  the  case  for 
all  points  of  the  domain  of  x  in  the  rectangle 
MNS.lt:  Within  this  rectangle  semi-circles 
with  centre  P  can  be  described  in  which 
\E(x,y)\<  e,  for  all  points  within  the  semi- 
circle, and  thus  the  value  of  /9P  is  zero ;  and 
therefore  P  is  a  point  of  continuity  of  the 
transformed  remainder-function. 


i  point  of 


arbitrarily 


Nq'     Pai M 
Pia.  4. 


If  at  P,  the  number  £fp  be  not  zero,  the  convergence  is  non-uniform  in  the 
neighbourhood  of  the  point  P;  and  the  number  &,,  which  is  the  saltus  at  P 

of  \R(x,  y)\,  may  be  called  the*  metisv.re  of  non-unifo-rm  convergence  at  P. 
The  number  /3P  may  bo  regarded  as  existent  at  every  point  which  is  a 
limiting  point  of  the  domain  of  .*,  although  there  may  be  points  at  which  it 
has  the  improper  value  +  co  ;  and  at  a  point  of  uniform  convergence  it  has  the 
value  zero.  If  /3  is  regarded  as  a  function  of  the  point  P,  it  may  be  termed 
the  convergence-function*. 

If  the  somi-circle  used  in  denning  fip  be  divided  into  two  quadrants  by 
means  of  the  radius  Pp,  the  upper  limits  of  |  E  {se,  y)  |  in  the  quadrants  Ppq, 
Ppq'  may  be  considered  separately.     When  p  has  the  limit  zero,  these  upper 


*  The  term"Or;til  ikt:  uii:;l!;i(;:n:-:ii«t.:i^i,vi  Convovgcii^  i-\  employ™  hy  Hchiiuuilics,  see  Bericht, 
p.  226,  who  uses  the  rte.finitioii  given  by  Osgood,  American  Journal  of  Math.,  vol.  xjx,  p,  166. 
The  term  "Convergence  Junction "  ia  sjao  that  ei 
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limits  have  for  their  limiting  values  two*  numbers  /3~t,  $~,  which  may  be 
called  the  measure*  of  rum- uniform  conwvgence  at  P  on  the  right,  and  on 
the  left,  respectively.  If  /3*  =  0,  /3~  >  0,  the  point  P  may  be  said  to  be  one 
of  uniform  convergence  on  the  right ;  a  corresponding  delinition  holds  for  the 
left.  The  measure  f3P  is  the  greater  of  the  two  numbers  fit,,  /3~;  and  at  a 
point  of  uniform  convergence  @~t  —  &~  —  0. 


THE    DISTRIBUTION    OF    POINTS    OF    NON-UNIFORM    OOKVUIMJENOE. 

350.  Let  u,(x)  +  ui(x)  +  ...+Un(x)  + ...  denote  a  series  of  continuous 
functions  which  converges  every  where  in  the  interval  (a,  b)  to  the  sum  s(x). 
The  most  genera]  possible  distribution  of  the  points  of  non-uniform  con- 
vergence of  the  series  will  be  here  investigated. 

In  the  first  place,  it  can  be  shewn  that  the  points,  at  which  the  measure 
of  non-uniform  convergence  j3  exceeds  any  f. wed  positive  number  A,  form  a 
close,d  set. 

For,  if  P  be  a  limiting  point  of  this  set,  in  any  semi-circle  with  P  as 
centre  there  are  points  on  the  #-axis  at  which  jB  >  ct,  and  therefore  there  are 
points  within  the  semi-circle  at  which  | R(ai,  y) |  >  <r ;  and  since  this  is  the 
case  however  small  the  radius  of  the  semi-circle  may  be,  it  follows  that  P 
is  itself  a  point  at  which  /3  >  <r. 

Next,  it  will  be  shewn  that  the  cloned  set,  for  which  ,3  >  <r,  is  non-dense  in 
the  interval  {a,  b). 

At  any  point  P,(x.  y):  lot  a  straight  line  of  Length  'lp  be  drawn  parallel  to 
the  7/-axis,  with  P  as  its  middle  point,  and  let  a  (p)  be  the  fluctuation  of  the 
function  P  (x,  y)  in  the  line  2p.  The  function  «  (p)  is  a  continuous  function  of 
p,  since  R(x,  y)  is  continuous  with  respect  to  y.  If  P  be  in  the  boundary 
i/  =  0,  it  will  be  sufficient  to  take  the  straight  line  of  length  p  within  the 
rectangle.  Let  aa  (x,  y)  be  the  ripper  limit  of  the  values  of  p  which  are  such 
that  «  (p)  ^  cr.  The  function  aa  {a\  y)  is  defined  for  every  point  in  the  rectangle, 
and  is  essentially  either  positive  or  zero.  Since  R{w,  y)  —  s{x)  —  s  (x,  y),  and 
since  sQc)is  independent  of  y,  it  follows  thai  the  function  «„(»■,//)  is  the  same 
as  the  corresponding  function  defined  lor  s  (V,  y)  instead  of  for  li(x,  y). 

The  function  s  (.«,  y)  being  everywhere  continuous  with  respect  to  y,  and 
being  also  continuous  with  respect  to  x,  for  every  value  of  y  except  zero, 
it  follows  from  the  theorem  of  §  243,  that  a„(x,y)  is  an  upper  semi-continuous 
function. 

*  These  numbers  are  equivalent  to  Osgood's  indicei  of  it  point  {&+,  b~)  of  which  he  gives  a 
different  definition.  The  definition  in  the  text  is  given  in  the  paper  in  the  Proc.  Loud.  Math. 
Soe.  already  quoted. 
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Let  P  be  a  point  of  the  boundary  y  =  0,  at  which  the  minimum  of 
o.„  (,:>',  0)  is  not  zero ;  it  can  bo  shewn  that  the 
saltus  of  |  R  (x,  y)  \  at  P  is  ^  2,7.  To  prove 
this,  we  observe  that  a  neighbourhood  pp  of 
P  can  be  found  such  that  a,  is  at  every 
point  of  pp',  greater  than  a  fixed  number  tj 
which  is  less  than  the  minimum  of  aa  at  P. 
Let  X,  Y  be  any  two  points  in  the  rectangle 
of  base  pp'  and  height  i\,  and  let  Xm,  Ymf 
be  perpendicular  to  the  #-axis.  We  have 
then 

\R(X)-R(Y)\S\R(X)-R(m)\- 

and  thus  the  required  neighbourhood  has  Leon  found. 

It  follows  that,  if  the  saltus  of  \R(x,  y)\  at  P  be  ><r,  the  minimum  of 
a^(P)  with  reference  to  the  #-axis,  must  be  zero.  It  has  been  shewn  in 
§  184,  that  in  every  sub-interval  of  the  ic-axis,  there;  are  points  at  which  this 
minimum  of  <v(P)  is  positive.  It  follows  that  the  closed  set,  for  which 
/3><r,  cannot  be  dense  in  any  interval;  and  thus*: — 

If  a,  series  of  continuous  functions  converges  to  the  sum  s(x)  at  every  point  of 
a,  given  interval,  then  the  paints,  at  which-  the-  measure  of  twn -uniform  convergence 
exceeds  a  given-  positive  number  a,  form  a  non-dense  closed  set. 

If  we  take  a  sequence  of  values  of  u  which  converges  to  zero,  we  see  that 
the  set  of  all  the  points  of  non-uniform  convergence  of  the  series  is  the  limit 
of  the  sequence  of  the  closed  non-dense  sets  which  correspond  to  the  values 
of  a.     It  follows  that : — 

'Ike  points  of  non-uniform  convergence  of  a,  series  of  continuous  functions 
which  converge  in  a.  given  interval  to  the  sum  s  (x),  form  in.  general  a  set  of 
points  of  the  first  category;  and  the  point.';  of  uniform  convergence  form  a  set 
of  the  second  category,  which  Is  consequently  everywhere-dense,  and  of  the  power 
of  the  continuum. 

It  is  clear  that  the  set  of  points  at  which  the  convergence  function  is 
indefinitely  great,  when  it  exists,  forms  a  closed  non-dense  set. 

If  the  functions  Ui(x),  u.Jx),  u3(x),  ...  of  which  the  sum  in  the  interval 
{«,  b)  is  the  function  s(x),  be  discontinuous  functions,  tluoro  may  be  points  of 
non-uniform  convergence  dependent  upon  the  discontinuities  of  the  given 
functions ;  and  then  it  is  no  longer  necessarily  true  that  the  points  of 
uniform  convergence  are  everywhere-dense. 

*  This  theorem  wjls  jiiviw,  by  O^noJ  for  the  Cii^i1  in  which  ,-;  hi  is  continuous,  see  American 
■Journal  of  Math.  >  vol.  six,  1897.  The  proof  in  the  text  was  given  by  Hobson,  Proc.  Load.  Math. 
Soc,  vol.  xxxiv,  p.  24a,  alio  Acta  Jlatlienintioa,  vol.  xxvlr,  p.  212. 
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EXAMPLE. 

Let*  mj(^)=0,  at  all  points  of  the  interval  (0,  1)  except  at  the  point  *  =  £,  where 
ui(x)  =  l.  Let  Wa(#)=  -1,  at  #=$,  and  ui(x)  =  l,  at  *=J,  |,  and  «a(^)  =  0,  everywhere 
else;  let  %(*')=-!  at  #  =  £,  |,  and  »3(je)  =  1,  at  x=%,  f,  |,  |,  and  %(#)  =  <),  at  all  other 
points;  and  so  on.  Then  s,  (,t)  is  zero  except  at  ■'•.;■  j,,  whore.  .?1{-^-)  =  l;  82(&)  is  zero 
except  that  gB(^)=^(|)  =  lj  s3  (a)  is  zero  except  that  s3 (J)  =  s3  ($)  =  *.,  (§)  =  *S(§)  =  1,  and  so 
on.  Tho  function  *(.■<■-)  is  every  where  swro.  and  therefore  continuous  in  ;o,  1);  but  tho  series 
everywhere  converge;,  and  is  non-uuii'oi'mly  convergent  at  c-vcit  point  of  the  interval  (0, 1), 
shiee,  in  the  noinhboni'houd  uf  every  ^bisned  point,  i.lnsrc  rti't!  discontinuities  of  n 
equal  to  I,  of  #„(#)■ 


THE   LIMITS   OF   A  SUM-FUNCTION   AT   A   POINT. 

351.  Let  a  be  a  limiting  point,  of  the  domain  of  the  variable  x,  for  which 
the  convergent  series  V-j<  (,■,/)  ]H  defined  ;  a  may,  or  may  not,  itself  be  a  point  of 
the  domain.  Let  us  suppose  farther  that  the  limits  «,(«  +  ()),  «,(«  +  0),  ... 
u.a(a  +  Q),  ...  at  a  on  the  right,  all  have  definite  values;  it  follows  that 
Sj  (a  +  0),  s2  (a  +  0),  . . .  sn  (a  +  0),  . . .  also  exist  and  have  definite  values. 

We  propose  to  examine  the  circumstances  under  which  the  limit  s(a  +  0), 
of  s(x)  on  the  right  at  a,  exists,  and  the  series  Sit(a  +  0)  is  convergent,  with 
s  (a  +  0)  for  its  sum. 

Let  us  assume  that  an  interval  (a,  a  +  6")  exists,  such  that,  for  that  part  of 
the  domain  of  x  which  falls  within 
it,  the  given  series  is  at  least  simply- 
imifurmly  convergent;  and  let  us  con^ 
aider  the  transformed  sum-function 
S  (x,  y).  If  e  be  an  arbitrarily  chosen 
positive  number,  a  value  y'  of  y  can 
be  found  such  that,  for  every  value  of 
x  interior  to  (a,  a  +  o")  which  belongs 
to  the  domain,  |  s  (x,  0)  —  s  (x,  y')  |  <  e. 
With  this  value  of  y1,  an  interval 
(a,  a  +  ri),  where  i?  A  S,  can  be  found,  Fll!i  6 

such  that  the  fluctuation  of  s(x,  y') 

in  the  interval  is  <  e,  since  the  limit  s(a  +  0,  y')  exists.  If  P,  Q  be  any  two 
points  within  the  interval  (a,  a  +  y)  on  the  se-axis,  and  P',  Q'  are  the  points 
on  the  line  y  =  #',  with  the  same  values  of  x,  wo  have 

» (-P)  -  » (0)  =  [»  (-F') -»(«')]  + [» (-P)  -  » (-HI +  [<•  (C>  -  s  <«)]. 
it  follows  that  |  s  (P)  —  8  (Q)  |  <  3e ;  and  since  e  is  arbitrarily  chosen,  we  see 
that  s(a  +  0)  has  a  definite  value.    The  following  theorem  has  therefore  been 
established : — 

*  See  W.  H.  Young,  Pros.  Lond.  Math.  Soc,  ser.  2,  vol.  n,  p.  94. 
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If  a.  be  a  limiting  'point  of  the  domain-  of  ,r  for  ■which  the  convergent  series 
2,u(x)  of  which  the  swrn.-fanclion  in  s(x)  is  defined,  and  if  in  a  certain  neigh- 
bourhood  of  a,  on  the  right,  the  series  converge  at  lead  siinp/g-uniformly,  then 
the  fwnction  s(x)  has  a.  definite  limit  s(a-f  0)  at  a,  on  the  right.  It  is  here 
o-ssH-med  that  s„.(af  0)  has  a  definite  value  for  each,  value  of  n. 

This  theorem  specifies  a  .sufficient  oon Jir-ion  for  the  existence  of  s(a  +  0) ; 
but  the  fulfilment  of  I, lie  condition  does  net  ensure  that  the  series  2  u,t(a  +  0) 
is  convergent. 


iry  and  sufficient,  conditions  will  now  he  determined,  that 
s  (a  +  0)  may  exist,  and  that  the  series  2m  (a  +  0)  may  converge  to  the  value 
s(a  +  0).  If  s(x,  y)  denotes  the  transformed  sum- function,  then  the  required 
conditions  are  those  that  the  two  limits  lim  lim  s(x,y),  lim  lim  s(x,y)  should 

both  exist,  and  should  have  the  same  value.  The  required  conditions  may 
consequently  be  obtained  by  applying  the  theorem  of  §  234,  relating  to 
repeated  limits.    We  thus  obtain  the  following  theorem: — 

The  necessary  and-  sufficient  condition,  that  the  sum  s  (x)  of  the  convergent 
series  £w  (x)  mag  have  a  definite  limit  s  (a  +  0)  at  the  lim  king  point  a  of  the 
domain  of  x,  and  that  also  t/ie  series  %u  (a  +  0),  of  which  the  terms  are 
assumed  to  have  definite  values,  won  converge  to  the  limit  s  (a  +  0),  is  that,  corre- 
sponding to  each  arbitrarily  chosen  positive  number  e,  and  to  each  integer  n 
which  is  greater  than  some  fixed-  number  n,  dependent  on  e,  a  number  0  can  be 
found,  such  that,  for  ever'/  value  of  x  belonging  to  the  given  d.owain  and  interior 
to  the  interval  (a,  a  +  ff),  the  condition.  \  K-„  (si)  \  <  e  is  satisfied,  the  number  6 


In  the  particular  case  in  which  8  is,  for  each  value  of  e,  independent  of  n, 
the  point  a  is  a  point  of  uniform  convergence  on  the  right,  of  the  series  %u(x), 
the  point  a  itself  being  supposed  to  be  excluded  from  the  domain  of  x  for 
which  the  series  is  defined  ;  therefore  uniform  convergence  at  a.  on  the  right  is 
a  sufficient  condition,  thai  s  (a  ■+  0)  may  have  a.  definite  value,  oral  that  the  series 
2«(«  +  0)  mag  converge  to  s(a+  0) ;  the  point  ct  being  -itself  excluded,  for  the 
purpose,  from  the  domain  of  x. 

By  employing  the  alternative  set.  of  conditions  for  the  existence  and 
equality  of  repeated  limits,  given  in  §  235,  we  obtain  the  following 
theorem : — 

The  necessary  and,  snfiicient  mnditiovs  thai  the  sum.  s  (.■?;)  of  the  convergent 
series  %u(x)  -mag  haze  a.  definite  limit  s  (a  -  0)  to  which  the  series  %u  (a  +  0) 
mag  converge,  the  terms  of  this  series  being  assn-med.  to  have  definite  values,  are 
(1)  that  s„(a  +  0)  should  converge  to  a  definite  limit  as  n  is  indefinitely 
increased,    and    (2)  that,    corresponding    to    each    arbitrarily   chosen  positive 
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number  e,and  to  each-  integer  n,  there  should  wist  a  value  of  n  >n,,  and  also  a 
member  9,  such  that  \  Rn  (x)  |  <  e  for  every  value  of  x  within  the  interval  (a,  a+$). 

This  theorem  contains  the  completion  and  generalisation  of  that  of  §  351. 
It  is  clear  that  the  condition  slated  in  the  latter  theorem  is  insufficient, 
without  postulating  that  the  condition  (1)  of  the  above  theorem  is  satisfied, 
to  ensure  the  existence  and  equality  of  the  two  repeated  limits.  .  When  the 
conditions  stated  in  the  theorem  are  not  satisfied,  either  or  both  of  the  limits 
s(a  +  0),  Set  (a +  0)  may  exist;  but  they  cannot  both  exist,  and  at  the  same 
time  have  owe  and  the  same  value. 


THE    NECESSARY    AND    SUFFICIENT    CONDITION'S    FOR   THE    CONTINUITY 
OF    THE    SUM-FUNCTION. 

353.  If  the  functions  %  («),  m2  (a:),  ...  un  (x),  ...  be  all  continuous 
throughout  the  domain  of  w,  which  will  be  taken  to  be  the  continuous 
interval  (a,  b),  it  has  been  shewn  that  a  sufficient  condition  for  the  con- 
tinuity of  the  sum-function  a(«)  at  a  point  xs  is  that  a  neighbourhood  of  jb, 
can  be  found  within  which  the  series  converges  si  mi  ply-uniformly;  it  has 
however  been  shewn,  by  means  of  examples,  that  this  condition  is  not 
necessary  for  continuity  of  s(x)  at  x,. 

The  theorem  of  §  352  may  be  applied  to  obtain  the  necessary  and 
sufficient  condition  for  the  continuity  of  s  (x)  at  x,.  That  theorem  shews 
that,  in  order  that  six)  may  be  continuous  at  #,  on  the  right,  it  is  necessary 
and  sufficient  that,  corresponding  to  any  arbitrarily  chosen  e,  an  integer  t^ 
should  exist,  such  that,  for  each  n  which  is  >n,,  a  neighbourhood  (x1,x,  +  0) 
can  be  found,  8  depending  on  n,  such  that  |  Rn  (x)  j  <  e,  for  every  point  x  within 
this  neighbourhood ;  where  the  integer  %  may  be  so  chosen  that  |  Unix,}  |  <  e. 
A  corresponding  condition  is  necessary  and  sufficient  to  ensure  that  s(x)  is 
continuous  at  xs  on  the  left.  We  can  therefore  state  the  necessary  and 
sufficient  condition  of  continuity  at  x,  as  follows:—- 

In  order  that  s(x)  rimy  be  continuous  at  the  point  «■,,  it  is  necessary  and 
sufficient  that,  corvespon.diny  to  each  arbitrarily  ekosen-  positive  e,  a  number  n, 
can  be  found  such  that  for  each  value  of  n>ni,  a  neighbourhood  (a^  —  o\, 
^1  +  S.j)  of  x,  can  be  found,  at  every  point  of  -which  \  Rn  (x)  \  <  e,  the  numbers 
Si,  B2  being  dependent  in-  general  upon  n. 

For  a  prescribed  e  there  is  a  certain  range  of  values  of  y  from  zero 
upwards,  for  which  \R(x,y)\<e;  and  the  upper  limit  of  these  values  of  y  may 
be  denoted  by  ^(x):  but  there  may  be  other  greater  values  of  y  not  continuous 
with  the  interval  (0,  <j>s (x)),  for  which  the  condition  \R(x,y)\<  e,  is  also 
satisfied.     At  a  point  xt  of  non-uniform  convergence  of  the  series,  the  lower 
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limit  of  4>e(a;),  for  the  values  of*  in  any  neighbourhood  of  ,vlt  is  zero,  provided 
e  be  chosen  sufficiently  small  ;  whereas,  for  a  point  xs  of  uniform  convergence, 
a  neighbourhood  of  x3  can  be  found  for  which  the  lower  limit  of  >f>e{%)  is 
greater  than  zero. 

The  second  theorem  of  §  352,  shews  that,  in  the  statement  of  the  theorem, 
when  e  and  n,  have  been  arbitrarily  chosen,  it  is  necessary  and  sufficient  that 
a.  single  integer  n  >  nt  should  exist,  and  also  a  neighbourhood  (#,  —  5,,  #1 4-  Sa), 
at  every  point  of  which  \Rll(w)\<e,  the  numbers  S,,  ^  being  dependent 
upon  n.     This  is  an  alternative  form  of  the  theorem  just  stated. 

The  distinction  between  the  three  classes  of  points  in  the  interval  (a,  b), 
viz.  (1)  those  at  which  the  series  is  uniformly  convergent,  (2)  those  at  which 
the  series  is  non-uniformly  convergent,  but  at  which  the  sum-function  is 
continuous,  and  (;{)  those  points  at  which  the  function  is  discontinuous,  may 
be  illustrated  by  means  of  figures*  which  indicate  the  regions  of  (#,  y)  in 
the  neighbourhood  of  (x1}  0),  at  which  \E(a>,  y)\  is  less  than  an  arbitrarily 
chosen  e. 


/     - 

/            > 

L       X|  a     -' 

0 

Fig.  7  represents  the  neighbourhood  of  a  point  P  at  which  the  con- 
vergence of  the  series  is  uniform.  The  blackened  lines  represent  those 
portions  of  the  lines  whose  ordinates  are  \jn,  lj(n  +  1),  l/(m  +  2), ...  at  which 
|-Rji(Vj|.  |-Bn+i(a:)|  ■■■  are  £  e.  These  portions  consist  of  all  those  parts  of 
the  lines  which  are  bounded  by  the  curve  y  =  <f>,(%),  there  being  also 
possibly  such  pieces  outside  the  curve.  An  area,  for  example  semi-circular, 
can  be  drawn,  bounded  by  a  portion  of  the  ,«-ax:s  containing  P,  and  such 
that  for  every  point  within  it  \R(a,  y)\  <  e;  and  that  this  should  be 
possible  for  every  value  of  e  is  the  condition  that  R(%,  y)  be  continuous 
at  the  point  P  with  regard  to  the  two-dimensional  continuum  (x,  y). 

i  series  of  functions  of  h  real  variable," 


,Google 


:;:,::] 


The  continuity  of  the  sum-fimetion 


491 


Fig.  8  represents  the  neighbourhood  of  a  point  P  at  which  the  function 
s(x)  is  continuous,  but  at  which  the  series  is  non-uniformly  convergent.  In 
this  case  the  function  <pe(iv)  is  for  all  values  of  e.<e0,  discontinuous  at  P.  The 


-  V(«+2) 


value  of  <f>e(x)tib  J' is  itself  finite;  hut  the  functional  limits  ^(^+0),  <f>t(iCj— 0) 
at  P  are  both  zero.  The  breadth  of  the  blackened  portions  of  the  straight 
lines  parallel  to  the  ,^-axis,  which  represent.-  the  portions  of  those  lines  at  which 
|  Ru(x)  |  £  e,  diminishes  indefinitely  as  y  approaches  the  value  zero  at  P.  In 
this  case  no  semi-circle  can  be  drawn  with  P  as  centre,  for  all  internal  points 
of  which  \R(x,y)\<e;  and  thus  the  point  P  is  one  of  non-uniform  continuity, 
the  measure  of  non-uniform  convergence  being  e„.  In  the  figure,  the  con- 
vergence is  non-uniform  on  both  sides  of  P;  it  is  clear  however  in  what 
manner  the  figure  must  be  modified  for  the  case  in  which  the  con- 
vergence is  non-uniform  on  one  side  only  of  P.  In  case  the  measure  of  non- 
uniform convergence  be  indefinitely  great  the  figure  will  be  essentially 
similar  to  the  above  figure,  whatever  value  of  e  be  chosen;  otherwise  the 
figure  applies  to  an  e  which  is  less  than  the  measure  e0  of  non-uniform  con- 
vergence, viz.  the  saltus  at  P  of  |  R  {x,  y)  |  in  the  two-dimensional  continuum. 
Fig.   9  represents  the  neighbourhood  of  a  point  P   at   which   s(x)  is 


,Google 


492  Functions  defined  by  sequences  [oh.  vi 

discontinuous,  the  value  of  e  being  less  than  the  measure  of  non-uniform 
convergence  of  the  series  at  P.  In  this  case,  as  before.  $,(#)  is  finite  at  P, 
and  <j>e(x,  +  0),  0E(;r  — 0)  are  zero;  but,  on  the  parallels  to  Ox  intersecting 
the  ordinate  at  P,  there  are  no  intervals  near  /'  intersecting  the  ordinate,  at 
which  \R(w,y)\<  e,  hut  only  points  on  the  ordinate  through  P  itself. 


and  we  may  suppose  the  domain  of  .■>;  to  he  the  interval  (0,  1 ).      In  this  case,  the  point 

,i'  =  0  is  a  paint,  of  discontinuity  of  J!  'a;  y),  and  wo  find  thai,  if  c<1,  the;  condition 

«(*,y)l«, 

is  satisfied  for  the  space  bounded  bv  the  .r-axis,  and  by  the  straight  line 

The  same  condition  is  also  satisfied  for  the  space  between  the  .'/-.axis  and  the  straight  line 


-[H-Ml 


and  thus  the  point  .*  =  0  is  a  point  of  continuity  of  the  function  .if.!'),  although  the  con- 
vergence is  nori -uniform  at  that  point.  If  i>\,  then  \Ii(x,  y)'  <f,  for  the  wholo  space 
between  the  axes  ;  and  thus  tSie  measure  of  nou-unifonn  eoiivcv^rnteai,  the  point  #=0  is  5. 

354.  The  necessary  and  sufficient  conditions  will  now  be  determined 
that  s  (#)  may  be  continuous  in  the  whole  interval  (a,  b).  First  let  us 
assume  that  a(«)  is  everywhere  continuous.  Choose  an  arbitrarily  small 
positive  number  e  ;  then,  if  n  be  sufficiently  large,  there  arc  points  in  (a,  b)  at 
which  I  R„  (as)  |  <  e.  If  P  be  such  a  point,  a  neighbourhood  of  P  can  be  found 
within  which  the  condition  |  Rn  (&')  |  <  e  is  everywhere  satisfied  ;  the  size  of 
this  neighbourhood  may  be  extended  in  both  directions  until  points  p,  q  are 
reached,  at  which  I  Rn(p)\  =  \Rn(q)\  =  e;  for  this  follows  from  the  fact  that 
Rn(x)  is  a  continuous  function  of  x.  Ever)  such  point  P  in  (a,  &),  at  which 
\Rn(x)\<€,  may,  in  a  similar  manner,  be  enclosed  in  an  interval  of  finite 
length  ;  and  in  all  internal  points  of  such  intervals  the  condition  |  Rn  (%)  \  <  e, 
is  satisfied.  Thus,  for  any  fixed  value  of  «  which  is  sufficiently  large,  there 
exists  a  finite,  or  infinite,  set  Dn  of  intervals  in  (a,  b)  which  do  not  overlap, 
such  that,  at  every  point  which  is  interior  to  one  of  the  intervals  of  the  set 
Dn,  the  condition  |  Ra  (#)  |  <  e,  is  satisfied  ;  moreover,  the  intervals  contain  in 
their  interiors  all  points  except  a,  b,  at  which  the  condition  is  satisfied.  Two 
intervals  of  B„  may  abut  on  one  another  at  a  point  in  which  |  R„  («)  |  is 
equal  to  e  ;  otherwise  the  intervals  will  be  separated  from  one  another. 
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Let  us  consider  the  systems  of  intervals  Dn,  Dn+1,  Dn+S, ...;  every  value  of 
n  being  taken  from  a  fixed  value  onwards.  The  whole  set  thus  formed  is  such 
that  every  point  in  (a,  b),  except  the  end-points,  is  interior  to  an  infinite 
number  of  intervals  of  the  compound  set ;  this  follows  from  the  fact  that,  for 
any  point  x,  a  value  of  n,  say  ■«,,  can  be  found  such  that 

IAh (»)|<*,  |-e»1+,wi<«.... 

Moreover,  intervals  can  be  found  with  a,  b  as  end-points,  which  for  a 
sufficiently  large  value  of  in  belong  to  Dn+m.  In  accordance  with  the  Heine- 
Borel  theorem,  established  in  §  (iS,  a  finite  wet  of  intervals  can  be  selected 
from  the  set  which  consists  of  Dn,  Dn+l,  i),1+3, ...,  which  contains  every  point 
of  (a,  b)  as  an  internal  point  of  one  of  the  inf  ervals  at  least,  and  such  that  a,  b 
are  end-points  of  two  of  the  intervals  of  the  finite  set.  It  thus  appears  that, 
on  the  supposition  that  s(j:)  is  continuous  in  the  whole  interval  (a,  b),  if  n  be 
any  integer  chosen  arbitrarily,  a  finite  set  of  numbers  n  +  tlt  n  +  t^,  ...  n  +  ir 
all  greater  than  or  equal  to  n,  can  be  found,  such  that,  for  every  value  of  x, 
|  Bn, («) | < e,  where  m  has  one  of  the  values  n+tx,  n  +  t3,  ...n+  tr.  The  par- 
ticular value  of  m  varies  with  x,  but  the  same  value  of  m  is  applicable  to  the 
whole  of  one  of  a  finite  number  of  continuous  intervals  ;  also  the  set  of  values 
of  m  is  dependent  on  the  chosen  e.  The  intervals  of  the  set  will  overlap  ;  but 
an  overlapping  portion  may  be  considered  to  belong  to  one  of  the  intervals 
only,  so  that  {a,  b)  may  be  divided  into  a  finite  number  of  parts,  in  each  of 
which,  for  some  value  of  m,  constant  for  that  part,  the  condition  j  Rm(x)\  <  e  is 


It  should  be  remarked  that  the  set  DH,  for  a  fixed  n,  is  not  necessarily  a 
finite  set ;  for,  besides  those  intervals  for  which  '  Rn  (<c)  \  >  e,  and  the  intervals 
Dn  themselves,  there  may  be  points  of  {a,  b)  which  are  not  in  either  set  of 
intervals  but  are  limiting  points  of  end-points  of  the  intervals  Z>„;  and  at 

BUch    points    |  Rn  (a:)  |  =  e.     For    example,    if   |  ii,, Ax)  j  =  --+—■■-  sin  f -j, 

where  a  <  c<b,  and  if  e  =  1/m2,  the  point  c  is  a  point  of  continuity  of  Rn  (x), 
and  is  a  limiting  point  of  end-points  of  those  intervals  i'«r  which  \Rn(x)\<  e. 

Conversely,  if  for  every  value  of  e  a  finite  set  of  intervals  exists,  which 
has  the  properly  described  above,  the  ['unction  s(x)  is  continuous  in  (a,  6), 
For  let  us  consider  a  point  P  of  non-uniform  convergence  of  the  series.  Then 
for  a  given  e,  P  is  inside  an  interval  for  every  point  of  which,  for  a  fixed  value 
of  to,  |  Rm  (x)  j  <  e,  and  it  has  been  shewn  that  this  is  the  condition  that  a  (x) 
may  be  continuous  at  P :  hence  every  point  of  non-uniform  convergence  of 
the  series  is  a  point  of  continuity  of  s(x).  The  condition  has  now  been 
obtained  in  the  following  form : — 

The  necessary  and  sufficient  condition  for  the  continuity  in  (a,  b)  of  the 
sum-function  of  a  series  Uj  (x)  -i-  u2  (x)  +  ...,  each  term  of  ■which-  is  a  continuous 
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function  of  te  throughout  (a,  b).  and  -which  converges  at  every  point  of  this 
domain  to  a  definite,  valve  s  (a;),  in  that,  eor  responding  to  any  arbitrarily  chosen 
number  e,  and  to  an  arbitrarily  chosen  integer  n,  the  condition.  .  Bm(ce)  \<e  is 
satisfied  for  every  value  of  x  in  (a,  b),  where  m  has  one  of  a  finite  number 
of  values  all  greater  than  or  equal-  to  n,  the  mine  of  m  depending  in  general  on 
as,  but  being  constant  for  all  points  .'<;  which  tie  in  one  of  a  number  of  finite 
portions  of  the  interval  (a,  b). 

This  theorem,  which  was  first  established  by  ArzehV*,  states  that  a  certain 
mode  of  convergence  in  the  interval  is  the  necessary  and  sufficient  condition 
for  the  continuity  of  the  sura- function ;  and  this  mode  bits  been  termed  by 
Arzela*,  converyenza  uniforms  a  tra.tti  (uniform  convergence  by  segments). 
The  term  is  perhaps  not  altogether  appropriate)  because  the  intervals  are 
dependent  in  number  and  length  upon  the  arbitrarily  chosen  e.  Uniform 
convergence,  and  simple-uniform  convergence,  are  special  cases  of  this  mode  of 
Convergence;  for  in  these  cases  the  finite  set  of  intervals  which  corresponds 
to  a  given  e,  reduces  to  one  interval,  viz.  the  whole  interval,  (a,  b). 

EXAMPLES. 


is  convergent  in  any  finite  interval  (a,  b)  whatever,  Tt  is  shewn  in  elementary  treatises 
that  the  series  converges  to  e",  for  all  rational  values  of  :>■:  In  order  to  extend  the  proof 
of  the  exponential  theorem  to  the  ease  of  an  irrational  v.ihioof.r,  we  oh-sei'vo  that  the  above 
series  converges  uniformly  in  the  interval  (a,  b),  since  -  <■-,  ,  where  k  is  a  fixed  number 
greater  than  \a\,  and  |6|;  and  hence,  in  accordance  with  tlie  theorem  of  §  345,  since 
2 — i  is  convergent,  the  given  series  converge,-!  uniformly  in   (a,  6).     It  follows  that  the 

sum- function  s(,v)  of  the  series  is  continuous  in  (a,  b).  Further,  the  function  e*  has 
been  defined  for  an  irrational  value  of  x,  by  extension  (see  §  191;  of  the  function  as 
defined  for  rational  values  of  as\  and  it  was  shewn  in  §  37,  that  the  function  C*,  so 
defined  for  the  whole  domain,  is  single -valued  at  the  irrational  points,  and  therefore  it  is 
continuous.  The  two  functions  i-x,  s (:n)  arc  both  continuous  in  (a.  b),  and  have  identical 
values  at  the  rational  points;  therefore,  in  accordance  with  the  theorem  of  §  173,  they 
are  identical  everywhere  in  (a,  b).  Therefore  e"  is  the  aura  function  of  the  series  in  any 
finite  interval  (a,  b). 

%     It  is  proved  in  elementary  treatises  that,  for  a  value  of  x  which  is  numerically  less 
than  unity,  the  binomial  series 

,  J.„,i»fcP.,,.4. ...  Mn-l)...(,-r+l)^    ^ 


i  memoir  "Salle  Hci.ie  <li  lanwioni,''  M,:m.  della  it,  Awtti.  degti  Set.  di  Bologna, 
■in,  1900.  The  proof  given  above  was  published  by  Hobson  iu  the  Proc.  Loud. 
er.  2,  vol.  i,  p.  380. 
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converges  to  a  suitable  value  of  (1 +.'<;}",  when  w  is  a  rational  number.  To  extend  the 
theorem  to  the  case  in  which  ?i  may  have  mi  irrational  value,  consider  an  interval  (»i,  n3) 
of  n,  where  rtl  and  ■%  are  rational  numbers. 

W.  h„.  j  ">-'>■■;(—■+>)„ | <  J(y+D..^r+r-l) |>fi 

where  JT  is  the  greater  of  the  numbers  '*<i|  and  |tt2|.  The  number  .:«  remaining  fixed,  we 
thus  see  that,  for  all  values  of  v.  in  the  interval  (»,,  v.2),  each  term  of  the  scries  is  numeri- 
cally less  than  the  corresponding  term  of  the  convergent  series 

1+JW+Sf±!!|.p+...i 

therefore  the  soiaes  converges  uniformly  Jot-  all  values  of  »  in  i.lie  interval  (»,,  %).  Hence 
the  sum-function  of  the  series,  for  a  iixed  value  of  x,  is  a,  continuous  function  of  n  in  the 
interval  (?*,,  na).  The  function  (1+*)"  of  »,  was  defined  in  §  37,  for  irrational  values 
of  m,  by  extension  of  the  funetion  considered  as  defined  only  for  rational  values  of  n; 
and  it  was  shown  that  the  function  so  obtained  by  extension  is  single-valued,  and  it  is 
therefore  continuous.  As  in  example  (1).  it  now  fellows,  that,  for  the  fixed  value  of  w, 
numerically  <1,  the  sum  of  the  secies  is  for  all  values  of  n  in  ■:><,,  %)  represented  by  the 
suitable  value  of  (1  +x)».     The  interval  (;iL,  «,)  is  arbitrary. 


THE   CONVERGENCE   OF    POWE It- SERIES. 

355.     A  series  of  which  the  (n  +  ljth  term  is  of  the  form  aHxn  is  called  a 
power-aeries.     It  will  be  assumed  that  the  domain  of  as  is  a  continuous  one. 

If  the  power-series  at  +  a1a>  +  (h^+  ■■■  +  anxn  +  ...   be   such  that,  for  a 
positive  value  x  =  X,  every  term  «»*"  is  numerically  less  thorn,  some  fixed 
positive  number  A,  the  series  converges  absolutely  for  every  value  of  x  which  is 
numerically  less  than  X. 
The  partial  remainder 

fln,m(<e)  =  a%®n  +  an+,afl+1  +  ...  +  an+m_]ar'i+m-1 
is  such  that 

|  fl^m(«)  \  &  |  a»3» |  + 1  an+!^+>  [  +  ...  + 1  a„+m_1^+"M  | 


hence,  for  any  fixed  value  of  x  such  that  |  x  \  <  X,  n  may  be  so  chosen  that 
all  the  remainders  linim(%)  are  numerically  less  than  an  arbitrarily  chosen 
number;  and  therefore  the  series  converges  at  the  point  x.  It  is  also  clear- 
that  the  convergence  is  absolute. 

If  the  series  diverge  for  the  value  a:  of  X,  it  diverges  also  for  every  value 
of  x  which,  is  numerically  'trader  than  X. 
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For  if  the  scries  converged  for  a  value  x1  of  a;  numerically  greater  than  X, 
the  condition  of  the  preceding  theorem  would  be  satisfied  by  '  x\  |,  and  hence 
the  series  would  converge  absolutely  for  the  value  X;  which  is  contrary  to 
the  hypothesis. 

The  power-series  may  converge  (X)  for  no  value  of  %  except  zero,  (2)  for 
every  value  of  x,  or  (3)  for  a  value  X  of  x  different  from  zero,  but  not  for  every 
value  of  ». 

In  case  (3),  there  exists  a  definite  interval  (—  R,  R)  such  that  the  series 
converges  for  every  value  of  x  in  the  interior  of  the  interval,  and  diverges  for 
every  value  of  %  exterior  to  the  interval.  The  series  may,  or  may  not,  converge 
at  either  end-point  of  the  interval. 

The  interval  {—  R,  R)  is  called  the  interval  of  cce.ee  rue  nee  of  the  series.  To 
establish  the  existence  of  this  interval,  we  observe  that,  if  the  scries  converge 
for  any  value  xt  of  x,  it  converges  for  every  value  numerically  less  than  \aii\, 
because,  then,  every  term  «„#in  is  numerically  less  than  some  fixed  number  A. 
It  has  been  shewn  that,  if  the  scries  diverge  for  any  particular  value  of  x,  it 
diverges  for  all  numerically  greater  values.  Hence  those  numbers  \x\  which 
are  such  that  the  series  converges  for  x -,  must  have  an  upper  limit  R,  which 
must  also  be  the  lower  limit  of  those  values  of  |tc|  for  which  the  series 
diverges;  and  this  limit  R  determines  the  interval  (-  R,  R)  of  convergence. 

356.     If*  the  power-series  converge  for  a  value  X  of  x,  greater  than  zero, 
it  converges  uniformly  in  the  interval  (—  A",.,  X),  where  0  <  X0  <  X. 
We  have 

B„  (»)  =E„  (X)  (!)"+  J \R,,P  (X)  -  &,,_,  (X)}  (J)"*" 

~i*.„(Z)(l-§)  (if 

hence 

|'J^(«)|<«(l-  J)f|| 


.  '  ~  X  ' 


provided  n  be  so  chosen  that  |  Rn,p  (X)  |  <  e,  for  every  value  of  p;  which  is 
possible  by  reason  of  the  convergence  ol'  the  series  for  the  value  X  of  x.     For 

such  value  of  n,  and  for  all  greater  values,  \Rn(x)\<e.  „  _  „  ■ ,  for  every  point 
in  the  interval  (-  X„,  X);  hence  the  series  converges  uniformly  in  this 
interval,  including  the  end-points. 

It  follows  from  this  theorem  that  the  sum-function  s  (.*)  is  continuous  in 
the  interval  (— X„,  X). 

*  See  Abel's  (Euvres,  vol.  j,  p.  223. 
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In  case  the  series  be  convergent  at  the  point  R  at  the  extremity  of  the 
interval  of  convergence,  we  see  from  the  theorem  that  the  convergence  is 
uniform  in  the  interval  (-  R„,  R),  where  Ra<  R;  and  that  consequently  the 
sum-function  is  continuous  in  this  interval,  and  is  continuous  at  the  points 
R,  and  —  R0. 

We  have  thus  established  the  theorem  due  to  Abel*,  that: — 

If  the  series  all  +  alx  +  a»x!  + ... ,  which  converges  within  an  interval  of 
convergence  of  which  R  is  one  of  the  ends,  he  such  that  the  series  converges 
for  x  =  R,  then  the  sum  of  the  series  for  m  =  R  in  continuous  with  the  sum- 
f unction  for  the  interior  of  the  iutcrrot  of  ametryence. 

This  theorem  may  also  be  deducedf  from  the  theorem  in  §348.     For  we 

have  (-=;}    =  (•p)     ,  for  0  £  x  &  R,  and  for  all  values  of  n ;  hence,  since  the 

series  2  aHRn  is,  by  hypothesis,  convergent,  it  follows  that  the  series  2  anxw 

is  uniformly  convergent  in  the  interval  (0,  R).  Therefore  the  sum-function 
is  continuous  in  that  interval,  including  the  end-point  R. 

It  should  be  observed  thai  this  theorem  lias  been  established  only  for  a  series 
in  which  the  powers  of  the  variable  are  ascending,  and  that  it  is  not  necessarily 
true  in  any  other  case.  For  example,  the  aeries  a>  —  ^xt  +  \x?  —  ...  is  convergent 
within  the  interval  (—1,  1);  and  as  the  series  is,  for  such  values  of  x,  absolutely 
convergent,  the  series  m  +  ^x"  —  ^x1  +  ^xs  +  \$  —  \x*  + ...  has  the  same  sum- 
function  within  the  interval,  that  function  being  Iog8(l  +x).  At  x  =  l,  the 
series  1—  ^  +  £  — |  +  ...  is  convergent,  and  in  accordance  with  the  theorem  its 
sum  is  log,.  2 ;  but  the  series  1  +|  —  £  +J  +  f  —  *  +  ■■■,  although  convergent, 
has  the  sum  §  log,.  2  (see  Ex.  1,  §  'V-ii'),  which  is  not  continuous  with  the  sum 
of  the  scries  x  +  ^x3  —  $a?  + .... 

357.  If the  series  a„  +  a,®  +  a2&'5  4- ...  converge  withvn  an  interval  (—R,R), 
and  be  such  that,  in  every  interval  (—  8,  8),  where  8  is  an  arbitrarily  chosen 
number  <R,  s(x)  vanishes  for  .some  value  of  x  which  is  not  zero,  the  coefficients 
On,  au  %, ...  must  all  be  zero. 

If  8  have  any  value  <R,  the  function  s(x)  is  continuous  in  the  interval 
(—  8,  8)  ;  hence,  if  e  be  an  arbitrarily  chaser)  positive  number,  o\  may  be  chosen 
so  small  that  |  s  (x)  -  a0 1  <  e,  if  x  be  in  the  interval  {-  S, ,  8,)  ;  and  by  hypothesis 
there  is  in  the  interval  one  value  of  x  such  that  s  (x)  =  0  ;  therefore  |  aa  j  <  e, 
and  since  e  is  arbitrary,  we  have  a„  —  0.  The  series  at  +  a^x  +  asx^  +  ...  con- 
verges in  the  interval  (—  8,  8),  and  its  sum  vanishes  for  some  value  of  x  wbich 
is  not  zero,  hence  the  same  argument  as  before  establishes  that  a^  =  0 ;  pro- 
ceeding in  this  manner,  it  can  be  shewn  that  a,,  a3, ...   vanish, 

*  AIikL's  (Ev-vres,  drdJe't  Journal,  vol.  i,  ]>.  22.1  ;  nlso  .DL-iel-et,  I.iouniHe's  Juamal,  ser.  '2, 
vol.   vii,  p.   253. 

+  Hardy,  Proc.  Loud.  Math.  Hoc,,  ser.  2,  vol.  iv,  p.  2">2, 
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It  follows,  as  a  corollary  from  this  theorem,  that  there  cannot  be  two 
distinct  power-series,  each  of  which  converges  within  some  interval,  and  suck 
that  in  every  sub-interval  (-  B,  B)  there  is  a  point  distinct  from  zero,  at  which 
the  sum-function*  bare  identical,  values. 

358.     Let  us  suppose  that  all  the  series 

On  +  aMx  +  a13«2  +  ...  +  a^a?-'  +  ..., 

Bj!  +  %,#  +  0^0?  +  ■  ■  ■  +  Oarflf"'  +  . . . , 


ffl»l  +  am%  +  Ons^  +  ■ 


are,  for  every  value  of  n,  absolutely  convergent  at  the  point  x  =  R ;  each  series 
is  then  both  absolutely  and  uniformly  convergent  in  the  interval  (-  R,  R).  Let 
us  denote  by  «„(#)  the  sum  of  the  scries  a„,  -raHia;+ ...  •\-a„rxr~1-t ...  at  a 
point  x  in  the  interval,  and  let  Un  denote  the  sum  of  the  scries 

anl  |  + 1  aKSR  |  +  ...  +  |  a^R'-'  \  +  .... 
If  the  series  U,  +  U.,  +  ...  +  Un  +  ... 

be  convergent,  the  series 

%  (■)  +  «,(«)+.  ..+«.(*)+■■■ 
is,  in  accordance  with  §345,  uniformly  convergent,  in  the  interval  (—  R,  R),  the 
end-points  included  ;  it  follows  that  s  (a'),  the  sum  of  this  series,  is  continuous 
in  the  interval  (—  R,  R). 

The  series  u,(%)  +u3(x)+  ...  +  uH(x)  +  ...  can  be  arranged  as  a  series  of 
type  to2,  by  substituting  for  m,  (w),  u±(x),  ...  the  various  series  in  powers  of  se. 
Moreover  this  series  is  absolutely  convergent ;    for  the  terms  of  the  series 

On\  +  \aax\+  ...  +\airar-l\  +  ... +|oin|  +  |a»«,l  + — 
are  each  less  than  the  corresponding  terms  of  the  series  obtained  by  writing 
R  for  x;  and  the  latter  series  is  U,  +  11%+  ...,  which  is  convergent. 

Since  the  series  i^ (*)  +  u2 («)+.. .  is  absolutely  convergent  when  the 
power-series  are  substituted  for  u±(x),  u,(x), ...  ,  it  remains  (see  §  335)  abso- 
lutely convergent  when  it  is  arranged  in  the  form 

&!  +  b\ai  +  b%a?  +  . . .  +  b,.w'->  +  ..., 
where  b,  —  an  -J-  a^-r  a3l  +  ..., 

b,  =  a12  +  a%,  +  a,a  +  ..., 

br  =  air  +  aw  +  a?,r  +  .... 
and  its   sum   is    unaltered.      It   has  thus   been  shewn    that    the   continuous 


,Google 


35/   359]  The  convergence  of  power-series  499 

function   s(x)  can  be  represented  in  the  closed   interval   (—  R,  R)  by  the 
power- series 

6,  +  6»a:  +  baa?  +  ...  +  brxv-l+  .... 
The  following  theorem  lias  therefore  been  established: — ■ 

If  u^(x),  112(0:),,..  be  functions  which  can  he  represented,  by  power-series 
that  are  all  absolutely  convergent  at  the  point  it.  and  therefore  in  the  interval 
(-R,  R),  and  if  the  series  ■n1(x)  +  u.:  (;/;)  +  ...be  absolutely  convergent  at  x  —  R. 
then  the  series  u,  (x)  +  us (is)  +  ...  converges  in  the  interval  to  a  continuous  sum- 
function  s(x),  ■which,  is  the  sum  of  the  ptower-sertes  obtained  by  substituting  the 
different  power-series  for  the  terms  u\ (x),  u2 (x), ... ,  and  rearranging  the 
7  series. 


359.  Let  s(x)  denote  the  sum  of  the  power-series  at  +  a?x  +  03^+  ... 
which  converges  at  all  points  interior  to  the  interval  (-R,  R)  ;  then,  provided 
x,  ts  +  h  be  both  interior  to  the  interval,  the  series 

a1  +  a,  (x  +  k)  +  as  (x  +  hy  +  . . .  +  an  (x  +  ft)"""1  +  ... 
converges   absolutely   to   the   sum   s  (x  +  h) ;    and   if   we   expand    each   term 
(x  4-  ft)"-1  in  powers  of  h,  we  have  for  each  n  a  finite  series  of  powers  of  h 
which   may  be  regarded  as  absolutely  convergent.      In   accordance  with  the 
theorem  of  §  !!5S,  if  we  arrange  the  scries  in  powers  of  h, 

(ol  +  a9*  +  a1,aP+...)  +  (ffls+2a1as  +  .„  +n-  lanxw-J*+  ...)h  +  .,., 

this  series  will  represent  a  continuous  ('unction  of  h,  provided  x.  x  +  h  lie  in  an 
interval  (—  r,  r),  where  r  <  R  ;  and  (.he  sum-function  is  s  (x  +  h).  We  have  then 
S(x  +  h)-s(x)_ 

h 


;1  +  2a3x+  ...  +(«,-  l)anxn^<+  ...}  +  ki\  (x)  +  hH<Jx)  4 


where  V1(x),  vs(x)  are  continuous  functions  of  x.      As  h  converges  to  zero,  the 

convergent  series  hVj  (x)  +  h*v,  (x)  +  . . . ,  of  which  the  sum  is  a  continuous  fuue- 

S  (x  +  h)  —  s  (x) 
tion  of  h,  converges  to  zero;  therefore  -•- j has  as  its  limit,  when  h  is 

indefinitely  dimiibsheil,  1  ho  sine  of  the  convergent  series 

as  +  2a3x+  ...  +(n-  l)anaf~i  +  ... ; 

and  thus  the  function  .1  (x)  possesses  a  differential  coefficient,  which  is  the  sum  of 

the  convergent  series  obtained  by  different.iat.i71g  the  terms  of  the  power-series 

which  represents  s(x).     We  have  thus  obtained  the  following  theorem:— 

If  s(x)  be   the  sum   of  a   power -series    winch    converges   within  a,  given 

interval,  the  function  s(x)  has  a  differentia!  coefficient  s' (x)  at  each  point  x 

within  the  interval  of  cjocergence ;  and  the  series  obtained  hi/  means  of  a  term 

by  term  differentiation-  of  the  aivev  series  conven/es  at  su.ch  a  point  to  the  sum 

*». 

32—2 
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THE  CONVERGENCE  OF  THE  PRODUCT  OF  TWO  SERIES, 

360.     Let  the  two  series 

»i  +  <;(e  +  i3a  +  ...  +an+  ... , 
bi+  b3  +  bs  +  ...  +  6„+  ... 
be  both  convergent,  and  let  the  series 

0,  +  C5  +  C3  +  . . .  +  Cn  +  . . . 

be  formed,  where 

c1  =  alb1,     Cs  =  <ii&a  +  fflji*!, ...  c„  =  Oibn+  a.1bn-,+  ■■■  +  cEbAi ... ; 
then  the  last  series  may  be  termed  the  product  series  uf  the  other  two.    If  the 
sums  of  the  first  two  scries  be  a,  s',  a  sufficient  condition  for  the  convergence 
of  the  product  series  is  given  by  the  following  theorem  : — 

If*  one  at  leant  of  lite  two  crater  gait  mric.s  la,  S/'  he  idisolntei.y  convergent, 
the  product  series  —c  is  converge  at,  and  if*  hum  is  ss',  the  product  of  the  sums  of 
the  two  given  series. 

Let  s„,  s„'  denote  the  sums  of  the  first  n  terms  of  the  series  %a,  St,  and 
£„  the  sum  of  the  first  n  terms  of  the  series  2c ;  let  us  assume  that  the  series 
££>  converges  absolutely,  avid  that  2-,/  is  the  sum  of  the  moduli  of  the  first  n 
terras. 

We  have 
S»  =  (a1  +  ai  +  ...  +an)(b1  +  b2+  ..,  +  bn)-b,an  ~bt(aa  +  o^.,) 

-  t4  (<*»  +  «n-i  +  On-s)~  ■  ■•  ~  &n («»  +  0»-i  +  •-  +  «=) 

therefore 

Let  m.  be  an  integer  <  it,  and  let  m  be  so  great  that 

are  all  less  than  a  fixed  number  i).     We  have  then 

\Sn-ss'\<\snsn,-ss'\+v{;.b1\  +  \bs\  +  ...  +  \b«^n+i\l 

+  \Sn-S^I\\bn.m+i\  +  \sn-S,^i\b^m+>\  +  ...+\s!l-S1\\b>,\. 

Now  there  exists  a  fixed  number  A,  such  that,  for  all  values  of  m  and  n,  the 
numbers 

are  all  <A  ;  hence 

|4  -S*'  |  <  |  W  -  SS'  I  +  VJ  (£'„_«+.  -  20  +  A  (2.'  -  S'n.^). 

:i  This  theorem  was  first  givon  by  Mortons,  GivAUr's  Joiinml,  vol.  i.-xxix  (1H73).  The  theorem 
had  been  given,  for  the  case  in  wiiidii  both  series  ooi)vo;;;o.  ii.bwluLoly,  by  Ca.ucjLy  in  the  Cows 
d' Analyse. 
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The  numbers  m,  n  can  be  chosen  so  great  that  |  snsn'  —  ss'\<  9,  where  6  is 
arbitrarily  fixed,  and  also  such  that  |  S,/  -  2'n_m+i  |  is  less  than  8',  where  6' 
is  arbitrarily  chosen ;   and  if  this  he  done  we  have 

But  8,  w,  8'  are  each  arbitrarily  small;  hence  n  can  bo  so  chosen  that  \S„—  ss'  \ 
is  arbitrarily  small ;  and  thus  the  series  2  c  converges  to  the  sum  ss'. 

361.  In  case  both  fc.he  series  2(t,  -b  be  only  conditionally  convergent,  we 
are  unable  to  assort  that  the  series  Sr;  converges;  but  in  case  it  do  converge, 
its  sum  is  given  by  the  following  theorem  due  to  Abel*:— 

In  case  the  product  series  So  of  two  Conner  a  eat,  series  -a,  2b  be  itself  also 
convergent,  its  sum  is  Ike  product  ss'  of  the  sums  of  the  two  given  series. 
Since  the  series 

a1-\-as+  ...  +  a„-\- ...,    bs  +  b^  +  ...  +-6„+... 
are  both  convergent,  the  series 

a,  +  a^x  +  axa?  +  ...  +  all.xn~1  +  ..., 

6,  +  b2x  +  bsx"  +  . . .  +  bnx*>-1  +  ... 

converge  absolutely  for  all  values  of  as,  such  that  0  £  sc<  1  ;  this  follows  from 

the  theorem  established  in  §  355.     The  product  series  formed  from  these  two 

series  is 

d  +ftjic  +  ca*a  +  ...  +cn3^~l+  ... ; 

and  this,  in  accordance  with  Oauehy's  theorem  as  to  the  product  of  two 
absolutely  convergent  series,  is  convergent  for  0S*<1,  and  converges  to 
s(x)s'(x).  Since  the  series  is  by  hypothesis  convergent  when  ce  =  1,  its  sum 
for  this  value  is  (see  §  356')  continuous  with  its  sum,  s(x)  s'(x),  for  all  values 
of  x  which  are  numerically  <  1 :  also  Urn  s  (&■)  =  s,  lims'  (x)  —  s',  and  hence  the 
series  2c  converges  to  the  value  ss'. 

It  will  be  observed  that  the  above  theorem  of  Abel  does  not  give  any 
criterion  which  decides  whether  the  product  of  two  conditionally  convergent 
series  is,  or  is  not,  convergent.  Criteria  applicable  to  special  classes  of  cases 
have  been  given  by  Pringsheimf. 

TAYLOR'S    SERIES. 

362.  If  a  function  f(w)  be  such  that,  at  every  point  within  the  interval 
(-It,  R),  it  is  the  sum  of  the  convergent  series 

Ox  +  a^x  +  axx^  +  ...  +  anxn~i  +  ... , 

*   Vrelle's  Journal,  vol,  t,  also  IKiwres,  vol.  I,  p.  220. 

t  Math.  Aimalen,  vol.  mi,  "  (Jeter  die  Multiplication  ljHtlisi=rL  can vxrg enter  Eeihen." 
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ib  has  been  shewn   in  §359    that  f'(x)  exists  at  every  point  within   the 
interval,  and  that  it  is  the  sum  of  the  convergent  series 
Oz+  2ffl3;B+  ...  +  (n—l)antda-a  +  .... 

A  second  application  of  the  same  theorem  shews  that  /'(■•')  exists,  and  is  the 
sum  of  the  convergent  series 

t .  2a3  +  2 . 3«,.i'  +  . ..  +  (n  -  1)  (n ,-  2)  a**"-*  +  .. . . 
Proceeding  in  this  manner,  it  can  he  shewn  that/"'1  (x)  exists,  for  every  value 
of  r,  at  every  point  .-(;  .interior  l.o  the  interval  (-  R,  R).  and  that  the  series 

1.2.3...mr+1  +  2.3  ...  (r  +  l)ffl,+aai+.., 
converges  to  the  value  f&  (m). 

It  has  further  been  shewn  that,  if  %  +  h  also  lies  within  the  interval 
(—  R,  R),  the  series  obtained  by  arranging  the  series 

a,  +  (.h(x  +  h)  +  u,(x  +  h)1  +  ... 
as  a  series  in  powers  of  h  converges  to  the  value  f(a>  +  h).     The  coefficient  of 
hr  in  this  series  is 

0rB  +  (r+l)^.  +  <'  +  «fr  +  90„,  +  ..., 

which  is  —.f'r)  (x).     It  has  thus  boon  shewn  that  the  series 

/(•)  + V"(«)  +  5-,/"(«)  +  -  +  */"(•>+  - 

converges  to  the  value  /(&  +  h),  provided  x,a:  +  k  be  both  interior  to  the 
interval  (—  R,  R)  of  convergence  of  that  power-series  of  which  ,./(#)  is 
the  sum. 

This  theorem  is  a  particular  case  of  Taylor's  theorem  fin-  the  expansion  of 
a  function  f(x  +  h)  in  powers  of  h,  and  has  here  been  established  for  the  par- 
ticular case  of  a  function  f(x)  which  represents  the  sum  of  a  convergent 
power-series.  It  has  more-over  been  proved  that  such  a  function  possesses 
differential  coefficients  of  all  orders  within  (.he  interval  of  convergence  of  the 
power-series. 

We  proceed  to  investigate  the  necessary  and  sufficient  conditions  that  a 
corresponding  theorem  may  hold  for  functions  which  are  not  defined  by 
means  of  a  power-series. 

363.  Let  /(■'.')  be  a  function  defined  for  the  interval  (a,  a  +  X),  where  X 
is  a  positive  number,  and  satisfying  the  conditions  (1)  thai., at  the  point  a,  the 
first  n  —  1  derivatives  of  f(x)  on  the  right  all  exist;  (2)  that  at  every  point  x 
such  that  a<x<a  +  \,  the  first  n—  1  differential  coefficients  oi/(x)  all  exist, 
and  are  continuous,  being  also  continuous  with  the  derivatives  on  the  right 
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at  a;  (3)  that /':n- (>)  exists  at  each  point  in  the  interior  of  the  interval 
(a,  a+  X),  having  values  which  are  finite,  or  infinite,  with  fixed  sign. 

Let  the  number  K  be  defined  by  the  equation 

/(«  +  *)-/(«)-  hf  („)-*/»(„)_..._  (~^y/'">  («)  -  *—  K, 

where  h  is  such  that  0  <h<X,  and  v  is  a  fixed  positive  or  dilutive  integer,  or 
zero,  but  such  that  n  —  v  is  positive;  the  derivatives  /'"(«),/"(«), ...  are  those 
of  f(x)  on  the  right  at  a. 

Next,  let  F (at)  denote  the  function 

where  iif  has  the  value  defined  above,  and  x  i.s  in  the  interval  (a,  a  +  h).  The 
function  F{x)  is  continuous  in  the  interval,  and  F'{x)  exists  everywhere 
in  the  interior  of  the  interval.  Moreover,  since  F '(%)  vanishes  for  x  =  a,  and 
for  x  =  a  +  h,  it  follows  from  the  theorem  of  §  20:3  that  F' (x)  vanishes  for 
some  value  of  x  within  the  interval  (a,  a  +  k);  let  this  value  be  a+8h, 
where  6  is  a  number  such  that  0  <  8  <  1. 


r  (.)  -  -  (°|,*_  !*]"/*  (•)  +  («  —)(■»+ *  -  »>~Jr, 

weeeetbat  Jf  -     *'  <'  ~  5    ,/»  (a  +  ») ; 

therefore,  from  the  definition  of  K,  we  have 


,,/»(«+«■). 


It  is  clear  that  a  corresponding  result  holds  for  an  interval  on  the  left  of 
the  point  a,  provided  corresponding  omdit.ions  hold  as  to  the  existence  of  the 
differential  coefficients;  the  derivatives  at  a  being  in  this  case  those  on 
the  left. 

In  case  fix)  be  defined  for  an  interval  (a  —  X',  a  +  X),  and  the  first  n  —  1 
differential  coefHcients  of  /(■%■)  exist  at  every  point  x  in  the  interior  of  the 
interval,  and/'"1  {as)  everywhere  exist  in  the  interval  of  which  the  end-points  are 
a, a  +  h,  where  h  is  any  number  such  that  -\'<k<X,  the  theorem  holds  for 
every  such  value  of  h,  positive  or  negative  ;  /'  {a),  f"  (a), . . .  denoting  in  this 
case  the  differential  coefficients  at  «■. 
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This  theorem  is  frequently  spoken  of  as  Taylor's  theorem,  although  that 
name  was  originally,  and  is  still  usually,  applied  to  the  ease  in  which  it  is 
possible  to  suppose  n  to  be  indefinitely  increased,  so  that  the  series  becomes 
an  infinite  convergent  one. 

The  expression  _R„  =  — — -—. yT.fin]  («  +  Sh),  where  v  is  a  positive  or 

negative  integer  such  that  n  —  v  >  0,  is  spoken  of  as  "  the  remainder  in  Taylor's 
series."     In  this  general  form  it  was  obtained  by  Sehlomileri  *  and  by  Rochef, 

The  particular  case  in  which  v  =  0,  Ru  =  --.fin)  (a+Sh),  is  known  as  Lagrange's 

formj  of  the  remainder  in  Taylor's  series;  another  particular  case,  due 
originally  to  Oauehy§,  of  the  genera!    Covin  given  by  Schloinilch,  is  that  in 

which  v  =  n-l,  or  Bn  =     j1  ~ f^' /<■> (a  +  6Ky 

364.  If  f{x)  possess  differential  coefficients  of  all  orders  within  a 
prescribed  interval  (a  —  X,  a  +  X),  then,  provided  R.n  have  the  limit  zero, 
when  n  is  indefinitely  increased,  for  each  value  of  h,  the  series 

/<«)  +  hf  M  +  |j /"(<.)  +  ...  +  £/•»«  +  -, 

where  —  X<h<X,  is  convergent,  and  has  f(u  +h)  for  ks  limiting  sum.  This 
is  Taylor's  theorem  in  the  original  sense  of  the  term. 

It  will  be  observed  that  the  existence  of  differential  coefficients  at  the 
extreme  points  —  X',  X  lias  not  been  presupposed,  but  only  their  existence  for  all 
points  for  which  —  V<  A  <  X.     If  the  condition  limii„  =  0  be  satisfied  for  each 

value  of  h  within  the  interval  (-  X,  \),  and  if  the  series  converge  also  for  h  =  X, 
then,  since  it  is  a  power-series,  it  follows  from  the  theorem  of  §  356,  that  at 
h  =  X  the  series  converges  to  the  value  f(a  +  X). 

The  value  of  0,  in  any  of  the  forms  of  the  expression  for  Rr„  is  in  general 
dependent  upon  n;  and  consequently  it  is  not  a  sufficient  condition  of  con- 
vergence of  the  scries  that  Rn  have  the  limit  zero  as  n  is  indefinitely  increased, 
whilst  6  remains  fixed,  even  though  this  be  the  ease  for  each  fixed  value  of  8 in 
the  inteiwal  (0,  I).  In  connection  with  the  theory  of  non-uniform  convergence 
of  series  we  have  already  seen  in  §349,  that  a  function  R„  i»  may  have  the  limit- 
zero,  as  n  is  increased  indefinitely,  Cor  each  fixed  value,  of  a;  in  a  given  interval, 
and  yet  that  lim  Rn  (x)  may  not  necessarily  be  zero  when  x  varies  with  n. 

"  Ibmdbiir.h.  th-i-  D\ip!i:n:i(il-  and  [iiltao.tto-ckntmg,  1847. 

t  Mem.  de  I'Acud.  de  Morit-pm'lirr,  1858.  Set  also  LiouHik'.-i  Journal,  ser.  2,  vol.  lit,  pp.  271 
and  384. 

X  Th'iirie  <les  Functions,  vol.  I,  p.  40. 
§  CalculDif.,  p.  77. 
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For  example,  if  Rn  —  -■■  -  apr-,  then  Rn  has  the  limit  zero  for  every  fixed  value 
of  9;  but  if  0-1/n,  Rn  has  the  limit  /*e-7'. 

A  sufficient  condition  for  the  convergence  of  the  series  is  that  iJ„,for  each 
fixed  value  of  h  within  the  given  interval,  as  v,  is  indefinitely  increased,  should 
converge  to  zero  uniformly  for  all  values  of  0  in  the  interval  {0,  1).  Thus,  for 
each  value  of  h,  and  each  value  of  an  arbitrarily  chosen  positive  number  e,  a 
value  n,  of  n,  would  exist  such  that 

provided  n  £  n,,  for  every  value  of  6  in  the  interval  (0,  1). 

This  condition,  though  sufficient  for  the  convergence  of  the  series,  has  not 
been  shewn  to  be  necessary.  An  investigation,  due  to  Pringsheim*,  will  now  be 
given  of  the  necessary  and  sufficient  conditions*  for  the  convergence  of  Taylor's 
series. 

365.     If  the  series  2cT1A'"  converge  for  even/  positive  vukie  of  h  which  is 

<  R,  and  if  /"(;>')  denote  the  sum  of  the  series  -e,-,.(:i:  —  a)",  where  a  is  a  fixed 

number,  and  0  £x  —  a  <  R,  then  (1)  f(x)  possesses  for  e»eru  value  of  x,  such 
that  a^x<a  +  R,  a  definite  finite  value;  and  (2)  for  every  x,  such  that 
a<x<a  +  R,  f(x)  possesses  finite  differential  coefficients  of  every  order, 
and  at  a,  derivatives  on  the  right  of  every  order ;    also  CS)  the  condition  is 

satisfied  that r-j  /*")  (a  +  h) .  ft"±p  converges  wniforrnly  for  all  values  of 

h,  k  such  that  Q£h£h  +  k£r,to  zero,  as  n  is  indefinitely  increased,  where 
r<R,  and  p  is  any  arbitrarily  chosen,  integer,  which  may  be  zero. 

This  theorem  contains  necessary  conditions  for  the  convergence  of  Taylor's 
series  for  an  interval  on  the  right  of  a  point  a.  A  similar  statement  holds  as 
regards  an  interval  on  the  left  of  a ;  and  it  is  clear  that  the  theorem  can  be 
stated  so  as  to  apply  to  the  more  general  case  of  a  neighbourhood  which 
contains  a  in  its  interior. 

It  has  been  shown  in  §  UotJ.  that  the  function /(,«)  is  diii'orentiable  within 
the  interval  (a,  a  +  R)  of  x,  and  is  obtained  by  means  of  a  term  by  term  dif- 
ferentiation of  the  series.  The  same  theorem  may  be  applied  to  the  function 
f'{%),  and  to  the  series  which  represents  it,  and  thus  successively  to  the 
higher  derivatives  of /(,*-).      We  have  therefore 

/»> (.)-  J  »(»-!). ..(»-,  + 1) o.(.-a)P-»; 

*  See  Math.  Amtalen,-  vol.  xliv,  "Ueber  <V.n  inn.ii'.vcniii^iTi   and  Iimreidiejidc-ii   Hedingiragen 

lies  TiLylornclii'V!  I.clivsiUzos  iiir  IJ'iiiictionen  ninnv  reelcn  ViLUiiMn." 
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hence  f(a)  =  ca,  fJ"(d)=plcpi  where  fm  (a)  is  the  derivative  at  a  on  the 
right;  and  thus  the  conditions  (1)  and  (2)  arc  satisfied. 

We  have  now 

/(<• + *> =1^,/"'  (")■*". 

where  0  =  h  <  R. 

From  the  theorem  of  §  855,  that  a  power- series  converges  absolutely  at  all 
points  within  its  interval  of  convergence,  we  see  that  the  function  <£(#), 
defined,  for  the  interval  aSx<a  +  R,  by 

£  (as)  =  S  ]  Cn  I  (x  -  a)n, 

has  properties  .similar  to  those  of  f(x)  ;  and  thus  that 
<p  (a  +  h)  =  1 1  c  |  A"  =  I  — ,  0  <»»  («) .  A», 

for  0  S  A  <  fl.  The  functions  tfi(a  +  h),  $M(a  +  A)  are  continuous  functions 
of  A  in  the  interval  OsA<iJ;  and  for  each   value  of  p, 

L/w<«+ A)  I  a  *«(»  +  '')• 

In  order  to  prove  that  the  condition  (;!)  is  satisfied,  it  will  be  sufficient  to 
shew  that  the  corresponding  condition  is  satisfied  for  the  function  <f><n>(a  +  h). 

If  0  £  A  A  A  +  k  <  R,  we  have 

and  it  will  now  be  shewn  that  the  series  2  — ;  tf>m]  (a  +  A)  &"  converges  uniformly 

for  all  values  of  A  and  fc  whieh  are  such  that  OAh&k  +  k&r,  where  r  <  R. 

Let  0  (a  +  A  +  h)  =  #„  (A,  Jfc)  +  T„  (A,  &),  where  S„  denotes  the  sum  of  the 

first  n  terms  of  the  series  2   - :  <fiinl  (a  +  A)  ft",  and  r„  denotes  the  remainder 

after  those  terms.  Let  A,  k  have  arbitrarily  assigned  values  whieh  satisfy  the 
condition  above  stated,  and  let  S  he  a  positive  number  less  than  A  and  k,  and 
such  that  A  +  k  +  25  <  R ;  also  let  ?,  ^  be  two  numbers  in  the  interval  (-  1, 1), 
arbitrarily  chosen.  In  case  A  =  0,  &>0,  the  positive  number  8  is  to  be  so 
chosen  that  k  +  28  <  R,  and  that  S  <  k ;  also  f  is  to  be  in  the  interval  (0,  1). 
Similarly  if  h  >  0,  k  =  0,  the  number  8  is  to  satisfy  the  conditions  A  +  28  <  R, 
S  <  A ;  and  ij  is  to  be  in  the  interval  (0,  1 ).     If  A  =  0,  k  =  0,  then  S  is  to  be 
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so  chosen  that  2S<  R,  and  both  f  and  t}  are  to  be  in  the  interval  (0,  1).     We 
have  then 

0  (a  +  h  +  ft  +  f+^S)  =  Sn  (h  ■+  {»,  ft  +  VS)  +  Tn(h+  J8,  ft  +  VS), 

and  hence 

rn  (A  +  £8,  A  +  jjS)  S 1 0(o  +  A  +  ft  +  J+^S)  -  0 (a  +  fc  +  *) | 

+ 1  S„  (h  +  &,k  +  VS)  -  8*  (h,  k)\  +  Tn  (h,  k). 

If  e  be  a  prescribed  positive  number,  n  may  be  chosen  such  that,  for 
the  prescribed  values  of  h  and  ft,  TH  (A,  ft)  <  ^e.  Since  <{>  (a  +  k  +  k)  is  a  con- 
tinuous function  of  h  +  k,  and  Sn(h,  k)  is  a  continuous  function  of  the  two 
variables  h,  k ;  it  follows  that  8  can  be  so  fixed  that 

|  tj, (a  +  h  +  k  +  f+yh)  -  <f>  (a  +  h  + ft) |  <  H 
and  also  |  &  (A  +  £8,  ft  +  *?S)  -  £„  (A,  A)  |  <  H 

The  numbers  n,  S  have  now  been  so  chosen  that,  whatever  values  £  and  i}  may 
have,  subject  to  the  restrictions  already  stated, 

TH  (h  +  {8,  &  +  ,jS)  <  e ; 

moreover,  since  the  series  2  —  «£w  (a  +  A)  ft"  contains  only  positive  terms,  we 

have 

Tv(h  +  £8,k  +  v£)<e, 

for  v  £  n. 

It  has  thus  been  shewn  that  the  series  rep resenting  f.he  function  <p(a+h+k), 
considered  as  a  function  of  the  two  variables  (A,  ft),  converges  uniformly  for 
a  certain  neighbourhood  of  each  single  point  (h,  ft).  Since,  there  are  no  points 
in  the  neighbourhood  of  which  <j>(a  +  h  +  k)  converges  non-uniformly,  it 
follows  from  the  theorem  of  §  342,  that  the  function  converges  uniformly 
for  all  values  of  h,  ft  such  that  O^h&h  +  k^r,  where  r  <  R.  Thus 
Tv  (h,  ft)  <  e,  for  v  £  n,  and  for  all  values  of  h,  k  which  are  not  negative,  and 
are  such  that  h  +  ft  £  r. 

The  analogous  result   holds  a  fortiori  for   the  series 

and  also  for  the  series 

which  is  obtained  from  2— $in)  (a+  A) ft"  by  differentiating  p  times  with 
respect  to  ft. 
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Since  all  these  series  contain  positive  terms  only,  it  follows  that  n  can 
be  so  chosen  that 

for  v  S  n,  and  0  £hSh  +  k&r;  and  thus  the  condition  (3)  in  the  statement 
of  the  theorem  is  satisfied,  since  |  /(">  (a  +  h)  \  S  0'"'  (a  +  h). 

366.      .7//1"-1  (.'/■)  6e  defined  fur  every  integral  value  of  v.,  where  x  issuchthat 
a£x<a,  +  M,  and  if,  for  some  one  value  of  p  vSlrich  is  a  positive  or  negative 

integer,  or  zero,  it  satisfy  the  condition  thai  , \\f"*  (a  +  *■) ^*p  converges  to 

zero  when  n  is  ii/defiinlely  'increased,  u-iiifovhdy  for  all  values  ofh,  k,  such  that 
0  3  h  £  h  +  k  S  r,  where  r<R,  then  the  name  condition  holds  for  every  value  of 
p  which  is  integral  or  zero. 
1 


k_ 

n+p-i 

and  hence,  since  A  s  r,  \Fp+1,n(h,  k)\  <  \  FPill(h,  k)\,  if  n+p+  1  >r.    It  follows 
that  \im  FP+,in(h/k),  and  generally  liiii  h'll+qtll  (A,  k),  for  q>0,  converges  uniformly 

if  Fp>n  (A,  k)  does  so. 


Again  Fp_lin  (h,  k)  =  (n+p^iyfn'  (a  +  h)  k^ 


=  ^M){^-^ 


±f- 


if  r  <  R  be  fixed,  11  can  bo  so  cho.sen  as  to  bo  positive,  and  suc-h  that  r  +  S  <  R. 
Hence,  if  0  a  7>  a  r, 

*V.,.  ('•.  *)  I  <  I  r„  (h,  h + 8)  i  (fff"  4* ; 

if  n  be  so  chosen  that 

for  OMk^k  +  kAr,  we  have,  then,  for  such  values  of  n,  |  Fp_h„  (h,  k)  \  <  e. 
It  is  now  seen,  also,  that  the  corresponding  result  holds  for  \Fp-^n(h,  k)\, 
where  g>0. 

367.  The  necessary  and  sufficient  conditions  that  Taylor's  theorem  should 
hold  for  the  function  f(a  +  h),  where  0  S  h  <  R,  can  be  most  simply  expressed 
if  Cauchy's  form  of  the  remainder  be  used,  and  may  be  obtained  as  follows  :■ — 

The  condition  as  to  the  existence  of  differential  coefficients  of  all  orders 
being  assumed  to  be  satisfied,  it  has  now  been  shewn  in  §  365,  to  be  a  11 
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condition    for  the   validity  of  Taylor's  series,  that T\~,fln>  (a  +  M  &™_1 

(n  —  1) ! 

should  converge  to  the  limit  zero,  as  n  is  indefinitely  increased,  uniformly  for 

all  values  of  h  and  k  such  that  0  S  k  £  h  +  k  g  r,  where  r<R.     If  we  write 

8h  for  h,  and  (1  —  8)h  for  k,  then,  if  the  condition  be  satisfied,  the  expression 


converges  to  zero,  when  n  is  indefinitely  increased,  uniformly  for  all  values  of 
0  and  h  such  that  0  £  8  £  1,  and  0  &  h  £  r  ;  and  it  follows  that,  for  each  value 

of  A,      _  -I  \  >  / '"'  (»+0A)  (1  —0)"-' hn  converges  to  zero  uniformly  for  all  values 

of  8.  It  has  been  shewn  in  §  364,  that  this  last  condition  is  sufficient  to 
secure  the  convergence  of  the  series  to  the  sum  f(a  +  h).  We  have  now 
established  the  following  r.heorern  : — 

That  the  function  f(a  +  h),  defined  for  all  values  of  h  such  that  0  S  h  <  R, 

may  be  represented  for  all  the  values  of  h  by  the  series  2  —.fln)  (a)  A",  it  is 

necessary  and  sufficient,  (1)  that  f(x)  have  differential,  coefficients  of  all  orders 
for  a<x<a  +  R,  and  derivatives  at  the  point  a  on  the  riglit,  of  all  orders ; 

and  (2)  that  Gauohy's  remainder  .    _-,<]fm  («■  +  6h)  (1  -  8y~1hn,  for  each 

value  ofk  such  thai  0  S  h<R,  converge  to  zero,  when  ■»  is  indefinitely  increased, 

uniformly  for  all  values  of  8  in  the  interval  (0,  1). 

In  case  Lagrange's  form  of  the  remainder  in  Taylor's  theorem  be  employed 
instead  of  that  doe  to  Cauchy,  the  necessary  and  sufficient  conditions  cannot  be 
stated  in  so  simple  a  form.  The  following  theorem  ha.-i  reference  to  this  form 
of  the  remainder  : — 

In  order  that  the  function   /"(a  +  h),  defined,  for  all  mines  of  h  such  iltat 


ides  tfte  condition  of  unrestricted  differentiability  previously 
stated,  that  — ./|B|  (a  +  8h)hn  should  converge,  for  each  value  of  h  such  that 

0  &h<^R,  to  the  limit  zero,  when  h  is  indefinitely  increased,  uniformly  for  all 
values  of  8  in  the  interval  (0,  1  ).  It  is  not  necessary,  hut  it  is  sufficient,  that  the 
expression  should  converge  to  zero  for  each  value  of  h.  such  that  0&k<R. 
uniformly  for  all  values  of  6  in  (0,  1). 

In  accordance  with  the  theorem  proved  in  §  365,  it  is  necessary  that 
— r y<">  (a  +  k)kw  should  converge  to  the  limit  zero,  when  n  is  indefinitely 
increased,  uniformly  for  all  values  (h,  k)  which  are  such  that  Q£h£h  +  k£r, 
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where  r<  R.    If  we  write  h  for  k,  and  9h  for  h,  we  see  that  this  condition 

includes  the  condition  that  — :/""  (»+  0K)hn  should  converge  to  zero,  for  each 

value  of  /(  such  that  0£/i<  \R,  uniformly  for  all  values  of  9  in  the  interval 
(0,  1).     This  condition  is  therefore  a  necessary  one. 


Let  us  next  assume  that  —  /*'"  (a  +  $h')h"  converges  to  zero,  for  each  fixed 

value  of  A  such  that  0  £  h  <  R,  uniformly  for  all  values  of  6  in  the  interval 
(0,  1).     Let  p,  r  bo  two  positive  numbers  such  that  p  &r  <R,  and  in  the 

expression  —  f'"i  (a+0h)hw  write  h  =  r,  8h=p;  then  lim  —.fm  (a+p)lM  =  0. 

It  follows  that  the  series  2  —  /<">  (a  +  p)kn    converges   absolutely  for  every 

o  n  I 
positive  value  of  k  which  is  <  r,  and  therefore  for  every  positive  value  of  k 
which  is  <  R,  since  r  may  he  taken  arbitrarily  near  to  R.     In  the  series 

2  — j/wi  (a  +  p)kn,  the  functions  /<">  (a  +  p)  may  he  replaced  by  the  abso- 
lutely convergent  series  in  powers  of  p;  and  by  the  theorem  of  §  358,  the 
terms  of  the  series  2  -./""  («-  +  p)k'\  thus  expressed,  may  be  rearranged 
without  affecting  the  convergence  or  the  sum  of  the  series.  The  series  then 
becomes  2  —  /(,,)  (a)  (p  +  k)n,  and  this  series  converges  for  p  <  R,  k  <  R,  i.e. 
for  p  +  k  <  2R.     It  follows  that  the  series  2  — ,/(Bl  (re)  A"  converges  if  A<  2R. 

Now  it  is  clearly  not  necessary  for  the  validity  of  Taylor's  theorem  within  the 
range  0  S  h<M,  that  the  series  should  converge  for  all  values  of  A  which  are 
<  2iJ  ;  for  R  might  be  the  upper  limit  of  the  values  of  h  for  which  the  power- 
series  converges,  and  then  the  series  could  not  converge  for  values  of  A  which 
are  >  R.  It  has  thus  been  shewn  that  the  condition  for  all  values  of  A  in  the 
interval  0  ^  A  <  R,  is  not  a  necessary  one.  It  is  clearly  however  a  sufficient 
condition. 

It  was  remarked  by  Oauehy  *  that  the  series  2  -    /':"!  (a)  may  be  convergent 

in  an  interval,  and  yet  that  its  sum  need  not  be  f(a  +  A).  This  happens 
whenever  the  remainder  Rn,  in  Taylor's  theorem,  which  is  defined  as  the 
difference  between  f(a  +  A)  and  the  sum  of  the  first  n  terms  of  the  series, 
converges,  for  each  value  of  w,  to  a  limit  which  is  different  from  zero,  as  n 
is  indefinitely  increased. 

Let  the  function  /(,«)  lie  defined  by  f(x)  =  e  **,  for  of  >  0,  and/(0)  =  0  ; 
it  can  easily  he  shewn  that  this  function  and  all  its  differential  coefficients 

*  Galcul  Biff,  p.  103;  see  also  P.  Du  Bois  IlBvmoiid,  Moth,  Annalca,  vol.  xxi,  p.  114, 
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exist  and  arc  zero  at  the  point  w  =  0 ;  and  that  for  a?  >  0,  the  remainder  in 
the  Taylor's  series  has  for  its  limit  e  "* .  If  now  0  {x)  =  ex  +  e  *"  ,..(«■>  0), 
0(O)=1,  and  the  series  2  —<plnl  (0)  in  the  neighbourhood  of  the  point  x  =  0 
be  formed,  then  the  series  converges,  not  to  the  value  0(A),  but  to  the  value  e*. 

EXAMPLES. 
1.     Let  /(jf)  =  ;l  -I  .'■)'"':   then,  in  si  ndiiliiioiivhonii  <if  the  point-  x~0,  we  have 

where  ii„  can  be  expressed  in  I.iiiu'i'^.nye'f-  form  by 

p(p-l)-(j)-H  +  l)         g 

ffil  (1 +&»)«-»' 

or  in  Cauchy's  form  by 

f(p-l)...(p-»-H)   (1-fl)'-' 

(«-l)!  £l+fa)«-»*- 

Cuing  ('.'a-uebys  form,  we  see  that 


1  "l_        <»-i)i 


provided  w>j5.     If  |#|<1,  the  expression 

:  P  (p-l)—(p-n  +  l)      I 

I       0-1)!         I 

continually  diminishes  as  ?i  is  increased  ;  for,  denoting  it  by  «,„  we  find 

^■_|e=i.|<i-, 

where  «r  is  a  fixed  positive  number  <1  -  \.r\,  provided  v.  be  snliieieiitly  treat,  and  it  follows 
that  the  limit  of  un  is  zero ;  and  thus  lim  l!„  =  0.  The  series  therefore  converges  for  all 
values  of  .■'.■  such  that  j  x  |  <  1. 

To  find  the  limit  of  I*— ™ -"  ." when  n  is  indefinitely  increased,  suppose 

lii-fat  that  p-\-l  in  nemw.ive,  riiiv  -/'.     We  mji.y  write;  the  expression  in  the  form 

K)K)-H> 

and  this  is  >1+A  f  r  +  -  +  ... H — );  thus  the  limit  is  indefinitely  groat.  Next  suppose 
that  p  +  l  is  positive.     Then  the  expression  may  be  written  in.  the  form 

(X-l)!  1/       X    )\L     X+lA      X+2J-V         ft   J 

where  X  is  the  integer  ne.vt  greater  then  p  +  1 ;  this  is  less  than 
j>(j.-l)...Q-X  +  2) 


(X-D  I 


('^)vO"0^) 


,GoosIe 


512 


Functions  defined  by  sequences 
y(f-l),..(y-x+l)  _ 


[OH.  VI 


(A- 1)1 


KP  +  l)(i 


hence  the  limit,  when  n  is  indefinitely 

If  ;e=l,  Lagrange'.-!  form  'if  the  roiiiidiid' 
The  series  diverges  if  j><    -  J.  beca.u.^e  the  general  term  of  the 
with  ».     The  writ*  oscillates  if  p=  -1. 

If  &—  -  1,  Cauchy's  form  of  the  remainder  .-liens  tlu.it  if  p  — 1>  —  I, 
is  divergent  if  #<0,  for  the  sum  of  »  terms  of  the  scr 
-l)(|»-8)-(p-»+l) 


x+r  "V 

ro.     If  y=  -  1,  the  limit  is  unity. 
that  the  scries  converges  if  p>  -  1. 


indefinitely 
p>0,  the  si 


(-i)' 


(-')■ 


/(0)-«-, 
„for/(«)i. 


— ._ — _ 3j  where  «>1.      For  this  function 
^(m-i)(0)=0,      /W(0)  =  (-l)'(ai)!e-°ffl  +  1i 


2(-Ij", 


s  everywhere  convergent. 


Theai 


■i  oftl 


%  for  a 


is/(0),  hut  in  every  neighbourhood  of  #=0,  the 

■o  diflercnt  except  at.  most  at  ft  finite  number  of  points. 


of 


s  function,  the  Maclaurin's  s> 


the  series  and  the  value  of  /(,»■)  it 

3.  Let/M  =  5    —  ..a.-. ...     where  «>1.     Fort] 
ia  2(  —  l)**"        .'I.'-'',  which  diverges  for  every  value  of  x  except  x  =  0. 

4.  Lett  f(.x}  =  2  - — f-  -— ,  where  «>].        Tins   function  is  continuous  on  the 

right  of  the  point  .:«  — 0.  and  has  derivatives  en  the  right  of  fill  orders  at  that  point; 
the  Maclaurin's  series  S(-l)"i-j  .&M  thus  obtained,  converges  for  all  positive  values 
of  x,  but  d 


s  not  represent  the  function /(.e). 

5.     Let  /(#)  =  2  —  - —  ,  where  «>I.    For  this  funetion  the  Maolat 

not  converge  in  any  neighbourhood  of  the  point  #  =  G. 


MAXIMA  AND   MINIMA   i 


1    ONE    VARIABLE. 


368.  It  has  been  shewn  in  §  207,  to  be  a  necessary  condition  that  a 
function  f(x)  may  have  an  extreme  afc  the  point  e  =  0,  that  the  differential 
coefficient  at  that  point  should  be  zero,  provided  the  function  bo  such  that  a 
differential  coefficient  at  x—0  exists.  Let  us  assume  the  function  to  be 
such  that  the  first  n  diiTerential  ooetneients  /'(''■)>/"(*)>  ■■■/I"1  (#>)  all  exist 
and  are  continuous,  at  every  point  x  such  that  —  h  <  x  <  H.  Let  us  further 
assume  that  f'(0),  f"  (0),  .../'"~1)  (0)  are  all  zero,  and  thus  that  fm  (0)  is 
that  differential  coefficient  of  lowest  order  which  does  not  vanish  at  x  =  0, 

"   Priij;:siiei 
■]■  I'mi^siiei. 
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We   have   then   /(«)-/(0)  =  ^/«  (te);    where   O<0<1,   and   a   is 

such  that  —  S  <  x  <  S.     Since  /<">  («)  is  continuous  at  a;  =  0,  a  neighbourhood 

(—6',  S')  of  that  point,  interior  to  (-  B,  B),  can  be  so  determined,  that/1"1  (fts) 
has  the  same  sign  as  f")  (())..  provided  —  B'^x&B'.  If  n  be  odd,  the  sign  of 
/(a?)—  /(0),  in  the  interval  (-  S',  8'),  depends  ujmn  that  of  a;;  and  therefore 
f(x)  has  neither  a  maximum  nor  a  minimum  at  the  point  x  =  0.  If  n 
be  even,  the  sign  of  f(x)—f(0)  is  the  same  as  that  of /'(0),  in  the  whole 
interval  (—  §',  S'),  and  therefore  fix)  has  a  maximum  or  a  minimum  at  x  —  0, 
according  as  /<">  (0)  is  negative  or  positive.  The  following  theorem  for 
determining  whether  a  maximum,  or  a  minimum  exists  at  a  point  at  which 
the  differential  coefficient,  of  a  function  f(pS)  vanishes  has  therefore  been 
established  : — 

If  the  first  n  differential  coefficients  of  a  function  fix)  a/1,  exist,  and  are 
contimious,  at  all  interior  point*  of  the  interval  (—  B,  8) ;  and  if  /<"'  (x)  be  the 
differential  coefficient  of  lowest  order  which  does  not  >oni,-:h  at,  the  point  x  =  0. 
then  (1)  if  n  be  odd,  there  is  neither  a  maximum  nor  a  minimum  of  the 
function  f(x)  at  the  point  x  =  0 ;  and  (2)  if  n  be  even,  the  point  x=0  is  a 
maximum  or  a  minimum,  of  fir),  accordinij  as  f'"-  (0)  in  negative  or  positive. 

It  is  unnecessary  for  the  application  of  the  criterion  given  in  this 
theorem  that  f{x)  be  capable  of  representation  in  a  neighbourhood  of  the 
point  X  =  0  by  a  convergent  power-series.  The  theorem  cannot  he  applied 
to  the  case  of  a  function  with  differential  coefficients  of  all  orders,  when 
they  all  vanish  at  the  point  a?  =  0. 


EXAMPLES. 

1*  Let/(#)=«2-e~i"s,and/(0)=O.  In  thiswise /'<0)=0,/"(0)=2;  and/'  {*),/"(«) 
are  continuous  in  any  neighbourhood  of  r  =  0.  The  tl icoiein  establishes  that  f{m)  has 
a  minimum  at  x  =  0,  although  f(x)  cannot,  be  represented  by  a  power-series  in  any 
neighbourhood  of  the  point. 

a*  The  function  defined  by  f(x)  =  e~&,  /(0)  =  0,  haa  a  minimum  at  w=0;  and 
yet  the  theorem  in  not  ;i,pplioahlo,  because  the  diilerentiii]  eoelTioients  of  all  orders  vanish 


3*    The  function   denned  by  f(x)=xe  *',  /(O)=0,  has  neither 

■=0.     As  in  (2),  the  above  theorem  is  in  this  case  inapplicable. 

'   These  examples  :ira  given  by  Suheeilor,  'Math.  Amiulen,  toI.  xsxv,  p.  5 
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taylor's  theorem  for  functions  of  two  variables. 

369.  Let  us  assume  a  function  f(a>,  y)  to  be  denned  for  all  values 
of  ts,  y  In  the  domain  defined,  by  a  —  S  S  x  ^  a  +  S,  b  -  S'  g  y  S  b  +  5", 
Under  proper  conditions  as  to  the  existence  and  continuity  of  the  partial 
differential  coefficients  of/(.r,  ;(/),  of  ;i  finite  number  n  of  orders,  it  is  possible 
to  obtain  an  expression  for  f{a  +  h,  b  +  k)-f(a,  b)  consisting  of  terms 
involving  the  first  n  powers  of  h  and  k,  together'  with  a  remainder  analogous 
to  the  remainder  in  Taylor's  theorem,  such  expression  being  valid  for  values 
of  h,  k,  such  that  |  h  |  <  h,  J  k  \  <  o".  It  is  however,  for  the  present  purpose, 
unnecessary  to  consider  the  least  stringent  set  of  conditions  relating  to  the 
partial  differential  coefficients  of  the  various  orders,  which  are  sufficient  to 
allow  the  extension  of  Taylor's  theorem  to  the  case  of  a  function  of  two 
variables.  It  will  here  be  assumed  that,  for  all  values  of  x  and  y  such  that 
a  —  S<w<a  +  $,  b—&<y<b  +  8r,  the  partial  differential  coefficients  of 
/(#,  y)  of  the  first  n  orders  all  exist,  and  are  finite;  and  further,  that  they 
are  all  continuous,  lor  this  range  of  values  of  x  and  y,  with  respect  to  (a:,  y). 
In  accordance  with  the  theorem  of  §  24(1,  the  order  of  differentiation,  in  each 
of  the  mixed  partial  differential  coefficients,  is  in  this  case  immaterial. 

Taking  values  of  h  and  k  which  are  numerically  less  than  8,  5' 
respectively,  let  f(a-\-th,  b+tk)  be  denoted  by  F(t),  the  variable  t  having 
the  domain  (-1,  +1).  The  conditions  contained  in  the  last  theorem  of 
§  236  being  in  this  case  satisfied,  the  differential  coefficient  F'(t)  of  F (t) 

exists,   and   is   equal    to    (h  —  +  k;-\f(x,  y),  where  <e  =  a  +  ih,  y  =  b  +  tk. 
Similarly,  it  is  seen  that  all  the  differential  coefficients 

F"(t),F'"{t),...F^(t) 
exist  and  are  continuous;   and  that 

In  accordance  with  the  theorem  of  §  363,  we  have 

F{t)  =  F(O)  +  tF\O)  +  ~F"(O)  +  ...  +  .-*-^FM(O)  +  ^FM(0t), 
where  8  is  a  number  such  that  0<  B<  1. 

Since  this  holds  for  t=l,  we  see  that 

/<.+*,*+*)-/<.,  &>+(*|,+4)/ta  i)4(*!+4)7(a.  «+... 

■■■+(^i).K+iirV^i)+s(4s+ie4)"^+^6+ffi)- 
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This  is  an  extension  of  Taylor's  theorem  to  the  case  of  a  function  of  two 
variables.  It  has  been  established  for  all  values  of  h,  k  such  that  |A|<8, 
|&  |<<$',  on  the  hypothesis  that  f(x,  y)  and  all  its  partial  differential 
coefficients  exist  for  all  values  of  x  and  y  such  that  a  —  8<fe<a  +  S, 
b  —  S'<y<b  +  S',  and  that  they  are  all  continuous  with  respect  to  the  two- 
dimensional  continuum  (x,  y). 


MAXIMA  AND   MINIMA   OF    FUNCTIONS   OF  TWO   VARIABLES. 

370.  Necessary  and  sufficient  conditions  have  been  stated,  in  the 
theorem  of  §  242,  that  the  point  (0,  0)  may  be  a  point  at  which  a  function 
f(x,  y)  has  a  maximum,  or  a  minimum.  The  general  theory  of  maxima  and 
minima  of  functions  of  two  variables  has  been  discussed  by  Scheeffer* 
Dantscherf,  and  Stolzj,  the  last  of  whom  has  extended  Scheeffer's  method 
to  the  case  of  functions  of  any  number  of  variables.  The  account  which  will 
here  be  given  of  the  general  theory  is  based  upon  the  investigations  of 
Scheeffer,  as  modified  fay  Stolz. 

Let  the  function  f(x,  y)  be  such  that  either  f{x,  y)  —  /{0,  0)  is  repre- 
sentable  in  a  neighbourhood  of  the  point  (0,  0)  by  a  convergent  series 
consisting  of  powers  of  x  and  y,  or  else  that  it  is  such  that  the  theorem 
of  §  ;i(i!)  is  applicable,  so  that 

/(*,  </)-/(».  »)-<?.(»,  y)+ ii„+,0,  y), 

where  On(x,  y)  consists  of  terms  of  dimensions  not  higher  than  n,  in  x  and  y  ; 
and  -ff„+i(«,  y)  is  either  a  convergent  series  of  which  the  terms  of  lowest 
dimension  are  of  the  order  n  +  1,  or  has  the  form  of  the  remainder  given  in 
§  369,  consisting  of  terms  of  dimension  n  +  1  in  6ss,  6y,  where  0  <  6  <  1 ;  and 
in  the  latter  case  it  will  be  assumed  that  the  differential  coefficients  in  that 
remainder  are  limited  in  the  whole  domain.  Tt  will  be  shewn  that,  under  a 
certain  condition,  the  problem  of  determining  whether  the  point  (0,  0)  is 
a  point  at  which  f(x,  y)  has  a  maximum  or  a  minimum  is  reducible  to  the 
solution  of  the  corresponding  problem  relating  to  the  rational  integral 
function  GH{x,  y).  The  following  general  theorem  will  be  established:- — 
The  function  f(x,  y)  having  in  the  -neighbourhood  of  (0,  0)  the  character 
above  described,  if  an  index  n  and  two  positive  numbers  c,  S  can  be  so 
determined  that  (1)  for  all  values  of  x  suck  that  0  <  |  x  j  <  8,  the  upper  and 
lower  limits  of  Gn  {as,  y),  for  a  constant  value  of  x,  mid  for  all  values  of  y 
in  the  interval  {—x,  x),  are  in  absolute  value  not  less  than  c\x\'a;  and 
(2)  that,  if  0  <  |  y  \  <  8,  the  upper  and  lower  limits  of  Gn  (x,  y),  for  a  constant 

*  ilatli.  Aimal.cn,  vol.  sxsv. 
+  Math.  Aunah'ii,  vol.  slii. 
j:  1'frUh.U:  of  the  Vienna  Academy,  vols,  xcix,  c ;  also  Grundz&ge,  vol.  i,  p.  211. 


/Google 


516  Functions  defined  hy  sequences  [oh.  vi 

value  of y,  and  for  all  rallies  of  x  in  the  interval  (—y,  y),  are  in  absolute  value 
not  less  than  c\y\n;  then  the  two  functions  fix,  y),  (?,b  (x,  y)  have  both  either  a 
proper  maximum.,  or  both  a  -proper  ■lainimum,  or  both,  neither  a  maximum  nor 
a  minimum,  at  the  point  (0,  0). 

To  prove  this  theorem,  we  first  observe  that  Rn+1(x,  y)  can  be  regarded 
as  a  homogeneous  function  of  x  and  y  of  degree  n  +  1,  in  which  the 
coefficients  depend  upon  x  and  y.  By  giving  each  of  the  coefficients  its 
greatest  possible  value,  for  |  x  |  <  B,  |  y  |  <  B,  we  see  that 

|jRw(»,</)|<AI*l"+'+^,kl"ls/|+-+A,«W+'; 

where  Ae,  Al7...  An+1  are  positive  numbers. 
If  now  |^|s|#|,  we  have 

hence  we  see  that  a  number  5'  <  B  can  be  bo  chosen  that 
|2W«.y)l<«l«l". 

where  e  is  an  arbitrarily  chosen  positive  number,  provided  |  x  \  <  8',  \y\=  |  *  j. 
In  a  similar  manner  we  can  shew  that  8'  can  be  so  chosen  that 

|iU(*y)l<«l»h 

provided  ja|S|y|,  and  |yj<8'. 

Let  now  the  upper  and  the  lower  limits  of  Gn  (x,  y),  for  a  constant  value 
of  x,  and  for  all  values  of  y  such  that  \y\&\x\,  be  denoted  by  Gn (x,  $  (#)), 
Gn  (x,  <f>  (*))  respectively.  Also  let  the  upper  and  the  lower  limits  of 
Gn  (x,  y),  for  a  constant  value  of  y,  and  for  all  values  of  x  such  that  | w\  S  | y  \, 
be  denoted  by  (?„  {-^  (y),  y),  Gn  (^  (y),  ,'/)  respectively.  We  have  then, 
provided  |a;j<S',  and  jy|g|a:j, 

G.(*.  £<*))- «M*</tev)-/(0,0)<ffm(**(•))  +  «|«|,,; 

also,  provided  \y\<8',  \se\g\y\,  we  have 

Gn(f(y),  y)-e\y\n<f(x,  y)~  f  (0,0)  <Gn(^(y),y)+e\y\'\ 

First,  let  us  assume  that  Gn  (0,  0)  is  a  proper  minimum  of  Gn  (x,  y),  and 
that  the  conditions  of  the  theorem  are  satisfied.  By  the  theorem  of  §  242, 
Gn(x,  <b (x )),  Ga(ty{y),  y)  are  both  positive,  for  sufficiently  small  values  of 
x  and  y\  we  may  suppose  §■'  to  be  .ho  small  that  these  conditions  are  satisfied, 
provided  | as \ < S',  \y\<B'. 

We    have    then    Gn  (as,  0  (a»))  £  c  ]  x  | ",   if    0  <  |  af  |  <  8',   ]  y  ]  £  |  a  | ;    and 

<?»<t(y).y>  =  c|y|B.  if  0<y<8',  |»|d|y|. 
It  now  follows  that 

(o— )|.|"</(*»)-/(0.0),  for  o<M<S',  |»|a|»|. 
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and  that 

(o-.)|y|  "</(«,  </)  -/(0,0),   for   0<!i/j<o",   \m\S\y\. 

Since  e  can  be  chosen  so  as  to  be  less  than  e,  we  aee  that  /(j;,  y)  —  /(0,  0) 
is  positive  for  all  values  of  a;  and  ?/  such  that  0  <  |  $  j  <  &',  0  <  |  y  j  <  8',  and 
therefore /(0,  0)  is  a  proper  minimum  of/{#,  y). 

Next,  let  us  assume  that  G„(0,  0)  is  a  proper  maximum  of  Gn(x,  y);  then 
Gn(®,  <£(«)),  Giity  ('!/),  y)  are  both  negative,  for  sufficiently  small  values  of 
;c  and  i/.     "We  therefore  assume  that 

ff.fo*(«))S-.|«|-,   for   0<M<8',   and   |y|S|»|; 
and  that 

Wrt).j)s-'!j!',  'or  0<|»|<8',  |s|s|y|. 
We   have   then  /(«,  y)-/(0,  0)<  -(c  -  e)  |  a'jn,  for   0<|irj<S',   and 
|y|S|»|;  and«Uo/(*,!r)-/(0,0)<-(o-e)ljl",forO<|y|<S',  |*|S|y|. 
Since  e  may  be  taken  to  be  <  c,  it  follows  ths,tf(0,  0)  is  a  proper  maximum 
of /(<r,  !/)■ 

Lastly,  let  us  assume  that  G'„(0,  0)  is  neither  a  maximum  nor  a  minimum 
of  (?„(«,  y).     In  this  case  we  may,  for  example,  assume  that 

ft,,  («,  0  (»))  a  on",  ff„  («,,  £  («))  a  -  m»  for  0  <  *  <  S. 

We  have  then,      /(«,  ?  («))  -  /(0,  0)  >  (o  -  e)  it", 

and  /(*+(«»-/(0,0)<-(o-<).f, 

provided  0  <£<§".  Since  e  may  be  taken  to  be  less  than  c,  these  two 
differences  are  of  opposite  signs ;  therefore  /(0,  0)  is  neither  a  maximum  nor 
a  minimum  of  f{m,y). 

It  should  be  observed  that  this  theorem  does  not  always  suffice  to  decide 
whether  the  point  (0,  0)  is  a  point  at  which  f(x,  y)  has  an  extreme  value, 
or  not.  For  it  may  happen  that,  for  a  given  function/ (a;,  y)  of  the  assumed 
type,  no  value  of  n  can  be  determined,  for  which  the  conditions  stated  in  the 
theorem  hold,  and  therefore  the  theorem  is  inapplicable  however  great  n 
may  be  taken. 

If  f(x,  y)  =  [u  (.r,  y)f,  where  u  (/>',  y)  vanishes  at  points  of  a  locus  which 
passes  through  the  point  (0,  0),  then  the  function  f(w,  y)  is  one  for  which  the 
theorem  is  inapplicable  ;  the  point  (0,  0)  is  in  this  case  a  point  at  which 
f(x,  y)  has  an  improper  minimum. 

In  general  the  theorem  is  inapplicable  in  the  case  of  any  function  which 
attains  the  value  zero,  at  points  other  than  (0,  0),  in  every  neighbourhood  of 
that  point,  but  which  has  one  and  the  same  sign  at  all  points  at  which  it  does 
not  vanish. 
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371.  The  simplest  case  in  which  the  theorem  of  §370  can  be  applied  is 
that  in  which  the  function  Gn(x,  y)  is  a  homogeneous  function  of  degree  n. 
For  such  a  function  Gn  (x,  y),  three  cases  arise. 

(1)  If  Gn  (x,  y)  be  a  definite  form,  i.e.  if  67„  (x,  y)  has  one  and  the  same 
sign  for  all  values  of  (x,  y)  except  (0,  0),  then  Gn  (0,  0)  is  a  proper  minimum, 
or  a  proper  maximum,  according  as  that  sign  is  positive  or  negative. 

(2)  If  (?„  (x,  y)  be  an  indefinite  form,  i.e.  if  there  are  points  in 
every  neighbourhood  of  (0,  0)  at  which  Gn  (x,  y)  is  positive,  and  others  at 
which  it  is  negative,  there  are  other  points  besides  (0,  0)  at  which  the 
function  vanishes,  and  there  is  no  extreme  of  the  function  Gn(x,  y)  at  the 
point  (0,  0). 

(3)  If  Gn(x,  y")  be  scini-delinite,  i.e.  if  G„(x.  if)  vanishes  at  points  other 
than  (0,  0),  but  has  a  fixed  sign  at  all  points  at  which  it  does  not  vanish, 
then  (9.„(0,  0)  ii  an  improper  extreme  of  Gn(x,  y). 

It  should  be  observed  that,  if  n  be  odd,  Gn  (w,  y)  is  necessarily  an  in- 
definite form. 

It  wilt  be  shewn  that,  when  Gn(x,  y)  is  definite  or  indefinite,  it  satisfies 
the  conditions  stated  in  the  theorem  of  §  370 ;  accordingly  f(x,  y)  has  a 
proper  maximum  or  else  a  proper  minimum,  when  G,,_  (,-r,  y)  is  a  definite  form  ; 
and/(aj,  y)  has  no  extreme  when  (?„{«,  y)  is  an  indefinite  form. 

When  G,,(x,  y)  is  a  semi-definite  form,  no  conclusion  can  be  drawn  as 
to  the  existence  of  an  extreme  of  the  function  f(x,  y),  as  the  conditions 
contained  in  the  theorem  of  •;  870  are  not  satisfied. 

If  Gn(x,  y)  be  definite,  it  is  of  the  form 

e.(«1j)-J*i'[(y-*«)'tV4 

where  n  =  2k.     Let  us  assume  that  A  is  positive ;  then 

<?„(,»,j,)Sitn*v.< 

for  all  values  of  x  and  y  ;  it  follows  that  the  first  condition  of  the  theorem  is 
satisfied. 

The  case  in  which  A  is  negative  may  be  treated  in  a  similar  manner. 


hence  |  <?„  (f  (y),  y)\>\Gn(f  (y),  y)\Z\A\y*h  -^-, ; 

and  therefore  the  second  condition  of  the  theorem  is  satisfied. 
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Next  let  Gn(x,  y)  be  an  indefinite  form;  in  which  case  Gn(x,  y)  has 
neither  a  maximum  nor  a  minimum  at  (0,  0).  Let  (x',  y')  be  a  point  at  which 
G-n(x\  y')>  0;  and  first  suppose  that  |  y'\  &  \  w'\,  80  that  |at'|>  (J. 

Let  x,  ybe  audi  that  y\x  =  y'\x' ,  and  let  .*,,'''  have  the  same  sign  ;  we  have 
(■•n  (x,  y)  >  0,  and  it  follows  that 

e„(*?<.»£3jKj!2|,,|->a 

Next  suppose  that  J#'|  3  jy'|,  so  that  |j/'|>0;  we  then  shew  in  the  same 

■  that 


where  y  has  the  same  sign  as  y'. 

Since  there  are  also  values  of  (as',  y')  such  that  Gn(x',  y')<0,  i 
shew  as  before  that 

where  x  and  x'  have  the  same  sign,  and  that 


where  y  has  the  same  sign  as  y'.  It  has  thus  been  established  that,  when 
Gn(x,  y)  is  an  indefinite  form,  the  conditions  of  the  theorem  of  §  370  are 
satisfied. 

The  following  general  result  has  now  been  obtained: — 

If  f  (»,  V)-f  (0>  0)  be  of  the  form  Gn  (x,  y)  +  i^+i  (*,  y),  where  Gn  (x,  y) 
is  a  homogeneous  function  of  degree,  n,  then,  if  n  be  odd,  /(0,  0)  is  not  an 
extreme  of  f(x,  y").  If  n  be  even,  and,  (?,,  (;/;,  y)  be  a,n  indefinite  form,  /  (0,  0) 
is  not  an  extreme  of  f(ir.,  y).  If  Gn(ai,  y)  be  a.  definite  form,  f(0,  0)  is  a 
■proper  minimum,  or  a,  proper  maximum,  of  f(x,  y),  according  as  Gn{x,  y) 
is  positive  or  negative.  If  G„  (x,  y)  be  a,  semi- definite  form,  no  conclusion  can 
be  drawn  from  the  consideration,  of  (fix,  y)  by  itself,  as  to  the  existence  or 
non-existence  of  an  extreme  of  f(x,  y)  at  the  point  (0,  0). 

372.  When  those  terms  in  the  expansion  of  f(x,  y)  in  powers  of  *  and  y, 
which  are  of  the  lowest  degree,  give  a  semi-definite  form,  it  is  necessary  to 
take  a  value  of  n  greater  than  this  lowest  degree ;  we  have  therefore  to 
consider  the  case  in  which  Gn(x,  y)  is  not  homogeneous.  We  have  then,  in 
order  to  apply  the  theorem  of  §  242,  to  Gn  (x,  y),  to  determine  the  four 
functions  Gn  («,  4>  (»)),  Gn  (x,  f_  (»),  Gn  (^  (y),  y),  Gn  (£  (y),  y).  The  values 
y  —  <p  (x),  y  =  <f>  (at),  may  be  either  in  the  interior,  or  at  the  ends  of  the 
interval  (-  x,  x).     In  the  former  case  they  must  be  such  as  to  satisfy  the 
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condition   -  -~  -— =  0;  in  the  latter  case  they  will  in  general  not  satisfy 

this  condition,  although  they  may  do  so.     The  method  of  procedure,  by 
which  G„  (x,  $  <#)),  Gn  (as,  0  (x))  may  be  obtained,  is  to  obtain  the  various 

solutions  of  the  equation  --"j  '       =  0,  in  which  y  is  expressed  as  a  series  of 
ay 

fractional  or  integral  powers  of  x;  only  such  values  of  y  need  be  considered, 

as  vanish  for  m  —  0. 

Let   y  =  P,(x),   y=Ps(x),  ...y  =  PT{x)   denote   these   series;    we   then 

form  the  expressions  Gn(x,  -x),  Gn{x,  x),  Gn(m,  P,  («)),...  ff«(»,  Pr  (*)). 

It  is  certain  that  the  two  expressions  (?„(&,  0  («')),  GR(x,  <£(#})  must 
both  occur  amongst  these  r  +  2  expressions,  and  a  comparison  of  the  leading 
terms  of  these  expressions  will  unable  us  lo  identify  the  two  expressions 
required.  If  the  indices  of  the  leading  tennis  in  G„(x.  <£  (;<■)),  Gll(x,  $(#)), 
are  not  greater  than  n,  the  first  condition  of  the  general  theorem  is  satisfied, 

A   similar    method,   in   which    the    equation        -\  '  "  =  0    is   employed, 
will  lead  to  the  determination  of  G„  (■$•  (y),  y),  G„.(-ty(y),  y). 

The  details  of  the  investigation  have  been  fully  carried  out  by  Scheeffer, 
who  employs  the  somewhat  more  symmetrical,  but  practically  less  simple, 
method,  in  which  x  and  y  are  expressed  as  series  involving  a  single 
parameter. 

When,  for  any  value  of  n,  the  result  of  this  process  is  that  (f„  (w,  y)  is  such 
that  the  conditions  contained  in  the  theorem  of  •;  370  are  not  satisfied,  a 
larger  value  of  n  in  which  more  terms  of/(/j;,  y)  arc  included  in  Gn  (x,  y) 
mast  be  taken,  and  the  process  repeated  until  a  definite  result  is  obtained. 

EXAMPLES. 

1.  Let  f(x,  y)-/(0,  0)=ax>+2/ucy+by*+Es(x,  y).  The  form  a^  +  Uxy  +  by1  is 
definite  if  ab-lfi  in  positive ;  in  this  cjwc  f'.O,  0)  i^  it  proper  minimum  or  a  proper 
maximum  of  f{x,  </},  itcuoi'iliny  u.n  •<  ia  positive  or  negative.  If  ab~  k2  is  negative,  then 
ax^  +  ^hxy  +  by1  is  an  indefinite  form,  and  in  that  case  /(0,  0)  is  not  an  extreme  off  {x,  y). 
If  ab  —  A2  =  0,  the  form  (i;vi-\-'-lh,vit  +  by-  \-,~;  *eini-dcliiiit^,  aod  no  conclusion  can  he  drawn  as 
to  the  existence  of  an  extreme  of  f(x,  y).  It  will  be  necessary  in  the  last  case  to  con- 
sider terms  of  order  higher  than  -1  as  included  in  G„  (.t,  y).  By  taking  n  =  3,  4,  ...  a 
function  Gx(x,y)  may  be  determinable-  which  ^atinfioiJ  the  condition*  of  the  theorem 
of  §  370. 

3.*     hot  f(v, y)  =  - a,/-  +  -2b,v-i;  +  c j.1  +  R.-, (:<i,y),  where  «  is  positive;  in  this  case  we  have 

^^(ay  +  bx°-\ 

*  See  Btota,  G-run&ztige,  vol.  i,  p.  234. 
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and  this  vanishes  fur  y  =  — a-3.     We  have 

and  ffjfa:,  --a:2)  = j»*. 

It  Mows  that  <?4  [*,  -  a)  or  <?,  to  *)  is  the  value  of  fft{«,  $  (#)),  and  that  G4  f#,  -  -  sM 

ia  that  of  <¥4  to  0  (a?)).    If  tw  -  6a  he  negative,  the  two  expressions  67,  (*,  0  (a)),  <?,(#,  £(*)) 
have  opposite  signs:   r.hereCore  /'((>.  0)  is  not  an  extreme  of  f{x,  y).     If  ao-b2  be  positive, 

the  two  expressions  are  both  positive,  and  I  lie  iirst  condition  of  the  general  theorem  is 
satisfied,  sinw;  the  indices  of.-.'  in  the  leadhig  terms  are  not  greater  than  ■•!. 


.♦.?& 


We  find  that^p=0  has  for  roots  .*=  +  */  -  — ,   and  .c=0;    we  thus  form  the 

expressions  <?4(0,  y)=ay\     Gi(±y,  y)=ayi+2bf+cy\ 

It  is  unnecessary  to  consider  the  roots  .%  =  +  ./  -   ■'  ,  because.  Cor  sufficiently  small 

values  of  y,  \x\>'y\,  and  thus  these  roots,  eon  id  not  give  the  extremes  for  |;c|<|i/|. 
Remembering  that  a  and  c  are  both  positive,  lot.  i*j£0,  then  the  value  of  (?4  (ty{y),  y)  is 
aya  +  2Sj/3  +  <3<4,  and  that  of  f/.,  (^ ;)/),  y)  is  <',</- ;  these  values  being  both  positive,  we  see 
that  6r4(0,  0)  is  a  proper  minimum  of  G4!x,y).  The  same  conclusion  may  be  made 
when  6^0.  Therefore,  when  a«-&2>0,  «>0,  since  the  conditions  of  the  theorem  of 
§  370  are  satisfied,  f(x,  y)  has  a  proper  minimum  at  (0,  0).  If  ac-V>0,  a<0,  there 
is  a  proper  maximum.     If  ac-b'i=0,  we  have 

f{x,y)=\(ay+btff+R&,y); 

hence  Gf(x,  y)  has  an  improper  extreme  at  (0,  0),  and  no  conclusion  can  be  drawn  as 
regards  f{m,  y). 

dy 

Gs(x,  -i^)=-ix*; 
also  Gs(x,  x)*=a?+st?,      0a  (*, -*)=*»-**. 

It  is  clear  that,  in  this  case,  6';,  (.i1,  f/i :;.£);,  f/; (.';, <j>[x))  have  opposite  signs,  provided  A' 
be  sufficiently  small,  therefore  U{x,  y)  has  no  extreme  at  the  point  (0,  0).     Since 

(?* (ff,  £(*))= -i.^, 
it  is  not  the  case  that    O..;.,:.  ijj(.r))\±r:\:i:  ■".  for  any  value  of  /:,  in  a  neighbourhood  of  ^=0; 
the  theorem  of  (j  370  is  therefore  not  applicable.   No  information  is  obtained  as  to  whether 
/(#,  y)  has  an  extreme  at  fO,  0),  or  not.     It  will  in  fact  be  shewn,  in  the  next  example, 
tbaty'i+x'iy+.V>  has  a  minimum  at  (0,  0). 

4.     Let  f(s:,y)^+afly+^  +  B6(x,  y).     We  find  -=-i  =  2y+,^,  hence 

dy      }  §lves  y~      **  ' 
hence  <?«(#,  - £*»)  =  £;&*+...! 

also  (?*(#,*)=««+*«+**      (?*{*,  -*)««■-«»+*». 


3.*     Let  /(^,  !/)=/- H-,riy  +  ft,  (.*,«).     We  find    '„■- -2y  +  a.,a,  and  thence  we  have 
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In  this  case  Gt  (x,  $(x)),  ff4 (jj,  ^ (*))  are  both  positive,  and  are  greater  than  c|#|4  for  a 
fixed  e.  It  can  be  shewn  that  the  other  condition  is  also  satisfied.  It  follows  that  fix,  y) 
has  a  minimum  at  (0,0). 

5.     Let  /(*,  y)  =  ^#4-3tff  +  tfiy<>-3%f+S8-10xWt/  +  5x'*  +  Rl3(x,y). 

In  this  case  ■„"I:!  =  0  has  the  three  roots 

y=&5*+ ...,   y=-^xs-^xi+  ...,   y  =  2xs  +  °xi  +  .... 

On  substituting  these  values  in  Gvi{x,y),  and  forming  also  G^lx,  x),  G,s(x,  -x),  we 
find  that  G,^(x,  -<p(x))  is  G{x,  -x)  or  (?(#,#)  according  as  x  is  positive  or  negative;  and 
the  expression  commence,-;  with  the  term  nfl.  We  find  for  G12(x,<l>(x})  an  expression 
-4*10+....  Since  6-\,:>,  4>{.v')),  <-'l-A\.c,  <\>{x))  have  opposite  signs,  it  fallows  that  (0,0)  is 
not  a  point  at  which  G^  (>,  y)  h;is  an  extreme.  Since  the  indices  of  the  leading  terms  of 
Ga(x, ij>{x)),  Gn(x,p(x))  are  both  less  than  12,  the  condition  of  the  theorem  of  §  370  is 
satislieil,  nnd  we  can  therefore  in  for  t';i;i-t/i>,  y)  has  no  extreme  at  (0,0). 


FUNCTIONS    KKl'llKSl'lNTAliLH    !!V    SKJ.UIW    OV    COX  TIN  I  JO  US    FUNCTIONS. 

373.  Before  proceeding'  to  consider  the  most  general  class  of  functions 
which  are  representable  as  the  limits  of  sequences  of  continuous  functions, 
and  therefore  by  infinite  series  of  which  the  terms  are  continuous  functions, 
we  shall  first  examine  the  case  in  which  the  function  to  be  represented  is 
itself  continuous  in  a  given  interval. 

The  following  general  theorem  is  due  to  Weierstrass*  : — 

If  a  function  /(■■'■')  be  continuous  throughout  a  given  interval  (a,  6),  and 
if  B  be  an  arbitrarily  chosen  positive  number,  a  finite  gulgnonrktl  P  (ai)  can  be 
found  such  that  !  f(x)  -  P  (%)  j  <  S,  for  every  value  of  a  in  (a,  b). 

In  order  to  prove  the  theorem,  it  is  convenient  first  to  consider  certain 
special  cases.  Let  a  function  y  be  defined,  for  the  interval  (-a,  a),  by  the 
specifications  y  =  mm,  for  0  £  <c  &  a,  and  y  =  —  mm,  for  -  a  5  m  &  0 ;  thus 
y  is  the  continuous  function  which  is  represented  geometrically  by  portions 
of  two  straight  lines  which  meet  at  the  origin  and  are  equally  inclined  to 
the  as-axis.     The  function  is  represented  in  the  whole  interval  (—a,  a)  by 


y  —  via    1 


where  the  positive  value  of  the  radical  is  to  be  taken  ;  the  expression  for  y 
can  be  expanded  by  the  Binomial  Theorem  in  a  series  of  powers  of  —  - 1, 

*  Silztiii<<sht>.r.  of  the  Berlin  Acad.,  1HH-1.  The  proof  given  here  is  rjubistaniially  that  due  to 
Lebesgue;  see  Bulletin  de»  Sciences  Math.,  aer.  2,  vol.  sxn  (1),  p.  278,  1898.  Other  proofs  have 
been  given  by  Ficarcl.  Traili-  d'Aiutlysr,  vol.  J,  p.  'J58  ;  liy  YolkrriL,  Rend,  del  Gircoln  mat.  di 
Palermo,  1SSI7,  p.  S3;  by  Mitlas-Jioiller,  Raul,  del  Ch-cuh.i  mat.  di  Palermo,  1900;  by  Larch, 
Ada  Math.,  vol.   xxvii,  u.  339.      Sou  also    Herein    1,«v«k  stir  to  foitclwim   de  variable!  re~elle$, 
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and  this  series  converges  uniformly  in  the  whole  interval.  In  this  manner, 
by  taking  one,  two,  three,  &c.  terms  of  the  series,  we  obtain  a  sequence  of 
polynomials  in  x  which  converges  uniformly  to  the  value  of  the  function ;  and 
thus  this  particular  case  of  the  general  theorem  has  been  established. 

Next,  let  the  function  y  be  defined  for  the  interval  (a,  b)  as  follows  :— 
Let  y  =  0,  for  a  £  x  £  o,  and  y  =  m  (te  —  c),  for  c  £  x  £  b,  where  c  is  a  fixed 
number  between  a  and  b  ;  this  function  is  represented  geometrically  by  the 
portion  of  the  .-r-axis  between  the  points  a  and  c,  and  by  the  portion  of  the 
straight  line  y=m(je  —  c)  between  the  points  c  and  b.  The  Junction  may 
be  represented  by 

m  .      I  m  .         ,  I 

y-8<«-")  +  |2(«-«)|. 

and  since,  as  has  been  shewn  in  the  last  case, 

\-(x-c)\ 

is  representable  as  the  limit  of  a  sequence  of  polynomials,  the  same  is  true 
of  the  function  now  considered. 

Next,  let  (a,  b)  be  divided  into  a  finite  number  of  intervals 
(a,  ah),  (*1?  a;s).  (xu  **>>)'  ■•■(»»-*.  &)> 
and  let  ordinates  to  the  #-axis  be  erected  at  the  points 

a,  x,,  !Ca,  ...  #,,_lt  b, 
the  extremities  of  these  ordinates  being  denoted  by 

P,  Pu  Pt,  ...  P_,  Q. 
Let  the  consecutive  pairs  of  these  points  bo  joined  by  straight  lines,  an  open 
polygon  PPjP-2  ...  Q  being   thus  formed;   it  will  be  shewn  that   the   con- 
tinuous function  <f>  (je)  defined  by  the  ordinates  of  this  open  polygon  is  such 
that  a  polynomial  P(x)  can  be  found,  such  that 

I +  (•)-.?  (•)!«,, 

for  every  value  of  #  in  (a,  b).  It  is  clear  that  the  function  <p(w)  can  be 
expressed  as  the  sum  of  n  functions 

*(»),  *,(•), ...  *„(«), 

which  are  such  that  <f>,  (x)  is  linear  in  the  whole  interval  (a,b);  rf>,(«)  vanishes 
in  the  interval  (a,  #,),  and  is  linear  in  the  interval  (xs,  b);  <f>s(x)  vanishes  in 
the  interval  (a,  x?),  and  is  linear  in  the  interval  (*,,  x,',)\  and  generally  <£.,(*) 
vanishes  in  the  interval  (a,  #,_]),  and  is  linear  in  the  interval  («s^_lf  6).  Since 
polynomials  satisfying  the  prescribed  conditions  ean  be  found  for  each  of  the 
functions 

*,(•),  ♦.(•),...*.(»), 

the  theorem  is  established  for  the  function  <£{&). 
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In  the  general  ease  in  which  f(w)  is  any  function  continuous  in  (a,  h),  it 
follows  from  the  known  theorem  that  f(x)  is  necessarily  uniformly  con- 
tinuous in  (a,  b),  that,  if  e  be  a  prescribed  positive  number,  the  interval  can 
be  divided  into  parts  (a,  %,),  (a^,  »2), ...  («„_,,  b),  such  that  the  fluctuation  of 
f(x)  in  each  of  these  parts  is  <  e. 

If  tfi  (x)  denotes  the  function  considered  above,  which  we  take  to  be  equal 
to  /(as)  at  each  of  the  points  a,  #,,  a?j,  ...  6,  and  to  be  linear  between  each 

consecutive  pair  of  these  points,  we  see  that 

in  the  whole  interval;  and  as  it  has  been  shewn  that  a  polynomial  P(-c) 
exists,  such  that 

\+(m)-P(m)\<v, 

it  follows  that  |  f{x)  -  P  (as)  \  <  e  + v ; 

hence,  since  e,  t)  are  both  arbitrarily  chosen,  Weierstiass'  theorem  has  been 

established. 

If  Bi,  52, ...  S»,  ...  be  a  diminishing  sequence  of  positive  numbers  which 
converges  to  the  limit  zero,  then  a  sequence  of  polynomials 

p,w,  p,(«), ... 

can  be  found  such  that 

|/(«>-p,«|<  s„  |/(.)-p,(.)|<v  ...  |/w-p„W!<s„  ... 

for  all  values  of  ce  in  (a,  h). 

Since  the  sequence  of  polynomials  P,  (%),  P2  (x), ...  P„  (x),  ■  ■  •  converges 
uniformly  to  /(#)  as  their  limit,  f(x)  may  be  regarded  as  the  sum-function 
of  the  uniformly  convergent  series 

P1(«)+[i,,W-P1(«)]  +  ...  +  [P.(«)-P„(«)]  +  ...; 

thus  the  following  theorem  has  been  established: — 

If  f(x)  he  a-  function  which  is  continuon s  throughout  the  interval  (a,  0),  the 
function  is  expressible  as  the  limiting  sum  of  a  uniformly  convergent  series,  of 
which  the  terms  are  finite  polynomials. 

Weierstrass'  theorem  may  be  extended  to  the  case  of  functions  of  any 
number  of  variables.     The  general  result  may  be  stated  as  follows: — 

A  function-  defined  for  any  cloned  domain,  1),  and  continuous  in  that 
domain  with  respect  to  (xlt  x2, ...  xn),  can  be  represented  -in  that  domain  by 
a,  series  of  polynomials  which-  converges  n.nijvr  inly  ami  absolutely  in  D. 

For  a  proof  of  this  theorem,  and  for  a  discussion  of  the  methods  of 
Lagrange  and  Tchebieheff  for  the  approximate  representation  of  functions  by 
series  of  polynomials,  reference  may  be  made  to  Borel'a  Lecons  sur  les 
functions  de  variables  reelles,  Chapter  iv. 
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374.  The  question  which  arises  as  to  the  nature  of  the  most  general 
function  that  can  be  represented  in  a  given  interval  as  the  sum  of  a  series 
of  continuous  functions  which  converges  at  every  point  in  the  given  interval, 
has  been  completely  answered  by  Baire,  whose  result  is  contained  in  the 
following  general  theorem*: — 

The  necessary  and  sufficient  condition  that  a  function  may,  in  a  given 
interval,  be  reprresentable  as  the  saw,  of  a  series  of  contra) tons  functions  which 
converges  at  every  point  to  the  value  oj  the  function,  is  that  the  given  function 
shall  be  at  most  point-wise  diwuntinuous  with  respect  to  every  perfect  set  of 
points  in  the  given   interval. 

It  will  be  in  the  first  place  assumed  that  the  given  function  is  limited  in 
its  domain. 

To  shew  that  the  condition  stated  in  the  theorem  is  necessary,  let 
«i  («)  +  «.(«)  +  .  ..+■.(*)  +  ... 
be  a  series,  such  that  the  functions  w„  (x)  are  all  continuous  in  a  given 
interval  (a,  b),  and  such  that  the  series  converges  for  every  point  in  (a,  6). 
Instead  of  the  function  s„  (.'/;),  we  may  consider  the  transformed  sum-function 
s(x,y),  as  defined  in  §  349.  This  function  is  defined  for  every  point  in  the 
rectangle  bounded  by  the  four  straight  lines  as  =  a,  a>  =  b,  y=0,  y=\,  and  is 
everywhere  continuous  with  respect  to  y\  it  is  also  everywhere  continuous 
with  respect  to  x,  except  upon  the  axis  y  =  0,  upon  which  its  properties  are 
to  be  investigated.  The  function  s(;d,  y)  falls  under  the  case  investigated  in 
|  244,  where  it  is  shewn  that  in  every  portion  of  a  continuous  curve 

there  exist  points  at  which  s(m,  y)  is  continuous  with  respect  to  (x,  y).  In 
particular,  on  the  axis  y  =  0,  there  must  in  every  interval  be  points  at  which 
s(x,  y)  is  continuous  with  respect  to  (w,  y),  and  a  fortiori  with  respect  to  x; 
thus  the  function  ,■>■  (x,  0)  which  represents  the  limiting  sum  of  the  series  is 
at  most  point-wise  discontinuous  with  respect  to  x.  The  same  result  holds 
if  only  such  values  of  cc  are  taken  into  account,  as  correspond  to  the  points 
of  any  perfect  set  in  the  interval  (a,  b);  hence  it  has  been  shewn  to  be 
a  necessary  property  of  the  sum  of  a  convergent  series  of  continuous 
functions  that  it  is  at  most  point-wise  discontinuous  with  respect  to  every 
perfect  set. 

s  The  theorem  la  fully  developed  in  Baire's  memoir,  "  Sur  les  functions  de  variables  reelles," 
Aanali  di  Mat.  ser.  in.  a,  vol.  in,  IHitO  -  jlIscj  in  his  r.reiLtisii  l.i:<;on,i  stir  Itw  fonctians  disc<m- 
Unties.  He  has  prove  J  the  ifiillicieney  o:  [he  cor.dii  ion  o.iore  siic{-i!icoi,i  in  the  Balh-.tin  de  la,  Sec. 
Math,  de  France,  vol.  xxvm  ( 1.900)  ;  this  is  the  proof  given  in  the  text.  Another  proof  of  the 
theorem,  of  a  very  instructive  character,  has  been  given  by  Lubes£u«  in  Borel'H  Lecom  sur  les 
fonetions  de  vari.ii.blen  reeiie.:;,  pp.  149-  15,'.  Kfi:  also  Ijrbcsip.Lu'i  memoir  "Sur  les  fonetions 
representables  aua,:yii.[uw.iient,'!  IAtmi:i!.W.i  Journal,  ser.  6,  vol.  r,  1905.  where  the  theorem  is 
proved,  anil  also  generalised. 
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In  order  to  prove  that  the  condition  stated  in  the  theorem  is  sufficient, 
let  us  suppose  that  a  function  /(.<■)  is  defined  for  the  domain  (0,  1),  and  is  at 
most  point-wise  discontinuous  with  respect  to  every  perfect  set  of  points 
contained  in  that  domain  ;    it  must  then  he  shewn  that  a  sequence 

of  functions  can  lie  determined  which  converges  at  every  point  of  (0,  1)  to  the 
value  off(x). 

If  p  be  a  positive  integer,  the  points 

where  a,  is  a  positive  integer,  will  he  called  principal  points  of  order  p; 
the  interval 

\   2?    •      2?   j 

of  which  the  centre  is  ~,  will  be  called  a  principal  domain  Dp  of  order  p; 

the  domains  with  centres  0,  1,  of  order  p,  will  he  taken  to  be  the  intervals 

(0,  p),    (l-gf.    ^respectively. 

A  point  P  of  (0,  1)  belongs  to  two  domains  of  order  p\  the  centres  of  these 
domains  will  be  called  the  principal  points  of  order  p  associated  with  P. 

The  problem  of  constructing  the  required  sequence  of  functions  is  re- 
ducible to  the  following  problem: — 

(A)  To  determine  a  number  0(1'),  corresponding  to  each  principal 
domain  U,  which  is  such  that,  having  given  any  point  P  and  a  positive 
arbitrarily  chosen  number  e,  there  exists  an  interval  with  centre  P,  such 
that,  for  every  principal  domain  D  entirely  contained  in  the  interval,  and 
containing  P,  the  number  <$>{]))  differs  from  /'(/')  by  less  than  e. 

If  the  numbers  tf>(D)  have  been  determined,  the  functions  fp  can  be 
constructed  as  follows : — At  each  principal  point  Q  of  order  p,  let  fp  have  for 
its  value  that  of  <fi  (D)  corresponding  to  the  domain  of  which  Q  is  the  centre. 
Then  let  fP  be  made  continuous,  and  such  as  to  have  at  every  point  P 
a  value  intermediate  between  the  greater  and  the  lesser  of  its  values  at  the 
principal  points  of  order  />,  associated  with  P  ;  for  example  fp  may  be  taken 
to  be  linear  with  respect  to  ai,  between  each  consecutive  pair  of  principal 
points.  Now  take  an  interval  with  centre  P  satisfying  the  condition  stated 
above;  when  p  exceeds  a  certain  value,  the  principal  domains  of  order  pt 
which  contain  P,  are  interior  to  this  interval ;  hence  the  values  of  fp  at  the 
principal  points  associated  with  P  differ  from  /(/')  by  less  than  e;  and  the 
same  is  true  of  the  function  /P(P).  Hence  it  follows  that/(P)  is  the  limit 
of  fp  (P),  when  p  is  indefinitely  increased. 
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Before  we  proceed  to  shew  that  the  problem  (A)  can  he  solved  for  the 
case  of  any  function/ which  is  at  most  point-wise  discontinuous  relatively  to 
every  perfect  set  of  points,  it  will  be  shewn  that  the  problem  is  capable  of 
a  very  simple  solution  in  the  case  in  which  /  is  a  semi-continuous  function. 
Let  us  suppose  that/is  an  upper  semi- continuous  function.  In  each  domain 
I),  let  4>(D)  be  the  maximum  of/  in  that  domain,  then  the  conditions  of  (A) 
are  satisfied ;  for  an  interval  with  P  as  centre  can  be  found  in  which,  at  every 
point  P',/(P')</(P)  +  e.  If  D  is  contained  in  this  interval,  and  contains  P, 
the  maximum  of  /  in  this  interval,  that  is  $  {!)),  lies  between  f(P)  and 
/(P)  +  €,  hence  the  conditions  of  (A)  are  satisfied.  It  has  thus  been 
established  that,  even/  fun-ction  f  which  in  scmi-coatiiw.ons  throughout  (0,  1) 
is  the  limit  of  a  seqamce  of  continuous  Jtmclivus,  and  in  therefore  representable 
as  the  sum  of  an  infinite  -scries  of  oov,tinv.ous  functions. 

To  solve  the  problem  (A)  in  the  general  case,  let  us  take  a  descending 
sequence  e,,  ea,  ...  e„,  ...  of  positive  numbers  which  converge  to  aero;  let  D 
be  a  principal  domain,  then  we  have  to  define  <f>  (D). 

Let  <7j  be  the  greatest  number  in  the  sequence  \e],  such  that  in  D  there 
are  points  at  which  the  saltus  off  is  S,  <r,;  let  P,  denote  the  set  of  points  in  D 
for  which  the  saltus  &i(/)£(r1.  If  the  perfect  component  P,a  of  P,  exist,  and 
if  f  be  not  continuous  relatively  to  Pta,  let  <7a  be  the  greatest  number  of  the 
sequence  [ej,  such  that  there  are  points  of  D  at  which  the  saltus  &>  (/,  P,a)  of 
/relatively  to  Pf,  is  S  er2 ;  let  P,  be  the  set  of  such  points.  In  this  manner 
we  obtain  closed  sets 

Pu  Pa,  P„  ...  P„,  ...  PB,  ...  P.  (1), 

all  contained  in  D,  and  a  corresponding  set  of  numbers 

all  belonging  to  the  sequence  {e}.  If  a  be  a  non-limiting  number,  rra  and  P„ 
are  derived  from  <r„_i,  P„_,,  just  as  cr2andP2  are  derived  from  <r„  P,.  If  a  be 
a  limiting  number,  Pa  is  the  set  common  to  all  the  sets  of  which  the  index  is 
less  than  a,  and  o-„  is  the  inferior  limit  of  all  the  <r's  of  which  the  index  is  leas 
than  a. 

It  is  clear  that,  if  y9  <  a,  then  Pp  £  P„,  and  o-e  S  a-a. 

It  has  been  shewn  in  §  74,  that,,  for  such  sets,  there  exists  a  number  a  of 
the  first  or  of  the  second  class,  such  that  P„  =  P„+1.    In  the  present  case  we 
must  have  P„  =  0  ;  for  if  P„  existed,  we  should  have 
P„  =  Ptt"  =  Ptt+1, 

and  there  would  be  a  positive  number  <r8+1,  such  that,  relatively  to  P«D,  the 
saltus  of/  at  every  point  is  S  o-„+1;  and  thus  /would  be  at  every  point 
discontinuous  relatively  to  the  perfect  set  P„n,  which  is  contrary  to  the 
hypothesis  made  as  regards  the  nature  of  the  function  /.     It  has  thus  been 
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shewn  that  a  number  ft  exists,  such  that  either  P$  is  enumerable,  in  which 
case  Pfln  =  Pfi+i  =  0 ;  or  else  such  that  Pfl°  exists,  but  f  is  continuous 
relatively  to  it,  in  which  case  also  Pp+1  =  Q. 

If  Pp  be  enumerable,  there  exists  a  number  7,  such  that  Ppf  consists  of  a 
finite  number  of  points;  we  then  take  for  <£(P)  some  number  between  the 
extreme  values  of/ at  the  points  of  P^;  it  having  been  assumed  that/  is  a 
limited  function.  If/  is  continuous  relatively  to  P&a,  we  take  for  $>{B)  any 
number  between  the  extreme  values  of  /in  Ppa. 

The  number  <p{B)  having  now  been  defined  for  each  domain,  it  must  be 
shewn  that  the  conditions  of  (A)  are  thus  satisfied. 

If  P  be  a  point  of  (0,  1),  let  t,  be  the  greatest  of  the  numbers  {e}  such 
that  the  saltus  of/  at  P,  a>P  (/)  £  t,  ;  and  let  Qs  be  the  set  of  points  in  (0, 1 ) 
at  which  at  (/)  =  Tj.  If  Q®  exists  and  contains  V,  and  if  the  function  is  not 
continuous  at  P  relatively  to  Qf,  let  rs  be  the  greatest  number  of  the  set  [e], 
such  that  top  (/  Qifl)  =  t3.  Let  Qa  be  the  set  of  points  in  (0,  1)  at  which 
o>  (/  Q,a)  5  t2  ;  proceeding  in  this  manner  we  obtain  a  set  of  closed  sets 

Q„  Q3>-  <2», ...  &, ...  Q. (3), 

all  of  which  contain  P,  and  a  set  of  numbers 


..(i). 


The  set  Q.  and  the  number  t„  depend  upon  Qa_s,  ra_,  just  as  Q2,  t2  depend 
upon  Qlt  t,,  in  case  a  is  not  a  limiting  number.  If  a  is  a  limiting  number,  Q„ 
consists  of  all  points  common  to  all  the  Q's  with  indices  lower  than  a,  and  t„  is 
the  inferior  limit  of  all  the  t's  with  indices  inferior  to  a.  As  before,  Q„  must 
vanish  after  a  certain  index,  and  thus  there  is  a  number  ij,  such  that,  either  Q," 
does  not  exist,  or  such  that  it  exists  and  does  not  contain  P,  or  else  such  that 
it  contains  P,  but  P  is  a  point  of  continuity  of  /  relatively  to  Q,°. 

Each  of  the  numbers  of  (4)  belongs  to  the  sequence  {e},  except  perhaps 
the  last  one  t,  ;  these  numbers  can  be  arranged  in  groups,  the  numbers  of  the 
same  group  being  equal  to  the  same  number  X  of  the  sequence  {e}.  The  index 
of  the  first  number  in  each  group  is  necessarily  a  non-limiting  number ;  for  if 
a  be  a  limiting  number,  as  t„  is  the,  inferior  limit  of  all  the  numbers  tv,  such 
that  a'<tt,  and  as  there  exists  only  a  finite  number  of  values  of  the  tv,  there 
are  numbers  a',  such  that  tv  =  t0.     We  can  write 

Tl  =T2  -...-T^-XtA 


The  number  of  groups  of  the  t's  may  be  finite,  say  k,  in  which  case  a*  =  ?) ; 
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or  else  the  number  of  groups  is  infinite,  in  which  case  X3,  X,,  ...  Xj,  ...  have 
their  limit  zero. 

Let  V'.  \i,  ■■■  *■&'>  ■--  be  the  numbers  in  the  sequence  [e]  which  imme- 
diately precede  the  numbers  \,,  \,  ...  \k, Let  E,  be  the  set  of  points  of 

(0,  1)  at  which  &>(/)  5X/;  let  ij,  be  the  set  of  points  of  Qa®  for  which 

.(/.  e.,0)iV; 

and  generally  let  Rk  be  the  set  of  points  of  Q™ak_,  for  which 

It  may  happen,  if  X!  be  the  first  number  of  [e],  that  no  number  \'  exists,  and 
thus  that  J?,  may  not  exist.  In  accordance  with  the  definition  of  the  sets  Q, 
the  point  7'  does  hod  belong  to  any  of  the  closed  sots 

R,,  R„  ...  Rk,  ...; 
hence,  whatever  h  may  be,  there  is  an  interval  with  centre  P  which  contains 
no  points  of  the  sets 

Bn  Mi,  . ..  -fift. 
Let  D  be  a  principal  domain  containing  P,  and  contained  in  the  interval ;  if, 
in  this  domain,  the  sets  P„  i'2,  ...  P„  are  defined,  all  those  of  these  sets  of 
which  the  index  is  equal  to  or  inferior  to  ah  coincide,  in  ]),  with  the  sets 

a,  a, ...  8., 

having  respectively  the  same  iudices:  in  fact,  there  is  in  D  no  point  at  which 

■  (/)«« 

whilst  there  is  at  least  one,  the  point  P,  at  which 

»(/)S\,(-T,), 

therefore  Oj  =  t,  ;  and  consequently,  inD,  l\  coincides  with  Q,.  It  will  be  shewn 
that,  in  D,  the  sets  P„,  QB  coincide,  if  a  S  «p ;  it  is  sufficient  to  establish 
the  proposition  for  a  non-limiting  number.  There  are  two  cases  to  be 
considered. 

(1)  If  a  be  not  the  index  of  the  first  term  of  a  group  in  (5);  let  us 
assume  (!■„_!  =  t0_! ,  and  that  P„_,,  Qa^  coincide  in  D.  According  to  hypo- 
thesis Ta  =  Ta_!,  so  that  at  P  the  saltus  relatively  to 

is  =  t„  ;  therefore  u„.  which  cannot  exceed 

is  identical  with  t„.     Therefore  _P„  is,  in  I),  identical  with  Qa. 

(2)  If  a  be  the  index  of  the  first  term  of  one  of  the  groups  in  (5),  say 
oj  + 1,  (8  <  h),  we  assume  Pae  =  QH ;  in  the  set  Q%  the  saltus  at  P  is  greater 
than  or  equal  to  \s+l.    As  D  contains  no  point  of  Bj+lJ  the  set  of  points  where 

if  {f,  Q°«,)SX'a+i, 
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we  have  <ra5+1  =  \&+1  =  t^+i ; 

hence  P«s+i,   Qas+i 

coincide  in  B.     It  has  now  been  proved  by  induction  that  the  two  sets  are 

coincident  in  B. 

The  final  stage  of  the  proof  falls  into  two  cases  : — 

(1)  For  the  point  P,  the  number  of  groups  in  (5)  may  be  finite,  say  k ; 
then  a/c  —  r/.  The  set  Q,  exists,  but  Q,+:  does  not  exist.  There  are  then  two 
sub -cases. 

(l)a  If  Qia  does  not  exist,  or  exists  but  docs  not  containP;  the  point 
P  belongs  to  a  certain  set  Q,",  but  not  to  Q,"+! ;  P  is  therefore  an 
isolated  point  of  Q/.  An  interval  can  be  determined,  with  P  as  its 
middle  point,  containing  no  point  of  Q,"  except  P,  and  containing  no 
points  of  Ri,  Rz,  ...  P*.  If  B  is  a  domain  containing  P,  and  contained  in 
the  interval,  in  this  domain  l\  and  Q,  coincide  ;  whence  P/,  Q,"  consist  of  the 
one  point  P,  and  P,"+1  =  0.  In  accordance  with  the  definition  of  $  (D),  we 
h.ve  4,(D)=f{P). 

(1)6  It  may  happen  that  P  belongs  to  Qv°,  and  that  the  function  /  is 
continuous  at  P  relatively  to  Q,".  An  interval  can  be  determined,  with  its 
centre  at  P,  containing  no  points  of  P^,  P^,  ...  Rk,  and  such  that  the  saltus 
of  /  relatively  to  the  part  of  Q,a  in  the  interval,  is  <  e.  If  D  is  contained  in 
the  interval,  and  contains  P,  we  have  P,0,  Q^  coincident  in  B;  the  set  Pp* 
or  Ppa  which  occurs  in  the  definition  of  </>  (B),  is  certainly  contained  in  Q° ; 
hence  tj>  (B)  differs  from  f(P')  by  less  than  e. 

(2)  The  groups  in  (.t)  may  be  infinite  in  number;  if  e  is  fixed,  h  can 
be  found  such  that  Xfi  <  e.  Relatively  to  Q\t,  the  saltus  at  P  is  <  e ;  thus  an 
interval,  with  P  as  its  middle  point,  can  be  determined,  which  contains  no 
points  of  P,,  R-i,  ...  Rk,  and  such  that  the  fluctuation  of/  in  the  portion  of 
0nOJi  which  is  contained  in  the  interval  is  <  e.  As  in  (1)6,  the  set  P^f  or  P/1 
which  serves  to  define  $ (B),  is  contained  in  Q\]  thus  <f>(B)  differs  from 
f(P)  by  less  than  e. 

It  has  now  been  shewn  that  the  conditions  of  the  problem  (A)  are  satisfied. 
Thus  Baire's  theorem  has  been  completely  established*,  on  the  assumption  that 
the  given  function  is  a  limited  one, 

375,  In  order  to  extend  the  result  to  the  case  of  a  function  which  is  not 
limited  in  its  domain,  let  us  suppose  that  the  function  y=f(je)  has  points  of 
infinite  discontinuity;  the  case  may  also  be  included  in  which  there  are 

*  The  above  proof,  ns  yivovi  by  Tkire,  is  applicable  to  tbc  case  of  a  function  of  any  number  of 
variables.  The  only  modification  required  for  this  extension  is  an  obvious  generalisation  in  the 
definition  of  the  piinci|)(il  point-;  and  principal  domains. 
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values  of  a:  for  which  y  has  the  improper  value  oo  ,  or  the  improper  value  - 
Let  a  new  function  z  =  i>  {a)  bo  defined  by  means  of  the  relations 


and  z  = ,  *     ,  for  -  to  £  «  S  0. 

1-Jf  * 

It  is  then  clear  that,  cor  res  ponding  to  the  unlimited  function  y=f(x),  we 
have  a  limited  function  g  =  <£  (#),  in  which  the  dependent  variable  s  has 
1  and  —1  for  its  upper  and  lower  limits  in  the  whole  domain  of  ss.  It  is 
easily  seen  that  two  values  of  y  correspond  to  values  of  z  in  which  the 
relation  of  order  is  conserved,  and  conversely ;  and  further,  that,  to  a 
convergent  sequence  of  values  of  y,  there  corresponds  a  convergent  sequence 
of  values  of  z,  and  the  converse.  A  point  of  continuity  of  f(x)  is  also 
a  point  of  continuity  of  <£  (.-<■),  and  the  converse  is  true  ;  and  this  also  holds  of 
the  points  of  continuity  with  respect  to  any  perfect  set  of  points  in  the 
domain  of  x.  It  follows  that,  if  one  of  the  two  functions  f(x),  <$>(x)  is  point- 
wise  discontinuous  with  respect  to  every  perfect  set,  then  the  other  function 
has  the  sa.mo  property.  !*'/(«')  is  the  limit  of  a  sequence  fs  (x),  ft((e),  ...  of 
continuous  functions,  then  the  functions  ^  (;>:),  <f>2  (,;.).  , . .  obtained  by  applying 
the  above  transformation  are  also  continuous,  and  they  converge  to  <f>(w). 
Therefore,  if  fix)  is  the  limit  of  a  sequence  of  continuous  functions,  <p(a?)  has 
the  same  property.  If  <fi  (x)  is  assumed  to  be  the  limit  of  a  sequence  of 
continuous  functions,  we  can  assume  these  functions  </>«(.?;)  to  have  +1,-1 
foi'  upper  and  lower  limits,  as  these  are  the,  upper  and  lower  limits  of  <f>  (x). 
Let  ex,  e3,  es,  ...  be  a  convergent  sequence  of  increasing  proper  fractions,  of 
which  1  is  the  limit. 

The  functions  e,^ (x),  e^i(«),  ...  are  continuous,  and  converge  to  the 
limit  tj)(x);  moreover  e,..<£„.  (w)  has  +en,  —  e„  for  its  upper  and  lower  limits, 
and  these  numbers  lie  within  the  interval  (—  1,  +1).  The  function  fn{x) 
which  transforms  into  enin  {x)  is  then  continuous  and  limited;  and  since  the 
limit  of  the  sequence  ie >,<&,.(/:)}  is  0(a>),  it  follows  that  the  limit  of  the 
sequence  (/»(«)}  is  f(x).  The  condition  that  <£  (x)  is  the  limit  of  a  sequence 
of  continuous  functions  is  that  it  should  be  at  most  point-wise  discontinuous 
with  respect  to  every  perfect  set  in  the  domain  of  x ;  it  follows  that,  when 
this  condition  is  satisfied,  fix)  is  also  at  most  point- wise  discontinuous  with 
respect  to  every  perfect  set.  The  general  theorem  has  now  been  completely 
established. 

376.  It  may  be  shewn  that  any  function  fix)  which  satisfies  the  condition 
contained  in  Baire's  general  theorem  can  be  expressed  as  the  limit  of  a 
sequence  of  finite  polynomials.  Since,  under  the  condition  stated,  f(x)  is  the 
limit  of  a  sequence  {/,<(*');  °f  continuous  functions,  if  e,,  ea,  ...  be  a  sequence 
of  decreasing  positive  numbers   converging  to   zero,  we  can,  in  virtue  of 

34—2 
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Weieretraes'  theorem  (§373),  determine  a  polynomial  P„(x)  such  that 
|  i*«(*)  —fn(<v)  I  <e»»  in  the  whole  domain  of  x.  It  follows  that  the  sequence 
Pi(x),  P^(x),  -..  of  polynomials  so  determined,  converges  to  the  limit  /(«)■ 
We  have,  in  particular,  the  following  theorem  :— 

The  necessary  and  svjfi.-ci.mit  condition  that  a  fvvction  /(,■*■)  can  be  repre- 
sented by  a  convergent  series  of  polynomials,  each,  of  finite  degree,  is  that  f(x) 
should  be  at  most  point-wise  discovtinv.oii.-i  with  respect  to  every  perfect  set  of 
points  in  the  domain  of  x. 

377.  A  theorem  relating  to  those  continuous  functions  which  in  any 
interval  of  the  independent  variable  are  either  differentiable,  or  at  least 
possess  everywhere  a  definite  derivative  on  one  and  the  same  side,  can  be 
deduced  from  Baire's  general  theorem.  The  derivative  may  at  any  point 
be  infinite  with  a  definite  sign. 

If  ■£!_ — 1 — J.  .>  J.  t  for  positive  values  of  h  have  a  definite  limit,  finite  or 

infinite,  for  each  value  of  x,  as  h  baa  a  sequence  of  positive  values  converging 
to  aero,  it  follows  from  Baire's  theorem,  that  the  derivative  so  defined  is  at 
most  point-wise  discontinuous  with  respect  to  every  perfect  set  in  the 
interval.     Thus  the  following  theorem  has  been  established: — 

If  /(*)  be  continuous  in  any  interval,  and  possess  at  every  point  a 
differential  coefficient,  or  else  a  definite  derivative  on  one  and  the  same  side, 
then  the  differential  coefficient,  or  the  derivative,  is  either  continuous  in  the 
interval,  or  else  is  point-wise  discontinvon.s  -with  respect  to  every  perfect  set  of 
points  contained  in  the  interval. 

baire's  classification  of  functions. 

378.  A  classification  of  functions  of  a  real  variable  has  been  suggested 
by  Baire*  based  upon  the  properties  of  the  functions  in  relation  to  their 
representation  as  limits  of  sequences  of  functions.  Continuous  functions 
form  the  class  0;  and  functions  which  are  not  continuous  hut  are  the  limits 
of  sequences  of  continuous  functions  belong  to  the  class  1.  Functions  of  class 
2  are  those  which  can  be  represented  as  the  limits  of  sequences  of  functions 
of  class  1,  and  do  not  themselves  belong  to  either  of  the  okssos  0  or  1.  In 
general,  a  function  is  of  class  n,  if  it  can  be  represented  as  the  limit  of  a 
sequence  of  functions  of  class  v.  —  1,  provided  it  does  not  belong  to  any  of 
the  classes  0,  1,  2,  ...  n  —  1. 

It  can  be  shewn  by  means  of  an  example,  that  functions  of  class  2 
exist,  Consider  the  function  f(x)  which  has  the  value  1,  for  all  rational 
values  of  x,  and  the  value  0,  for  every  irrational  value  of  x.  This  function 
does  not  belong  to  either  of  the  classes  0  and  ] ,  for  it  is  totally  discontinuous  : 

*  lac.  cit.  (above,  p.  trio).     Seu  also  Cmiqilcs  lie.n'.Lis,  Doccri.Iict   [  and  1.1,  l.e!t(). 
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but  it  is  easily  seen  to  be  the  limit  of  a  sequence  of  functions  all  of  which  are 
of  class  1.  For  let  us  define  /„(&)  to  be  zero  at  every  point  except  those 
points  at  which  the  value  of  x  is  rational  and  has  for  its  denominator  an 
integer  not  exceeding  n;  this  (unction  /„<>)  has  only  a  finite  number  of 
discontinuities  in  any  given  interval,  and  therefore  belongs  to  class  1.  The 
function  f(x)  is  the  limit  of  the  sequence  {f„{xj\,  and  is  therefore  of 
class  2.     This  function  is  capable  of  the  analytical  representation 

/(«)-Hm  Inn  (cosmic)-. 

A  function  belonging  to  class  2  can  be  represented  by  a  double  series 

S     2  Pm,,n(x).  where  P^n  denotes  a  finite  polynomial.     This  double  series 

cannot  be  reduced  to  a  single  one,  the  terms  of  which  are  continuous,  for  the 
function  would  then  not  be  of  class  2.  In  general,  a  function  of  class  p  must 
be  represen table  by  a  />-fold  series  of  finite  polynomials. 

A  function  which  is  the  limit  of  a  sequence  of  functions  belonging  to  the 
classes  1,  2,  3,  ...  «,...,  and  which  does  not  itself  belong  to  any  of  these 
classes,  is  said  to  be  of  class  <o,  where  co  denotes  the  first  trn.iLsfin.ite  ordinal 
number.  A  function  which  is  the  limit  of  a  sequence  of  functions  of  class  a>. 
and  which  is  not  itself  of  class  a>,  or  of  any  class  inferior  to  to,  is  said  to  be  of 
class  <»  +  l.  Proceeding  in  this  manner,  we  may  attach  a  meaning  to  the 
statement  that  a  function  is  of  class  ft,  where  ft  denotes  any  prescribed  ordinal 
number  of  the  second  class.  In  case  ft  be  a  limiting  number,  a  function  is 
said  to  be  of  class  ft  when  it  is  the  limit  of  a  sequence  of  functions  each  of 
which  is  of  some  class  ordinally  preceding  ft,  provided  the  function  be  not 
itself  of  any  of  the  classes  preceding  ft.  If  ft  be  a  non-limiting  number,  a 
function  which  is  the  limit  of  a  sequence  of  functions  of  class  ft—  1  is  said  to 
be  of  class  ft,  provided  it  be  not  of  any  class  inferior  to  ft.  A  function 
belonging  to  any  class  is  necessarily  a  summable  function. 

The  question  has  been  discussed  by  Baire*  and  by  Borelf,  whether  it  be 
possible  effectively  to  define  functions  of  all  classes,  the  numbers  of  the  classes 
being  finite  or  transfinite.  Those  functions  which  belong  to  the  classes 
of  which  the  numbers  are  less  than  some  prescribed  number  form  an 
aggregate  of  cardinal  number  c,  which  is  less  than  the  cardinal  number  / 
of  all  functions.  This  would  indicate  that  functions  cannot  be  exhaustively 
classified  under  numbers  less  than  some  fixed  number,  either  finite,  or  trans- 
finite  of  the  second  class,  but  this  does  not  settle  the  question  whether  it 
be  possible  to  define  a  particular  function  which  does  not  belong  to  one  of 
the  classes  in  question.  The  question  also  arises  whether  it  be  possible  to 
define  functions  which  do  not  belong  to  any  of  Bm ire's  classes. 

*  Annuli  di  Mat.  ser.  3  a,  vol.  m,  p.  71. 

t  Legons  sur  les  ftmcliuns  dr.  variables  rdelles,  p.  Ifi6. 
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These  questions  have  been  fully  discussed  by  Lebesgue  in  his  memoir* 
"Sur  les  fonct.ions  represeufables  aTialytiquement."  It  is  there  pointed  out 
that  all  functions  that  are  re  presentable  analytically  belong  to  Baire's 
classes.  A  function  is  said  to  be  represeniable.  analytically  when  it  is 
constructive  by  effecting,  according  to  a  determinate  norm,  a  finite,  or 
enumerably  infinite,  number  of  additions,  multiplications,  and  passages  to 
the  limit,  upon  variables  and  constants.  The  other  operations  of  analysis 
are  reducible  to  those  here  enumerated.  Lebosgue  has  advanced  proofs  that 
functions  of  all  Baire's  classes  exist,  in  the  sense  that  it  is  possible  effectively 
to  define  a  function  of  any  prescribed  class.  He  has  also  shewn  that  functions 
can  be  defined  which  do  not  belong  to  any  of  Baire's  classes,  and  which  are 
therefore  incapable  of  analytical  representation.  In  some  of  Borel's  reasoning, 
correspondences  are  assumed  to  exist  which  are  defined  only  by  means  of  an 
infinity  of  separate  acts  of  choice.  The  objection  to  such  reasoning-  is 
recognised  by  Lebesguof,  who  has  endeavoured  to  avoid  this  difficulty.  In 
view  of  the  grave  difficulties  connected  with  the  necessary  nature  of  an 
adequate  definition  of  a  function,  and  which  form  the  subject  of  controversy 
at  present,  it  would  perhaps  be  premature  to  assume  that  the  questions  here 
referred  to  have  been  finally  settled. 


THE   INTEGRATION    OE   SERIES. 

379.     Let  u,(x),  w2(ie),  ...  un{%), ...  be  limited  integrable  functions  defined 
for  the  interval  (a,  b),  and  such  that,  at  each  point  of  the  domain,  the  series 
w, (#)  +  Wj (x)  +  ...+un(x)  +  ...  converges  to  the  sum  s(x);  the  conditions  will 
be  determined  that  the  function  s(x')  has  a  proper  inlegral  in  the  domain  (a,  b).    ■ 
The  term  "  integrable  "  is  here  used  in  the  sense  employed  by  Ivieuiann. 

Since  the  functions  s1(x),  sa(x),  -.-  sn(#),  ■•-  are  limited  functions,  ^(a:)!, 
s,(«i)|,  ...  \sn(x)\,  ...  have  upper  limits  u„  us,  ...  ti„,  ...  in  the  domain  (a,b). 
If  «i,«Bi  ■-■  Wnj  ■•■  have  a  finite  upper  limit  (/".it  can  be  shewn  that  |s(af)|  nas 
a  finite  upper  limit  in  (a,  o);  for  if  the  upper  limit  of  js(«')|  were  indefinitely 
great,  a  value  of  x  would  exist  such  that  |s(a;)|  =  U  +  a,  where  a  is  some 
positive  number  ;  now  n  can  be  taken  so  great  that  i  s  (w)  —  sn  (x)  \  <  e,  where 
e  is  arbitrarily  small,  hence  s(x)<\sn(x)\  +  e<  U-\-e,  and  since  e  can  be 
chosen  to  be  <  a,  it  is  impossible  that  \s(x)\=U+tt;  and  therefore  it  is 
impossible  that  the  upper  limit  of  |s(*)|  be  not  finite. 

The  condition  just  stated,  that  -s (.«);'  may  have  a  finite  upper  limit,  is  a 
sufficient  one  but  not  a  necessary  one;  in  fact  we  know  that  at  the  point 
(%,  0),  the  function  s(x,  y)  may  have  an  infinite  discontinuity,  whilst  s(x)  has 
only  a  finite  discontinuity,  or  is  continuous,  at  the  point  x.     In  what  follows, 

*  Lioiivilie's  Journal,  ser.  6,  vol.  i,  1905. 

f  Also  by  Borel  himself :  act  Bulletin  dr.  hi  >:a\  istalh.  dt-  Frame,  vol.  xxxm,  19(15,  pp.  272,  273. 
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it  will  be  assumed  that.  |  s  (w)  \  has  a  finite  upper  limit  iti  (a,  b),  so  that  in  ease 
s(,t)  is  integral  tic,  the  integral  is  a  proper  one. 

Let  ffbea  set  of  points  in  (ft,  6)  of  measure  zero.  Let  e  be  an  arbitrarily 
chosen  positive  number,  and  n,  an  arbitrarily  chosen  positive  integer.  Let 
us  suppose  that,  for  each  point  xl  of  (a,  b)  which  does  nor.  belong  to  a  certain 
component  Et  of  E,  an  integer  n(>n,)  can  be  determined,  and  also  a 
neighbourhood  (x,  —  8,  jb,  +  8'),  such  that  the  condition  J  R„  (aj)  [  <  e  is  satisfied 
for  every  point  x  in  that  neighbourhood  and  lying  in  (a,  b).  Then,  provided 
this  condition  is  satisfied  for  every  value  of  e,  and  E  is  such  that  each  point 
of  it  belongs  to  Ef,  for  some  sufficiently  small  value  of  e,  the  convergence  of 
the  sequence  si(x),  sa(#),  ...  to  s(x)  is  said  to  be  regular  in  (a,  b)  except  for 
the  set  E  of  zero  measure. 

It  will  be  observed  that,  for  a  fixed  e,  the  integer  n  (>  n,)  depends  in 
general  upon  the  particular  point  x,  which  does  not  belong  to  Ee.  Moreover, 
since  %  is  arbitrary,  there  exists  for  a  particular  point  .«,,  an  infinite  number 
of  values  of  n;  the  neighbourhood  (x,  —  8,  x,  +  <5')  depending  however  in 
general  upon  the  value  of  n  chosen. 

In  the  particular  case  in  which  every  it„(x)  is  positive  or  zero,  for  every 
value  of  x  and  n,  so  that  the  sequence  s,(x),  st(te),  ...  is  a  non-diminishing 
sequence,  when  the  condition  |  R„  (x)  \  <  e  is  satisfied  for  a  particular  value 
of  n,  it  is  also  satisfied  for  every  greater  value.  In  the  general  case  this  does 
not  hold;  the  condition  is  satisfied  for  an  infinite  number  of  greater  values 
of  n,  but  not  necessarily  for  every  such  value. 

It  is  easily  seen  that  the  set  Es  must,  for  each  value  of  e,  be  a  non-dense 
closed  set,  although  the  set  E  is  not  necessarily  non-dense,  and  may  be 
everywhere-dense  in  (a,  b).  For,  if  f  be  a  limiting  point  of  the  set  Ee,  then, 
every  neighbourhood  of  £  contains  points  of  Ee,  and  it  is  impossible  that  the 
condition  \Rn(x)\<  e  can  be  satisfied  for  every  point  of  such  a  neighbourhood. 
Therefore  f  must  itself  belong  to  Ee,  which  must  consequently  be  a  closed 
set;  and  since  it  has  the  measure  zero,  it  cannot  contain  all  the  points  of  any 
interval  («,  /3),  and  is  thus  non-dense  in  (a,  b), 

380.     The  following  theorem  will  now  be  established:— 
The  necessary  and  sitfkcieii.t  condition  (hai  the  limited  function  ,;  {re)  may  be 
integrable  in  (a,  b),  in  accordance  with  llicm.an/ii's  definition,  is  that  the  sequence 
of  integrable  functions  ss{x),  *,,(,■/■),  ...  aha.U  converge  to  s(x)  regularly,  except 
for  ft  set  of  points  E  of  zero  measure,  and  if  the  fir-it.  category. 

To  prove  that  the  condition  stated  is  necessary,  let  it  be  assumed  that 
s(x)  is  integrable  in  (a,  6).  The  number  e,  and  the  integer  n,  being  fixed,  let 
it  be  assumed  that,  if  possible,  the  set  I'J,  of  points  of  (a,  b),  for  each  of  which 
it  is  impossible  to  fix  a  value  of  n(>n^),  and  a  neighbourhood  such  that 
Rn(x)\<e,  for  all  points  of  that  neighbourhood,  hiis  a  measure  greater  than 


/Google 


536  Functions  defined  by  sequences  [CH.  vi 

zero.  Since  s  (x),  and  s,  (,;),  i'a («),  . . .  are  all  integrable,  the  set  of  points  at 
which  one  of  these  (unci. ions  is  discontinuous  has  the  measure  zero,  and  it 
follows  that  the  set  of  all  points  at  which  one  at  least  of  these  functions  is 
discontinuous  has  the  measure  zero.  Remove  from  Ee  every  point  at  which 
one  or  more  of  the  functions  s(x),  s1(x),  s.j(x),  ...  is  discontinuous,  we  then 
have  left  a  set  Fe,  of  the  same  measure  as  Et,  which  is  by  hypothesis  greater 
than  zero.  At  every  point  of  Et,  the  functions ' s„ (m)',  and  the  function  s(x) 
are  all  continuous. 

If  £  be  a  point  of  Fe,  the  number  n(>nj)  can  be  so  chosen  that 

!»(»-«.  (ft  I  <i«; 

also  <5  can  be  so  chosen  that,  for  every  x  in  the  interval  (£—8,  £+S)  the 
inequalities 

|«(0-.(«)|<H    | ..(f) -».(«) I <i« 

are  both  satisfied.  This  follows  from  the  fact  that  s(w),  sn(x)  are  continuous 
at  £.     From  these  inequalities  we  deduce  that  the  inequality 

|«(»)-*(»)|<€ 

is  satisfied  at  all  points  x  in  the  interval  (f  —  8,  f  +  <S).  But  this  is  contrary 
to  the  hypothesis  that  f  belongs  to  the  set  £„  for  the  points  of  which  no 
neighbourhoods  in  which  the  last  condition  is  satisfied  can  be  determined. 
It  therefore  follows  that  it  is  impossible  that  the  set  Ee  can  have  its  measure 
greater  than  zero. 

The  set  Ee  having  been  now  shewn  to  have  the  measure  zero,  we  may 
consider  a  descending  sequence  e,,  ea,  ea,  ...  of  values  of  e  converging  to  zero. 
The  sets  ESi,  Eei,  Ee>,  ...  have  their  measures  zero,  and  they  determine  a  set 
E  of  the  first  category,  consisting  of  all  points  which  belong  to  any  of  these 
sets.  It  follows  from  the  theorem  of  §  82,  that  the  set  E  has  zero  measure ; 
and  it  has  thus  been  established  that,  if  sOe)  be  integrable,  then  the  con- 
vergence is  regular  except  for  the  points  of  this  set  E. 

To  shew  that  the  condition  staled  in  the  theorem  is  sufficient,  let  e  and  n, 
be  fixed,  then  the  set  Et  is  a  non-dense  set  of  zero  content.  The  points  of 
S„  can  therefore  all  be  enclosed  in  the  interim's  of  intervals  of  a  finite  set,  the 
sum  of  whose  lengths  is  an  arbitrarily  small  number  i\.  The  remainder  of 
(a,  b)  consists  of  a  finite  set  of  intervals ;  and  lor  each  point  ie,  of  any  one  of 
these  intervals,  a  neighbourhood  (a^  —  5,  x,  +  <5')  can  be  determined,  and  also 
a  number  »(>«,),  not  necessarily  the  same  for  all  points  a?„  such  that  the 
condition  '.Rn(x)\<e  is  satisfied  for  all  points  of  (x,  —  S,  it,  +  <5')  which  are 
in  (a,  b).  To  the  set  of  all  such  intervals  we  may  apply  the  Heine-Borel 
theorem;  and  consequently  a  finite  set  of  intervals  can  be  determined,  such 
that  each  point  of  (a,  b),  not  in  the  interior  of  the  excluded  intervals,  is  in  the 
interior  of  at  least  one  of  the  intervals ;  and  in  each  one  of  this  finite  set  of 
intervals  the  condition  !  ,fi„  (it.1) ,  <  c  is  everywhere  satisfied  for  some  one  value 
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of  n,  greater  than  %.  When  the  set  of  intervals  of  which  the  sum  is  v  is 
excluded  from  (a,  b),  the  remainder  may  be  divided  into  a  finite  number  of 
parts  such  that,  in  each  part,  the  condition  \Ra(x)\<e  is  satisfied  for  a  value 
of  n  belonging  to  a  finite  set  n,  +  plt  n,  +  p2,  ...  nt  +  pr  of  numbers  all  >n,. 
To  shew  that  s{#)  is  integrable  in  (a,  b),  we  now  apply  Riemann's  test  of 
integrability.  Divide  (a,  b)  into  a  number  of  parts  hu  L,,  ...  hs,  so  chosen 
that  all  the  end-points  of  the  excluded  intervals,  and  also  alt  the  end-points 
of  those  finite  parts  for  each  of  which  \Rn(x)\<e  for  a  single  value  of  n, 
are  end-points  of  the  parts  h1:  h2, ...  hn.  For  an  interval  h  in  the  excluded 
set,  the  product  of  h  into  the  fluctuation  of  s(w)  is  less  than  (M  —  m)h,  where 
M  and  m  are  the  upper  and  lower  limits  of  s(x)  in  (a,  b).  For  an  interval 
h,  for  the  whole  of  which  |  R„l+P  (%)  |  <  e,  we  see  that  the  fluctuation  of  8  («) 
cannot  exceed  that  of  s„l+p(a;)  by  more  than  2e.  It  follows  that  the  sum  of 
the  products  of  each  h  into  the  corresponding  fluctuation  of  s{x)  is  not 
greater  than 

(M-m)v  +  2 SA{2e  +  fluctuation  of  ^(ai)} 

where,  in  the  double  summation,  the  first  summation  refers  to  all  those  of 
the  h'f,  which  are  in  an  interval  for  which  p  has  one  and  the  same  value,  and 
the  second  summation  refers  to  the  values  pll  ps,  ...  pr.  Since  sn+p(x)  is 
integrable  through  the  interval  to  which  it  belongs,  and  for  which  p  has  a 
fixed  value,  we  see  that  when  the  number  s  is  sufficiently  increased,  and  the 
greatest  of  the  A's  is  sufficiently  small,  1  Xh  x  fluctuation  of  s»+p(x)  becomes 

v 
arbitrarily    small.      Since    v    and    e    are    arbitrarily    small,    it    follows    that 
Riemann's  test  of  integrability  of  s(#)  is  satisfied. 

The  general  theorem  having  now  been  completely  established,  it  is  seen 
from  the  foregoing  proof  that  it  may  be  stated  in  the  following  form : — 

If  u1(x)  +  us(a;)  + ...  converges  to  a  definite  value  sift  at  evert/  point  in 
(a,  b),  and  if  all  the  functions  <'.](/<;),  u2(x),  ...  hare  ■proper  integrals  in  (a,  b), 
then  the  necessary  and  sufficient  conditions  that  s(w)  may  have  a  proper 
integral  are  (J)  that  the  upper  limit  of  \s{x)\  in  (a,  b)  be  finite,  and  (2)  that, 
corresponding  to  two  arbitrarily  small  positive  n<t-nd>ers  ij,  e,  and  to  any  positive 
integer  n±,  a  finite  number  of  intermix  whose  mm  is  less  than  y  can  be  excluded 
from  (a,  J),  so  that,  in  the  remainder  of  (a,  b),  \  R^+p  (a>)  |  <  e,  for  every  x, 
wliere  p  has  one  of  a  finite  -number  of  values  which  depend  on  a:,  but  are  such 
that  the  same  p  is  applicable  to  all  points  j:  in  a  certain-  con  tin  amis  interval. 

The  condition  (2)  contained  in  this  theorem  was  obtained*  first  by  Arzela. 
and  is  expressed  by  him  in  the  form,  that  there  must  be  a  certain  mode  of 

"  "  Sulle  aerie  rti  fiinzioni,"  Pan  it.  M'em.  delta  It.  Aerial,  it,  ,S'ei\  di.  liniagnu,  ser.  5,  vol.  Vin, 
1900.  A  proof  different  from  that  in  the  text  was  given  by  Hobson,  see  Proc.  Land.  Math.  Soc. 
ser.  2,  vol.  I,  where  it  is  sliewii  thut  Av/i-la '-  proof  nf  hi-  tiieorem  is  invalid. 
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convergence  of  the  series  called  uni/or 
(converge  uza  uniforme  a  tratti  in  generale).  This  mode  of  convergence 
differs  from  that  of  uniform  convergence  by  segments,  considered  in  §  354, 
in  that  a  finite  number  of  intervals  of  arbitrarily  small  sum  must  be  excluded 
from  the  domain  in  order  that,  the  condition  may  be  satisfied. 

381.  The  theorem  obtained  above  contains  the  necessary  and  sufficient 
conditions  that  the  limit  of  a  sequence  of  integrable  functions  is  itself 
integrable,  the  conception  of  integration  being  that  of  Riemann.  The 
corresponding  theorem,  when  the  conception  of  an  integral  in  the  extended 
sense  introduced  by  Lebesgue  is  employed,  is  of  a  simpler  form: — 

If  u,  (&■),  «3 (a:),  ...  un{x),  ...  be  limited  functions,  defined  for  (a,  b),  which 
are  integrable  in  accordance  with  .hebesg  •:.(■*  definition,  and  if  the  series 
it, (x)  +  v^(x)  +  ■■■  +un(w)+  ...  converge  to  the  function  s(at),  limited  in  the 
whole  interval  (a,  b),  then  the  function  s(a:)  ■/*■  aim  integrable  in  accordance  with 


Let  A,  B  be  any  two  fixed  numbers,  such  that  A<B,  and  let  e  be  an 
arbitrarily  chosen  positive  number.  Let  us  consider  the  sets  of  points  Gn{e), 
(?n+i(e).  ■--  <?n+m(e),... ,  where  n  is  a  fixed  integer,  and  Gn+m(e)  denotes  the 
set  of  points  x,  such  that  A  —  e  <sn+m(x)  <  B  +  e;  these  sets  are  all 
measurable,  since  all  the  functions  sn+m(x)  are  integrable  in  accordance 
with  Lebesgue's  definition  of  integration.  The  set  of  points  x  for  which 
A  S  s  (x)  A  B,  is  such  that  any  point  x  of  the  set  belongs  to  all  the  sets 
<?„(e),  Gn+1(e),  ...  Gn+m(e),  ... ,  from  and  after  some  fixed  one  of  the  sets. 
Denoting  by  G(e)  the  set  of  all  points  each  of  which  belongs  to  all  the  sets 
Gn(e),  t7n+i(e),  .--  ,  from  and  after  some  fixed  one  of  the  sets,  we  see  that  the 
set  of  points  x  such  that  A  A,  s  (a?)  A  B,  is  a  component  of  the  set  G  (e),  which 
set  G(e)is  measurable  (S  82).  Now  take  a  descending  sequence  elt  es,  ...  es,  ... 
of  values  of  e,  which  converges  to  zero;  the  set  of  points  such  that  A  As(x)  AB, 
is  the  set  which  is  common  to  all  the  measurable  sets  G  (e,),  G  {e.:), ...  G(es)  ...  ; 
and  this  set  is  therefore  itself  measurable.  Since  the  set  of  points  for  which 
A  As  (a:)  A  B  is  measurable  whatever  values  A  and  B  may  have,  and  s(x)  is 
a  limited  function,  it  follows  that  s{x)  satisfies  Lebesgue's  condition  of 
integrability. 

The  theorem  may  be  also  stated  as  follows  : — 

If  the  function  s  (x)  be  the  limit  of  a  sequence  [$,■,.  (,<■)]■  of  limited  summable 
functions,  defined  fur  an  interval  (a,  b).  then  s  (x)  is  also  a  swnvtnable  function, 
and  therefore  has  a  Lebesgue  integral  in  (a,  b),  in  case  it  be  limited. 

382.  When  the  sum-function  s(x)  of  the  scries  %u{ie)  is  integrable  in 
(a,  b),  and  therefore  in  any  interval  (a,  x),  where  #S  b,  the  question  arises 

whether  the  sum  2       un(x)d;v  is  finite  and  continuous,  and  if  so  whether  it 
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a  continuous  function.     Sufficient 

conditions  will  be  obtained  that  such  a  term  by  term  integration  of  the  series 
&*(»)  is  valid 

The  following  theorem  will  be  first  established  :■ — 

If  the  series  %u  (x)  converge  to  a  (x)  for  every  value  of  m  in  (a,  b),  and 

if  e  be  a  fixed  positive  lUi.-mber,  the  set  of  points  G„  for  -which  J  Rn  (x)  ]  >  e, 
is  such  that  -its  interior  -measure  has  the  limit  zero,  'when  n  is  indefinitely 
increased. 

To  prove  this  theorem  wo  observe  that,  if  the  limit  of  the  interior 
measure  of  Gn  is  not  zero,  there  must  be  an  infinite  number  of  values  of  n 
for  which  the  interior  measure  of  Ga  is  greater  than  some  number  a.  It 
follows  from  the  theorem  of  §  93,  that  a  set  of  points  of  interior  measure  £a 
exists,  each  of  which  belongs  to  an  infinite  number  of  the  sets  (?m.  This 
is  inconsistent  with  the  condition  thai,  the  series  £«(&■)  converges  for  each 
value  of  x\  for  any  fixed  point  x,  there  can  only  be  a  finite  number  of  values 
of  to  such  that  j  E,L  (x)  \>e.  It  follows  that  the  interior  measure  of  (?„  must 
have  the  limit  zero,  when  n  is  indefinitely  increased. 

383.  Let  us  now  assume  that  S  (a?)  has  a  proper  integral,  and  further 
that  |  Rn(a)\  is,  for  every  value  of  n  and  of  x,  less  than  some  fixed  number  0; 
then,  Rn(x)  being  integrable,  |  i£„  (x) ,  is  also  integrable,  and  therefore  the  set 
of  points  for  which  |  Rn  (sc)  |  >  e  is  measurable.  It  follows  from  the  theorem 
proved  above,  that  the  measurable  set  of  points  for  which  |  RH  (x)  \  >  e,  is 
such  that  its  measure  has  the  limit  zero,  when  n  is  indefinitely  increased. 
We  see  therefore  that 

[XRn(x)dx\<(x-a)e  +  nC, 

where  n  is  chosen  so  great  that  the  measure  of  the  set  of  points,  at  each  of 
which  \Rn(x)\  >e,  is  less  than  the  arbitrarily  chosen  number  ij.  Since  e, 
n  are  arbitrarily  small,  it  follows  that 


Hm  j*Rn  0)  dx  =  0, 
md  thus  that  J   s  (x)  dx  =  lim  I   sn  (x)  d 


The  following  theorem  has  now  been  established  : — 

If  «i  (x)  +  Us  (x)  +  ...+un(x)  +  ...  be  a  series  of  limited  integrable  func- 
tions which  converges  at  every  point  in  the  interval  (a,  b)  to  the  integrable 
function   s (x),  then  if  \Rn(x)\  =  \s («) - s„  (x) |   is,  for  every   value   of  x 
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and  of  n,  less  than  some,  jived  number  0.  the  series  may  be  Integrated  term 

by  term,  in  any  interval  (a,  ,r),  the  sum  of  the  integrals  convert/my  to 

The  condition  stated  in  this  theorem  may  be  replaced  by  the  condition 
that  |  sn  (x)  |  be  less  than  some  fixed  number,  for  all  values  of  n  and  w. 

If  the  trans  formed  remainder  function  \R(w,  y)\  have  no  upper  limit  in 
its  domain,  there  must  be  at  least  one  point  such  that  the  saltus  of  the 
function  is  indefinitely  great ;  it  is  clear  that  such  a  point  must  be  in 
the  IE-axis,  and  is  a  point  at  which  the  measure  of  non-uniform  convergence 
is  indefinitely  great.  Conversely,  if  there  is  no  such  point,  the  upper  limit 
of  |  R  (%,  y)  \ ,  or  of  |  Rn  {to)  \ ,  is  finite.  The  foregoing  theorem  may  thus  be 
stated  as  follows*:— 

A  sufficient  condition  for  the  term  by  farm  vnt.cgr  ability  of  a  series  of 
limited  integrable  functions  ■which  converges  in  a  given  interval  to  an 
integrable  function,  .s  (.»■),  is  that  there  be  no  points  at  which  the  measure 
of  nun- uniform,  convergence  of  the  series  is  indefinitely  great. 

A  special  case  of  the  general  result  which  has  been  obtained,  is  that 
in  which  the  series  converges  uniformly.  This  condition  is  sufficient  to 
ensure  both  that  the  sum-function  s(.t)  is  integrable,  nnd  that  its  integral 
through  any  interval  (a,  x)  is  the  sum  of  the  corresponding  integrals  of 
the  functions  u{x);    thus  we  have  the  theorem: — 

If  a  series  £■«  (x)  of  integrable  functions  converge  -uniformly  in  the 
interval  (a,  b)  to  the  sum  s(x),  then  the  sum  2  I   u{x)dx  converges  to  the 

value    \    s  (f)  dm,  where  a^iclt. 


If  it  be  assumed  that  the  convergence  of  £-«(*;)  is  simply  uniform  only, 
this  is  sufficient  to  ensure  that  s(w)  is  integrable,  but  it  is  then  not 
necessarily  true  that  2  I  un{x)dx  is  a  convergent  series.  It  can  however 
be  shewn  that  whenever  this  series  is  convergent,  it  converges  to  the  value 

In  fact  we  know  that,  by  bracketing  the  terms  of  the  simply  uniformly 
convergent  series  ~Zun(x)  in  a  suitable  manner,  the  series  is  thereby  converted 

■'  This  theorem  was  obtained  lii-l,  by  O.^'ood.  for  iiie  case  in  which  s  i.i:j  iiit'i  nil  the  u{x)  are 
con  tin  nous ;  see  Amcr.  Journal  of  Math.,  vol.  xix,  1897.  The  case  in  which  s  (z)  is  not  necessarily 
continuous  was  obtained  by  llobson,  I'roe.  r.tntrL  Math.  Son.,  vol.  xxxiv,  p.  245,  and  the  general 
case  was  investigated  by  W.  H.  Young,  Proc.  Land.  Math.  Soc,  ser.  3,  vol.  i,  and  also  by  Arzela, 
lac.  cit. 
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into  a  uniformly  convergent  scries  %iim(a!),  and  the  above  theorem  is  then 
applicable  to  the  new  series,  and  thus  2  j   vm  (x)  dx  converges  to  the  value 

|   $(x)dx.     It   is   clear   that    whenever   2/   un(x)dx   converges,   it   must 

converge  to  the  same  value  as  does  the  series  £  \  vm  (x)  dx.  We  thus 
obtain  the  following  theorem  : — 

If  a  series  %u(x)  of  iuteyrabte  functions  converge  simply -uniformly  in 
the  interval  (a,  b)  to  the  sum  s(x),  then*  (1)  if  the  series  1  I    u(x)dx  be 

convergent,  it  converges  to  the  value  I  a{x)clx,  and  (2)  if  the  series  be  not 
convergent,  it  -may  by  .suitably  bracketing  the  terms,  and  amalgamating  the 
terms  in  each  bracket,  be  converted  into  a  series  which  converges  to  the 
value    I   s  (x)  dx. 

384.  It  has  been  shewn  in  §  383,  that  if  |  Rn  (as)  |  is  <  G,  for  every 
value  of  n  and  of  x  in  the  interval  (a,  b),  then 

jBn(x)  dx\<(x-a)e  +  yC, 

where  n  is  so  great  that  the  measure  of  the  set  of  points  in  (a,  x)  at  which 
Rn(x)\>  e,  is  <  y,  where  e,  y  denote  arbitrarily  chosen  numbers.  Since 
the  set  (?„  of  points  of  (a,  b)  at  which  )  Rn  (x)  |  >  e,  has  the  limit  zero  when  n 
is  indefinitely  increased,  we  may  fix  a  number  n±  such  that,  for  every  value 
of  n  that  is  £  %,  the  measure  of  (?„  is  less  than  y.     We  have  then 

;  r&n (x)dx\<  (x  ~  a)  e  +  yC  <  (b  -  a)  e  +  yC, 

provided  n  £  nu  for  every  value  of  a;  in  the  interval  (a,  h).  Since  (b  —  a)e  +  yC 
is  arbitrarily  small,  it  follows  that  |  Bn(x)dx  converges  uniformly  to  zero 
for  all  values  of  x  in  the  interval  (a,  b),  as  n  is  indefinitely  increased.  We 
have  therefore   the  tlieoremf: — 

When  there  are  no  points  at  which  the  measure  of  non-uniform,  convergence 
of  the  series  S-it  (x),  of  integi-able  functions,  vjhlcli.  converges  to  the  integrable 
function    s{x)    in    (a,  b),   is    indefinitely    great,    then    the    convergence    of  the 

series   %  j    u(x)  dx  to  the  value    I    s{x)dx  is  uniform  in  the  interval  (a,  b). 

*  The  first  part  of  this  theorem  v.-,is  pi  von  by  Hcndixson,  for  liu;  ease  in  which  the  functions 
u  (x)  are  continuous ;  see  Stockholm  Ofn.  vol.  liv,  p.  609. 

i  Thifi  theorem  was  stilled,  and  jiroveri  oohiT'.vii'i.'  Ijy  W.  H,  Young;  n:i:  Compte.s  lii'ndas, 
vol.  cixxvi,  p.  1632. 
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The  proofs  of  the  two  theorems  in  §  383  are  still  applicable  when  the 
functions  are  integrable  only  in  the  extended  sense  employed  by  Lebesgue. 

We  have  therefore  the  following  theorem  which  includes  the  former  ones 
as  special  cases  : — 

If  «i(&),  u^{x),  ...  Un(x),  ...  be  a  sequence  of  Limited  /mictions  integrable 
in  (a,  b)  in  the  extended  sense  of  the  term,  and  if  the  series  Su(x)  converges 
to  six),  then  in  case  |  i?„  (x)  |  has  a  finite,  upper  limit  for  all  values  of  n 

and  is,  theseries  2  i  ua(.'c)  dx,  converges  u  infirmly  for  all,  values  of  x  w.  (a,  b) 
to  the  sum   I    s(x)dw,  the  integrals  being  taken  to  be  Lebesgue  integrals. 

This  theorem  may  also  bo  stated  as  follows:— 

If  six)  be  the  limit  of  a,  sequence  [sn  (us)]  of  summabk  functions  defined  for 
the  interval  (a,  b),  and  if  \  s„  (x)  \  have  a  finite  upper  limit  for  all  values  of  n 

and  is,  then  I   sn  (x)  d.v  converges  uniformly,  fur  all  values  of  x  in  (a,  b),  to 

1  s  (x)  dx,  which  has  been  shewn  in  §  381  to  exist, 

385.  We  proceed  to  consider  the  case  in  which  the  condition  that 
|  Rn(x)  \  has  a  finite  upper  limit  for  all  values  of  x  in  (a,  b),  and  all  values 
of  n,  is  not  satisfied.  In  this  case  there  is  a  set  G  of  points  at  which  the 
measure  of  non-uniform  convergence  of  the  series  is  indefinitely  great ;  it 
has  been  shewn  in  §  350  that  the  set  0  is  closed.     If  we  assume  that  the 

series  2  I    un(x)dx\a  everywhere  convergent,  and  has   XI (x)  for  its  sum, 

and   that   the   integral    I   s(x)dx   everywhere   converges   to  S(x),  it  may 

happen  that  U(x)  is  discontinuous,  and  is  consequently  not  everywhere  equal 
to  the  essentially  continuous  function  S  (x).  It  may  however  happen  that 
U(x)  is  continuous,  and  yet  is  not  equal  to  S(x).  It  will  however  be 
shewn  that,  in  case  U (w)  is  continuous,  it  is  a  sufficient  condition  for  the 
equality  of  S(w)  and  V  (x),  that  the  set  G  should  be  enumerable. 

Let  a  be  a  point  which  does  not  belong  to  G;  then  a  neighbourhood 
(x— e,,x+es)  of  x  can  be  found,  such  that,  for  all  points  in  this  neighbourhood, 
and  for  all  values  of  n,  |  Rn  (x)  |  has  a  finite  upper  limit.     Denoting  the  sum 

2  I  us(x)dx,hy  Unix);  since  U(x)  =  \im  TJn(x),  a  value  Ar  of  racan  be  found, 
such  that,  for  n^N, 

|I7(.)-B-.(.)|,      U (»  +  *)-  I7.(.  +  «| 
are  both  less  than  an  arbitrarily  chosen  number  8,  where  x  +  h  is  a  fixed 
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point  in  the  neighbourhood  (se-ei,  cc  +  ea)  of  the  point  x  already  chosen. 

We  now  have 

j  U(x  +  h)-U(x)     ff,(g  +  A)-P»(s)|  ^ 
I        ""  h  h  \      h' 

Now,  since  the  interval  (x,  x  +  h)  contains  no  points  at  which  the  measure 

of  non-uniform  convergence  of  the  series  £■«■(#)  is  indefinitely  great,  for  a 

sufficiently  great  value  of  n, 


where  S'  is  arbitrarily  chosen.  Therefore,  if  n  =  N',  where  N'  is  some  fixed 
integer,  we  have 

I  U»(*  +  h)-U*(x) _ S (x  +  h)~S (fl)  |      tf 
ft  fe  |     A' 

From  the  two  inequalities  which  have  been  obtained,  we  deduce  that 
I  P>  +  A)-  U(<c)  _ S(w  +  h)-S(x)  I     2S+81 
A  "  h  \<      h      ' 

Since  8,  8'  are  arbitrarily  small,  and  independent  of*  and  A,  we  have 
U(x  +  k)~  Ufa)  _  8  (x  +  h)-  S  (w) 
h  h        '     ' 

and  this  holds  for  any  point  x  which  does  not  belong  to  G,  and  for  any 
point  x  +  k,  in  a  neighbourhood  of  G  which  does  not  contain  points  of  G. 
It  follows  that  any  one  of  the  four  derivatives  D+U(x),  D+U(x\  I)-JJ(x), 
D-U{ie),  at  x,  is  equal  to  the  corresponding  one  of  the  four  derivatives 
of  S(x).  Since  one  of  the  four  derivatives  of  the  two  functions  S(x),  U(x) 
is  such  that  its  value  is  the  same  for  the  two  continuous  functions  at  all 
points  except  at  those  of  the  enumerable  closed  set  <?,  it  follows  (§  206)  that 
the  two  functions  differ  only  by  a  constant :  and  since  both  vanish  at  x  =  a. 
they  must  be  everywhere  equal.     It  has  thus  been  shewn  that* : — 

If  the  series  %un(x)  converges  to  s(x)  in  the  interval  (a,  b),  and  if  the 
integral    I    s(x)dx  have  everywhere  a  definite  finite  value,  and  %i    un(x)dx 

have  everywhere  a  definite  finite  value,  and  be  a.  continuous  fraction,  it  is  a 
sufficient  condition  of  the  equality  of  the,  two,  that  the  set  of  points  at  which 
the  measure  of  non-uniform,  convergence  is  indefinitely  great,  should  be  an 
enumerable  set. 

When  the  set  G  is  not  enumerable,  it  contains  a  perfect  component; 
and  in  that  case  the  sum  of  the  integrals  of  the  terms  of  the  series  is  not 

*  This  theorem  w:is  jjivtri  Iry  O^oo-d.  Ame.rUitn  .'lottrntil  of  Moth.,  vol.  six,  in  the  eaee  in  which 
the  terms  and  the  sum  of  the  series  are  eoutmuoui-;.  The  general  theorem  was  given  by  Arzeli, 
Mm,  di  Bologna,  ser.  5,  vol.  vm,  1900. 
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necessarily  equal  to  the  integral  of  the  sura,  even  when  both  exist  and 
the  condition  of  continuity   of  X  I   un(x)dw  is  satisfied. 

It  will  be  observed  that,  in  accordance  with  the  theorems  which  have 
been  demonstrated  above,  the  terra  by  term  integration  of  a  series  may 
fail  to  give  the  integral  of  the  sum,  either  (I)  when  the  set  6  contains  a 
finite,  or  enumerable,  set  of  point*,  but  the  condition  that  the  sum  of  the 
series  SI  u  (x)  dx  is  a  continuous  function  of  x  is  not  satisfied ;  or  (2)  when 
G  contains  a  perfect  component;  or  (3)  when  the  condition  that  the 
convergence  of  the  series  £-«(#)  is  of  the  kind  called  uniform  convergence 
by  intervals  in  general,  is  not  satisfied,  so  that  s(x)  is  not  integrable  in 
accordance  with  Riemann's  definition.  In  case  (3),  the  term  by  term 
integration  may,  however,  give  the  Lebesgue  integral  of  s(x). 

386.  We  have  hitherto  assumed  that  the  terms  un(x),  of  the  series 
Sk„(ic),  are  all  limited  in  the  interval  (a,  b),  and  that  the  same  holds  as 
regards  the  sum-function  a  (x).  It  is  however  possible,  under  certain 
restrictions,  to  remove  these  conditions.  We  shall  assume  that  the 
functions  sa(x),  and  therefore  also  the  functions  <>'„(,«),  are  not  necessarily 
ail  limited  in  the  interval  (a,  b).  In  this  case  there  may  be  values  of  a! 
for  which  the  series  %uH  (x)  is  divergent ;  and  such  points  will  be 
regarded  as  paints  of  infinite  discontinuity  of  s  (x),  although  s  (%)  is  not 
properly  defined  at  such  points.  Let  us  assume  that  there  is  an  enumerable 
closed  set  of  points  G,  in  (a,  b),  such  that,  in  any  interval  (a,  0)  which 
contains,  in  its  interior  and  at  its  ends,  no  point  of  G,  the  condition,  that 

sn(x)  |  is  less  than  some  fixed  number,  is  satisfied  for  every  value  of  n,  and 
for  the  whole  interval  (a,  $).  Let  us  further  assume  that  all  the  functions 
uu(x)   possess  improper,  or   proper,  integrals   in  (a,  b),  and  that   the  series 

2    f    un(x)dx  is   convergent,    for  all  values  of  x,   and  that  its  sum    JJ (x) 

n=1Ja 

is  a  continuous  function  of  x,  for  the  whole  interval  (a.  b),  their  ends  being 
included.  Also  let  it  be  assumed  that  s  (.«)  has  an  improper  integral  in  (a,  b)\ 
then  the  function  I  s(x)dx  =  S(x)  is  a  continuous  function  of  x.  The 
enumerable  set  G  contains  every  point  of  divergence  of  the  given  series, 
and  also  every  point  of  non-uniform  convergence  of  which  the  measure  is 
indefinitely  great.  It  is  now  clear  that,  with  these  assumptions,  the  proof 
of  the  theorem  in  §  3 So  in  applicable,  without  modification,  to  establish  the 
legitimacy  of  term  by  term  integration  of  the  series  Xun(x).  We  obtain 
therefore  the  following  theorem  : — ■ 

If  the  series  %vu  (.*■)  converges  to  the  Junction  six)  at  every  point  which 
does  not  belong  to  a  reducible  set  of  points  G,  and  the  functions  sn(x), 
although  not  necessarily   limited  in   (a,  b),  satisfy  the  condition  that,  in  any 
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interval  (a,  /3)  which  contain.';  in  its  interior  and,  at  its  ends  no  point  of  G, 
sn(x)  |  is  less  than-  some  fined  finite  number,   for  every  value  of  n  and  x ; 

and  if  further  I  un  (x)  dx  exist  as  an  improper  or  proper  integral,  for 
every  value  of  n,  and  the  series  2  I    un  (x)  dx,  for  a^,x£o,  is  convergent 

and  represents  a  continuous  function    of  x ;    and,  if  six)  have  an  improper 

integral  in  (a,  b),  then   the  theorem. 

I   $(x)dx  —  lim  I   s„  (x)  dx 

holds,  and  thus  term  by  term-  integration  is  applicable  to  the  series. 

387.  Lastly,  the  case  will  be  considered  in  which  the  interval  (a,  b) 
is  unlimited  ;  we  may  assume  that  b  has  the  improper  value  oo .  Let  us 
suppose  that  term  by  term  integration  in  applicable  for  every  finite  interval 

(a,  (!) :  and  thus  that 

rC  rO 

lim  I    sn  (x)  dx  —  J    s  (x)  dx, 

the   integrals   being  either  proper   ones,  or   improper   ones,   subject    to   the 
conditions  of  the  theorem  iu  §  386.     It  follows  that,  if  0'>0, 
rC  fC< 

lim       sn  (x)  dx=\    s  (x)  dx. 

n=»JO  Jo 

Let  us  now  assume  that,  if  e  be  an  arbitrarily  chosen  positive  number, 
an  integer  ns,  and  a  number  C>a,  can  be  determined,  such   that 

I  fc'  ! 

|        sn  (x)  dx\<e, 

\jc  I 

for  every  value  of  (.."'  >  U,  and  for  every  value  of  n  £  n,.      It  then  follows  that 

s(x)dx  \&e;  and  since  e  is  arbitrary,  it  follows  that  I  s  (x)  dx  is 
Jc  I  Ja 

convergent.     We    assume    that    all    the    integrals    I   s„  (x)  dx   exist.     We 

have  now 

U  s(x)dx-\  sn{x)dx\^\  f°a(x)dx-  f  sn(x)dx\ 

+  \f  s  («)  dx  \+    f  s„  (x)  dx    ; 

I  Jo  I     I  Jc 

and  by  taking  a  sufficiently  great  value  of  n  S  %,  and  a  sufficiently  great 
value  of  C,  the  expression  on  the  right-hand  side  is  £  3e.  It  thus 
appears  that 

I   s  (%)  dx  =  lim  I    sn  (%)  dx  ; 
and  therefore  the  following  theorem  has  b> 
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If  the  series  2  «„  (■'>-)  huve  as  its  sn-m-ftu/clion  s  (','.■),  in,  the  sense  previously 
defined,  then  if  I  u„ {x)  dx  exists  for  each  value  of  n,  and  in  every  interval 
(a,  (?)  the  condition  that  I  s(x)dx="Z  I  w„  (#;)(&«,  te  satisfied;  and 
further,  if,  corves-ponding   to  an    arbitrarily   chosen    e,   an  integer  nu  and  a 

I  f0'  I 

number  C>a  can  be  so  determined  that  !  I     s,, (a?)  lie  < e,  for  every  value 

of  C>C,  and  for  all  values  of  n  =uu  then  the  integral   I    s(x)dx  exists,  and 

is  equal  to  2    I    w„  {*)  dec. 

It  may  also  be  shewn  that,  on  the  assumption,  that  the  condition 
rC-  co     rO 

1  s  (x)  dx  =  2   I   «„  (a;)  i£e   AoM,s  for   every   value   of  C >  a,   then,  provided 

2  I  u„(x)dx  be  convergent,  and  that  -  \  uu(x)dx  converge  to  the  value 
of  2  I  Un  (x)  da;,  when  0  is  indefinitely  increased,  it  foU.oi.vs  that  the  integral 
I    s  (x)  dx  exists,  and  is  equal   to  2   I    un  (x)  dx. 

For,  on  the  assumption  that  2    I    «-,,  (a;)  I?*  converges  to  a  definite  limit, 

as  G  is  indefinitely  increased,  we  see  that,  if  e  he  fixed,  6*  may  be  so  chosen 
that 

2     \      Un  {.«)  rf.K  .  <   6, 

™=iJc  i 

for  G'>G;  and  from  this  it  follows  that 

I  i°'         i 

1  s  (x)  dx  I  <  e, 
I  JO  | 

for  C>C;  and  since  e  is  arbitrary,  it  follows  that   I   s(x)dm  exists. 

re  «    re 

Also  since  I   s  (#)  efo  =  £   i   «n  (aj)  da, 

we  see  that   I   s(je)dx  is  equal  to  the  limit  to  which 

2    I     «■„  fa.-)  d-i: 

converges  when  G  is  indefinitely  increased ;    and  this  limit  is 

2  f  «„  (#)  £&. 

Therefore  the  theorem  is  established. 
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388.  When  s{x)  is  the  sura-function  of  a  series  ui(%)  +  u% (#)+.. .  in 
an  interval  (a,  b),  it  is  frequently  desirable  to  know  whether,  for  a  function 
F(x),  denned  for  the  interval  (a,  it),  the  series 

I  j  F(x)un(x)dx 

converges  to  the  limit  I   F(x)  s  (x)  da:. 

If  we  assume  that  s(x),  F(x)  are  limited  integrable  functions,  it  is 
clearly  sufficient  for  the  validity  of  the  term  by  term  integration,  after 
multiplication  by  F(x),  that  \sn(x')\  should  be  less  than  some  fixed  finite 
number,  for  all  values  of  x  and  n.  For  it  then  follows  that  \F(x)sn(x) 
is  less  than  a  fixed  finite  number,  for  all  values  of  n  and  x,  and  the  result 
then  follows  by  applying  the  theorem  of  §383  to  the  series  ~£F(x)un(x), 
since  F(x)s(x)  is  an  integrable  function. 

Again,  it  is  sufficient  that  \sa(x)  should  lie  less  than  a  fixed  number  G, 
for  all  values  of  x  and  n,  and  that  F(x)  should  have  an  absolutely  convergent 
improper  integral  in  (a,  b). 

We  may  choose  the  integer  n  so  that  the  measure  of  the  set  H,  of  those 
points  at  which 

|.  <•)-!.(.)  |  >t, 

is  arbitrarily  small,  say  n\  we  have  then 

fbF(x)  {s  (x)  -  sn  (x)}  dx  <  «J"*|  F  («)  j  dx  +  2CJ    \F(x)\  dx, 
;md  since  e  and.  v  are  arbitrarily  small,  it  follows  that 

jbF  (a>)  s  («)  i.  -  lim  j^F  (.)  «.  (.)  dx ; 
and  therefore  the  sufficiency  of  the  criterion  is  established. 


EXAMPLES. 

Let  £„(#)  — jia-e^'"'5,  when  n  is  odd,  and  =0,  when  n  is  even.     In  this  case  tl 
is  simpiv- uniformly  mnvorgent  ;   the  sum  ,s  ■,.)■':   is  the.  continuous  function  0. 


i  definite  value,  but 


j\w-i  (1-.— '), 

lbn  f  %„  (*)  dx 


,GoosIe 


548  Functions  defined  by  sequences  [oh.  vi 

Tho  term  by  term   integration  fails  iu  thin  case,  because  I  here  is  one  |ioint  x  =  0,  at  which 
on-uniform  unji  verge  hoc:  is  inde:in:te'y  treat,  .is  may  be  seen  from 


«.(i)_-^-.,(„odd,, 

the  limit  lim  I    s„  f.v)  dx  not  being  a  continuous  function  of  a'. 

2.  Let    sK  (x)=2n^e-A\    then  s(#)=0;  at  the  point  #=0,  there  is  a  point  of 

indefinitely  great  measure  of  mm  -uniform  convergence,  since 

If  x  be  different  from  zero,  lim  I  s„  (a;)  dx=0,  but  at  #=0  the  limit  is  - 1 ;  thus,  in  any 
interval  which  contains  the  point  0,  the  function  lim  I  *■„  (x)  dn:  is  discontinuous,  and 
therefore  cannot  equal    J   s{x)dx,  which  is  zero. 

3.  Let  M»W  =  (55!+A9"''V-<"-1!8*rl"",),*!l 
we  find  «(0)-l,  and  *(s)=s*,  for  |*|>0. 

We  have  I    s(x)dx=e*-l.     Also  lim   I    sB(iu)(ie 

is  discontinuous  at  the  point  x  =  Q,  which  is  a  point  at  which  the  measure  of  non-uniform 

e  mi  verge  nee  is  infinite  :  it  converges  to  &'-   ■!.  if  x>0,  and  to  were  if  »■  =  <). 

4     Let  .  M       k&M       blfeiii) 

where  iB  is  a  function  of  »,  and  #„  (.A  <f>„'  j,t}  are  finite  and  continuous  in  tho  interval 
[a,b),  and  vanish  for  x—a.  Further  let  it  lie  assumed  that  <£,,(■'-')>  4'«'(x)  increase 
indefinitely  with  n,  for  every  value  of  x  except  a.  but  so  that  lim  uu  (.!'}  is  zero. 

We  have  I \fr)d*=  - kn  +  1  tan"* {4>n  +  1  (a-)}  +  *i tan"' {£, (*)}, 

!*«(*)  ■&p=*1  tan"'  {(/>!  (#)} ; 
these  are  not  identical  unless  i,i  +  itau_1{^i,[  +  1{j;)} 

has  the  limit  aero.     If  &■(*)= *»(*-*)*, 

where  /*„  is  positive  and  inereases  indefinitely  with  n,  we  have 

lim  k,t  1 1  tan-1  {0B+ ,  (x)}  =  ^w  lim  £„  + 1 . 
Hence,  if  lim  £,!  +  1   have  ;i   finite  value,  the  two  expressions  have  dillerent  finite   values  ; 
if  i„  +  1  increases   indefinitely  v.it.li  ■«.,  the  series  of  integrals  of  the  terms  of  tho  series 
2w„(#)    diverges.     The   series   of  integrals    has   in   this   case   a   point    of    discontinuity 
at  #=«;  we  find  that 


(      _,  1        \  8*1*1  1*7  I 
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indefinitely  as  n  increases,  and  thus  the  point  a  is  a  point  at  which  the 
inform  convergence  is  indefinitely  great. 

I      Let  M.M*— )      2i„,i.„(»-g) 

where  /i„  iinTf:;;-ic-i   indefinitely  with  n,  and  £„-- . 

(log  Kr 

In  this  case  «B(o+  -j:—  1  increases  indefinitely  with  u,  and  thus  a  is  a  point  of 
infinite  measure  of  non-uniform  convergence. 

lim  I    sB(«)<£c=ifcilog{l-|-A1(a  —  w)3j-lini  £„.,.!  log  /(„  +  ],     #>«, 

and  lim  I    s„  (&■)  cfe=0,  when  x=a; 

also  {"*  (a)  dx*h  log  {1 +A,  (x-  af). 

If  /3S1,  linlX-„+1  log /(,!  +  1  is  not  zero,  hence  the  term  by  tfinii   integration  foils  ;  hut 

if  J3>1,  this  limit  is  Kern,  and  the  integral  ■  >f  .5  ;,;■)  is  equal  to  the  sum  of  the  series  of 
integrals,  although  in  oil  her  case  the  point  a  is  a  point  of  infinite  1  Measure  of  non- uniform 
convergence, 

6.  Let  r  be  a  perfect  set  of  points  constructed  as  follows  :  In  the  middle  of  the 
interval  (0,  Ij  lay  off  an  interval  (1)  of  length  ll  =  \~}\,  where  X  is  a  positive  number 
not  greater  than  unity.  Tn  the  middle  of  each  of  the  free  end  intervals,  lay  off  an 
interval  (2),  both  of  these  intervals  to  he  of  the  same  length  !■,,  and  such  that  the  total 
length  of  the  intervals  (1),  (2)  is  ll+2ll  =  \-^\.  Proceeding  in  this  manner,  in  the 
middle  of  the  equal  free  intervals,  after  ',;,-■  1  such  steps,  lay  off  an  interval  («),  all 
these  intervals  to  be  of  the  same  length  J„,  and  such  that  the  total  length  of  all  the 
intervals  (1),  (2),  ...,  (m)  is 

/i  +  2Z2  +  2^3+  ,.,  +2"-%  =  X ^-5. 

When  n  is  indefinitely  iiH-roased,  the  set  of  end-points  of  the  intervals,  and  the  limiting 
points  of  these  end-points,  form  the  perfect  set  r.     Let 

then  form  the  function 

=  -J^?.,.(t„?),   -•*.„ 

=  0,  for  all  other  values  of  #. 
Let  the  middle  points  of  the  above  intervals  in)  be  denoted   by  '<j'":',  tuj."),  ..,,  aW^,,,, 
and  let  sM (,'■)  be  defined  hy 

+*»  (*-«!«,  d0+...  +<KC*-°4(S).  h) 

+  ... 

+  <£„  (*  -  o,W,  ij  +  . . .  +  A,  [*  -  «'•  V-i .  *»)■ 


.Google 


[CH.  VI 

>n(sc)  is  continuous  in  (0,  1),  and  converges  to  0  fin1  every  value  of  so  ■  for,  if  xa  be  a  point 
of  any  interval  (f),  at  most  one  term  in  the  expression  for  sa  (%)  ia  different  from  zero, 
and  this  term  converges  to  zero.  If  xa  docs  not  lie  in  any  interval  (*),  all  the  terms 
of  sn(x)  are  zero.  Every  point  of  the  perfect  set  r  is  a  point  of  infinite  measure  of 
non-uniform  convergence  of  the  series  of  which  sn  (x)  is  the  partial  sum.  In  this  case 
the  series  2  /   un  [m)  dsc   is   uniformly   convergent,    and    thus    has   a   continuous    sum, 

which  does  not  however  coincide  with  the  value  of    I   $  (%)  dw. 
We  find  that  f  J  fa(tB-aJtl,  lj)dx  =  l-e-", 

where  p„<2B-i,  is  the  number  of  the  interval*  f«.)  which  fall  within  (0,  *'), 

It   can   now  be  shewn   that  lim  I   sn{x)d%   is   a   continuous    function    of  %   which 

increases  from  0  to  I  as  s:  increases  from  0  to  1,  whereas  I  lim  s„(sc)<lv  =  0,  for  every 
value  of  x. 

If  any  perfect  non-dense  set  "f  points  il  W  given,  and  a do  the  middle  point  of 

the  complementary  interval   of  length  if,lj91ll  the  function 

will  have,  at  every  point  of  G,  an  infinite  mca-uro  of  non-uniform  convergence  to  its 
limit  s  (#).  The  intervals  ltlj  are  here  arranged  in  enumerable  order,  so  that  if 
fi,  (;,  -..,*,-,  ...  be  a  descending  sequence  of  positive  number;?  which  converges  to 
zero,  4,i,  li,s,  ...,  J*,*-  are  those  of  which  the  lengths  are  =§  *,-_i  and  >et. 


THE    FUNDAMENTAL    T11EORKM    Of   THK    INTEGRAL    CALCULUS 
FOB   LEBESGUE  INTEGRALS. 

389.  Let  </>(■#)  be  a  continuous  function  defined  for  the  interval  (a,b), 
and  suppose  that  $  (x)  has  at  every  point  of  the  interval  a  differential 
coefficient  /(*);  let  us  further  assume  that  /(,*)  is  limited  in  (a,  b).  The 
function   f(w)    is    definable    as   the   limit    of   a   sequence    of    continuous 

functions  — /  ,  where  h  has  the  values  in  a  sequence  of  which  the 

limit  is  zero.     It  follows  that  f(x)  is  of  class  1,  unless  it  be  continuous,  and 
it  is  consequently  a  sumrnable  function  ;  in  fact  the  theorem  of  §  381  shews 

that/(#)  has  a  Lebesgue  integral,  since    — - — — I — -  -■  ■---  I  has  a  finite  upper 
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limit  for  all  values  of  m  and  h.     In  accordance  with  the  last  theorem  of  §  384, 
we  have 

^limrM       (f>  (cc)  dec  -  I        4>(x)dx\ 

-  4>  (»)  -  *  (a), 

since  ■£{«■)  is  everywhere  continuous.     We  have  therefore  estahlished  the 
theorem : — 

//  ifi  (.<■)  be  a  function  which  possesses  o  differential  coefficient  i  (:v).  limited- 
in  an  interval  (a,  b),  then  /(&■)  always  possesses  an  integral  F(a>),  in  an 
interval  (a,  x).  which  differs  from  tj>  (a;)  by  a  constant  only. 

This  theorem  corresponds  to  the  theorem  (B)  of  §  258.  An  example  due 
to  Volterra  has  been  given  in  -J  2<!4  of  a  function  which  possesses  a  limited 
differential  coefficient  that  is  not  integrable  in  accordance  with  Thiemann's 
definition. 

The  above  theorem  shews  that  this  differential  coefficient  possesses 
a  Lebesgue  integral.  It  thus  appears  that  th<;  part  (B)  of  the  fundamental 
theorem  of  the  Integral  Calculus,  as  stated  in  §  2o8,  holds  without  limitation, 
if  Lebesgue's  definition  be  employed,  so  long  as  the  differential  coefficient  is 
a  limited  function. 

390.     Lebesgue  has  established*  the  following  general  theorem  : — 

In  order  that  one  of  the  four  derivatives  of  a  function  'may  be  integrable, 
that  derivative  being  supposed  finite  ui  aery  point,  it  is  -necessary  and  sufficient 
that  the  function  be  of  limited  total  fiiict'i-ati-on.  fts  total  variation  is  the 
integral  of  the  absolute  value  of  the  derivative. 

The  indefinite  inleg ru I  of  such  a-  xvmni  <dAe  derir-alice  is  the-  function  of  which 
it  is  the  derivative. 

This  theorem  affords  a  solution  of  the  problem  of  the  determination 
of  a  function  when  either  its  differential  coefficient,  or  one  of  its  four 
derivatives,  is  a  given  function,  for  the  case  in  which  that  given  function 
is  limited,  or  also  when  it  is  known  that  the  function  to  be  determined 
must  be  of  limited  total  fluctuation.  This  problem  has  been  already  con- 
sidered in  §  264. 

In  order  to  prove  these  theorems,  we  observe  that,  if  4>(te)  be  a  con- 
tinuous function,  defined  for  an  interval  (a,  b),  the  derivatives  D'thix), 
D+rf>  («),  are  the  upper,  and  the  lower,  limits  of  indeterminacy  of  lim  I  (w,  h), 

*    r,t'fOiis  stir  Vhiteijrnfion,  p.  123, 
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where  I{x,  A)  denotes  the  incrementary  ratio  ™-- ^ — r_LJ,     It  will  first 

be  proved  that  a  sequence  of  positive  values  of  A  can  be  determined,  such 
that  the  upper  and  lower  limits  of  /  (as,  A),  for  A  =  0,  are  for  every  value 
of  x  the  same  when  A  has  the  successive  values  of  the  numbers  in 
this  sequence  as  when  A  is  not  restricted  to  have  such  values.  Let 
A/,  ht>  ■  ■•hn',  ...be  a  sequence  of  diminishing  positive  mi  rubers,  converging 
to  zero,  and  let  elt  e„  ...  e„,  ...  be  another  such  sequence.  Since  I (x,  A) 
is  continuous  with  respect  to  (a.',  A),  for  all  values  of  %  in  (a,  h),  and  for 
positive  values  of  A  greater  than  zero,  it  follows,  from  the  uniform  continuity 
of  I  (x,  A),  that  the  interval  (h'.n+1,  hu')  can  be  divided  into  a  definite  number 
rn  of  parts,  such  that  j  I  (m,  h)  -  /  (x,  h')  \  <  e„,  for  every  value  of  x,  provided 
h  and  A'  both  lie  in  one  and  the  same  part  of  the  interval.  Let  this  sub- 
division be  made  for  each  value  of  n,  and  let  ftlf  £a,  A3,...  denote  the  end-points 
of  all  the  parts  of  all  the  intervals  (h'n+1,  ha').  The  sequence  h},  A9,  hs,  ... 
converges  to  zero,  and  it  is  a  sequence  such  as  satisfies  the  required  condition  ; 
for  we  have  1 1 (w,  ha)  —  I  (x,  h)  \<eg,  provided  hm  g/iS  hm+1,  the  integer  s 
being  determinate,  corresponding  to  each  value  of  m.  It  follows  that  the 
upper  and  the  lower  limits  of  the  sequence  I(x,h,),  I(x,k.2),  ...  l(x,  k,„)  ...  are 
identical  with  those  of  any  other  sequence  1  (x,  hi),  I  (x,  hl),...I  (x,  A'm)..., 
where  A,=A/SA5,  A2  £  As'  £  A3, ...,  and  generally  li,M=h'm=hm+i]  and 
this  is  the  case  for  every  value  of  x  in  (a,  6).  Therefore  the  sequence  \hn\  has 
the  required  property.  Next,  it  will  be  proved  that  D+  <f>(x)  is  a  measurable 
function,  and  that  it  is  at  most  of  the  second  class.  Let  %  (*),  i(a  (as), ... 
un  (x),  ...denote  a  sequence  of  continuous  functions,  defined  for  an  interval 
(a,  6);  and  let  u(x),  u(x)  denote  the  upper  and  lower  limits  of  indeterminacy 
lim  u„  (as),  lim  un  (x).     Let  vn  (as)  denote  that  function  which,  for  each  value  of 

x,  has  the  value  of  the  greatest  of  the  functions  u,  (,*;),  o^(x),  ...  u„(x),  for  that 
value  of  x.  It  is  easily  seen  that  the  functions  n.n  (as)  are  all  continuous 
in  (a,  b).  The  functions  u,  ((c),  v,  (as), . . .  vn  (as)  . . .  form  a  sequence,  which  for 
each  value  of  x  is  non-diminishing  ;  let,  w,  (as)  denote  its  limit.  The  function 
w1  (x)  is  measurable,  and  at  most  of  the  first  class.  Let  the  function  w%  (x) 
be  formed  in  the  same  manner  as  W,(x),  by  leaving  out  the  function  %(»'), 
and  proceeding  as  before.  The  function  w„  (,*■)  is  formed  by  leaving  out  the 
firsts— 1  of  the  functions  v,(x).  and  then  proceeding  in  the  same  manner  as 
that  in  which  w,(x)  was  formed  from  the  original  sequence.  The  functions 
u>i(x),  wt  (as), . . .  wn  (a:)  . . .  form  a  non-increasing  sequence  of  measurable 
functions,  of  the  first  class  at  most;  their  limit  is  ii-(x).  It  follows  that 
u(x)  is  measurable,  and  of  the  second  class  at  most.  In  a  similar  manner  it 
can  be  shewn  that  u  (x)  has  the  same  property.  If  we  identify  the  functions 
Ma(ic)  with  the  functions  I  (x,  A„),  where  the  sequence  \lin\  is  formed  as  has 
been  explained  above,  we  see  that  the  two  derivatives  D+  <$>  (as),  D+  <p  (x)  are 
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md  of  the   second   class  at   most.     The  derivatives   J)   <£(#), 
Z>_0(a.')  clearly  have  the  same  property. 

We  now  assume  that,  for  each  value  of  oa  in  (a,  b),  the  derivative 
D+  tf>  (a)  has  a  finite  value.  Let  the  unlimited  interval  (—»,»)  be  divided 
into  intervals  (a„  a[+1),  where  the  integer  i  has  all  positive  and  negative 
values,  and  so  that,  for  each  value  of  i,  ai+1  -  a,  <  e,  where  e  is  a  fixed  positive 
number.     Let  e,  denote  that  set  of  points  x  in  (a,  b),  for  which 

«.<D**(*)S»,+1; 
and  arrange  the  sets  e,  in  the  order  en,  e,,  e_,,  eit  e_2, ...  en,  e_„,  — 

Let  k„,  k,,  &_!,  k2l  fc_s, ...  ,  kn,  fc_n  ...  be  a  sequence  of  positive  numbers  so 
chosen  that  the  limiting  sum  of 

k,  |  a,  |  +  k,  1  a,  j  +  k_,  \a.lt  + ... +kn\a„\  +  fc_„  |  o_„  |  +  . . . 
is  less  than  e.  Let  the  set  e„  he  enclosed  in  a  set  of  intervals  A0,  and  the 
complementary  sot.C  (/;„)  in  a  set  of  intervals  A/,  so  that  the  measure  of  that  set 
of  intervals  which  is  common  to  the  sets  A„,  A,,'  does  not  exceed  k„.  Enclose 
e,  in  a  set  of  intervals  A:,  and  O(e0  +  «,)  in  a  set  of  intervals  A/;  where  the 
sets  As  and  A/  are  both  interior  to  A„',  and  have  in  common  a  set  of  intervals 
of  measure  not  exceeding  k, .  Proceeding  in  this  manner,  we  enclose  ep,  where 
p  is  positive  or  negative,  in  a  set  of  intervals  Ayj  and  G (e„  +  e,  +  e_,  +  ...  e,t), 
where  eq  immediately  precedes  e„,in  a  set  A'^.so  that  Ap,  A'^are  both  interior 
to  A'g,  and  have  in  common  a  set.  of  intervals  of  measure  not  exceeding  kp. 
We  have  now  m  (A;i)  —  m  (ep)  ^  kp,  and  Aj,  has  in  common  with  all  the  other 
sets  A,  a  set  of  intervals  whose  measure  is  less  than  kp. 

Since       2  |  ap  |  m  (Ap)  -  X  |  Oy  |  m  (ep),  where  p  =  0,  1,  -  1,  2,  -  2  ..., 
is  less  than  £&j,|up|,  or  than  e,  we  see  that 

JK|»(a,),  S|%|«(.,) 

are  cither  both  divergent    or  both  convergent;    and  in  the  latter  case  the 
difference  of  their  sums  is  less  than  e.     If  I    |  Z*+  <p  (at)  \  dx  exists,  we  have 

J    \D+<l>(z)\dx<(b-a)e-i--2,\ap\m(ep)<(b-a--l)£  +  Z\ap\m(Ap); 
and  the  Integral  exists  if  X  |  ap  |  m  (Aj,)  is  convergent.    Similarly,  the  necessary 
and  sufficient  condition  that  |    D+<p(x)dx  should  exist  is  that  %apm(&p) 

should  converge;  and  then  the  two  differ  by   loss  than  (6  —  a  —  l)e.     Any 
point  js  in  (a,  6)  belongs   to  one   of  the  sets  ep ;   let  Sp  be  that  interval 
of  the  set  A^  which  contains  a'.     Let  {as,  x  +  h)  be  the  longest  interval  with  h 
positive,  contained  in  Bp,  which  does  not  exceed  e,  and  is  also  such  that 
ap  &  I  (x,  h)  &  Op+,  +  e. 
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Starting  from  the  point  a,  we  define  in  this  manner  an  interval  (a,  x,) ; 
then  we  take  the  interval  (;elt  .v:s)  corresponding  to  Xj,  and  so  on.  The  point 
b  will  be  reached,  either  as  the  end-point  xp  of  an  interval  (%_i,  %),  where  ,8 
is  some  number  of  the  first,  or  of  the  second  class,  or  else  it  is  the  limiting 
point  of  the  end-points  of  a  sequence  of  intervals.     The  value  of  the  sum 

S  | +  (*«)-*(*>  | 

taken  for  all  the  intervals  (#„,  &■„+,),  by  which  the  points  a  and  b  are  joined, 
lies  between  £  |  <tpa  \  &'Pa  ±  2e  (b-a),  where  B'Pa  is  the  interval  (xIt  xa+3),  and 
pa  denotes   the   corresponding   value   of  p.     Also   2  |  aPa  j  o"Pa   differs   from 

2 1  av  1  m  (Aj,)  by  less  than  2  kp  |  ap  | ,  or  by  less  than  e ;  for  those  points  of  Ap 
p  p 

which  do  not  belong  to  intervals  B'Pil.  necessarily  belong  to  one  of  the  sets  A^, 
where  q  is  different  from  p,  and  their  measure  accordingly  docs  not  exceed  !cp. 
Therefore  2  |  <b  (xa+i)  —  $  (x„)  |  lies  between  the  two  numbers 
%\ap\m  (Aj,)  -  e'  ±  2e  (b  -  a),  where  e  <  e  ; 

and  these  numbers  are  finite  if  |   |  D+  0  (x)  \  dx  exists. 

It  follows  that  the  necessary  and  sufficient  condition  that  D+<b(x) 
should  be  integrable  is  that  the  function  tfe  (&)  should  be  of  limited  total 
fluctuation,  in  which  case  its  total  variation  in  (a,  b)  is  limited. 

We  have  also 

^ (Z>) -  <£  (a)  =  2  {<W*)  ~  0^))  =/ V  0(^0 

in  case  D+<j>(x)  is  integrable;  the  reasoning  being  the  same  as  before,  and 
remembering  that  the  number  e  is  arbitrarily  small.  The  theorem  may  be 
proved  for  the  case  of  the  other  derivatives  in  a  precisely  similar  manner. 
If  then  <£(«)  bo  of  limited   total  fii.w-luation,    and,   have  its  four  derivatives 

finite  at  each  'point,  we  have 

t}>(b) - 4>(a)  =  jbD+<f>(x)d%=  f  D+<j>(.x)dx  =  j  D~ <f>(x)dx=j  D„$(»)dm. 

391.     The   following    theorem,   also    due    to    Lebesgue,    will    now    be 

established  : — 

A  function  <b  (x),  of  limited  total  fluctuation  in  {a,  b),  and  of  which  one  of 
the  four  derivatives  in  limited,  has  a  differential  coel/icient  <£'  (x)  at  every  point 
of  (a,  b),  with  the  exception-  of  points  belonging  to  a  net  of  measure  zero.  The 
theorem  also  holds  in  case  the  derivative  has  points  of  infinite  discontinuity 
belonging  to  a,  closed,  set  of  points,  of  zero  content. 

Let  e  be  a  measurable  set  of  points  in  (a,  h),  and  let  e  (x)  denote  the  part 
of  e  in  the  interval  (a,  x).  It  will  then  be  shewn  that,  me(x)  denoting 
the  measure  of  e(x),  the  function   me,(x)  has  a  differential  coefficient  equal 
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to  1  at  a  set  of  points  contained  in  e,  and  of  measure  m(e);  and  that  it 
has  a  differentia]  coefficient  equal  to  0  at  a  set  of  points  not  belonging 
to  e,  and  of  measure  b  —  a  —  m(e).  Thus  the  set  of  points  at  which  me  (a) 
has  no  differential  coefficient  is  of  measure  zero.  All  the  points  of  e  may  be 
enclosed  in  the  interiors  of  the  intervals  of  sets  A ,  D.^  ...  Dn,  ...  ,  such  that 
in(Dn)  converges  to  m(e),  as  n  is  increased  indefinitely.  Let  En{x)  denote 
the  part  of  D,t  which  is  in  the  interval  (a,  x) ;  we  then  have 
7)+  m  En  (x)  £  D+  me  {<*,)  £  0. 

But  D*~ mi?„(fl:)=  1,  at   all  interior  points  of  Dn;  and  it  follows  that 
D+  m En (x)  =  0  at  all  points  not  interior  to  D„,  except  at  points  of  a  set 

of  measure  /em  ;  for- otherwise 


I    D+mEn(x)dx 

would  exceed  mDn.  As  this  holds  for  every  value  of  n,  it  follows  from 
the  above  inequality  that  I)+  me  (a;)  must  be  zero  at  every  point  not  belonging 
either  to  e,  or  to  a  certain  set  of  zero  measure.  Since  Z>+  me  (at)  —  0,  at 
a  set  of  points  of  measure  6  —  a  —  m(e),  and   since 

I  D+me(x)dx  =  m(e), 

it  follows  that  D^  me  (x)  is  equal  to  unity  at  a  set  of  points  of  measure 
m(e),  belonging  to  the  inner  limiting  set  defined  by  the  sequence  [D„]. 
Also  this  inner  limiting  set  has  the  measure  m-(e);  therefore  D+  me(x)  =  l, 
at  a  set  of  points  all  belonging  to  e,  and  of  measure  in  (e).  A  similar  theorem 
can  be  established  for  each  of  the  other  derivatives  of  me  («).  It  then  follows 
that  me{x)  has  a  differential  coefficient  equal  to  1,  at  a  set  of  points  of 
measure  m(e),  belonging  to  e,  and  also  a  differential  coefficient  equal  to  0,  at 
a  set  of  points  of  measure  b  —  a  —  m  (e),  belonging  to  C  (e). 

Next,  let  f(x)  be  a  limited  summable  function  defined  in  (a,  b),  and 
of  which  L,  U  are  the  lower  and  the  upper  limits.  Divide  the  interval 
(L,   U)  into  parts 

(a,,  ad,  (a„  a*)  ...  (a._„  a,)  ...(«,,_„  a»),  where  a0  =  i,  a„  =  U; 
and  where  a,  —  a,_,  does  not  exceed  e,  for  any  value  of  i.     Let  fa  (x),  fa  (x)  be 
two  functions  defined  as  follows: — For  each  value  of  x  such  that 

a,  £/(«)<  a1+i,  let  ^ («)  =  »,; 
and   for  each  value  of  #  such  that   »,_,</(,«)  =  «„  !et  fa(x)  =  ai.      Thus 
0,(ic),  <f2(ic)  are  defined  for  the  whole  interval  (a,  b),  each  of  them  having 
only  a  finite  set  of  values.     Let 
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we  then  have  D+ Ft{x)  £  D+F(x)£  D+  Ft(x),  at  each  point  x  in  (a,  b). 
Also,  we  have 

F,  (x)  =  a„  mea  {%)  +  a,  me!  (%)  +  ...  +an  men  (x), 
where  e,  (x)  is  the  part,  contained  in  (a,  x),  of  the  set  e,  of  points  of  (a,  b)  at 
which  a,  5  / (x)  <  ai+J.  The  function  F,  (x)  has  a  differential  coefficient  equal 
to  <f>,  (x),  at  all  points  of  (a,  6)  not  belonging  to  a  set  of  measure  zero.  For 
me^x)  has  a  differential  coefficient  at  every  point  not  belonging  to  a  set 
of  zero  measure,  and  this  holds  for  every  value  of  i ;  therefore  F,  (x)  has 
a  differential  coefficient  at  every  point  not  belonging  to  a  set  of  measure  zero. 

Also  -j-inet(x)  is  unity  at  all  points  of  e,  except  at  points  of  a  set  of  zero 

measure,  and  is  zero  at  all  points  of  (7{e.)  except  at  points  of  a  set  of  zero 
measure;  and  this  holds  for  each  value  of  t.  A  similar  result  holds  for 
the  function  Fa(x). 

At  any  point  x,  we  have 

i\(x  +  h)-  F,  (>)     F  (x+h)-F(x)     F,(z  +_k)  -f,(s) 

k       '      *  h  *  h 

for  positive  or  negative  values  of  h.  Therefore  the  four  derivatives  of  F(x) 
all  lie  between  o5,  (as),  and  <fe(a;),  at  each  point  x  which  does  not  belong 
to  that  set  of  points  of  zero  measure  at  which  Fs  (w),  F.,  (,'/.■)  do  not  possess 
differential  coefficients  equal  to  0,(a?),  0a(as).  Now  <f>, (x),  <ps(x)  differ  from 
one  another,  and  from /(as),  by  not  more  than  e;  therefore,  at  every  point 
not  belonging  to  a  set  of  measure  zero,  the  four  derivatives  of  F(x)  do 
not  differ  from  one  another  by  more  than  e.  By  taking  a  sequence  of  values 
of  e  converging  to  zero,  we  then  see  that  F(x)  has  a  differentia]  coefficient 
equal  to  f(x)  at  every  point  of  (a,  b)  not  belonging  to  a  set  of  zero 
measure. 

If  the  function  f(x)  be  unlimited,  but  summable  and  possessing  a 
Lebesgue  integral,  the  functions  F1(x),  1<\  (x)  are  each  defined  by  series, 
infinite  in  both  directions.  The  term  by  term  differentiation  of  this  series 
would  then  require  justification.  It  will  be,  however,  .sufficient*  for  the 
present  purpose  to  consider  the  case  in  which  the  points  of  infinite  dis- 
continuity of  f(x)  form  a  closed  set  of  zero  content.  By  enclosing  this 
set  of  points  in  a  finite  set  of  intervals  of  arbitrarily  small  sum,  and  applying 
the  result  obtained  above  to  each  of  the  complementary  intervals  in  which 
fix)  is  limited,  the  theorem  mnv  be  extended  to  the  ease  of  such  a  function 

/(*)■ 

*  Lebesgue  applk-s  ;o,iKonii;g  similar  to  that  in  the  text  to  the  biisc  of  any  SHimmnlle  f miction, 
foe.  cit.,  p.  124.  As  each  of  Ins  fimslions  •!,  is  Lho  ?i.vij  ui  j'i  inlinik'  number  of  functions  <j/,  when 
/  is  unliniilud,  the  prm'thin  would  tin-'i  ;tpp:/ar  to  riKjuiri'  sonm  further  j-.istification. 
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It  has  now  been  established  thai,  iff  (•'<■)  be  a  sum-iu.able  function  which 
is  either  limited  m  (a,  b),  or  has  -points  of  infinite  di.se.onti  unity  belonging  to  a 

closed  set  of  points  of  zero  content,  then  I  f(x)  d:c  has  a  differential  coefficient 

equal  to  f'x),  at  a  set  of  points  -whose  measure  is  equal  to  that  of  the  whole 
interval  (a,  b). 

The  function  •$(%),  being  of  limited  total  fluctuation,  is  equal  to  the 
integral  I  D+  tj>  (a;)  d%,  the  integrand  being  supposed  finite  at  each  point.  It 
has  now  been  shewn  that,  if  the  derivative  D+  tb  (x)  is  limited,  or  at  most  has 
indefinitely  gnat  values  in  the  neighbourhoods  of  points  of  a  closed  set  of  zero 
content,  then  tp  (%)  has  a  differential  coefficient  equal  to  i)+t£(#)  at  each 
point  of  a  set  of  measure  b-a.  At  such  a  point  the  four  derivatives  are 
of  course  equal  to  one  another.  Therefore  the  theorem  stated  at  the 
beginning  of  the  present  section  has  been  established. 

Lebesgue  has  also  established*  the  following  theorem:— 

Every  function  with  limited  total,  fluctuation,  and-  in  particular,  every 
monotone  function .  has  a  finite  differential-  coefficient,  e.txepl  at  the  points  of  a 
set  of  which,  the  measure  is  zero. 

This  differential  coefficient  is  summable  in  the  domain  which  consists 
of  those  points  at  -which  it  exists  and  is  finite,  but  the  integral  is  not  necessarily 
the  given  function,  unless  one  of  the  four  derivatives  of  the  given  function  be 
e  finite. 


392.  Besides  the  Lebesgue  integrals  of  unlimited  functions,  as  defined  in 
§  291,  which  integrals  are  necessarily  absolutely  convergent,  there  is  a  class  of 
non-absolutely  convergent  improper  Lebesgue  integrals,  which  may  be  defined 
by  extending  Harnaok's  definition  of  improper  integrals  given  in  §271.  The 
extension  consists  iu  taking  the  integrals  in  the  intervals  y  employed  in  §  271, 
to  be  Lebesgue  integrals,  and  not  necessarily  Riemann  integrals.  In  case  the 
integral  so  defined,  of  an  unlimited  function,  be  absolutely  convergent,  it  has 
been  shewn  in  §  291,  to  be  in  agreement  with  the  ordinary  Lebesgue  integral 
of  the  same  function,  as  defined  in  §  291.  If,  however,  the  integrals  taken 
through  the  set  of  intervals  {y}  have  a  limit,  but  the  limit  of  the  integrals 
of  the  absolute  values  of  the  functions  do  not  exist,  we  have  then  a  non- 
absolutely  convergent  improper  Lebesgue  integral. 

An  example  of  such  an  integral  is  the  following :— Let  f{x)  =  0,  for  all 

rational  values  of  :i:  in  (0,  I ) :  a.nd  for  irrational  values  of  ,■«,  let  f(x)  —  -sin  •■■ : 

J  v  '      x        a? ' 

then  I   f(x)  dm  exists  only  as  a  non-absolutely  convergent  Lebesgue  integral 

*  Legons  sm-  I' inltip-aUon ,  pp.  J.23  and  128. 
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being  defined  as  lim  I  f{x)dx.  The  integral  I  |/(ar)|  dx  does  not  exist ; 
fori    \f(x)\dx   is  not  convergent,  for  e  =  0. 

393.     The  theorem  proved  in  §  282  that,  if  I  f(x)  dx  exist  as  an  improper 
integral,  whether  absolutely  convergent  or  nut,  in  accordance  with  Harnack's 

lb' 

definition,  then  I  f(tc)da>  exists,  where  a£a'S,b'&b,  and  that  the  con- 
vergence of  tins  integral  is  uniform  for  all  values  of  a'  and  b\  is  applicable 
without  change  to  the  case  of  improper  Luhesgm:  integrals,  whether  absolutely 
convergent  or  not.     The  proof  in  §282,  is  valid  in  this  more  general  case. 

Also  the  proof  that 

|*/(«)  dx  =  jj(x)  dx  +£/(*)  <^ 
given  in  §  282,  is  applicable  without  change. 

It  may  be  proved  that,  fur  an  improper  Lebesgo.e  integral,        f(x)dx  is 
a  continuous  f'.tuct  ion  of  the  upper  Unlit  x. 

Using  the  no  union  of  §  282,  we  have 

|£+/(*)^-/*+/,<*)<fc|<ie, 
and  |  j'f  (x)  dx  -  j'f,  (x)  dm  |  <  \  e, 

provided  the  set  of  intervals  [B\  is  properly  chosen.  We  have  also,  since 
fs  (x)  is  a  limited  function, 

provided  ;  h  ,  is  less  than  some  positive  number  y.     It  follows  that 

|  J*+ /(«)<**-/"/(*)  **  |  <«,  if  i*i<* 

Therefore,  since  e  is  arbitrary,   I  f(x)dx  is  continuous. 

It  has  been  shewn  in  §  390,  that  if  $  (x)  have  limited  total  fluctuation  in 
(a,  b),  and  if  Dtp  (x)  be  everywhere  finite,  then 


4>(b)-<f>(a)  =  j  D<f,(x)d*. 


Now  let  D  <j>(x)  be  indefinitely  great  at  points  of  a  reducible  set  G;  then 
if  (a!,  x)  be  interior  to  one  of  the  complementary  intervals  of  the  set  G, 
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and  (f>(x)  have  limited  total  fluctuation  in  the  complementary  interval, 
we  have 

*(«>-  +  (<0-/'i>««')<to; 

and  if  D  <f>  (x)  have  a  Lebesgue  integral,  or  a  n on- absolutely  convergent 
improper  Lebesgue  integral  in   (a,  b),  we  have 

I'D <j>(x)dx-  faD  4>  («) dx=$(%)-4>  (a'). 

Therefore  I  D  <p  (x)  dx  —  $>  (x)  is  constant  throughout  the  interior  of  the 
complementary  interval  considered.  The  function  tf,  ('*)  being  continuous, 
this  difference  is  continuous  throughout  (a,  b) ;   and   since  G  is  reducible, 

it  follows  from  the  theorem  of  §  206,  that  I    D<b(x)dx-  0  (x)  is  constant 

throughout  («,  b),  and  therefore  =  —  </>  (a).  The  following  extension  of  the 
theorem  of  §^90,  haw  therefore  been  established: — 

If  <f>(x)  be  a  continMHs  function  such  that  I)  <j>(x)  is  finite  at  every  point  of 
(a,  b)  which  does  not  belong  to  a  reducible  set  G,  and  if  J  D  if)  (x)  dx  exist  as  a 
Lebesgue  integral,  or  as  an  improper  non-absolntely  convergent  Lebesgue 
integral,  then 

I'd  *(•)*.  -*(•)  -*(») 

for  every  point  m  in  (a,  b).  D$>  (x)  denotes  any  one  of  the  four  derivatives 
of  </>(')■ 

If  the  set  G  were  not  reducible,  but  contained  a  perfect  component, 
then  I  D<b(x)dx  would  in  general  differ  from  <f>(x)  by  a  function  with 
an  everywhere-dense  set  of  lines  of  invariability. 

INTEGRATION   BY   PARTS   FOR   LEHESGUE   INTEGRALS, 

394.  If  u,  v  be  two  continuous  functions  with  limited  total  fluctuation  in 
(a,  b),  then  the  product  uv  has  the  same  property.  For  if  «  =  «]  —  it,, 
v  =  Vt  —  Vv,  where  «lt  Ms,  V„  v2  are  monotone  non-diminishing  functions,  then 
u1vl  +  u3vll,  UiVa  +  VaV,  have  the  same  property,  and  therefore  (w1-«3)(«i-»a) 
is  of  limited  total  fluctuation. 

Let  us  assume  that  u,  v  both  have  limited  derivatives  in  (a,  6) ;  then  in 
accordance  with  the  theorem  of  §391,  fr  > -r.  both  exist  at  all  points  of 
(a,  b),  except  points  of  a  set  with  zero  measure. 
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d  (uv)        du        dv 

We   have  — 7 —  =  11  -j-  +  u -5- , 

da;  <w        ate 

at  eacli  point  of  the  set  E  of  points  whore  the  differential  coefficients 
exist.     We  have  then 

— ^ — '  dx  =      w  j-  dx  +  I    « -=-  dee. 

J  s    dx  ]  E    dx  )  E    dx 

Also  I    »-,— dfl!=|   vDudx,      J    it  '     dr=  j   uDi1^;, 

]  %    dx         J a  is    dx         Ja 

since  Dm,  Du  are  limited,  and    ni.(E)  =  h  —  a.     Also 

/,^*-[-]J 

therefore  I    w Dm da;  =    mo     -I    vDudx. 

Now  let  «=/    (7 dm,     a=       Fda;, 

where  J7and  Fare  limited  in  (a,  b);  then  Z7  only  differs  from  Du  at  points 
of  a  set  of  zero  measure,  and  V  differs  from  Dv  only  in  the  same  manner. 
We  thus  obtain  the  formula  for  integration   by  parts, 

P  V(j'"udx'\da>=l(  f 'U '*")([" 'y 'dm)  I -J"   U(  ("Vdx^dx, 

where  a,  /3  are  arbitrarily  fixed  points  in  the  interval  (a,  b). 

If  Du,  Dv  be  not  limited,  but  have  points  of  infinite  discontinuity  which 
belong  to  an  enumerable  closed  set  G,  let  ^  (-»)  denote 


\uv\    -  I   u  Dvdx—  I   vDu dx. 


The  function  ^(«)  is  constant  in  any  interval  contained  in  an  interval 
complementary  to  G.  The  functions  u,  v  being  continuous  in  (a,  0),  the 
function  %{#)  is  continuous  in  (a,  6),  and  therefore,  since  G  is  enumerable, 
%{%)  is  constant  throughout  (a,  0) ;  and  it  is  zero,  since  it  vanishes  at  the 

point  a. 


Therefore  we  have 


/>-[-]:-/:• 


where  u,  v  are  continuous,  and  Du,  Dv  have  points  of  infinite  discontinuity 

belonging  to  a  reducible  set  of  points. 
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THE   DIFFERENTIATION    OF    SERIES. 

395.  If  a  (*)  denote  the  sum-function  of  a  series  m,  (a)  4- ?';  (,«)  +  ... ,  and 
it  be  assumed  that,  either  at  a  particular  point  a:,  or  in  a  continuous  interval, 
all  the  terms  %(«),  n3(;e),  ...  are  continuous  and  dii'fcrcni iable,  it  is  a  subject 
for  investigation  under  what  conditions  x  («■)  possesses  a  differential  coefficient 
which  is  the  limit  of  the  sum  «/  (»■)  +  u.J  (x)  +  . . . ,  the  series  of  which  the 
terms  are  the  differential  coefficients  of  the  original  series.  It  may  happen 
that  (1)  s(x)  possesses  no  differential  coefficient,  or  (2)  that  the  scries 
u,'(x)  +  us'(x)  + ...  is  not  convergent,  or  both  (1)  and  (2)  may  happen 
simultaneously,  or  (3)  that  s'  (je)  exists  and  the  series  is  also  convergent,  but 
that  its  limiting  sum  is  not  s'  {%)■ 

Writing  s  (*■)  =  s,:  («;)  +  Rn  ((b),  we  have,  at  any  point  of  convergence  of  the 
series,  lim  En  (x)  =  0 ;  further  we  have 

"".(«  +  *)-«(«).«.(»  +  »)-«.(»)  t  iJ.Qc  +  i) -«,(*■) 
h  h  h 

On  the  hypothesis  that  all  the  terms  of  the  scries  have  finite  differential 

coefficients  at  the  point  x,  we   have  lim—5 -. — — — -=«„'(#);   if  then 

Rn(<*>)  possesses  a  differential  coefficient,  so  also  does  s(x).     H  R^  {x)  exists, 
and  converges  to  the  limit  zero,  when  n  is  indefinitely  increased,  we  have 
s'(x)=\imsn'(w)  =  lim  {u/ (x)  +  ual (x)+...  +«„'(*)}■ 

In  case  Rn'  (x)  either  does  not  exist,  or  exists  but  does  not  converge  to 
the  limit  zero,  when  n  is  increased  indefinitely;  the  term  by  term  differentia- 
tion of  the  series  is  inapplicable. 

396.  Let  us  assume  that,  in  a  given  interval  (a,  b),  the  terms  of  the 
convergent  series  u1(x)  +  ua(x)  +  ...  +Un(a;)+  ...  are  differentiable,  and  that 
their  differential  coefficients  are  everywhere  finite,  and  are  integrable  in 
(a,  b),  and  in  case  they  are  unlimited  have  a  reducible  set  of  points  of 
infinite  discontinuity,  so  that  I  u,t'  (x)  dx  =  nn  (x)  -  uu  (a).  The  integral 
may  be  either  a  Eiemann  integral,  or  an  improper  one  in  accordance  with 
Harnack's  definition,  or  a  Lebesgue  integral,  or  a  non-absolutely  convergent 
improper  Lebesgue  integral.     Let  it  be  further  assumed  that  the  series 

is  convergent  everywhere  in  (a,  b);  then  denoting  the  sum-function  of  this 
latter  series  by  <f>  Ix),  we  may  apply  the  theorems  in  §§  379-386,  to  obtain 

conditions  that  <£  («)  possesses  an  integral  j    <j>  ((b)  dw,  where  a  £  x  S  b,  and 
that  the  series 

K(*)-«i(o)}  +  {«.(*)-  "i (»)}  +  ■■■ 
b.  36 
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converges  to  the  sum  I  <p(x)dx.  If  these  conditions  arc  satisfied,  we  have 
I  tp(x)dx  =  s(x)  —  s(a);  from  which  it  follows  that,  at  least  at  any  point 
of  continuity  of  0(#),  the  differential  coefficient  s' (w)  exists,  and  is  the  sum 
of  the  series 

«!'(») +  «a'(fflf)+  ■■■  +  -"«'(*)  +  ■••- 

It  follows  from  a  theorem  in  §  383,  that  if  the  series  %un'  (x)  be 
uniformly  convergent,  the  function  ij>  (x)  is  integrable  in  (a,  b),  and  that 
f  tj>(x)dx  =  s (#)  —  s (a) ;  and  thus  s'  (&■)  =  ^ («).  at  any  point  of  continuity  of 
$(«).  In  particular,  0  fa;)  is  everywhere  continuous  if  all  the  terms  un' (x) 
are  continuous  functions.  We  have  therefore-  established  the  following 
theorems : — 

If  the  series  2«,L  (*■)  converge  in  {a,  (>),  and  the  terms  of  the  series  2m,/  (*) 
6e  aff  _/mife  a-u.rf  continuous  in  («,  i),  «»i.rf  i/'e  '(.(■( (e-*'  sew,',*  converge  uniformly, 
then  s'(x)  exists,  and  its  the  sum-  of  the  series  Sitn'  («■),  kc-  (if!  points  in  (a,  b). 

If  the  series  Sun  (,■<;)  converge  in  (a,  h),  and  the  differential  coefficients 
un'(x)  have  all  definite  finite  values  everywhere  in  (a,  b),  and  are  integrable 
in  the  sense  explained  above,  and  the  series  2%'(«)  be  uniformly  convergent; 
then  at  every  point  of  continuity  of  the  sain,  of  the  series  Sun'(x),  that  sum 
is   s'  fa-). 

It  is  a  known  theorem  that  the  sum-function  (f>(w)  of  a  uniformly 
convergent  series  of  point-wise  discontinuous  functions  is  at  most  point- 
wise  discontinuous;  and  in  the  present  case  the  points  of  discontinuity  form 
a  set  of  zero  measure,  provided  the  integrals  of  the  terms  m„'  (%)  are 
Riemann  integrals. 

Exactly  similar  theorems  hold  tor  derivatives  of  the  terms  v,n  (x),  on  one 
side. 

The  condition  of  uniform  convergence  contained  in  these-  theorems  is  a 
sufficient,  hut  not  a  necessary,  condition  for  the  validity  of  the  process  of  term 
by  term  differentiation. 

A  less  stringent,  1ml.  sufficient,  condition  would, in  accordance  with  the  last 
theorem  of  §  383,  he  obtained  by  replacing  the  condition  that  S,un'(cc)  should 
converge  uniformly  in  (a,  b)  by  the  condition  that  its  convergence  should  be 
simply  uniform*. 

Still  wider  conditions  for  the  validity  of  the  process  arc  obtained  by 
applying  the  theorems  of  §§  384,  385.  We  thus  obtain  the  following 
theorems : — 

If  the  series  S,un(x)  converge  in  (a,  b),  and  the  (inferential  coefficients 
u,i(f)  everywhere  exist,  and   are   limited,  and-  the  series    S,n^  {x)    be  every- 

■   Sue  Bendixson,  "  Hur  k  coiivutsj^nco  unitiinn;  dug  siries,"  $PxJ;iiolin  OJ'v.  vol,  liy,  1897. 
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where  comerijenl ;  and,  if  further   £«/(>)    be.  for  every  valve  of  n  and  i 

than  some  J 

point  of  continuity  of  Sm„'  (%). 
1 

If  the  series  %i„  (,r)  converge  in  (a,  b),  and  the  functions  un'  (%)  everywhere 
exist,  and  are  limited,  then  provided  the  set  of  points,  in  the  t 


positive  member  is  not  satisfied-,  be  an  enumerable  set,  and  if  also  £«(#)  be 


Unuity  of  Swn'  (&), 

A  particular  case  of  this  theorem  is  that  in  which  all  the  terms  u^{x),  and 

%uf(x),  are  continuous.     In  the  general  case,  it  will  be  observed  that,  in 

i 

accordance  with   (.he  theorem  of  §  38i>,   the   tonus  u,,' (x)  aro  all  integrable, 

possessing    at    least    Lebeague    integrals.     Also,   in    virtue    of  the    theorem 

proved  in  §  391,  the  points  at  which  the  term  by  term  differentiation  does 

not  hold,  form  at  most  a  set  of  points  of  measure  zero. 

By  employing  the  theorem  established  in  ^  380,  1.1 1 e  above  theorems  can 
be  extended  to  the  ease  in  which  the  series  1u„'  (V)  fails  to  converge  at  points 
belonging  to  a  reducible  set  of  points. 

397.     The  condition  of  the  validity  of  term  by  term  differentiation  of 
the  convergent  series  Sit  (x),  at  a  particular  point  a  of  the  domain  of  x,  is 
identical  with  the  condition  that  the  two  repeated  limits  of 
«(«  +  &,  y)-g(a,y) 
k 
for  h  =  0,y  =  0,  should  exist,  and  have  one  and  the  same  value.     By  applying 
the  theorems  of  §§  234,  235,  which  contain  the  necessary  and  sufficient  con- 
ditions for  the  existence  and  equality  of  repeated  limits  of  a  function  at  a 
point,  we  obtain  the  folio  wing  theorems : — 

If  the  series  -v-„  (.*■)  event-where  con-verm  in  a  xafjicmdly  small  neighbour- 
hood of  a  point  a,  and  the  tliffererdijd  ooefHcients  u,,' (x)  exist,  and,  are  finite, 

then  the  necessary  and  sufficient  conditions  that,     ;-s(x)  at  x  —  a,  may  exist 

and  be  equal  to  ^.uf  (a)  are  (J.)  that  -u,,'  (a)  be  concur /jenl,  and  ii)  that,  e  being  an 

i 
arbitrarily  chosen  jtos-itivc  ivunhtr,  and  ><.,  an  arbitrarily  chosen  -positive  integer, 

36—2 
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a  number  n,  positive  and  >  0  can  be  found,  and  also  a.  positive  integer  n  >  n„, 

such  that  the  condition = ^-^—   <  e  is  satisfied  for  this  value  of  n, 

and  for  every  value  of  h  such  that  0  <  ]  h  \  <  n,  and  for  which  a  +  his  interior 
to  the  given  neighbourhood  of  a. 

If  the  series  X«„.  (■'<)  converge  everywhere  in-  a  sufficiently  snui/l  neigldwnr- 
hood  of  a  point  a,  and  the  differential  coefficients  vf  (a)  exist  and  are  finite, 

then    the  necessary  and,  sufficient   condition   that  -,    s(x)  at  x  =  a,  may  exist 
and  be  equal  to  X«,/(«)  is  tin  it,  corresponding  to  any  arbitrarily  chosen  positive 

number  e,  an  integer  ■??.<■,  ei.rists,  such  that  corresponding  to  each  integer  n>  n„,  a 
positive  number  n,  in  general  dependent  on  n,  can   be  found,  suck  that  the 


■  is  satisfied-  for  every  value  of  h  such   that 
0<|ftj<Jj,  and  for  -which  a  +  h  is  interior  to  the  given  neighbourhood  of  a. 

It  is  clear  from  §  234,  that  the  uniform  convergence  of  — j ^^ 

to  the  limit  — -I — ,  for  all  values  of  h,  except  0,  in  a  fixed  interval 

(—  8,  8')  for  h,  is  a  sufficient  condition  that  s'(«)  crisis,  and  that  ilie  series 
%u,i(a)  converges  to  s'  (a). 

398.  The  following  theorem*  is  frequently  more  convenient  than  the 
theorems  of  §  397,  for  the  purpose  of  ascertaining  whether  a  function  defined 
by  a  convergent  series  of  i'u  net  ions  is  differentiable  or  not. 

If  the  series  %Un  (x)  converge  in  (a,  b),  and  the  differential  coefficients  u»  (a) 

exist,  and  are  finite.,  then  the  necessary  a,nd  sufficient  conditions  that  -j-s(x) 

may  exist  at  x  =  a,  and  be  the  sunt  of  the  .series  X?*,,.' («),  are  (1)  that  the  series 
Xm„'(«)  be  convergent,  and  (2)  that,,  corresponding  to  an  arbitrarily  fixed 
positive  number  e,  and  an  arbitrarily  fired,  integer  m',  a,  positive  number  h 
can  be  determined  such  that,  for  each,  wive  of  h  nii.in.erica.lly  less  than  8,  and 
for  which  a  +  h  is  in  (a,  b),  an  integer  m(>m'),  in  general  varying  with  h,  can 
be  found,  for  which  the  three  numbers 

iit  A Un{a))'    h~'    —hT 

are  all  numerically  /ess  than  e. 

The  convenience  in  application  of  this  theorem  arises  from  the  fact  that 

'"  Dini,  (jniiidl'jycn,  p.  162. 
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it  provides  a  test  in  which  only  a  single  value  of  h  is  employed.     To  prove 

that  the  conditions  stated  in  the  theorem  are  sufficient,  we  have 


Em(a  +  k)     Rm(a) 


-  JiJ 


where  RJ  denotes  the  remainder,  after  m  terms,  of  the  series  £«„'(a).  The 
number  m'  can  be  so  chosen  that  Ii„'  j  <  e,  for  n  £  m',  since  the  series  2«n'(a) 
is  convergent.     If  m  be  chosen  >  in',  and  such  that  the  second  condition 

in  the  theorem   is  satisfied,  we  see  that   I , 2  M7l'(a);<4e, 

h  «=l  : 

—^  is   2  M»'(a).     Therefore 

the  conditions  are  sufficient. 

To   shew   that   the   conditions   stated   are   necessary;    it   is   clear   that 

(1)  must  be   satisfied,  and  therefore  that   m'  can  be  determined  so  that 

\Rm'\<ie,  if  m£m'.     Moreover,  a  positive  number  S  can  be  determined 

such  that  — 1 — -j%'(a)  is  numerically  less  than  Je,  if  ]A|<S, 

Also  since  £■?%(.«)  is  convergent,  for  each  value  of  h,  a  corresponding  value 

ofm(Sm')  exists,  such  that     m   , -,        ~~'  are  each  numerically  <Je. 

It  then  follows  that,  for  these  values  of  k  and  m,  the  condition 

i|-»+*)-«.w_<(«)}<. 

is  satisfied.     Therefore  the  conditions  in  the  theorem  are  necessary. 


1.  Let  ua (x)  =  -  sin  nx ;  the  series  2«,i(.t')  converges  everywhere  in  any  interval,  hut 
the  series  2  cos  nx  Joes  not  converge.  The  term  by  term  dilTot'cutiiition  of  the  given  aeries 
is  therefore  hiitpplirab'e. 

2.  Let  itn(x)  =  —  -  ^— rr  ;  the  series  2w„  (■'<■')  converges  to  the  sum-function  .»(#)  =  #,  in 
the  interval  (0,  1).  The  sories  2  (x^-'-x")  converges  to  s' [.r)  =  l,  for  all  values  of  x  in  the 
interval  (0,  1),  except  for  .v=0,  when  it  converge*  to  0,  which  L*  not  equal  to  ^(0).  The 
series  S  (#"_l  —  je")  has  the  point  x  =  0  for  a  point  of  non-uniform  convergence,  and  thus 
the  converger  io:;  is  not  iimiorm  m  the  interval  :0,  1 ). 

3.  The  series  2  6*  cos  (a"*),  where  0<6<1,  converges  uniformly  in  any  interval.  The 
series  - 2  («i)° sin  («■»*},  for  ab>l,  is  not  convergent.  It  will  be  shewn  later  that  the 
function  denned  by  the  given  series  is  not  diffiavn tiable  for  any  value  of  x,  provided  ab 
exceeds  a-  certain   value. 
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REPEATED    IMPROPER    INTEGRALS. 

399.  If /(.«,  y)  be  an  unlimited  function,  defined  in  the  fundamental 
rectangle  bounded  by  x  —  a,  x  —  b,  y  =  c,  y  =  d,  it  is  an  important  case  of*  the 
problem  of  the  reversal  of  the  order  of  repeated  limits,  to  investigate 
conditions  under  which  the  repeated  integrals 

£  <fa  j'f  (.,  y)  dy,    j"  dyjj(*,  jr)  & 

when  they  both   exist,  have   the  same   value.     In  the  case   in   which  the 

improper   double   integral    f/(V.  y)(drcdy)   exists,   it   is   also   a   matter  for 

investigation  whether,  or  under  what  conditions,  this  double  integral  can 
be  replaced  by  one  or  other  of  the  corresponding  repeated  integrals.  These 
problems  have  been  investigated*  [>y  de  la  Vallee-Poussm,  who  has  obtained 
a  number  of  results  of  a  general  character.  Au  investigation  f  will  be  here 
given,  in  which  the  questions  are  considered  in  a  still  more  general  manner, 
free  from  some  of  the  restrictions  introduced  by  de  la  Vallee-Poussin. 

The  definition  of  a  double  integral  will  be  taken  lobe  that  of  §321 ;  that  of 
a  single  integral  will  be  taken  to  be  that  of  Itieuumn,  or  that  of  de  la  Vallee- 
Poussin,  in  the  case  of  an  unlimited  function. 

An  extension  of  the  definition,  given  in  £  ">79,  of  the  regular  convergence 
of  a  sequence  of  functions  to  a  limiting  function  will  be  first  given. 

Let  0i(#),  0a(*")i  •■-  $»(#),  -■■  he  a  sequence  of  functions  defined  for  the 
interval  (a,  b).  We  shall  suppose  that,  for  each  value  of  x,  any  one  of  these 
functions  <f>n  (x)  has  either  a  definite  value,  or  is  tmi  [ti pie- valued  ;  and  in  the 
latter  case  it  is  regarded  as  indeterminate  between  limits  of  indeterminacy, 
either  of  which  may  be  finite  or  infinite,  of  which  the  upper  limit  may  be 
denoted  by  <£„(*'),  and  the  lower  limit  by  <£„(&).  For  any  value  of  x  for 
which  0„  (%)  is  (1  etc  no  in  ate,  we  have  <j>u  (x)  =  <£>„  (,-<;).  When  either  0„  (x)  or 
(£„(«)  is  to  be  taken  indifferently,  we  may  use  the  notation  <£«(#). 

The  consideration  of  a  function  <l>„  {.:<;)  which,  for  a  particular  set  of  values 
of  sc,  is  indeterminate,  as  a  single  function,  involves  an  extension  of  Dirichlet's 
definition  of  a  function  which  is  justified  by  its  convenience  for  use  in 
investigations  such  as  the  present  one.  This  extension,  which  has  been 
already  referred  to  in  §  166\  is  convenient  when  the  functional  value  #„(*') 

*  His  investigations  are  eon 

sciciltifinne  ile  Hi  n.ieile-,  vol.  xvn  ;  l;kii  -■iciiiiii  ii 
third  in  lAouville's  Journal,  ser.  5,  vol.  v. 
t  See  also  Hobson,  Proc.  Loud.  Math.  Soc. 
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at  a  point  x  is  defined  by  means  of  a  limit,  say  $„(#)=  lim  ■f,„(x,  m),  which 
may  be  such  that,  for  a  particular  value  of  x,  lim  tynix,  '»*■)  has  no  single 

value,  but  may  be  multiple-valued  between  limits  <f>n(x),  0«(«).  The 
function  $>«{#),  for  such  a  value  of  x,  may  he  capable  of  having  a  finite 
number,  or  an  infinite  number,  of  values,  and  possibly  of  having  all  values 
between  0„  (at)  and  >pn  (x) ;  but  in  the  application  of  the  theory  we  need  only 
attend  to  the  upper  and  lower  limits  of  indeterminacy,  it  being  indifferent 
whether  <f>n{®)  has  all  values  between  these  limits,  or  some  values  only.  The 
fluctuation  of  <£«(#)  in  any  interval  (a,  ,3)  is  the  excess  of  the  upper  limit  of 
the  numbers  <}>,,  (x)  for  all  points  in  («,  ft),  over  the  lower  limit  of  the  numbers 
4>n(x)  in  the  same  interval.  The  saltus  of  $n(x)  at  the  point  x  is  the  limit 
of  the  fluctuation  in  an  interval  (x  —  S,  .*  +  S),  when  8  is  indefinitely 
diminished,  and  this  saltus  is  =<£„(*)  —  <f>a(x).  Kiemann's  theory  of  in- 
tegration is  applicable  to  such  a  function  <p,-,.  ('<-'),  when  it  is  limited,  just  as 
in  the  case  of  a  single- valued  function.  For  any  fixed  value  of  x,  the  numbers 
<fh(®),  &<»,  ■■■  <M«0  ■■■  & (">)>  &(»>)•  ■■■  <K<»  ■•-  form  a  set  which  we  may 
denote  by  G.  Let  us  consider  the  derivative  G'  of  G ;  tlien,  if  G'  be  limited, 
since  it  is  a  closed  set,  it  has  a  greatest  value  A,  and  a  least  value  B.  These 
numbers  A  and  B  are  such  that,  for  a  given  e,  there  are  an  infinite  number 
of  values  of  n  such  that  |  <j>n  (x)  —  A  |  <  e,  and  also  an  infinite  number  of  values 
of  n  such  that  |  <J3K(x)-B\  <  e.  If  G'  he  unlimited  in  one  direction,  or  in 
both  directions,  either  A,  or  B,  or  both,  may  be  regarded  as  having  one  of  the 
improper  values  oo ,  —  oo . 

We  now  define  a  function  ij>(x),  for  the  interval  (a,  b),  in  the  following 
manner:— When,  for  a  particular  value  of  x,  the  numbers  A  and  B  are  equal 
and  finite,  their  value  is  taken  to  he  that  of  (f>(x).  If  A  and  B  are  unequal 
and  finite,  we  regard  <p  (x)  as  multiple-valued,  with  0  (x)  =  A,  $(x)  =  B.  If 
either  A  or  B  have  one  of  the  improper  values  co  ,  —  =o  ,  the  point  x  is  taken 
to  he  a  point  of  infinite  discontinuity  of  <£  (x).  The  function  $  (x)  is  regarded 
as  a  single  function,  not  necessarily  limited,  and  it  may  have  either  a  proper 
integral,  or  an  improper  integral  in  (a,  b),  in  accordance  with  Harnack's 
definition  of  the  improper  integral  of  an  unlimited  function.  This  function 
<j>(x)  is  said  to  be  the  limiting  fui/oliun  defined  by  the  sequence  {<j>n(x)} ;  and 
the  functions  <f>.„.(w)  are  said  to  converg/*,  in  an  extended  sense  of  the  term,  to 
the  function  0  (a)  ;  and  thus  we  write  tj)  (x)  —  lim  <f>„(x). 

In  case  the  sequence  {<{>„  (a):  be  non-diminishing,  so  that,  for  every  value 
of  x  and  n,  the  condition  'p„. {■<■')  i.  (!>..,.+1(A■)  is  satisfied,  the  sequence  ($>n(x)} 
has,  for  each  value  of  .*■,  either  a  definite  upper  limit  A,  or  else  the  improper 
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limit  +co.  If  fa  (as)  =  <f>n+i  (#),  for  every  value  of  a;  and  «,  the  sequence 
(<£»(#)]  has,  for  each  value  of  x,  either  a  definite  lower  limit  B,  or  else  the 
improper  lower  limit  —  co . 

Let  a  positive  number  e,  and  a  positive  integer  ni  he  arbitrarily  chosen, 
and  let  E  be  a  set  of  points  in  (a,  b),  of  which  the  measure  is  zero.  Let  us 
suppose  that,  for  each  point  x-,,  in  (a,  b),  which  does  not  belong  to  a  certain 
component  E,  of  E,  this  component  depending  on  e,  an  integer  n(>«j),  and 
also  a  neighbourhood  (x,  —  t,  xs  +  S')  can  be  determined,  such  that  the  four 
inequalities  |  <h  (,/,)  —  ~ty.a  (x)  <  e  are  all  .satisfied  at  every  point  in  the  interval 
(x,  —  B,  fy  +  $')  which  is  in  (a,  b).  Then,  provided  this  condition  be  satisfied 
for  every  value  of  e;  and  also  E  be  such  that  each  point  of  it  belongs  to  Et 
for  some  sufficiently  small  value  of  e,  the  convergence  of  tho  sequence  {tj>a  (&)} 
to  <fc  (x)  is  said  to  be  regular,  in  the  extended  sense,  in  (a,  b)  except  for  the 
set  E  of  zero  measure. 

In  case,  for  each  value  of  x,  the  sequence  {$»(«)}  is  an  increasing  one, 
so  that  <pn  (.«)  &  </>„_, ,  (x).  and  also  tj>.n  (x)  £,  <j>h+1  (,«),  when  the  conditions 
\<j>(x)  —  <bn(tp)\  <e  are  satisfied  for  a  particular  value  of  n,  they  are  also 
satisfied  for  every  greater  value.  In  the  general  case  however  this  is  no 
longer  true. 

As  in  §  379,  it  is  seen  that  the  set  E,  must  be  non-dense,  and  therefore 
that  the  set  E  is  of  the  first  category. 

The  set  E  contains  every  point  at  which  <j>(x)  has  not  a  definite  finite 
value,  for  since  <b(x)  — <f>,„(x),  <b  (x)  —  <£,,.(/(.■)  are  both  numerically  less  than  e, 
at  a  point  which  does  not  belong  to  E,  for  some  value  of  n,  it  follows  that 
$  (x)  —  tf>  (x)  is  less  than  2e ;  and  since  e  is  arbitrarily  small,  it  follows  that 
tj)(x)  =  <f>(x).  It  is  clear  that  the  points  of  infinite  discontinuity  of  tf>(x) 
belong  to  the  set  Es,  whatever  be  the  value  of  e, 

As  in  §  380,  it  can  be  shewn  that,  if  all  the  points  of  Ec  be  enclosed  in 
the  interiors  of  intervals  of  a  finite  set,  of  which  the  sum  is  ij,  the  conditions 
|  4>(x)  —  4>n(x}\  <e  are  satisfied  at  every  point  of  (a,  b)  not  interior  to  the 
intervals  of  the  finite  set,  where  n  has  one  of  a  finite  number  of  values 
rti+Pi,  »i+i>s.  ...11,+p,..  The  particular  number  n,+p  which  must  be 
taken  for  a  point  x  depends  upon  the  value  of  x,  but  the  same  number 
11,+p  is  applicable  to  all  the  points  of  one  or  more  continuous  intervals. 

400.  It  will  now  be  assumed  that  the  improper  double  integral 
\f{x,y)(dxdy)  exists,  in  accordance  with  the  definition  of  §321;  and  a 

necessary  condition  will  be  found  that       dx  I   f(x,  y)dy  exists. 
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We  shall  consider  a  sequence  f\  (;v,  y").  /.,  (;o,  y),  .../„(#,  y)  ...  of  functions 
obtained  from  f(x,  y)  as  in  de  la  Vallee-Poussin's  definition  of  the  improper 
double  integral,  given  in  §  321. 
r& 

The  integral    I    /„(#,  y)  dy  will  be  denoted  by  <£.n6'«),  where  </>„(a')  may 

either  have  a  determinate  value,  or  may  have  as  limits  of  indeterminacy 
<f>n(x),  4>n(x),  the  upper  and  lower  values  of  the  integral  i  fn(x,  y)dy,  va 
accordance  with  Darboux's  definition  of  the  upper  and  lower  integrals  of 
a  limited  function  (see  §  252).  The  existence*  of  I  /„  (w,  y)  (da:  dy)  does  not 
ensure  the  determinacy  of  <J>n(tc)  for  all  values  of  x.     The  integral 

\j{',y)dy 

will  be  denoted  by  <f>(x);  a  similar  remark  applies  to  the  determinacy  of 
0(#)  as  in  the  case  of  0»(#).  Moreover  tf>(x)  may  have  the  improper 
value  co  ,  or  —  co ,  or  may  have  one  of  these  as  a  limit  of  indeterminacy  ;  for 
/(#,  y)  does  not  necessarily  possess  for  each  value  of  x  either  a  proper  or  an 
improper  integral  in  the  interval  (c,  d).  When,  for  a  fixed  x,  the  function 
f(x,  y)  has  points  of  infinite  discontinuity  with  respect  to  the  variable  y,  in 

73  

the  interval  (c,  d),  the  value  of       f(x,y)dy,  or  $(x),  is  the  upper  limit 

of  the  derivative  of  the  set  of  numbers  0n(a.');  also  <p(w)  is  the  lower  limit 
of  the  derivative  of  the  set  of  numbers  ^n(x).  It  may  happen  that  <j>(<e), 
or  $(%),  has  an  improper  value  as  or  -co.  In  the  present  case  all  the 
functions  0n(#)  are  limited   functions. 

Since  /(.*■,  y)  is  integrable  iu  the  fundamental  rectangle,  all  the  functions 
fn(&,  y)  have  proper  integrals  in  that  domain.     The  proper  integral 

j /,(„,„)  (da:  dn), 

is,  by  the  theorem  of  §  314,  replaceable  by  the  repeated  integral 
)&]/•(*>  V)dy, 

and  thus  <£„(»■)  is  integrable  in  r.he  linear  interval  (a,  b).  It  follows  that  the 
points  of  discontinuity  of  <f>n(x)  form  a  set  of  points  of  linear  measure  zero. 
The  set  of  all   points  of  discontinuity  of  any  of  the  functions 

*  In  de  la  Vallte-Poussiu's  inveitijiation  in  LiuvciUc's  Jumna},  set1.  '1,  vol.  viu,  the  restrictive 

M-Hiii!)p!iutis  are  made  that  <p„  (i-j  and  iji(.c)  art:  evKvvwlic-re  ilntinit.fi  and  finite. 
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is  consequently  also  a  set  of  zero  measure.  It'  <f>(x)  be  iutegrable  in  the 
interval  (a,  b),  its  points  of  discontinuity  must  form  a  set  of  zero  measure. 

Let  ns  suppose  thai.  <j>(w)  is  iulegrabie  in  (a,  b),  and  thus  that 

J    da>\    f(a>,  y)dy 

exists;  and  let  us  assume,  that,  if  possible,  the  Bet  E,,  referred  to  in  the 
definition  of  regular  convergence,  has  its  measure  greater  than  zero.  Remove 
from  E,  those  points  at  which  one  or  more  of  the  functions 

is  discontinuous,  and  also  remove  all  those  points  at  which  $(#)  is  dis- 
continuous. We  have  then  left  a  set  Fe,  of  measure  equal  to  that  of  Efl 
and  therefore  by  hypothesis-  greater  than  zero.  At  every  point  of  Fe  all  the 
functions  0„(a;)  are  definite  and  continuous,  and  $(;',')  is  also  definite  and 
continuous.  If  £  be  a  point  of  F„  the  number  n(>n^)  can  he  so  chosen 
that 

<Mf)-<M?>l<5«; 

also  B  can  be  so  chosen  that,  for  every  x  in  the  interval  (f  —  S,  f  +  8),  the 
four  inequalities 

*  <B-i  £j|<i», 
*.<f)-  Si!  <»• 

are  all  satisfied.  From  these  inequalities  we  deduct;  that  the  four  inequalities 
(j>  («)  —  #,[{*>  I  <  e  are  all  satisfied  for  all  points  x  in  the  interval 

(f-«.  ?  +  «)■ 

But  this  is  contrary  to  the  hypothesis  that  £  is  a  point  belonging  to  2?,. 
It  therefore  follows  that,  on  the  assumption  that  f(x,  y)  has  an  improper 
integral    in    the    fundamental    rectangle,  the    repeated    integral 


j    dwj  f(x,  y)dy 


cannot  exist  unless  E,  has  the  measure  zero.     Since  this  holds  for  every  e, 
we  have  obtained  the  following  theorem  :— 

V  f(x<    V)    h-'ive    an    improper    (absolutely    converr/entf    integral    in    the 
fundamental  rectu.ngle,  a  necessary  emu] it! on  for  the  enAsttnce  of  the  repeated 


th         rd 

integral        die]    f(x.y)dy  is  that  the  convergence  of 

£/.(«,  y)iy   to  Jy<«ur)« 
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should  be  regular.,  except  fur  a  set  of  points  K,  of  the  first  category,  and  of  zero 
measure**. 

401.  Let  it  now  be  assumed  that  f(x,  y)  £  0,  throughout  the  fundamental 
rectangle.  It  will  be  shewn  that,  in  this  case,  the  condition  of  regular  con- 
vergence of  \<b, ,(■'-)'  to  rfj  (.>;),  at  all  points  except  a  set  of  the  first  category, 
and  of  zero  measure,  is  sufficient  to  ensure  that  I    dx  j  f(x,  y)dy  exists,  and 

that  it  is  equal  to  \  f(x,  y)  {dx  dy) ;  it  being  assumed  that  the  double  integral 
exists. 

In  this  ease  the  four  inequalities  |  tp  (x)  -  t$>n{x)  \  <  e,  are  equivalent  to 
the  one  i£  {x)  —  <t>n(®)  <  e  I  ^so  if-  at  any  point  x,  this  is  satisfied  for  a  value 
of  n,  then  it  is  also  satisfied  for  ail  greater  values  of  n.  Including  all  the 
points  of  Ee  in  the  interior  of  intervals  of  a  finite  set,  such  that  the  sum  of 
these  intervals  is  the  arbitrarily  small  number  17,  we  see  that  the  condition 
0  ((c)  —  $n{x)  <  e  is  satisfied  for  one  and  the  same  value  of  n  (>  n,)  at  all 
points  x  not  interior  to  the  intervals  whose  sum  is  tj.  For  we  have  only  to 
take  for  n  the  greatest  of  the  numbers  Wi  +  J3i,  «i  +  pa,  ■-.  *h+pr  defined 
in  §  .399.  The  number  e  being  fixed,  we  can  choose  1/  so  small  that  the 
double  integral  if{x,  y)(dxdy)  over  those  rectangles  of  which  the  height 
is  d  —  c,  and  the  sum  of  the  breadths  17,  is  less  than  an  arbitrarily  fixed 
positive  number  f;  this  follows  from  do  la  Vallee-IVussin's  definition  of  an 
improper  integral.      Vov  m  may  be  chosen  so  great  that 

jf{x,  y)  {dx  dy)  -  J  fm  (x,  y)  {dxdy)  <  if, 

when  the  integrals  are  taken  over  the  fundamental  rectangle,  and  therefore 
also  when  they  are  both  taken  over  any  prescribed  part  of  that  rectangle  ;  now 
tj   can   be   so   chosen   that    I  fm  {x,  y)  (dx  dy)  <  |  f,   and   therefore   so   that 

lf(x,y)(dxdy)<%,  the  integrals  being  taken  over  the  rectangles  of  total 
breadth  ij.  The  number  ?j  being  thus  fixed,  a  number  m  exists,  such  that  for 
n£m,  we  have  $(x)  —  <f>„(;t:)<  e,  except  in  the  interiors  of  the  intervals 
which  enclose  Ee.     We  have  therefore 


j<f>  (x)  dx  -  j<f>„  (,«)  dx  <  e  (b  -  a  -  if)  <  e  (b  - 


a), 


'  This  theorem  was  established  by  ile  la  Vallee-Poussiii  only  lot  the  case  in  v.'hieh/(.T,y)>0, 
and  only  under  a  restrictive  hYj>ot.]ie»is,  that  /  /(.(',  ■;/}  dy  and  I  J\t(x,  y)dy  both  have  definite 
finite  values  at  all  points  .<■  not  belonging  tt>  a  set  of  point;  ot zero  content;   whereas  this  Bet  need 
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the  integration  being  taken  along  the  parts  of  {a,  b)  which  remain  when  the 
enclosing  intervals  are  removed.     Hence  we  have 


j<t>(x)da>-jfn(a!,  y)(dxdy)<  e(b  - 


*)■ 


where  the  double  integral  is  taken  over  the  fundamental  rectangle  with  the 
exception  of  those  rectangles  of  which  the  breadths  are  the  enclosing 
intervals  of  sum  q.  Also,  if  f  be  an  arbitrarily  chosen  positive  number,  we 
can  choose  n  so  great  that 


//(*,  yMMy)  -//„(»,  y)(d*dy)<?, 

ble  integrals  are  taken  over  this  same  regioj 

'Jj,  (.)  dm  -  jj  («,  y)  <<fa  dy)  j  <  f  +  ,  (!>  -  a), 


where  both  double  integrals  are  taken  over  this  same  region  as  before.     We 
now  see  that 


and  hence  we  have 


| J/(«,  jr)  (<fc dy)  - 1*  (.) <fc  |  <  ?+  r  +  ,  (4  -  a), 

where  the  double  integral  is  now  taken  over  the  whole  fundamental  rectangle, 
and  the  single  integral  over  (a,  b)  with  the  exception  of  those  parts  whose 
sum  is  ?;.     Now  tf  is  arbitrarily  small,  and  £,  17  converge  together  to  zero. 

It  follows  that   I  <f>(x)dx,   whether  definite  or  not,  lies  between 

and  since  e  is  arbitrarily  small,  it  follows  that  I  $  (x)  dx  exists  as  a 
definite  proper  or  improper   integral,  and   is  equal  to 

|/(<.,  ,)  ((fa  dy). 

The  following  theorem  has  now  been  established : — 

If  f(x,  y)  £  0,  and  the  function  have  an  improper  double  integral  in  the 
rd 
fundamental  rectangle,  then  the  condition  that  I    f,,(x,  y)  dy  converges  rega- 
rd 
larly  to       f(x,  y)  dy,  except  for  a  set  of  'points  E.  of  the  first  category,  and 

fb         fd 
of  zero  measure,  is  a  sufficient  condition  that   I    dx  I  f(x,  y)dy  exists,  and 

is  equal  to  jf(x,  y)(dxdy). 
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The  sufficiency  of  the  same  condition,  for  the  ease  in  which /(a.;  y)  is  nut 
restricted  to  have  one  sign  only,  Joes  not,  appear  to  be  capable  of  establish- 
ment,, because  it  is  in  this  case  impossible  to  shew  that  the  conditions 

Igsj-gg)  i  <,, 

are  satisfied  at  all  points  except  in  the  enclosing  intervals,  for  one  and  the 

same  value  of  n\  it  having  been  only  established  that  they  hold  when  n  has 

one  of  a  finite  number  of  values. 

Combining  the  present  result  with  that  of  §  400,  we  see  that : — 

If  f(x,  y)  £  0,  and  have  an  absolutely  convergent  -improper  integral  in  the 

fundamental  rectangle,,   the  necessary   and   sufiicterd.   condition  that 

J    dxj  f(p,  y)dy 

should  exist,  and  he  equal  to   \f(x,  y)(dxdy),  is  that    j  fn(x,y)dy  should 

rd 
converge  regularly  to    j   f(x,  y)  dy,  except  for  a  set  E  of  the  first  category 

and  of  zero  measure. 

It  has  also  been  established  that,  when   \f{x,  y)(dxdy)  exists,  then  if 

I    dx      f(x,  y)  dy  have  a,  defiiei-te  meav.i-ng,  it  is  equal  to  the  double  integral. 

For  it  has  been  shewn  in  §  400,  that  the  repeated  integral  cannot  have 
a  definite  meaning,  if,  (x)  being  integrable  in  (a,  b),  unless  the  convergence 
is  of  the  kind  specified;  and  when  f(x,  y)£0,  this  is  sufficient  that  the 
repeated  integral  may  be  equal  to  the  double  integral. 

402.  Returning  to  the  case  in  which  f(x,  y)  is  not  restricted  to  be  of 
one  sign,  the  following   theorem  will  be  established: — 

Iff(x,y)  ka.ve  an  absolutely  convergent-  improper  integral  in  the  funda- 
mental rectangle,  a  sufficient  condition  that  j    dx  J    f(x,  y)  dy  may  exist,  and 

may  have  the  same  wine  as  the  double  integral  j  f(/>:,  y)  (dx  dy),  is  that 

shall  converge  regularly  to   I    \f(x,  y)  \  dy,  except  for  a  set  of  -points  of  the 
first,  category  and-  of  zero  measure. 

Em  ploying  f(x,  y)  =/+(»,  y)  -f~(x,  y),  fn(ce,  y)  -/.+(«,  y)  -/»"(«,  y),  aid 
denoting  J  fn+(x,  y)  dy,  J  fn~(x,  y)  dy  by  <f>n+(x),  $n-(a>)  respectively,  we 
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see  that  the  condition  stated  in  the  theorem  is  that  <p.)i+(x)  +  (f>1{~(x) 
converges  regularly  to  <£+(#)  +  <f>~(®)-  In  order  that  this  condition  may 
be  satisfied  we  must  have  <b  ■  («;)  -\-<f>  (w)  -  <$>„'■  (x)~ <f>,r(x)<  e,  for  a  sufficiently 
great  value  of  n,  at  every  point  of  (a,  b)  not  interior  to  a  finite  set  of  intervals 
of  arbitrarily  small  sum  i)  enclosing  the  points  of  Ee,  a  set  of  zero  content. 
From  this  condition  we  deduce  that 

0>)  -  $J(x)  <  e,  and  ■£=(*•)  -  &r{x)  <  ., 
at  every  point  not  in  the  interior  of  the  intervals,  for  all  sufficiently  great 
values  of  n. 

Hence  it  follows  that  4>r,~(j'')  converges  regularly  to  <£'''(■■''■');  and  also  <f>n~(&) 
converges  regularly  to  <}>~(x),  at  all  points  except  those  of  a  set  E,  of  zero 
measure.  It  follows  from  the  theorem  of  §  401,  that  the  two  repeated 
integrals 

£<fcJV(*.  »)*.  /* &/V(»,  y)*y 

exist,  and  are  equal  to 

J>(«,  y)(d*dy),   ]>>,  yHdvdy) 

respectively;    and  from  this  it  follows  that 

J    dxj  f(x,  y)dy  exists,  and  =J/(«,  y){dxdy). 

The  condition  stated  in  the  theorem,  though  sufficient,  is  not  necessary; 
for  the  integral   I    \tp+(x)  —  <£-(#)j  dx  may  exist  only  as   a  non-absolutely 

convergent  improper  integral,  in  which  case 

£  {*+<«) + *-(•»  dx 

does  not  exist.      In  this  case 

not  being  existent,  the  convergence  of 

fjM'>.y)\dy  t<>  /Vfetfl* 

cannot  be  regular. 

403.  Whether  the  double  integral  \f(x,  y){dxdy)  exist  or  not,  the 
proof  of  the  theorem  in  §  400,  suffices  to  shew  that,  if  all  the  double  ini 
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)/«(*'>  y)(dxdy)  exist,  then  it  is  a  necessary  condition  for  the  existence 

rb        rd 
of  the  repeated  integral        dx\   f(x,  y)dy,  that  the  integrals 

should  converge  regularly   to    I    /(a;,  #)  %,  except  for  a  set  of  points  of  the 

first  category  and   of  zero  measure. 

Moreover,  if  it  be  known  that  J  f(x,  y)dy  is  a  function  of  x,  which 
is  limited  in  the  interval  (a,  b),  wo  can  infer  the  existence  of  the  double 
integral  jf(x,  y)(dxdy).     For  since 

|/«(*.  y)(dxdy)=j   dx]Jn{tc,  y)dy, 
wo  have 

Ufn(x>y)(dxdy)\<(b-a,)Ut 

where  C  is  the  upper  limit  of  ■  |  fn(x,  y)  %    in  the  interval  (a,  6).     It  is 

thus   seen  that    j  fn(x,  ;'/')  idxdy)  cannot  increase  indefinitely  in  numerical 

value,  as  w  is  ino  roused  indefinitely.     The  following1  theorem  has  thus  been 

c:Ht;i.blished : — 

If  all  the    functions   f'n(w,   y)  have  double   integrals  in  tiie  fundamental 
rd  rd 

rectangle,  and    I  f'Jx,  y)dy  converges  to    I     fix,    \f)  dy     regularly   for    all 

values  of  x,  except  for  a  set  of  zero  measure  and  of  the  first  category,  then, 

if  |  fix,  y)dy  be  a,  limited  function  of  a:  in  the   interval  (a,  b),  the  double 

integral    \  f  ix,  y)(dxdy)  exists,  and  is  equal  to 

f/'j'/i",  »)*. 

Combining  this  theorem  with  that  of  §  402,  we  obtain  the  following 
theorem : — 

If  all  the  functions  fn(x,  y)  h.ave  double  integrals  in  the  fundamental 

f'1 
rectangle,  and  either    I   f{x,  y)d,y  in  limited   in-  the  interval  (a,  b)   of  x,  or 
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fb 

f(x,  y)  dx  is  limited  in  the  interval  (c,  d)  of  y,  then-  if  the  conditions  are 

satisfied,,  that  the  seijueuces 

/*]/.(».  y) I*.  { J /••('.  »>!** 

converge  to  the  limits 

|j/(«.  s<)l%.  jV(».  y)l** 

m  eacA  c«se  regularly,  except  for  a-  set,  of  points  of  zero  measure  and  of  the 
first  category,  then  the  double  integral  eadsts,   and 

ff(m,  V){dmdy)-£d*f*f(m,  y)dy=j*dy £/(«,  y)dk 

Further  investigations  have  been  given  by  de  la  Vallee-Poussin  of 
sufficient  conditions  for  the  equality  of  the  two  repeated  integrals,  without 
it  being  assumed  that  the  double  integral  exists.  In  these  investigations 
somewhat  complicated  restrictions  are  made  as  to  the  mode  of  distribution 
of  the  points  of  infinite  discontinuity  of  the  function.  Moreover  other 
assumptions  are  implicitly  made  as  to  the  delimteness  of  the  single  integral 
rd  rb 

fix,  y)  dy  for  all  values  of  x,  and  of  I   fix,  y)  dx  for  all  values  of  y. 

REPEATED   LEBESGUE   INTEGRALS. 

404.  The  subject  of  repeated  integration  will  now  be  considered  for 
the  case  of  a  function  which  possesses  a  Lebesgue  double  integral.  Some 
further  definitions  will  be  first  required. 

The  function  f(x,  y)  being  a  suminable  function,  defined  as  in  §  287, 
for  the  points  of  the  rectangle  bounded  by  %  =  a,  x=b,  y  =  o,  y  =  d,  it  is  to 
be  observed  that  we  have  no  assurance  that  the  function  f(x0,  y),  defined  for 
all  values  of  y  on  the  straight  line  ,*  =  ,*„,  is  a  summable  function  of  y  ;  unless 
indeed  we  assume  that  all  functions  are  sum  triable.  For  it  is  not  certain 
that  the  section  E (xn),  of  a  measurable  two-dimensional  set  of  points  E, 
by  the  straight  line  x  —  -x„,  is  linearly  measurable.  It  will  be  convenient  to 
denote  the  linear  measure  of*  a  set  e  of  points  on  a  straight  line  by  m;(e),  in 
order  to  ilistinguisli  :inear  measure  from  the  piano  measure  m(E)  of  a  set  in 
the  plane. 

Let  F(w)  be  a  limited  function  defined  for  the  points  of  a  measurable 
set  e  of  points  in  the  #-axis.  If  F(x)  be  a  sttmmable  function,  then  the 
Lebesgue  integral  of  F(;c)  taken  over  the  set  e  exists,  in  accordance  with  the 
definition  given  in  §  287.  For  the  case  in  which  F{x)  is  not  summable, 
Lebesgue  has  defined  upper  and  lower  integrals  in  e,  which  are  however 
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quite  distinct  conceptions  from  ttie  upper  and  lower  integrals  as  defined  in 
§252,  in  connection  with  integration  as  defined  by  Riemann.  For  any  sum- 
mable  function,  defined  for  the  interval  (a,b),  the  upper  and  lower  integrals 
defined  by  Lebesgue  and  denoted  by 

£*»<&,  jy^dm, 

si.p  in" 

have  one  and  the  same  value,  whereas  the  upper  and  lower  integrals 

in  accordance  with  the  definition  of  J  252,  have  different  values,  unless  F (oj) 
possesses  a  Riemann  integral  in  the  interval  (a,  b). 

If  tj>(x)  den-olc  ii.ni/  limited  su/m.  in-able  fnnclion  defined  for  the  set  e,  for 
which  F(x)  is  defined,  and  such  that  cb(x)  >./*' (■'■')  for  every  point  of  e,  then 
tke  lower  limit  of  the  Lebesgue  integral  J  $>  (x)  dx,  for  alt  possible  functions 
$(#)  which  sally)]  the  prescribed  condiliun,  is  defined-  to  be  the  upper  Lebesgue 
integral  of  F(x)  taken  over  e,  and  is  denoted  by 


/. 


b{.v)dc. 


The  lower  Lebesgue  integral  \F (x)  dx  is  the  upper  limit  of  the  integrals 

of  all  limited  sutnmable  functions  <f>  (x),  such  that  F(x)  >  <p  (a:). 

It  has  been  shewn  in  §  83,  that  any  linear  measurable  set  e  contains 
a  set  Bi  of  the  same  measure  as  itself,  and  sueh  that  e,  consists  of  all  those 
points  which  are  common  to  all  sets  of  intervals  belonging  to  a  sequence  of 
such  sets.  It  has  also  been  shewn  that  e  is  contained  in  a  set  e.,,  of  measure 
equal  to  w,i{e),  of  the  same  type  as  the  set  e,. 

Exactly  similar  reasoning  to  that  in  §  83  suffices  to  shew  that  a  plane 
set  E  contains  a  set  E„  such  that  m(E)=m(E1);  where  Et  is  that  set  of 
points  which  is  common  to  all  sets  of  rectangles  belonging  to  a  sequence  of 
such  sets  of  rectangles.  The  successive  sets  of  the  sequence  may  be  taken 
each  to  contain  the  nest;  and  in  each  set  the  rectangles  do  not  overlap.  The 
set  E  is  also  contained  in  a  set*  Es,  such  that  -m  (/Q  =  m(E),  and  such  that 
Ea  is  a  set  of  the  same  type  as  Et. 

405.  Let  the  function  ij>  (x,  y)  be  defined  to  be  =  1,  for  all  points  of  the 
measurable  set  E,  and  to  he  zero  at  all  other  points  of  the  fundamental 
rectangle.     If  Es,  E?  be  the  sets  of  measures  equal  to  that  of  E,  Et  being 

"  The  sets  c,,  e.it  lix,  J-,'.,  art  of  ilii1  kiiui  ikjstri'jutl  by  Lebesgue  as  "measurable  (B)." 
h.  37 


.Google 


578  Functions  defined  by  sequences  [oh.  vi 

contained  in  E,  and  E,  containing  E,  as  explained  in  §  404 ;  then  the  sections 
&\(*'o),  E^{xa)  of  Et  and  K..,  by  the  straight  line  x  —  x„,  are  both  measurable. 
It  is  clear  that 

inf 

the  integrals  being  taken  over  the  interval  (c,  rf)  of  y. 

If  D,.  A.  ■•■  A,  ■■■  be  a  sequence  of  sets  of  rectangles,  such  that  each 
set  contains  the  next,  and  if  T),j  denote  a  single  rectangle  of  the  set  D,,  we 
may  denote  the  section  of  Z>,,-  by  the  straight  lino  x  —  x„,  by  Dy  (x„)  ;  also  we 
may  denote  by  D,  (x„)  the  section  of  the  set  Dt.     We  have  then 

BH[A(«b)]-|«l[^(«fc)]. 

Since  2  mj  [Aj  (#„)]  is  limited,  for  all  values  of  j  and  x„,  we  may  integrate 
term  by  term;  hence  we  have 

=       I   JWi[.D,  (#)]<&. 
in  virtue  of  the  theorem  of  §  384. 
Again,  we  have 

m(E)  =  m(E,)  =  \imm(Dt) 

=  lim  I    m;  [!>,  («)]  da: ; 
and  since  7/4  [.D(  {*)]  's  limited,  for  all  values  oft  and  #,  we  have 

«.<*)- J*  m,  ffi(«)]  *», 
if  we  take  the  sequence   {-D,}  to  be  the  one  which  defines  E\. 
It  follows  that 

m(S)s|*  m.M  [*(•)]  i* 

where  M/,i„i  denote.s  the  interior  measure  of  the  set;  and  therefore 
I    <$>(x,y)(dxdy)&      dx      <j>(x,  y)dy. 

JA  Jo        Jo 
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In  a  similar  manner,  it  can  be  proved  that 

It  follows  from  tlie  two  relations,  that 

J   4,(01,  y)(dxdy)  =  j  <txj    00,  y)dy=j   dxj  0(a;,  y)rfy, 

sup       sup  inf        inf 

where  0  (a1, 7/)  =  1,  at  the  points  of  E,  and  =  0,  at  the  points  of  G(E). 

Denoting  by  U  and  L,  the  upper  and  lower  limits  oif(x,y)  in  the 
rectangle,  let  (L,  U)  be  divided  into  parts  (ic,.,  a,),  (a^,  aa),...  (o„_i,  an),  where 
Oa  =  L,  an=U;  and  let  a  denote  the  greatest  of  the  differences  ap  —  ap_^,  for 
p  =  l,  2,  Z,,,.n.  Let  Ep  he  the  set  of  points  in  the  rectangle  at  which 
/(*!  y)  =  ap.  ar|d  let  -^V  denote  that  set  for  which  ap<f(x,  y)<  Op+l.  Also 
let  .^(it,  y)  denote  a  function  winch  is  equal  t.o/(y,  w)at.  all  points  of  the  set 
Ep,  and  is  zero  at  all  ether  points;  and  let  f2,'(x.  y)  denote  a  function  which 
is  equal  to  f(-v,  y)  at  points  of  the  set  EL>,  and  is  zero  at  all  other  points. 

We  have  then 

j/(m,  y)(dxdy)=tjfp(x,  y)  (dxdy)  +  %J // \x,  y)(dxdy). 

Now        j/r(m,  y)(dzdy)  =  apm(Ep)=j  do;  J  fp(x,  y)dy, 

by  the  theorem  proved  above. 

Also   jfp'(x,  y)  (dxdy)  is  between  apm  (Ep)  and  av+im  (EP),  or  between 

J    dx\    0(a>,  y)dy  and  J  dxj    ^(tc,  y)dy; 

inf         inf  inf         inf 

where  ip(x,  y)  =  o,p,  -ty(x,  y)  —  ap+1  at  the  points  of  Ep,  and  where  both 
functions  vanish  at  all  other  points.  These  two  repeated  integrals  differ 
from   one  another  by  less  than  am(Ep');    also  J    dx\  fp'(w,  y)dy   differs 

in"        inf 

from  either  by  less  than  am(Ep).     Henee  we  have 

[j>,>,  y)(dxdy)-jy*jypX*,  V)dy  |<«m(E„'). 
It  follows  that 
f  /(«,sO(<Mji)-i    I'd.  r/,(«,y)iy-"s   fi.  f/,.'(»,  !»*, 

lA  '-'is   is  *-,m    if 

is  numerically  less  than  aA.     We  next  see  that 

| */(«.  sO *  -  ?„/*/»(«.  J> *  *$', //„'(*.  s)  *• 

iuf  *"      inf  inf 

37—2 
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For,  if  possible,  let 

£/(«.  V) *J  '  S I'M*. !/) dV  +"?  //.'<«.  <J) dy -  C, 

inf  "      in?  inf 

where  f  is  some  positive  number;    then  snmmablo  functions 

/,(•,  y),   /;>■,  v) 

such  that 

can  be  so  determined  that 

/'/,  (•>. »)  *  -  j'/,  (».  j)  %  <  r/(2» + 1 ) 

with  a  similar  inequality   for  the  case  of  the  functions 

/,'(*  s),    /,'(", !/); 

wo  have  then 

/*/(*  »)*</'{!/<•.  y)+";/i'(*.  »)}*. 

inf 

whereas  /(.*,  y)  is  greater  than  the  summable  integrand  in  the  integral 
on  the  right-hand  side.  This  is  contrary  to  the  definition  of  the  lower 
integral,  and  therefore  the  positive  number  %  cannot  exist.  A  repetition  of 
the  same  reasoning  suffices  to  shew*  that 

ftoj'/to  l)dj,&iJjmj'Mm,  ?)■<%,+ s'J'*. /*/„'(*.  y)iy. 

inf      inf  inf        inf  inf 

We  see  now  that 

[jix,  y)(da,dy)  <£<&»£/(«.  »>*  +  «-■&  ; 

inf       inf 

and  as  a  is  arbitrarily  small,  this  shews  that 

j  /(»,  y)(dxdy)&j  dxj   /(«,  y)dy. 

It  may,  in  a  similar  manner,  bo  proved  that 

f  f((B,y)(dxdy)zj  dxj  f(x,  y)dy. 

From   these  relations  we  deduce  the  theorem  f 

j   /(a,  y)(dtcdy)=j   dxj    f(x,  y)dy  =  j  dmj  /(x,  y)dy, 

where  /(*,  y)  is  any  limited  function,  summable  in   the  plane. 

''  Leoesfjuti's  statement-  [Inc.  rit„  p.  219]  is  the  reverse  of  ike.  iueijiial :ty  tin  c  ^iven.     It  would 
appear  that  this  is  due  io  accident,  n~  liis  result  docs  not  follow  from  the  inequality  lie  {jives, 
i    lji.'b(;s;rUL:,  Annul:  il.i  Mai.  scr.  -I,  vol.  vn,  p.  278. 
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406.  From  the  theorem  just  established,  and  considering  the  corre- 
sponding repeated   integrals   taken  first   with   respect,  to  x  and   then   with 

respect  to  y,  wo  have  the  following  theorem:— 

Iff(x,y)be  any  limited  sunnnable  function,  de/rned  in.  the  rectangle  A, 
then 

}J{<B,y){dxdy)  =  ^Ja]J(a,  y)dy=j^dyj  f{w,  y)dx, 

whenever   the    repeated  in  teg  rah  have  definite  meanings,  in  accordance  with 
'efinition   of  integration.      It   may  happen  that  only  one  of  the 
I  integral:*:  lias  a  ■Meaning. 

In  some  canes  the  function  f(x,  y)  may  be  such  that  both  the  repeated 
integrals  exist  in  accordance  with  Thiemann's  definition  of  integration.  In 
ease  the  function  have  a  double  integral  in  accordance  with  the  extended 
Riemann  definition  for  a  function  of  two  variables,  then  the  theorem  reduces 
to  the  one  established  in  §314.  It  may  however  happen  that  f(x,  y)  has 
a  double  integral  only  in  accordance  with  l-ebesgueV  definition.  This  throws 
light  upon  the  questions  considered  in  55  'II  G.  Wo  may,  in  fact,  state  the 
following  theorems  :— 

If  the  repealed  integrals  of  a  limited.,  s>immaU-e  function  fix,  y)  both 
exist,  in  accordance  with  Jiientann's  definition,  then  they  are  equal  to  one 
another,  and  to  the  Lebesgue  double  integral  of  f(x,  y). 

If  only  one  of  the  repeated,  integrals  if  a  li-mited  surnn  a  ihle  function  exist, 
in  accordance  with  1  lien/ aim's  deii/dtiou,  then,  the  other  nun/  exist  in  accordance 
with  Lebesgue's  definition,  and-  they  are  then  equal  to  aim  another,  and  to  the 
Lebesgue  double  integral  of  the  function. 

The  only  possible  ease  in  wit.ich,  both  repeated,  integrals  can  exist  and  have 
unequal  values  is  'when,  the  function  -is  ■not  sum.mable  in  the  plane. 


EXAMPLES. 

1.  For  the  function  defined  in  S  3'H'i.  Kx.  I,  only  one  of  the  repented  integrals  exists, 
in  accordance  with  the  definition  there  employed  ;  neither  docs  the  double  integral  exist. 
The  Lebesgue  double  integral  exists,  and  =1.  For  the  set  of  points  at  which  f(a,  y)  =  \ 
has  the  measure  zero  ;  aud  therefore  tin;  function  has  the  same  Lehesyue  integral  as  that 
function  which,  at  every  point  (x,  y),  has  the  value  Zy.  The  functional  values  at  a  set  of 
points  of  zero  measure  are  irrelevant  in  a  Lebesgue  integral.  The  other  repeated  integral 
also  exist*,  in  accordaiii.^  \.M.h  the  deiinition  of  Lebesgue,  as  mn.y  he  easily  vorilied, 

2.  For  the  function  defined  in  §316,  Ex.  4,  both  the  repeated  integrals  exist,  in 
accordance  with  the  definition  there  employed,  and  they  have  the  value  c;  the  double 
integral,  however,  does  not  exist.  But  the  Lebesgue  double  integral  exists,  and  —o\  for 
the  points  at  which  fix,  y)  =  <;\  although  they  are  everywhere-dense,  form  a  set  of  plane 
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407.  When  f(x,  y)  is  unlimited  in  the  rectangle  for  which  it  is  defined, 
U  may  have  the  improper  value  co  ,  and  L  may  have  the  improper  value  -  oo . 
No  essential  change  is  required  in  the  reasoning  of  §  405,  which  suffices  to 
shew  that 

whenever  the  integrals  have  a  meaning.     The  result 

also  holds  whenever  the  integrals  have  a  meaning. 

The  integration  of  I   /(«,  y)  da;  with  respect  to  y  between  limits  (c,  y2) 

is  frequently  performed  by  reversing  the  order  of  the  integrations;  thus  the 

value  of   I  'dy  I  /(as,  y)  das  is  frequently  calculated  by  means  of 

ri>       rs, 
J    dx\    /(as,  y)dy. 

This  process  is  frequently  spoken  of  as  "integrating  under  the  integral  sign 
with  respect  to  a  parameter  y."  What  has  been  just  established  enables  us 
to   state  the  following  theorem  : — 

I '  iiieyridion  with  rented  to  «,  par  a)  i  utter,  under  the  integral  sign,  is  always 
valid,  provided  the  function  is  summable  and  integrable  in  the  plane,  if  the 
remit  of  the  process  have  a  defiinte  meaning. 

It  must,  however,  be  remembered  that  even  if  dy  I  f{x,  y)dtc  exist, 
in  accordance  with  Rienianu's  definition  or  one  of  its  extensions, 

may  exist,  if  it  exists  at  all,  only  when  Lebesgue'a  definition  is  employed. 
The  only  case  in  which  the  repeated  integrals  of  an  unlimited  function 
can  both  exist,  but  have  unequal  values,  is  when  the  function  is  either  not 
suuimable  in  the  plane,  or  is  summable  and  still  does  not  possess  a  Lebesgue 
integral. 

REPEATED    INTEGRALS    OF    UNLIMITED    FUNCTIONS. 

408.  In  order  to  find  sufficient  conditions  for  the  existence  and  equality 
of  the  repeated  integrals  of  an  unlimited  function,  which  shall  not  depend 
upon  the  necessary  existence  of  the  double  integral,  in  accordance  with  either 
the  definitions  of  Jordan  and  de  la  Vallee-Poussfn,  or  with  that  of  Lebesgue, 
we  recur  to  the  wider  definition  of  a  double  integral  which  has  been  given  in 
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§  320.  That  definition  differs  from  Jordan's  definition  in  §  318,  in  that 
rectangles  only  are  employed  for  the  purpose  of  enclosing  the  points  of 
infinite  discontinuity;  and  thus  the  domains  ./.),;.  in  Jordan's  definition  are  to 
be  restricted  to  consist  each  of  a  finite  set  of  rectangles  with  sides  parallel  to 
the  axes.  An  improper  integral  which  exists  in  accordance  with  the  definition 
of  §  320,  we  shall  speak  of  as  a  restricted  .Ionian  double  integral. 

Assuming  that  the  integral  j  f  (x,  y)  [dx  dy)  exists,  as  a  restricted 
Jordan  double  integral,  ]et/„(ai,  y)  be  that  limited  function  which,  in  the 
domain  D„,  consisting  of  a  finite  set  of  rectangles,  is  equal  to  /(a;,  y),  and  is 
zero  in   6'(i)„),  which  contains  all   the  points  of  infinite  discontinuity  of 

Ax>  y\ 

We  have  then 

fj(x,  jr)(i.i%,)-lim|y.(«,  y){tedy) 

rb         rd 
=  Km  I   das  J  /„(»,  y)  dy. 


\j{x,  y)(dmd0)-£dmj*f{*,  y)dy, 
ivided  lim  /   dx  I        /(as,  y)dy  =  0, 


where  An(x)  denotes  that  finite  set  of  intervals  which  forms  the  section 
of  C(Bn)  by  the  ordinate  corresponding  to  the  abscissa  x. 

From  this  result,  the  following  theorem,  very  similar  to  one  given  by 
Jordan*,  and  specifying  a  particular  mode  of  satisfying  the  last  condition, 
may  be  deduced  :— 

For  the  existence  and  equtdily  of  the  two  repeated  integrals 

j  dxj  f(x,  y)dy,       j  <ht  j  A*  y)dte< 

it  is  sufficient 

(1)  That  the  function  f(x,  y)  -possess  a  restricted  Jordan  double  integral 
in  the  fundamental  rectangle. 

(2)  That  the  points  of  infinite  discontinuity  of  fix,  y)  be  distributed  on 
a    limited    number    of    arcs    of    continuous    curves    representing    monotone 


wtions. 

(3)     That,  corresponding  to  any  Jued  positive  number  e,  positive  numbers 
/■,  ea.ist.  sue!:    iioii 


hu  k,  ewist,  such  that 

rx+h  I  I  ty+k 

J_    /(«,  j)A»|<«,      ^    f(*.y)dy\ 

"  Boo  Court  d'AwiUjse,  vol.  n,  p.  67, 
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for  \h\<k„  \k\<ki,  and  for  every  value  of  x  and  y  in  the  fundamental 
rectangle. 

To  shew  that,  under  the  conditions  stated, 


ij*tej^f(x,y)dy  =  0, 


it  is  clear  that  the  points  of  any  one  such  curve  can  be  enclosed  in  the 
interiors  of  a  finite  number  of  rectangles,  the;  height  of  each  of  which  is 
<  &, ,  Then  An(x)  consists  of  a  number  of  intervals  not  exceeding  the 
number  r  of  the  curves  on  which  the  points  of  infinite  discontinuity  lie. 

We  have  then  j  I        f{x,  y)  dy  \  <re;  and  therefore 

rb        r 
dx  fix,  y)  dy 

J  a         JA„[,r) 

is  less  than  the  arbitrarily  small  number  re(b—a).     Thus 

exists,  and  is  equal  to  the  restricted  Jordan  integral.  Similarly  it  can  be 
shewn  that  the  other  repeated   integral   has  the  same  value. 

EXAMPLES. 

1.    Let  /(#,  y)= A-^vj,  and  let  the  domain  be  bounded  by  x=Q,  *=1,  y=0,  y=l. 

Neither  the  double  integral,  nor  the  restricted  Jordan  integral,  exist™  in  this  case,  For,  if 
the  rectangle  hounded  by  x=0,  m  =  a,  y  =  0,  y=£  be  excluded  from  the  domain,  the  double 
integral  over  the  remainder  is  equal  to 

which   is  iir-tan-1^;  and  this  has  no  definite  limit  as  a,  (i  converge  independently 
The  repeated   integrate  exist,  and  have  unequal  values  ;  for 

//*  /.'  $Wfd'-\\  to*-*" 

/.'*/.'  PT&  *~/.' i'Vi*—1* 
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the  domain  bounded  by  x  —  0.   v.:  — a,  y  =  0,  ?.'  =  '',  Joes  not  exist.     In  this  case  howover 
the  restricted  Jordan  double  integral  exists.     For 

/<&/  I     —  sin  —  dx  —  b  J      —  sin  —  <£«?, 
,  »j.  *    >      j, ..    » 

and  this  has  a  definite  limit,  for  e  =  0. 

The  two  repented  int.eiiTals  exist.,  arid  .are  equal  to  the  rostrieted  double  integral.     The 


/    dy  I  -sin  —(to, 


of  §  408.  is  satisfied,  for  A„(.»-:  is  in  this  ease  independent  of  x.  and  consists  of  an  interval 

(o,  o. 

3.  Let  /(#,  y)  =  (x-y)~\  and  let  tho  domain  be  bounded  by  ,**  =  «,  %  =  b,  y  =  Q,  y  =  c, 
where  c>«.     In  this  case  tho  double   integral  exists. 

For    I'  (.v-y)-§  di/=2%li+2(c-z}i-21im.A-3lim  A,  and  this  is  3*1  +  3  (c-.v)i  ; 

therefore       I    (#-?/) —  J1 'iy  !  has  ,t  finite  upper  limit  for  all  values  of  .*■  in  (a,  b).     It  then 

follows  from  t.hu  theorem  of  ij  J  03,  l.hal,  tho  doul.'le  integral  exists.     Also  since 

J*  dm  (\x-y)-$dy 

has  a  definite  meaning,  its  value  is  the  same  as  that  of  the  double  integral.     Clearly  the 
ol.her  repeated  integral  exists,  and  has  the  .same  value  as  tin;  double  integral. 

4,  Let  the  function""  i^f.-i')   lie  defined   for  the  domain  bounded  by 

*=0,    *=1,    y=0,    y=l, 
by  the  rule  that,  for  every  rational  value  of  ,v  of  the  form 

2J|±i.(„»o),  +(,)-!, 

and  that,  for  every  other  value  of'*,  ^(a')  =  0, 

Let  f{x,  y)  =    -sin-  )  \jr  (:■:),  then  the  improper  integral 
J|Jiini|+C#)<<I«40 
exists  as  a  Jordan  double  integral,  and  has  the  value  zero.    The  integral  I    ^  (*)  dip  exists 

as  a  liiemann  integral,  and  lias  the  value  zero.     The  repeated  integral 

/.'■"/.'♦Hi"*!* 

does  not  exist  in  aceordanee  with   llarnaolrs   definition,   for 

diverges  for  the  every  where- dense  set  of  values  %  =  -  ,  and  therefore  the  repeated 

t  given  by  Du  Boia  K*ynioiid, 
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integral  does  not  exist.  It  does  exist,  however,  in  accordance  witli  Lebcsgue's  definition, 
since  the  points  of  divergence  of  the  single  integral  form  i\  measurable  .set  of  measure 
zero;  and  its  value  is  zero,  the  same  as  that  of  the  double  integral.  The  other  repeated 
integral   exists,  and  is  zero. 

5.     Let  /(#,#)  =  0*,  at  rtll  points  in  the  roe  tangle-  hounded  by.;;  =  0,  #=-1,  y  =  0,  y=\  ; 

except  that  at  all  points  ie=  ,  yS™,  it  is  to  have  the  improper  value +<o.     The 

function  /„  (#,  y)  will  be  given  by  the  condition  that  it  equals  N a,  at  the  pointe  where 
f{x,  y)==o,  and  is  elsewhere  zero.       It  can  be  shewn  that 

J/. (*  r)(<ft>4r>-ot 

for  every  value  of  N„;  and  thus   l/(.r,  y){d<sdy)  exists,  and  =0.     The  condition 

is  not  satisfied  for  any  of  tlie  everywhere-dense  set  of  values  x=',2m  -f  1  )/2",  if  the  ordinary 
definitions   of  Haniack  and   Kieinann   a.ve  employed;  and   therefore  the  convergence  of 

|/n(#i  y)dy  *0    !/(#>  y)^y  is  not  regular.      The  repeated  integral 

jo  ^  I    ^'  ^^ 
is  equivalent  to    I    dvUm  I   /„(#,  y)  tfji.    Also   I  /„(.«,  ?/)(%  is  zero,  unless 

in  which  case  it  is  -Ar„/2',  and  for  such  values  of  x,  lim  I  /„  (*,  )/)  dy  is  oo  ;  and  thus  the 
repeated  integral  does  not  exist,  in  accordance  with  Tiarnadrs  definition.  It  does, 
however,  exist  in  accordance  with  Lebesgue's  definition,  and  is  equal  to  zero,  the  value  of 
the  double  integral 

REPEATED  INTEGRALS  OVER   AN   INFINITE   DOMAIN. 

409.  Let  the  function  f(x,  y)  be  defined  for  all  points  of  the  infinite 
domain  of  which  the  boundaries  are  the  three  straight  lines  tv  =  a,  x  =  b, 
y  =  c;  the  domain  being  unbounded  in  the  positive  direction  of  y.  Con- 
ditions will  be  investigated  that  the  repeated  integrals 

J  da  J    f(x,y)dy,    J    dyj  f{se,y)dse, 

may  exist,  and  may  be  equal  to  one  another, 

s  This  example  is  given  by  Schiiuilies,  Bi-rirh),  pp.  201,  20'2,  to  illustrate  his  ciionc-ons  theorem, 
applicable  to  Jordan  and  Harnack  integral*,  that  the  improper  double  integral  is  always  equal  to 
each  of  the  repeated  integrals,  and  the  converse ;  and  that  thus  the  condition  o!  the  theorem 
of  §  400  is  always  satisfied.  The  example  does  not  bear  out  bis  contention.  See  Hobaon,  Proc. 
Land.  Math.  Son.,  ser.  2,  vol.  iv,  pp.  157—159. 
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Let  it  be  assumed  that  the  two  repeated  integrals 

£  <t  P/(«.  v)  <i'j,    \/y  /*/(«,  j)  *> 

exist,  and  are  equal,  for  every  definite  value  of  F^c. 

If  I     %  I    /(:■:,  y)  da:  exist,  as  a  definite  number,  then  it  is  equal  to 

lim£*»jy(«,  j)*,; 

and  this  is  equal  to 

j  dxj^f(x,  y)dy, 
provided   that 

lira  \   dx\    f{x,  y)  dy  =  0. 

This  last  condition  is  equivalent  to  the  condition  that,  corresponding  to 
fin  arbitrarily  chosen  positive  e,  a  value  Ye  of  Y  can  be  so  chosen  that 

|/'<fr/^/(«.  »)*|<«.  f»  r>7„ 

We  can  now  state  tho  following  result : — 

On  the  supposition,  that  the  two  repeated  integrals  "//("',  y)  both  exist,  and 
have  equal  values  in  the  domain  bounded  by  x  =  a,  x  =  b,  y  =  C,  y~Y,for  every 
value  of  Y  =  c,  the  necessary  and  sufficient  conditions  that  the  repeated  in- 
tegrals off(x,  y)  in  the  unbounded  domain  m  =  a,  x  —  b,  y  =  c,  y  =  <x>,  shall 

have  equal  values  are 

(1)  that  I     dy      f{x,  y)  dx  shall  have  a  definite  value;  and 

(2)  that,  corresponding  to  on  arbitrarily  chosen  e,  a  value  Y,  of  Y  can  be 
fixed,  so  that     J    da;  I    f(x,  y)  dy     <  e,  for  all  values  of  Y  >  Ye . 

It  maybe  observed  that  the  condition  (2)  docs  not  make  it  necessary  that 

f(x,  y)dy  should  have  a  definite  value  for  all  values  of  x. 

It  is  a  sufficient  condition   in  order  that  (2)  may  be  satisfied,  that 

| /"_/(«,  ,j)d,j\<,l(b-a), 

for  every  value  of  x  in  («.,  b),  with  the  possible  exception  of  a  set  of  points 
of  zero  measure, 

In  this  exceptional  ease,  however,  j   dx       fix,  y)dy,  must  exist  as  an 

absolutely  convergent  integral  with  respect  to  x. 
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410.  Next,  lot  us  assume  the  function  f(x,  y),  to  be  denned  for  tbe 
infinite  domain  bounded  by  x  =  a,  y  =  c,  and  unbounded  in  tho  positive 
directions  of  x  and  y. 

Let  it  be  assumed  that  the  two  repeated   integrals 

j    duj    f(x,y)dy,   J    dy  J    f(w,  y)dx 

exist,  and  have  the  same  value,  for  each  set  of  definite  values  of  X  and  F, 
such  that  X  =  a,   Y  £  b.     The  value  of  these  repeated  integrals  we  denote 
by  *(X,  7). 
We  have  now 

lim0(X,  Y)=j   dyl  /(«,  y)  da;  =  lim   (  dm  \  f(x,y)dy; 

it  being  assumed  that  this  limit  has  a  definite  value  for  each  definite  value 
of  X.      If  now 

rx       rY  rx  tr 

lim  j    dm)    f{a,y)dy=j    dx  lim  I    f(x,y)dy, 

we  then  have 

lim$(X,  Y)=j   dxj  f(w,  y)dy. 

The  condition  that  this  may  be  the  case  is  that 

lim  /    dx  \    /(«■,  y)  dy  =  0, 

which  is  equivalent  to  the  condition  that,  corresponding  to  an  arbitrarily 
chosen  e,  there  should  exist,  for  each  value  of  A',  a  value  Yt  of  Y,  such  that 

I  J.   j  ■^  y}ty\<e> 

for  every  value  of   F>  Ye.     When  this  condition  is  satisfied,  we  have 

lim  lim  #(X,  F)  =  j  dm  (  fix,  y)  dy, 

provided  the  repeated  limit  on  the  left-hand  side  has  a  definite  value. 
Under  similar  conditions  we  can  shew,  in  the  same  manner,  that 

lim  lim  $(X,  F)  =  Tdy  \*f{m,  y)dtc. 

The  necessary  and  sufficient  condition  lor  the  existence  and  equality  of 
the  repeated  limits  lim  limi(Z,  F),  lim  limrf>(A',  F)  is  obtained  from  the 

theorem  of  §  2:H,  by  letting  X  =  1/ar,  Y—ljy,  where  x,  y  are  the  pair  of 
variables  there  employed.  Using  this  condition,  we  have  now  established  the 
following  theorem  : — 
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/*  being  assumed*  that  the  repeated  i,ide</rah  of  f(x,  y)  in  a  domain 
bounded  by  x  =  a,x  =  X,  y  —  c,  y  =  Y,  ewi.st,  and  are  equal  to  one  another,  for 
every  pair  of  definite  values  of  X  and  Y  Hitch  that  X  ~  a,  Y  =  c,  it  is  sufficient 
for  tlie  existen.ee  end.  equality  of  the  two  repeated  integrals 

jdsej  f(x,  y)  dy,      j    dy  j  /(as,  y)  dss, 

that  the  fMovnuij  conditions  be  satisfied: — 

(1)  That  I  dy  j  f(x,  y)da:,  I  dx  I  /(*-,  .</)(£</  Aa-ue  definite  values 
for  all  definite  values  of  X  and  Y. 

(2)  That,  correspoiuling  to  an  arbitrary  e,  there  should  exist,  for  each 
value  of  X,  a  value  Ye  of  Y,  such  that 

|  j  da:  j    f(m,  y)  dy  |  <  e,  for  every  Y  >  Yt; 

and  also  for  each,  value  of  Y,  a  value  Xe  of  X,  such  that 

I fr     Fx  I 

My      /(*•   y)da>\<e,  for  every  X>Xe. 

\Jc         JX,  I 

(3)  That  if  e  be  fixed,  a  number  1",  >  c,  can  be  determined.,  such  that,  for 
each  value  of  Y>  Y„,  a  value  of  X,  say  Xe,  can  be  found,  winch  is  such  that, 

for  the  particular  value  of  Y, 


rx      r- 
\J   dxj    f(x,y)dy^<e, 


fur  every  value  of  X>Xt.       This  condition  may  be  replaced  by  the  corre- 
sponding one  in  which  the  integral 

j    dy  \    f(w>  y)  dx  **  employed. 
More  general  conditions  could  be  obtained  by  not,  assuming  that 
Iimd>(X,   Y),         lim  A(X,  Y) 

F=«  X=a> 

have  necessarily  definite  meanings,  and  then  applying,  instead  of  (3),  the 
theorem  of  §  233. 

In  accordance  with  §  233,  if,  in  condition  (3),  when  Xt  is  determined  for 
a  particular  value  of  Y,  the  condition  be  satisfied,  not  only  for  that  particular 
value  of   F,  but  also  for  all  greater  values,  then  the  double  limit 

also  exists,  and  is  equal  to  the  repeated  integrals  with  infinite  limits. 

were  given  by  Bromwich,  Five,  t.ond.  Math.  Hoc., 
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It  has  been  proposed  by  Hardy*  to  employ  this  double  limit  as  a  definition 
of  the  double  integral  of  f(x,  y)  over  the  infinite  domain.  This  definition  is, 
of  course,  less  stringent  than  the  one  given  in  §  323. 

411.  Sufficient  conditions  of  greater  stringency,  ami  therefore  of  less 
wide  application,  can  be  deduced  from  the  theorem  of  §  410. 

The  integral       f(w,  y")dx,  is  said  to  converge  uniformly  in  the  interval 

(c,  Y),  if,  having  given  the  positive  number  n,  chosen  arbitrarily,  it  be  always 
possible  to  determine  X0  so  that 

I  J   f(x,  y)  dx    <  v, 

for  X  ~  X„,  and  for  every  value  of  y  in  the  interval  (c,  Y). 

If  this  condition  be  satisfied  for  each  interval  (c,  Y)  of  y,  the  convergence 
is  said  to  be  uniform  in-  an,  arbitrary  interval. 

If  the  condition  be  satisfied  for  every  value  of  7>e,  the  convergence  is 
said  to  be  uniform  in  an  unlimited  interval. 

If  the  condition  be  satisfied  for  all  points  in  (c,  F)  except  those  which 
belong  to  a  set  of  points  of  zero  measure,  the  convergence  is  said  to  be 
uniform  in  general  in  the  interval. 

The  following  theoremf  will  be  established : — 

It  is  sufficient  for  the  existeti.ee  end  equality  of  (he  repeated  integrals  with 
infinite  limits,  (l)  thai  the  repented,  integrals  between  finite  limits  always  exist 
and  are  equal,  (2)  that  I  f(x,  y)  dx  be  uniformly  convergent  in  general  in  an 

arbitrary  interval,  (3)  that   I   f(x,   y)  dy    satisfy   the   same   condition,   and 

(4)  that  I  dx  I  f'x,y)dy  converge  uniformly  in  an.  unlimited,  interval.  The 
condition  of  uniform  convergence  in  general,  must  be  replaced  by  that  of 
uniform  convergence,  in  case  the  repeated  integrals  between  finite  limits  exist 

only  as  non-a.bsoliP.etu  convergent  improper  integral-!. 

To  prove  this  theorem  it  will  be  sufficient  to  shew  that  if  the  conditions 
given   in   it   be   all   satisfied,  then  those  in  the  theorem  of  §  410  are  all 

^lijKtiuiL 

*  Messenger  of  Math.,  vol.  xxm,  p.  95. 

|  This  theorem  ivus  given  by  Ac  !ii  Viillec-Poufsiu,  lAuueille's  Journal,  ser.  i,  vol.  vm,  p.  4fi4, 
except  that   in  hie  definition  of  uniform   convergence  in  general,  the  set  of  exceptional  points 

is  there  restricts!  to  be  a  sd,  of  the  first  species  ;  also  the  condition  (2)  is  given  as  that  of 
uniform  convergence. 
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It  is  clear  that  the  condition  (2)  of  §410  is  satisfied,  if  (2)  and  (3)  of  the 
present  theorem  are  satisfied.     For,  if  I     f(x,  y)  dy  be  uniformly  convergent 
in  general  in  the  interval  (a.1,  A'),  then  for  a  fixed  ij,  Y„  can  be  so  fixed  that 
f(m,  y)dy\<v. 


u; 


for  Y  £  Y„,  and  for  every  value  of  m  in  (a,  X)  except  the  points  of  a  set  of 
zero  measure.     It  then  follows  that 

|/**»//(«  y)d9\<v(X-a), 

and  we  may  choose  ij  <  e/2  (X  —  a) ;  therefore 

\j  d*jTf^B' y)dtf\<e> 

for  F£F,;  this  is  one  part  of  condition  (2)  of  §  410;  similarly  it  may  be 
shewn  that  (2)  of  the  present  theorem  is  sufficient  to  satisfy  the  other  part 
of  the  condition  (2)  of  the  former  theorem.     Again,  the  condition  (4)  of  the 
present  theorem  may  be  stated  in  the  form  that 
\tf>(X,  F)-lim0(Z]  Y)\<e, 

for  every  value  of  Y,  and  for  all  values  of  A  which  are  =  a  fixed  value  X0. 
Since,  on  account  of  (2), 

Urn  $  (X,  F)  -  fa  j"f  0,  jf)  (fa, 
we  see  that 

\L  dy\x^x'  y)dx\<e> 

for  every  Y,  and  for  X  £>  X„,  and  therefore  condition  Oi)  of  the  former  theorem 
is  satisfied.  It  has  thus  been  shewn  that,  if  the  conditions  of  the  theorem 
,  then  those  of  the  theorem  in  §  410  are  also  satisfied. 


1.    It  will  be  found  that   I     d.v  I     ,  ■* ■  ■■-■ .f  dy=  -^jr,  and  that 

In  this  case  the  first  conditio]]  of  the  theorem  in  ^  410  i»  satisfied,  and  the  sect 
satisfied.     For 

-^(^Jtan-'-p-  tfin-i  y\-  jtan"1  y,~  tau_1  y. 


S^lr.i 
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ami  hence  it  is  clear  that,  fur  a.  i^ivon  s.  i"e  can  be  so  lU'teiiiu-a.'d  that,  for  every  value  of 
Y>  Fs,  the  absolute  value  of  the  repeated  intejn'al  is  less  than  !.  The  third  condition  is, 
however,   tiot  satisfied ;   for,  since 


it  is  impossible,  when  Y  is  fixed,  so   to  choose  Xc ,  tha.t,  for  every  X>A'e,  the  absolute 
value  of  the  repeated  integral  shall  be  less  than  e. 

2.     Let*    Jfl-Jgg,  where  y>I;  then  fW"^^^' 

The  repeated  integral   I    rf#  1     tfi'(^)dx=Q,     but     I     <£#  /    tj>'(x&)dy  =  $ir.      The 


second  condition  of  the  theorem  in  ^  110  is  here  not  satisfied.     For,  i 


:  liml 


\°  dy\      <p'(a»j)dx=-ian-1(c>>X''), 


the  conditions  of 


and  it  is  impossible  to  choose  ,VL-  so  that,  for  all  values  of  X>Xt,  the  absolute  value 
of  this  repeated   integral  shall   bo  less  than  t. 

3.  We   have    I     dy   I     cos.ryt&r^-ir.  for  «>0;    but     I    tfo;  J      cosxydy   does  not 
exist. 

4.  It  may  be  shewn  that    I     de  I    e~*i>dy=  I    dy  j     e-"* 
the  theorem  in  §  409  being  satisfied. 

5.  Lett    r->(i  +  ^  sinn* Bin  *y.      In  this  case  we  find 

The   repeated   integral     I      <fo   I      5—--  dy  does  not  however  exis 

=--        has  no  doh'nit.e  value,  for  anv  value  of  a;.      The  double  limit 
]_0x  Jj 

exists,  and  is  equal  to  aero. 

In  this  case,   as  stilted   in   §  410,  it  is   possible  to  employ   this  double   limit   as  the 
definition  of  the  double  integral. 

but  the  other  repeated  integral  does  not  exist,  since   I      /'(.t;,  1/)  (/,),■  has  no  definite  value. 
The  do-able  limit 

lim       I    dx  I  f(x,  y)dy=Q. 


"  See  Btolz,  Grandziige,  vol.  111,  pp.  B,  182,  where  the  example  i 
f  Bromwich,  Pw.  ionrf.  aiaifc.  Sac,  ser.  2,  vol.  1,  p.  182, 


ritjcl  U>  Da  Uois  Kcyiti 
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d1  V  wit 

7.  Let  /(;t,  y)  =  i  -..-- ,    1=  ■   ,    ''      -,-, .     In  this  ffunr-,  tlm  tv,-i>  repeated  integrals 

|     da)  j     f{a:,y)dy,       \     dp  J    f{aj,y)<h: 
exist  and  are  zero. 

The  conditions  of  (.lie  theorem  of  §  41.0  iiro  harp,  satisfied.     We  find  that 

and  thus  the  first  condition  is  satisfied.      Again 

CX  ■    [Y  XY  XY* 

and,  for  a  given  A',  this  is  arbitrarily  sinal!  for  .!'  >  J'f ,  provided  Y,  be  properly  chosen. 

fx      p*  —  r  i' 

Since  I  d#  I  _/(#,  ?)%=,  ipipn  't  can  be  at  onee  verified  that  the  third  con- 
dition is  satisfied.  It  will  be  found  tli'.il  the  condition*  of  the  theorem  in  §  411  are  not 
satisfied  in  this  ease. 

8.  To  prove  that  the  order  of  integration  of 

f", mfd,,  j",-""  d. 

may  be  reversed.   :.ho  thfuvein  of  j  4.10  must  be  applied. 

Let  tf>(£)=|    «~e<*S;   then  <£(0)=£Vr,   and  qS(|)  continually  diminishes  as  f  in- 
creases.     We  have 

and  this  is  easily  seen  to  be  less  than 

therefore  the  repeated    ini.egrat  exists.      Again 

I'd.  £.-•**,,%-}"  ^  [!-.-"•(«»  1-+^  dura  d^ 

and  this  is  easily  «ca  to  lie  convergent;   therefore  condition  {1}  is  satisfied. 
Next,  we  have 

|^-^sm2/<#  =  r^i[«-F^(cosn+^sinr.)-e-^(eosr+^sinr)], 
and  this  is  less  than  2(l+**)e"3Vl|,)  where  F>r„.    We  then  find  that 

(    die  jT«-**mB.$dg 
is  numerically  less  than 

and  it  is  then  seen  that  condition  (:S),  and  the  first  part  of  (2)  are  satisfied. 
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f'dg  f'l  e-^BiMSdw=j^  ^[0(.Vs^)-*(AV^)]^i 
since  <f>(g)<^t  we  have 

and  it  is  now  clear  that,  the  second  part  of  (2)  if 


THE  LIMIT   OF   AN    INTEGRAL   CONTAINING   A  PARAMETER, 

412.  When  an  integral  I  f(a>,y)dx,  involving  a  parameter  y,  exists 
for  each  value  of  y  such  that  y„<y  S  y„  +  h,  it  is  of  importance  to  know 
under  what  circumstances  the  limit  of  the  value  of  the  integral  as  y 
converges  to  y„,  has  a  definite  value  which  is  obtained  by  integrating 
through  (a,  b)  the  limit  of  /(*■,  y)  for  y  =  y„.  Expressed  symbolically,  and 
denoting   \\mf{x,y)   by   f(x,  y„  +  0),   we   require   conditions   under   which 

lim   I  f(x,  y)dx,  and   I  f(x,  y„  +  *))dx  may  both  exist,  and  have  one  and 

the  same  value. 

rb 
In  order  that  I  f(.v,  y)do;  may  be  continuous  at  y  =  y«,  on  the  right,  it  is 

necessary  that  the  further  condition   bo  satisfied  that  f(x,  yl)+  0) -/(a1,  y) 
should  be  an  integrable  null -function  in  (a,  b).     In  particular,  if 

/(«.?)-/(«.  3/0  +  0). 

for  all  values  of  a;  in  (a,  6).  this  condition  is  satisfied. 

If !/,,  y9,...)y„,...  be  a  sequence  of  diminishing  values  of  y  which  converges 
to  the  limit  y0,  we  may  write  Sn(w)  for  f(x,  yn),  and  s  (,*)  for  /(*',  y„  +  0), 
and  then  the  results  of  S§  3S3-3S6,  may  be  applied  to  obtain  sufficient 
conditions  that,  for  this  sequence  of  values  of  y,  the  expressions 


j"f(x,ya  +  0)dv,     lim  jb/(x,y)d 


may  exist,  and  be  equal,  when  the  particular  .sequence  of  values  of  y  is  alone 
considered. 

Criteria  of  the  required  character  will  be  obtained  by  adding  the  con- 
dition that  the  sufficient  conditions  so  obtained  are  satisfied  for  every  possible 
sequence  of  diminishing  values  of  y  which  converges  to  yn.  It  is  clear  that 
the  case  in  which  h  is  negative,  and  f(:i;,  y0  —  0)  takes  the  place  of 
f(®>  Jfo  +  0),   is   not   essentially  different   from  the   case  here  considered. 

It  is  clear  from  the  result  of  §  383,  that,  in  case  /(.*',  y)  converges  to 
/(«■  y»  +  ®)  uniformly  for  all  values  of  m  in  the  interval  {a,  b),  sufficient 
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conditions  for  the  equality  in  question  are  satisfied  for  every  sequence  of 
values  of  y  which  converges  to  ya.  We  have  therefore  the  following 
theorem  : — 

When  the  -proper  integral   j  /(»-,  y)da:  exists,  for  each,  value  of  y  such 

that  y„<y  ^  y„-\-h,  it  is  a  sufficient  condition  that  I  f(w,  ya  +  Q)dx  may 

rb 
exist    and    be   equal    to    Urn     /(■■'■■'>,'/)  d*,   tdt.al  /'(■'-,  y)    should    converge    to 

ffa  ya  +  0)  uniformly  for  all  values  of  %  in  the  interval  (a,  b). 

The  condition  of  uniform  convergence  is  that,  corresponding  to  an 
arbitrarily  chosen  positive  number  e,  a  number  k  can  be  determined,  .such 
that  \f(x,  y  +  S)  — f(x,  y„  +  0)  |  <  e,  provided  0  <  S  <  k,  for  every  value  of 
«  in  (a,  b). 

We  may  obtain  loss  stringent  conditions  than  the  one  contained  in  the 
above  theorem  by  applying  other  results  relating  to  the  integration  of  series. 

From   the  theorem    of  §  380,  we  obtain   tin:   following  criterion  for  the 
rb 
existence  of   /  j  (x,  #„  +  0)  dx : — 

If  I  f(x,  y)dx  be   a  proper  integral,  for   each  value   of  y   such   that 

y„  <  y  ^  ya  +  h,  and  fix,  y„  +  0)  be  limited  in  the  interval  (a,  b),  the  necessary 

i-fi 
and  sufficient   condition-   that    j  /(a;,  yl,  +  0)dx    shoidd    exist    as    a    Riemann 

integral  is  that  /(«,  y)  may  converge  to  f(x,  y„  +  0)  regularly  in  (a,  b),  except 
for  a  set  of  points    IS,  of  zero  measure,   and    of  the  first  category. 

The  condition  of  regular  convergence,  except  for  the  set  E,  is  that, 
if  e  be  an  arbitrarily  chosen  positive  number,  and  y^  an  arbitrarily  chosen 
value  of  y  such  that  y0<yjS  ya  +  h,  then  for  every  point  #,  which  does  not 
belong  to  a  certain  non-dense  closed  component  of  E,  dependent  on  e,  a  value 
Va\  of  y{<yi)  can  be  chosen,  and  also  an  interval  (as,  —  S,  <c,  +  S')  can 
be  fixed,  such  that  \f(x,  yx,)  —  f(%,  y0  +  0)\<  e,  for  every  value  of  x  belonging 
to  (a,  b)  in  (x,  -  S,  x,  +  B^. 

When  the  conditions  stated  in  the  above  theorem  for  the  existence  of 

rb 

f{x,  y„  +  0)  d-o:  are  satisfied,  we  may  apply  the  results:  of  §  SS3  and  §  385, 
to  obtain  the  following   theorems: — 

If  I  f(w,  y)dx  be  a  proper  integral,  for  each  value  of  y  such  that 
y„<y&ya  +  h,  and   the  proper  integral    I  f(x,  yc  +  0)  dx  also  exist,  it  is  a 
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sufficient    condition-    that    lint  I   f(x,  y)  dx    should    exist    and    be    equal    to 
:,y„  +  0)^,    that    \f(x,  y)\    should    be     less     than     some    fixed    finite 
er,  for  all  values  of  x  and  y  such  that  aSxSb,  and  ya  <  y  &  y„  +  h. 
If  1  f(x,y)dx   be   a  propm*   integral  for   each   valve   of   y   such   that 

ya<y  £y„  +  h,  and  the  proper  integral  \  f(.v,  iju  +  0) dx  exist,  it  is  sufficient 
for  the  equality  of 

lim  I  f(x,  y)  dx  and   I  f(x,  ya  +  0)  dx, 

that  (I)   lim    I  f(x,  y)  do:,   should  be  a  continuous  /miction  of  x  in  the  whole 

interval  {a,  b),  and  that  (2)  the  set  of  points  (,>;. ;;/;.)  at  -which,  the  saltus  of 
f  {so,  y)  considered,  as  a  function  of  {x,  y),  is  indefinitely  great,  should 
form  at  most  an  enumerable  set. 

413.  In  the  case  in  which  the  integrals    I  f(x,y)dx,  for  values  of  y 

such  that  y,i<y  =yn  +  h,  are  not  necessarily  proper  integrals,  but  may,  for 
some  or  all  such  values  of  y,  exist  only  as  improper  integrals,  we  may 
apply  the  result  of  §  386',  to  obtain  a  set  of  sufficient  conditions  for  the 

equality  of  j  f(x,  y„  +  0)  dx,  and  lim  I  f(x,  y)  die. 

The  result  is  stated  in  the  following  theorem  :— 

If  f(x,y)  converges  to  a  definite  limit  f(x,y0  +  O)  for  all  points  x 
of  the  interval  (a,  b)  which  do  not  belong  to  a  reducible  set  of  points  G, 
and  the  functions  f '(v.  y),  for  y„<y  <ya+ h,  although  not  necessarily  limited 
in  {a,  b),  satisfy  the  conditions  (1)  that,  in  any  interval  (a,  ft)  contained 
in  (a,  b)  which  contains  in  its  interior  and  at  its  ends  no  point  of  G,  \f(x,  y)  \ 
is  less  than  some  jired  finite  number,  for  all  values  of  x  and  y  such  that 

a  £  xA  ff,  y„<y  £y,,  +  h;  (2)  that  I  f(x,y)dx  exists  at  least  as  an  im- 
proper integral,  for  each  value  of  y  such-  that  y„<y<y„  +  h;    and  (3)  that 

lim  j  f(x,  y) dx,  for  a  A %~b  is  convergent  and,  represents  a  continuous 
v-v,     a 

function  of  x;  and  (4)  I  f(a;,ylt  +  0)da;  exists  at  least  as  an  improper 
integral;    then  the  equality    I  f(x,  y„  +  0)dx  =  liin    I  f{x,y)dx  holds, 

414.  In  the  case  in  which  the  interval  of  integration  is  unlimited. 
say    b  —  x,   wo   may   apply    the    theorems   of   §  3S7,   to   obtain   sufficient 
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conditions  that    I    f(x,y„  +  0)  dx  =  lim    I  f(x,y)dx.     We    obtain  at  once 

the   following  criteria: — 

[0  fO 

If  the  equality       f(/i;ij(,  +  ())clv  —  liiri.   I    f{x,y)d,u:  be  .satisfied  for  every 

value  of  G  >  it,  then-  if  coi' respond!  ny  to  on  arbitrarily  fixed,  e,  a  number  C>a, 
can  be  determined,  and  also  a  value  y,  of  y,  such  that  y„  <  y,  <yv  +  h,for  which 

■  j  f(x>  V)  d®  <  e,  for  every  value  of  C  >  G,  and  for  every  value  of  y  such 
that  yB<y  Sy,,  then  I    f(x,y„  +  0)dx  exists,  and  is  equal  to  Um  \  f(x,y)dx, 

If  the  equality  j  /(a;j,  +  0)&  =  Km   I  f(x,y)dx  holds  for  every  value 

of  C>  a,  then,  if  Um  I    f(x,  y)  dx  e/cists,  and  also  lim  I  f(w,  y)  dx  converges 

to  the  value  lim  I    f(x,  y)  dm,  when  G  ix  indefinitely  increased,,  these  conditions 

are   sufficient    to   ensure    that    I    fix,  y„  +  0)  dx   exists,   and    is    equal    to 

lim  j  f(x,y)dx. 
t-V,Ja 

In  order  that  j   f(x,  y)dx  ma}'  be  continuous  on  the  right  at  ya,  the 

additional  condition  must  ho  satisfied  that  f(x,  y<,  +  ())=f(x,  i/„);  or  more 
generally,  that  f(x,  y„  +  0)  —f(x,  y0)  should  be  an  integrable  null-function  in 
an  arbitrary  interval  of  x. 


EXAMPLES. 

dx  vanishes  ;.  and 


1.  If  y>0,  we  have   J    ^^  &e=$»r,  bat  when  y=0,   j 

thus    i      — 'I— dx  is  discontinuous,  for  y=  +0.     Tt  may   be  seen  that   the    conditions 
contained  in  neither  of  the  abovo  theorems  are  satisfied. 

The  condition  lira   f    —--£-(&;  =  f    lira  B--^<^  =  0  is  satisfied.     But 

^dx=\      *!*°<U>l-lfy,  U  Cy-i*. 
J  o      ">  JOv     *>  ■* 

However   j/,    and    C   may    bo    fixed,    C"   and    »(<yi)    can    always    he    so    chosen    that 
I     — ^-da     >e;   and  thus  the  second  condition  is  not  satisfied. 

2.  The  equality 

lira  JV(*,  »)  *  (•»)  <*■  =  /V  («)/<*  yu+o)  <& 
holds  if  \ /{■%>/)     is  less  than  some   fixed  number,  for  all  value*  of  x  and  y  such  that 


,GoosIe 


598  Functions  defined  by  sequences  [CH.  vi 

ai^Sl,  y(i<#'-:7/o  +  A  ;  provided  also  1  ift(x)d,v  is  either  a  proper  integral,  or  an 
absolutely  convergent  improper  integral  with  a  reducible  sot  of  points  of  inflnito  dis- 
continuity.    This   follows    from   the  theorem   in   §  413.     We  may  even   suppose   ft  =  co  ; 

then  under  the  same  conditions  the  equality  holds.     For 

| /'/<■■»)+<•)*  | 

is  less  than  K  j  iji  (.«)  dx,  where  K  is  the  upper  limit  of  |  /(.«,  y)  I,  and  therefore 
for  a  sufficiently  great  value  of  G,  we  have 

|  /"/(«,  »}*M*|«t 

since   C  may  be  so  chosen  that 

It  follows  that  |    /(*,yD  +  0)^(ar)da; 

exists,  and  is  equal  to  lim    I    /  (.%,  y)  <j>  (si)  dx, 

provided  \f(&,y)\  is  less  than  K,  and  also  provided   I    fy  iv)  dm  is  absolutely  convergent, 

3!     Consider     /    e"sxip(.v)dx,   where   a    is    finite,    and   b   is   either   finite,    or    -f-oo. 
It  follows  from  Ex.  (2),  that 

lim  j  e~v*<j>(x)3x=  j  $  (is)  die, 

provided    I    <j/(x)d.v   is  absolutely  convergent,  and   tj>(m)  has  at  most  a  reducible  sot  of 

P> 
points  of  infinite  discontinuity.     The  theorem   however  holds  whenever        e~^x^i(x)dx 

has  a  definite  value  not  only  Cor  >/---Q,  but  also  for  all   values  of  y  inch  that  OSj</i, 

where  /(  is  some  positive  number.     If  -^(x)  denote  the  continuous  function    I    tb  (*)  dm, 

b  being  taken  to  be  Unite.     Since  ;  >jr  (x) )  has  a  ihiite  upper  limit  U  in  (a,  b),  we  have 

/V**  i/r  (*)  dx  J  <  0e-«»  (J  -  a) ; 
therefore  lim   I    e~  "x  <j>  (x)  dv  =  ^(b)  =       <$,(x)dz. 

In  case  6  =  co ,  we  have 

|     li-V*  <£  (#)  (J«  =y    (     e-»*  ^  (»)  (& 

Hence,  by  applying  the  first  mean  value  theorem,  we  have 
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where  xs  is  some  mimlier  between  a-  ;md   1/v'V,  ^ud  -'-s  some  number  greater  than  I./vt/. 
When  j  converges  to  the  limit  zero,  the  first  tei'm  on  the  riglit-lnmd  side  converges  to 

the   limit    zero,  and   the   second    term,  to  the  limit  \^(ro),  or    I     <j>(x)d.i:     Thus   the 
theorem  is  eatfil'liahofl  for  the  ease  fi=cc. 


liLl'-l-'l-UiKNTIATIOX    OF    AN    INTEGRAL    WITH    RESPECT    TO    A    PAltAMETl:!!. 


415.     Let  f(x,  y)  be  a  function  of  the  variable  x  and  the  ] 
and  which  we  shall  suppose  to  be  defined  in  the  domain  of  (x,  y)  defined  by 

a  &  x  &  h,  y0£y&ya  +  a.     Farther,  let  the  integral  J   f(ee,  y)  dx  exist  as  a 

proper  integral,  for  each  value  of  y  in  the  interval  (yt,  ya  +  a).     If  u  denote 

f(x,  y)dx,  sufficient  conditions  will  be  investigated  that 

Wr-a     J.  I     dV     Ji-a 
This  is  the  ordinary  rule  first  employed  by  .Leibnitz,  of  differentiation 
under  the  sign  of  integration,  and  is  an  important  example  of  the  process  of 
changing  the  order  of  repeated  limits. 

In  this  result  \^-)         denotes    the    derivative    at    u    on    one    side.     No 

information  is  afforded  as  to  the  existence  of  a  derivative  on  the  other  side. 
If,  however,  the  function  be  defined  for  values  of  y  on  the  other  side  of  y0, 
the  derivative  on  that  side  may  be  treated  in  a,  similar  manner. 

We  have 

«ft4*-«fc _  fa/(g,y.  +  A)-/(g, 2fc)  , 
__       -]m  i         —  <M, 

where  h  <  a.  If  it  now  be  assumed  that,  for  each  value  of  x,  f(x,  y)  has 
a  differential  coefficient  with  respect  to  y,  at  all  points  interior  to  the  interval 
(y^,  yB  +  a)  of  y,  we  have  from  the  theorem  of  §  203, 

h  Ja  dy 

where  0  <  9  <  1,  and  the  value  of  0  depends  in  general  upon  x  and  h. 

If  it  be  now  further  assumed   that    ■-V- ' -<     eon  vero-es-  to  \-'--~---\  as 

/>y  *  1     dy     j.g=,Jt 

y  converges  to  y„,  uniformly  for  the  interval  (a,  b)  of  x,  we  have,  for  a 
sufficiently  small  value  of  h, 

df(x,y,  +  eh)      |3/(«.y)| 

where  \/3(x)\  <e,  for  every  value  of  x. 
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I  [b  I 

Under  these  conditions,  we  have,  since  |  I    0{x)d,x  j  <  e(b~  a), 

/,=o         h  Ja  {     By     lfm„ 

and  the  limit  on  the  left-hand  side  of  this  equation  is  f-j-j       ,  in  ease  u  has 

a  differential  coefficient  at  y„ ;  otherwise  this  limit  is  the  derivative  of  u  at 
y0  on  the  right,  which  has  thus  been  shewn  to  exist,  subject  to  the  con- 
ditions assumed. 

The  following  theorem  has  thus  been  established: — 

If  /{#,  y)  be  defined  in   Hie   domain  by  a£x£b,  ya  £  y  S  ya  +  a,  and 

(•8 

w  =  I  f(x,y)dx  exist  as  a  proper  iulearal ,  for  every  value  of  y  til  that 
domain,  it  is  a  sufficient  vond.-iliov,  thai  u  may  ho.ve  a-  derivative  with  respect 
to  y,  at  ya  on  the  right,  and  that  this  derivative  be  eav.al  to  -j — ^ — V  dx, 
that  —,'  should  exist  everywhere  in  the  domain,  and  sli.ov.ld  converge  to 
\-j,\        >  uniformly  for  all  values  of x  in  (a,  b). 

In  particular,  the  condition  stated  in  the  theorem  is  satisfied  if  -» — ~ — 

is  continuous  with  respect  to  (x,  y),  for  all  points  such  that  a  £  x  £  6, 
yu  £  y  £  y„  +  a. 

It  is  however  not  necessary  for  the  validity  of  the  process  that  -    V 

should  exist  for  values  of  y  which  are  >  ya.  We  shall  assume  that  f(x,  y) 
has  for  y  =  y0,  either  a  differentia!  coefficient,  with  respect  to  y,  or  at  least 
a  definite  derivative  Df{x,  yi,)  at  y„  on  the  right ;  and  this  for  every  value  of 
.in  (a,  ft). 

The  function  iS--^Va+  )r.l\3 M  ^  a  function  of  k,  of  which  the  limit 
for  k  =  0,  is  Df{x,  y0);  and  we  therefore  apply  the  condition  in  one  of  the 
theorems  of  §  383,  to  obtain  a  sufficient  condition  that  I  Df(x,  i/0)  dx  may 
exist  and  be  equal  to  Bit.     We  thus  obtain  the  following  theorem : — 

If*  f(x,  y)  be,  defined  in  the  domain  for  which  a  £  #  £  6,  ya  =  y  £  y„  +  a, 
and  have  a  proper  integral  m  {a,  b),  for  each  value  of  y  in  the  interval 

(y«>V»  +  a)'  H  is  a  sufficient  condition  that   f    f(x,y)dx  may  have  a  definite 

*  This  theorem  was  given,  with  a  direct  proof,  by  G.  H.  Hnvtly,  /lA-s.-rniw  of  Math.,  vol.  Xxxl, 
p.  133. 
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derivative  on  the  rigid  with  respect  to  y  at  i/„,  and  thai  this  derivative  may  be 
equal  to  I  Df(x,  y„)dx,wliere  D  denotes  differentiation  with  respect  to  yon  the 
right  at  y„,  that  ■^--— "* — j — -Lyhll'  should  converge  to  Df(%,  y0)  uniformly 
for  all  values  of  x  in  (a,  6). 

It  is  here  not  assumed  that  Df{x,  y)  has  a  definite  value  for  any  value  of 
y  except  y0. 

By  applying  the  more  general  result,  in  §383,  we  obtain  the  following 
theorem : — 

If  f(x,  y)  have  a  proper  integral  in  the  interval  (a,  b),  for  each  value  of  y, 
such  that  y0£y^yll  +  a,  and  j    Df(x,  y^,) dx  exist  as  a  proper  integral,  it  is 

a  sufficient  condition,  that       fix,  f)  dx  -may  have  a.  definite,  derivative  at  y„  on 

f5                                1  fix  v  +  h)  —  fix  u )  I 
the  right,  equal  to  I    Df(x,  y0)  das,  that    J~^-^ 1 — JJ-  '  <""    should  be  less 

than  some  fixed  number,  for  all  values  of  x  in  (a,  b),  and  for  all  values  of 
h  which  are  such  that  0<hS,a. 

For  a  fixed  value  of  x.  the  upper  limit  of    ■*--— — "^-';       --'-  ■''  ''■  I  cannot 
rl  !  ft  i 

exceed    the    upper    limit    of    the    four   derivatives   D+f(x,  y),   D+f{x,  y), 

B~f(x,  y),  D_f(x,  y)  in  the  interval  (ya,  y„  +  a)  of  y.     It  follows  that  the 

second  conditio}/,  contained  in.  the  ahoee  theorem,  is  satisfied  if  Ike  derivatives 

of  f(x,  y)  with  respect  to  y,  whether  definite,  or  not,  are  limited  in  the  whole 

domain  for  which  a&x&b,  y0  S  y  £  y0  +  a. 

416.     If   we    no    longer    assume    chat        f(x,y)dx  exists    as    a    proper 

integral,  for  all  values  of  y  in  the  interval  (y0,i/0  +  ft),  but  may  for  some, 
or  all  such  values  of  y,  be  an  improper  integral,  we  may  apply  the  theorem 
of  §  386,  to  obtain  sufficient  conditions  for  the  validity  of  the  rule  of 
differentiation  under  the  integral  sign. 

We  thus  obtain  the  following  theorem  :— 

If  the  derivative  l)f(x,  y„)  at  y,,  on  the  rigid  exist  as  a  definite  finite 
number,  for  all  points  a:  in  (a,  b)  which  da  not  belong  in  a,  reducible  closed  set 
of  points  G,  then,  under  the  conditions  (1)  that  in  any  interval  (a,  /3)  contained 
in  (a,  b)  which   is  free   in  its  interior   and.    at  its  ends  from  points   of  Q, 

— — j — —    '  *       is  less  than  some  fixed  finite  number,  for  ail  values 

of  x   in   (a,  0),   and  for   all  values   of   ft,   such   that   0<ftSa;    (2)    that 

I    f(x,  y)  d&  exists  at  least  as  an  improper  integral,  for  all  values  of  y  such 
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that  y0<y&ya-\-a;  and  (3)  thai  J    fix,  if) dx  has  a  definite  derivative  on  the 

right  at  ya,  which  is  a  continuous  function  of  w  in  the  interval  (a,  b)   of  x; 

rb 
and    (4)    that    I     Df(x,y,])da:   exists,  at   least   an   an   improper  integral;    the 

equality  of  I    Df(x,  y„)  dx  with  the  derivative  of  I    f(x,  y)  dx  at  y„  on  tlie 

right  holds, 

417.  The  validity  of  the  application  of  the  rule  for  the  differentiation  of 
rb 

fix,y)dx  with  respect  to  y  is,  under  certain  restriction?,  dependent  on  the 

equality  of  two  repeated  integrals.  Let  us  assume  that  I)f{x,  y)  has  a 
proper  integral  with  respect  to  y  in  the  interval  iy0,  y«  +  a),  for  each  value 

of  x  in  (a,  b) ;  we  have  then 

/<«,  y, + h)  _/(«,  •/.)-£*"  m*.  V)  *■ 

Since  now 

— I J. 5 "" 

-±j     <fej         Df(x,y)dy; 

provided  the  function  />/(#,  ?/)  has  a  proper  integral  with  respect  to  (x,  y)  in 
the  domain  bounded  by  x  =  a,  at  =  b,  y  =  y„,  y  =  y„  +  a,  the  order  of  integration 
in  the  repeated  integral  may  be  reversed,  and  we  hnd 

"'P  =  j/J*+*  *  £  D/(",  V)  i*- 

rb 
If  now  I    !)/(«,  y)tfa;  be  continuous  with  respect  to  yat  the  point  y„,  the 

limit  of  the  expression  on  the  right-hand  side  of  this  equation  is,  for  h  =  0, 

I     Df(x,  »/„)  dx.     The  following  theorem  has  therefore  been  established  : — 

It  is  sufficient  for  the  validity  of  the  ride  of  differentiation  that  Df(ie,  y) 
should  have  a  proper  irdeijivi  with  respect  to  y.in  the  d-omaiu  bounded  by  %  —  a, 
x^b,  y  =  ya,  y  =  y„-ra,  and  should  also  have  a  proper  double  integral  mth 

rb 
respect  to  (%,  y)  in  that  domain,  and  further  that  j    Df(x,  y)  dx   should  be 

continuous  with  respect  to  y,  for  y  =  y«- 

It  has  here  not  been  assumed  that  Df(m,  y)  has  a  definite  value  for  every 
value  of  y  such  that  y„  <  y  £  y„  +  a,  but  only  that  it  is  integrable  in  the 
interval  (y0,  y„+  a)  of  y. 
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418.  In  case  the  upper  limit  b  have  the  improper  value  <x> ,  the  condition 
that  Df(x,  y)  shall  have  an  integral  in  the  domain  bounded  by  y  =  y», 
V  =  Va  +  a>  ar|d  unbounded  in  the  positive  direction  of  x  is  not  sufficient  to 
ensure  that  the  repeated  integral  may  be  reversed.     It  may  in  fact  happen 

that  I     Df(fl,  y)  dy  does  not  exist.    If  however  we  assume  that  the  conditions 

stated  in  the  theorem  of  ^  40'.)  are  satisfied,  the  process  is  still  valid,  and  the 
rule  of  differentiation  is  st.ill  applicable. 
In  this  case,  b  =  <x> ,  wo  have 


Urn  J*  {/<**  + A) -/fry.)}.*. 

im  J     dx  J         Bf(x,  y)  dy, 


=  lira 

it  being  assumed  as  before  that,  in  the  domain  bounded  by  x  —  a,  x  —  X, 
y~?h>  y  ~y«  +  a:  Df  exists  for  all  values  of  y,  and  is  integrable  with  respect 
to  y;  and  that  this  holds  however  great  X  may  be.     On  the  assumption  that 
D/(x,  y)  has  a  proper  integral  in  the  same  domain,  we  have 
,-»„+*  rx 

at/.+l>  ~  %.  =  lim  J         dV  J     &/(«>>  v)  *»■  W 

If  now 

lim  dy        Df(x,y)dy  =  0,  (B) 

and  further  if  I     Df(%,  y)dte  be  continuous  with  respect  to  y  at  y  =  ya,  we 
have 

In  case  J  Df(x,  y)  dx  does  not  exist,  or  the  equation  (B)  be  otherwise 
not  valid,  the  equation  (A)  still  holds,  and  it  may  in  certain  cases  be  applied 
to  determine  the  value  of  [=-] 

Let  us  assume*  that  I  Df  (at,  y)  dx  can  be  divided  into  two  com- 
ponents, so  that 

f*Df(,,  y)i„  =  4-  (X,  y)  +  j*  +  (•,  y)  ** 

where  A  (X,  w)  is  such  that  lim  I   *    A  (Z,  y)  dy  =  0,  and  where  -Jr  (x,  y)  is  such 

X-"*.Jy, 

that 

J      do  I         f>(a;,y)dy=j         dy  j     ty(x,y)dw. 

■  Dels  Tallie-Ponssiii.  Aiinnh*  tit:  It  sue.,  'tint,  tic  Brunrlleg,  vol,  XVI,  2. 
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We  find  then,  provided  I     ty(x,  y)dx  is  a  continuous  function  of  y  at  the 
point  y  =  y<i,  that 

419.  In  ordinary  cases,  a  special  case  of  the  criterion  of  §  409  may  be 
applied  to  prove  the  validity  of  the  inversion  involved  in  the  use  of  the 
equation 

j"  <fc  j "*"  fl/(»,  „)dy,  J"'*'  dy  J"  Z>/(«,  y)  tfa ; 

and  then,  provided  I      dJf(x,  ;/)t!<s  is  continuous  with  respect  to  y  for  2/  =  y», 
we  have 

It  is  thus  established  that  a  sufficient  condition  for  the  diffe  re  nl  lability  of 
I     f(x,  y)  dec  at  ya,  under  the  sign  of  integration,  is  that  I      Df(x,  y)  dx  shall 

converge  uniformly  for  all  values  of  y  in-  the  interval  (ya,  ya  +  a),  and  shall  be 

a  continuous  function  of  y  at  y  —  y„. 

It  may  be  observed  that  the  condition  that  I  Df(x,y)d%  shall  be  a 
continuous   function    of   y   at    y0,   may   be    replaced   by   tlm   condition   that 

rx 

I      I)f(x,y)dx    be   continuous,   whatever   value   X   may   have   (>  a),  it    being 

assumed  tliat   the   condition   of   uniform   convergence   of   I     Df(x,  y)  dx   is 
satisfied. 

For  J*  Df(x,  y)dx  =  j* Df(x,  y)dx  +  v  (y) 

where  \ij(y)\<e,  provided  X  is  sufficiently  great. 
Hence 

j"  D/(m,  ;/,  +  *)  At  -j'  D/(*  y.)  <fc 

-  £"  Bfljc,  y.  +  h)dx-  j*  Df(",  J.)  *•  +  £ 

where  j  f  |  <  2e.     From  this  it  follows  that,  for  a  sufficiently  small  value  of  h, 

f*  Df(x,  y„  +  h)  dx  -  J"  Df{m,  y0)  dx 

is  less  than  3e ;  and  since  e  is  arbitrarily  small,  I     Df  (x,  y)  dx  is  continuous 
at  y  -  y„. 
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420.  The  method  employed  in  §  417  may  be  extended  to  a  wider  class  of 
cases.  lb  may  happen  that  !>/(»■,  y),  a.l though  limited  in  the  domain  bounded 
by  oc  — a,  /e—b,  y  —  yot  y  =  yD+a,  is  not  integrable  with  respect  to  y  in  the 
interval  (y0,  y0  +  h),  for  all  values  of  x.       In  thai;  case,  we  can  employ  the 

rys+h 
Lebesgue  integral   J         Sf(x,y)dy,  which  certainly  exists  for  every  value 

of  y,  since,  f(x,  y)  being  summable,  Df(x,  y)  is  also  summable,  provided  it 
have  at  each  point  a  definite  value,  with  the  possible  exception  of  a  set  of 
points  of  zero  measure.     In  accordance  with  the  theorem  of  §  40b',  the  order 

of  the  repeated  integrals  eaii  he  reversed,   provided 
rs,+h         rb 

have  a  definite  meaning;  and  this  is  certainly  the  case,  since 

|/V<».  !/)*>■ 

cannot  exceed  the  product  of  b  —  a  into  the  upper  limit  of  j  Df(:c,  y)  \  in  the 
two-dimensional  domain.  The  reasoning  of  jj  417  is  then  applicable,  and  we 
obtain  the  following  theorem  : — 

//  I)f(x,  y)  be  limited  and  in  general,  definite,  in-  the  dom.aiv.  bounded  by 
!v  —  a,  x  —  b,  y  —  ya,  y~yt>  +  &>  then,  provided  the  hebenyne  integral 

/*■"/(«.  y)dt 

be  continuous  at  i/0,  on  the  right,  the  derivative  of 

at  y„  on  the  right,  is  I    Df(x,  y„)dx. 

It  may  happen  that  Bf  (■■>:,  y)  is  unlimited  in  the  domain  bounded  by 
ic  =  a,   x  =  b,   y  =  y„,   y  =  y,+a, 

but  may  still   possess  a  Lebesgue  integral. 

rv«+h 
Also    I         ])j(n-,  y)dy  may  exist  a.s  a  Lebesgue  integral,  although  1)1  U,  y) 

is  not  necessarily  limited  in  the  interval  (i/„,  y0  +  k).  In  case  the  points  of 
infinite  discontinuity  form  a  reducible  set  of  points  in  the  interval  {ya,  y0+h). 
the  equation 

is  still  valid.      If  further,  the  repeated  integral 
j         d,j\Df(r„y)dz 
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have  a  definite  meaning,  as  a  repeated  Lebe.sgue  integral,  then  the  process  of 
|  417  is  still  valid.  We  have  accordingly  obtained  the  following  theorem, 
applicable  to  those  eases  in  which  Df(x,  y)  is  not  necessarily  a  limited 
function,  but  may  have  points  of  infinite  discontinuity: — 

If  the  points  of  infimf.fi  dimoidiuii-ity  of  Bj'Ov,  //),  considered  as  a  function 
of  y.  form  a  reducible  set,  for  each  value  of  x,  and 


J"*V(«.  y)dy 


exist   as   a   Lebesgne  integral,  for  each  value  of  x,  and  if  Df  (x,  y)  have 
a  Lebesgue  double  integral  in   the  domain   bounded  by 
x  =  a,    x=b,    y  =  y»,    y  =  y„  +  <x, 

and  if  i         dy      Dj'h.:,  y)  d.x  cast  us  a  repeated:  lebesgue  integral,  and 

fn/c.  »)*■ 

be   continuous   at   y—y„,  then  the  derivative  of  I    f(u>,  y)  dw  at  y0  on   the 

right,  is   I    Df(w,  y$)  dx. 

In   any  particular  cusp,   the   Lebesgue  integrals  may  exist  in  accordance 
with  the  older  definitions. 

EXAMPLES. 
1*.     Let 

then  f*  /(*,  y)£fo=XBin  U  Un"1  -|)  . 

Wc  find 

d    [X  4Z3  (.,     _.y\ 

tlicvdbre  p\-t  the  point  ij  =  (>, 

|  j*  /(»,y)A-4. 

The    value  of    I"    ---'i—'-dx   is   found  to   lie   -^-  --7,oos  ( -Uftu-1- ),  when  «>0.  and 

■/.ova   when  ,'/  =  (>.     Since   this   integral  is  i 
d:.!ii':'!';:V.:a*  ;"ii  -.il'.Jov  tin;  si'^n  of  inteyt-itio 

Jo        3y 

Thr.  function  /{.v,  «}  in  discontinuous  at  .£  =  0,  y=0. 

:  Harnacli's  J.J ///".  mid  Int.  Cnh: ,  Ciuhran'?  translation,  j>.  200. 
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2.  Consider  the  integral  I  — — dz,  where  y>0.  This  integral  is  Dot  diff'cr- 
entiable  under  the  sign   of  integration,  for  any  value   of  y;    for    I      cos  ayda:  does  not 

3®.     The   integral    I      {x-y)'!  '''•'-'  n,a,y  ^  differentiated  under  the  sign  of  integration, 

for  every  value  of  y.  For  it  has  been  shewn  in  Ex.  3,  §  108,  that  (j»  — y)_s  has  an 
absolutely  convergent  duul.de  integral  in  the  domain  bounded  by  x  =  0,  x-  X,  y  =  0,  y=h. 
It  may  lie  easily  verified  that  the  other  conditions  of  the  second  theorem  in  §  420  are 
siM-i-ified. 

4.     Consider  the  integral  «=|       fX^^*'   where  y>0.      The    integral 

Jo     1-f.t'2 
satisfies   the    condition   that,   for  all   values  of  y  greater  tlian  a  positive  number  y,„   it 
ram  verges  uniformly.      We  find,  by  integration   by  parts,  that 

hence  if  X'>X>\,  the  absolute   value  of  the  integral  is  loss  than 

whence  the  result  follows.  The  condition  ibr  differentiation  of  .■'  under  the  integral  sign 
is  therefore   spitifif'u;d.   for  ;uiy   positive  value  of  y. 

THE    CONDENSATION    OF    SINGULARITIES. 

421.  A  method  of  constructing  functions  which  possess,  at  an  infinitely 
numerous  set  of  points  in  a  linear  interval,  singularities  in  relation  to 
continuity,  derivatives,  or  oscillations,  has  been  given  by  Hankel.  The 
method  depends  upon  the  employment  of  functions  which  at  a  single  point 
possess  one  of  the  singularities  in  question,  and  consists  in  building  up  by  the 
use  of  such  a  function  of  a  simple  type,  the  more  complicated  analytical  repre- 
sentations of  a  function  which  possess  the  singularity  at  an  everywhere-dense 
set  of  points.  To  this  method,  Hank  elf  has  given  the  name  "Principle  of 
condensation  of  singularities"  (das  Prinzip  der  Verdiohtnng  der  Singulari- 
taten);  the  name  may  however  he  conveniently  applied  to  other  methods  of 
constructing  functions  eapable  of  analytical  representation  which  have  been 
given  more  recently  by  other  writers. 

Let  <f>  (y)  be  a  function  denned  for  the  interval  (—  1,  +  1 ),  limited  in  that 
interval,  and  continuous  at  every  point  of  the  interval,  including  —1,-1-1, 

e  See  Hardy,  Quart rrty  Jimrinil  Math.,  vol.  xkxii,  p.  67,  where  various  theorems  relating  to 

tiiu  differentiation  of  integral-*  will  be  found. 

(■  See  his  memoir  "  L'nlur*ueh;ui;;eii  fiber  (lie  utiondlicli  of  I  un:4i.-Lij-eit  im  o.-ieillieren  fieri 
Functioned,"  reproduced  in  N-ith.  An.iuileii,  vol.  xs.  The  method  ha*  boi.m  treated  in  a  rigorous 
manner  by  Dini,  Qrundlagea,  p.  lo7. 
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except  at  the  point  j/  =  0,  where  however  <^(fl)  =  0.  The  function  A  (sin  mrx) 
is  finite  and  continuous  for  every  value  of  <c  which  is  not  a  rational  fraction 
mjn,  with  n  as  denominator,  and  it  vanishes  for  all  points  at  which  x  has  this 

form. 

The  series    %  --  ■ ,  where  s  >  1,  is.  in  accordance  with  the  fact  that 

0(?/)  is  limited,  uniformly  convergent  in  every  interval;  and  its  sum  is  a 
limited  function  of  x  which  is  continuous  for  all  irrational  values  of  x. 

If  A  (y)  were  also  continuous  for  y  —  0,  the  function  represented  by  the 
series  would  he  continuous  also  for  rational  values  of  x,  but  when  A  (y)  is 
discontinuous  at  y  =  0,  the  properties  of  the  function 

in  relation  to  continuity  or  discontinuity  at  the  points  where  x  has  rational 
values  require  investigation. 

The  series  being  uniformly  continuous,  it  follows  from  the  theorem  of 
§  343,  that  f(x)  is  continuous  at  every  point  at  which  all  the  functions 
A(smwn-x)  are  continuous,  i.e.  for  all  irrational  values  of  cc.  Let  us  consider 
the  values  of  the  function  f(x)  in  the  neighbourhood  of  a  point  x  —  pjq,  where 
p  and  q  are  relative  primes.  We  may  write  the  value  of  /'(*')  in  the  form 
^   <£  (sinjKjfl-ic)      1    ^  <£  (sin  ymir.-*) 

where  n9  has  those  Integral  values  only  which  are  not  multiples  of  q. 

The  first  of  these  series  is  uniformly  convergent,  and  its  sum  is  continuous 

at  the  point  p/q ;  we  therefore  find  that 

...         .      ,  1     ™   A  (-  1  K  sin  qmirh) 

f(p/q  +  h)-f(p/q)  =  Vh+-  ^~—  ~r  " 

where  ijh  converges  to  zero  when  h  does  so. 

Case  I.     Let  A  (y)  have  an  ordinary  discontinuity  at  y  =  0 ;   we  then 

i      ,0(0);  _L 

„(2r  +  l)'       J'    ,.,  (2r)" 

/«-»T^(W^?.^' 

where  the  upper  or  lower  of  the  ambiguous  signs  are  to  be  taken,  according 
as  p  is  even  or  odd. 

If  $(+()),  Ai— 0)  are  different  from  one  another. and  from  zero,  these  relations 
shew  that,  at  a  point  p/q  for  which  p  is  even,  the  function  /(a-)  has  ordinary 
discontinuities  both  on  the  right  and  on  the  left,  the  measures  of  the  two 
being  not  identical.     Moreover  the  same  statement  may  be  made  for  a  point 
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p/q  at  which  p  is  odd,  unless  $  (+  0),  tf>  (—  0)  have  such  values  that  one  or 
other  of  the  above  expressions  vanishes,  in  which  case  there  is  an  ordinary 
discontinuity  on  one  side,  and  the  function  is  continuous  on  the  other  side. 
It  is  easily  scon  to  be  impossible  that  the  two  expressions  can  simultaneously 
vanish,  and  therefore  there  is  an  ordinary  discontinuity  on  one  side  at  least. 

Ii'  <{>(+  0)#0,  <£  (— 0)  =  0,  there  is  discontinuity  on  the  right  at  the  points 
x,  =  V/?>  anl^  continuity  on  the  left ;  and  at  the  points  x  =  (2p  +  l)jq,  there 
are  discontinuities  mi  both  si'ics.  with  different  v 


If  <£{+0)  =  (f>(—  0),  so  that  <f>(y)  has  only  a  removable  discontinuity  at 
the  point  y  =  0,  then  the  function  f(a>)  has  removable  discontinuities  at  all 
the  points  x  =  p/q. 

Tn  every  case  the  function  f(po)  is  a  point-wise  di  aeon  tin  nous  function, 

because  its  discontinuities  are  sill   ordinary  ones  (see  §  ISU). 

Case  II.  Let  0  (y)  have  a  discontinuity  of  the  second  kind,  at  y  =  0,  on 
one  side  at  least.  In  this  case  it  will  be  assumed  that  s  >  2.  Denoting  by 
A  the  upper  limit  of  |  0  (jy)  |  in  the  interval  (-  1,  +  1),  we  have 

- 1  \p  sin  qtrh)  \ 
A     -  1 A    /«■        \ 

and  hence 

f(p/q  +  h)  -/(p/q)  =  I  <j>  (=T>  sin  qnh)  +  %  +  j£  ± 

where  £  is  such  that  —  1  <  f  <  1,  and  is  dependent  on  A. 

If  <f>(y)  have  a  discontinuity  of  the  second  kind  on  both  sides  of  the  point 
y  =  0,  there  are  finite  oscillations  in  arbitrarily  small  neighbourhoods  of  the 
point  on  the  two  sides ;  if  then  s  be  chosen  so  great  that  -4/2s_!!  is  less  than 
half  the  saltus  at  y  =  0,  we  see  that  f(x)  has  discontinuities  of  the  second 
kind  on  both  sides  at  all  the  points  x=pjq. 

If  <f>  (y)  have  a  discontinuity  of  the  second  kind  at  y  =  0,  on  the  right,  and 
have  a  discontinuity  of  the  first  kind,  or  be  continuous,  on  the  left,  there  is  at 
each  of  the  points  x  =  pjq,  where  p  is  even,  a  discontinuity  of  /(#)  of  exactly 
the  same  kind  as  that  of  0  <#)  at  3/ =  0.  On  the  other  hand,  if  s  be  sufficiently 
large,  there  is  at  each  of  the  points  x  =  p/q,  where  p  is  odd,  a  discontinuity  of 
the  second  kind  on  both  sides.  For  we  may  express  f(p/q  +  h)  -/(p/q)  in 
the  form 


1    »   0(-sin2r  +  lg7rA)      1    |  4>  (sin  2rgwh) 
f  *,  (&•  +  iy  +  9s  3o        (2ry 
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which  can,  as  in  the  previous  case,  be  reduced  to  the  form 

where  gi,  fB  are  both  in  the  interval  (-1,  1).  We  thus  see  that,  if  a  he 
sufficiently  groat,  there  are  finite  oscillations  in  arbitrarily  small  neighbour- 
hoods of  pjq  nil  both  sides. 

The  existence  of  the  factor  ljtf  in  the  expression  for  f{pfq  +  h)  —fiplq) 
shews  that  there  are  only  a  finite  number  of  points  pjq  at  which  the  saltna  of 
/(.*•)  is  =k,  where  k  is  an  arbitrarily  chosen  positive  number;  and  thus/((c) 
belongs  to  the  special  class  of  point-wise  discontinuous  functions  for  which 
the  set  if  is  a  finite  set,  for  each  value  of  k. 

EXAMPLES. 

1.     Let  i/i  lj)  =  sin  -,  and  i/i  .;o)  =  0;  the  function  /(.''}  U  then  defined  by 

/(«).;  i»i»(co«o»«), 

where,  when  a-  —  pjq,  the  terms  for  which  n  is  a  multiple  of  q  are  to  bo  omitted.  This 
function  is,  at  least  when  s>2,  a  point- wi.so  discontinuing  function  ivbioh  is  continuous  at 
all  the  irrational  points,  and  has  discontinuities  nf  the  second  kind,  on  both  sides,  at  the 
rational  points. 

2-     ^t  0  (y)  =  ;  J,  (g—ij  «n  (*4 1)  =* , 

where  «>1.     For  0<jsl,  we  have  ^(y)  =  l;  for  -IS^-CO,  we  have  0(y)*»-l;  also 
0(O)  =  O;  and  thus  $>(?/)  lias  an  ordinary  discontinuity  at  y  =  0. 
The  function 

is  a  point-wise  disci nrl,imioir=  function,  wl.ji.-li  i.s  continuous  for  all  irrational  values  of  ,r, 
and  has  ordinary  disco nt.i  unities  on  both  .sides  at  all  the  rational  points. 
3.    With  the  same  value  of  <f,  (y)  as  in  Ex.  (3),  let 

*<"-  ?  *B(E5!P 

where  s>l.     For  any  it'i'iit'onid  value  of  :<;  x  (.;•;  has  the  value  2    ; ,  and  for  any  rational 
value  of  »:,  the  function  is  indefinitely  jireat.     Now  let 
%  1 


then /(#)  =  1,  for  all  irrational  rallies  of  a.',  and  f'i>)  =  0,  for  all  rational  values  of  x.  The 
function /(jb)  is  accordingly  totally  discontinuous.  The  values  of  /(#)  are  improperly 
defined  at  the  rational  points. 
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422.  Let  us  oext  assume  that  <£(y)  is  continuous  throughout  the  interval 
(—  1,  1),  and  has  no  differentia]  coefficient  at.  the  point  y  =  0,  where  0(O)  =  O, 
but  that,  at  every  other  point  in  the  interval  {—  1,  +1),  it  has  a  differential 
coefficient  which  is  numerically  less  bhan  some  fixed  finite  number  A.    In 

this  case  ^-j-l  has  no  definite  limit  for  h  =  Q,  either  when  h  is  positive,  or 

when  h  is  negative,  or  in  both  cases;  or  else  the  two  limits  both  exist,  but 
have  different  values. 

The  numbers      ■,-       which  are  equal  to  \$'(6h)\,  where  0>O,  have  a 

definite  upper  limit    V  (S  A)  for  all  values  of  k. 

Assuming  that  a  >  2,  we  see  that  the  series 

2  th'  (sin  n-jrx) 
it  5;  r._\.  .-_t         cosmrv 

converges  for  all  irrational  values  of  a-,  since  the  general  term  is  numerically 
less  than  Bjn"~',  where  .11  is  some  lived  number. 

Consider  the  series 

S  <f>  [sin  vir  (*;  +  /')]  —  4>  (win  mrx) 
,  Aw* 

where  x  has  an  irrational  value.     It  will  be.  shewn  that  this  series  converges 
uniformly  for  all  values  of  k.     Unless  n  and  /(  are  such  that  sin  nir  (x  +  h) 
and  sin  vnrx  are  equal,  in  which  case  <f>  [sin  nir  (x  +  h)]  -  <p  (sin  nine)  =  0,  we 
ean  write  the  general  term  of  the  series  in  the  form 
7T      0[8iiin7r  (a; +  &)]-$  (sin  imp)    sin£wrA 

— - — -.  i ; rx ■ —  ■    — i —    i       .  CUa  7OTT 1  ■*    .    -it'!. 

ns~'  sm  mr  (x  + /<)  —  sm  ivrrse  fymrli 

It  then  follows  I  hat  the  general  term  of  the  series  is  numerically  less  than 

■jtV 

---— ,  where   I7"  is  the  upper  limit  of  the  absolute  values  of  the  i  norm  nen  tar  y 

ratios  of  the  function.  Since  the  series  Sl/ii6"1  is  convergent,  it  follows 
that  the  above  series  converges  uniformly  for  all  values  of  k  which  are  ^0  ; 
and  consequently,  in  accordance  with  the  last  theorem  of  §  397,  the  function 
fix)  has  a  finite  differential  coefficient  li>r  any  irrational  value  of  .*. 

Next    let    x    have    the    rational    value    pjq.      We    may    then    express 

K1        I    -M  in  the  to 
h 

2    <£  [sin nfj7r  (.': -I- /',)]  —  <fi  (sin  nqTrx)  ,    1    ?.   <p  (—  1 1,",'J>  sin  iwjirh) 

n,=i  hnqs  <f  m=i  hwi?  ' 

where  w,  has  all  positive  integral  values  which  are  not  multiples  of  q.     In 

39—2 
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-has,  for  the  value 
ic^plq,  a  finite  differentia]  coefficient  which  is  the  sum 
|   <j>  (sin  nqirp/q) 


■S^jTTJlA/. 


fJt±±® 


where   jjjj  is   a   number  which    converges   to   zero    when   h   is   indefinitely 
diminished. 

Case  I.     Let  </>(;y)  have  definite  derivatives  on  the  right  and  on  the  left 


converging  to  zero,  and  another  limit  <f>'  (—  0)  for  negative  values  of  A  £ 
converging.     We  thus  have,  when  p  is  even, 

..     J  \g        )     J  \q)  S    <f>'  (sin  ruimjq)  . 

Inn  — - j —  =  7T    2,    — — — --ji  ■  ■  -    <^os  nq7rp:q 

■  »*'(+<>)    £  _J_ 

,.    /g  +  ")-/g)        5  f  (si»,„^,) 

hill  — *  —  =  tt    Z-  -t— - — -jzi  (•0»nlj-irpjq 

,^-f  (-0)  i   J_ 

For  an  uneven  value  of  p,  we  find 

/  /t + £\  _  /  (£\ 

lim  a  '   ^_  =  7T    2    "-^ ^±rJ^-1- cos  n,jirplq 

,  Tf  (+Q)  |      1        irf(-O)  5     -    1 

./(H-/(g)_.  _ 

:+0)  *  1  .  irf  (-0)  J  _J_ 

-      ,.i(2r+l)«+      ^'      ,i,(2r)- 
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From  these  results  it  is  seen  that  /(a;)  has,  at  the  rational  points, 
definite  derivatives  on  the  right  and  on  the  left,  differing  in  value  from  one 
another,  and  therefore,  at  all  these  points,  the  function  has  a  singularity  of 
the  same  kind  as  <j>(y)  possesses  at  the  point  y  =  Q. 

Case  II.  Let  <j>  (y)  have,  on  one  side  of  y  —  0  at  least,  no  definite 
derivative.  Unless  niqh  is  an  integer,  in  which  case  0  (—  1  \mv  sin  mq-xk)  =  0, 
we  have 


tf>  (_  i  jmu  Sln  yuq-jri \)  _  $(—  1  \mP&ui-mqirh)    sin  ntqirh  .      .. , 
/tms  —  1  j mp  sin  mqirh  mqirh 

:•;  thiit 

ngwh)  _  1  0  (—  1  |p  sin  girA)      p 


rj7T 


<7B  w=j  ft"*'  2s 

<rl 

large  value  of  a,  the  number  P  may  he  made  as  small  as  we  please,  and 
therefore 

1     "   0  (-1  l^sinw^Tr/Q 

J*  m=l  'lm* 

will,  for  a  sufficiently  large  value  of  a,  oscillate  in  the  same  manner  as 

as  /t  is  diminished  indefinitely.     Il,  is  thus  seen  that  ; has,  on 

one  side,  or  on  both  sides,  of  h  =  0,  no  definite  limit ;  and  thus  /(*)  has  no 
differential  coefficient  at  any  of  the  rational  points,  provided  a  sufficiently 
large  value  of  s  be  chosen. 

EXAMPLES. 
1.     Let  <j>{y)  =  y  or   -y,  according  as  y  is  positive  or  negative.     The  corresponding 


This  function  is  continuing,  a.nd  lms  a  dittbicntiiii  mio.lliun'nt  for  .lii  irrational  values  of  w. 
At  the  rational  point*  it  lias  mo  di ft e ren rial  coefficient.  h\it  has  definite  derivatives  on  both 

2.     Let  0 (y)^yain (logy'),  then /(J))=lsmffi'ra;[1g9miw'r;g], 

The  function  fO:)  i«  continuous,  and  has  a.  tii dt.fi  diileroutiai  cocffidieiil  For  all  irrational 
values  of  &.  If  s  bo  sufficiently  large,  it  ha*  no  definite  derivatives  either  on  the  right  or 
on  the  left,  for  rati  una!  values  of  .'■■  ;  the  lour  derivatives  at  such  a  i">int  arc  all  finite. 
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423.  Let  it  next  be  assumed  that  tj>  (//)  is  continuous  in  the  interval 
(-  1,  1),  and  has  a  finite  differential  coefficient  at  every  [joint  except  at  y  —  O. 
but  that  this  differential  coefficient  has  no  upper  limit  to  its  absolute  magni- 
tude in  any  neighbourhood  of  the  point  y  =  0.  In  this  case  <f>(y)  may  either 
have  a  differential  coefficient  at  y  =  0,  which  is  finite  or  indefinitely  great; 
or  it  may  have  indefinitely  great  derivatives,  on  the  right  and  on  the  left, 
of  opposite  signs;  or  it  may  have  no  definite  derivatives.  When  tf>(y)  is 
a  function  of  this  type,  it  is  not  certain  that  /(&■)  has  differential  coefficients 
for  irrational  values  of  x\  for  the  differential  coefficients  if>' (sin  nirai)  are  not 
all  numerically  less  than  a  fixed  finite  number,  for  such  a  value  of*1,  and  for 
all  values  of  n;  and  thus  the  argument  of  §  422  does  not  apply. 

For  a  rational  point  w  =  pjq,  we  have  as  before, 


J'C,'i+l')  /W      |  j,[.ii,.»„x  («+;.)]-.» (si 


1     S£    0  (—  I  ;"'J'sm  ihijttIi.) 
(f  H,"i  fern' 

The    theorem    of   §   398   will    be    applied    to   shew   that    the   function 

|    «ft  (sin  y "*)  naSj  for  the  va]ue  p/?  0f  ^  a  differential  coefficient  obtained 

■(,=1        ''V 

by  means  of  terra  by  terra  differentiation  of  the  series. 

The  first  condition  required  by  the  theorem  in  question,  viz.  that  the 
terms  of  the  series 

£  *■?«»„,,,*, 

shall  be  definite,  and  that  this  series  shall  converge,  is  certainly  satisfied. 
To  shew  that  the  conditions  relating  to 

A  flu. 

i  (7  denotes  the  upper 

limit    of    \4>(:y)\    in    the    interval    (- 1,    1).      Let   t    be   so   chosen   that 

1  >  (  > ,(#  >  2),  and  let  m  be  that  integer  next  greater  than  |  h  ]  ~*  which 

is  not  a  multiple  of  g;  we  then  have  |Am»_1|  >]  A|l-(*~II(.     It  follows  that,  for 
each  fixed  value  of  h,  m  has  been  so  chosen  that 
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are  both  less  than  U\k\^^t~ttaai  are  therefore  both  less  than  e,  provided 
h  \  <  S ;  where  h  is  fixed  so  that  US  '■s~Vl  '_1  <  e.  It  is  clear  that  &  may  be  chosen 
so  small  that  m  exceeds  an  arbitrarily  prescribed  incog  or  in,  for  all  the  values 
of  h  such  that  |  h  |  <  S. 

Wo  have  lastly  to  prove  that  the  sum  of  the  first  m  terms  of  the  series  of 
which  the  general  term  is 

hn,j>  n,"  '  '' q    : 

is  numerically  less  than  e. 

This  scries  may  be  divided  into  two  portions     S     and  2,  where  m,  is  a 


arbitrarily  chosen  number  i).  The  sum  of  the  first  iity  terms  of  the  series 
under  consideration  can  be  made  arbitrarily  small,  by  taking  8  sufficiently 
small;  for  the  number  of  terms  is  independent  of  h.     We  have  then  only  to 

consider  the  sum  X. 

Since   nq-   differs    from    an    integer    by   at    least   — ,    it    follows    that 


<j>'  (sin  nqir-j  is  numerically  loss  than  some  fixed  positive  number  U',  for  all 
values  of  Hr      We  therefore  see  that 

\m  -Trip'  (smngir-j  i 

2 v    -     V  own,*  .  <  wV. 

Further,  m  has  been  so  chosen  that  m  —  |  h  j_l  <  1 ;  from  which  we  have 
m\h\  =  [  A|w  +  6\h\,    where    0  <0  <  1.      If    §    bo   now    so    chosen    that 

S1-'  +  B  <  lj2q,  the  two  numbers  nq  -,  n,}  (--  +  h)  differ  from  one  another  by 

less  than  =-;    moreover   they  are   never   integers,  and  contain    no   integer 

between  them,  and  they  differ  from  the  nearest  integer  by  more  than  — , 

It  follows  that,  for  all   values  of  w  between  sin  ivir -■   and  sin  ■nair  [-  +  S  J , 

'      q  '      \(J         J 

where  nq  has  the  values  belonging  to  it  in  the  series  X  ${y)  has  a  differential 

coefficient  numerically  less  than  some  fixed  number  U". 
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Writing 


hnqe 

Jl  cos  n.v  (£  +  i  A) 


1 


Sin  fl,,7r  ■  '-+/<■     —  Sin     nB1T—  :;  MnWA 

we  see  that  this  term  is  numerically  loss  than  — —  U".     It  now  follows  that 
f  \<wV(U"+  U'); 

and  this  is  n u tn erica Uy  as  small  as  wu  please,  if  we  choose  ?;  and  B  sufficiently 
small.     It  is  therefore  possible  to  choose  8  so  small  that  the  last  of  the 
requisite  conditions  is  satisfied,  for  all  values  oi'|ft|<  B. 
It  has  now  been  proved  that 

i . i-  =  tt  S  t-COSH(J7r*-  +  a 


where  a  and  h  converge  together  to  zero. 

The  second  series  on  the  right-hand  side  of  this  equation  can  be  written 
in  the  form 

1  *=m  0(—  l.l'^sinTM/Tr/i)      1.       y      <j>  (—  l|"''sin  uq-irii) 

where  m  is  fixed  as  before,  for  each  value  of  h.  The  second  sum  is  arbitrarily 
small  for  a  sufficiently  small  value  of  h.  We  have  then  to  consider  the  first 
sum,  which  may  be  written  in  the  form 

v  »=ib  _  jjnj,  ^_  ||»j>giI)',[.g7r/()  sin  nqirh  _ 
9*-1  n=i    is_1       ^.i|n,3sin;i57rA        m^ttA    ' 
and  we  now  consider  this  sum  in  the  different  cases  which  arise  when  various 
assumptions  are  made  as  to  the  nature  of  the  derivatives  of  </>((/)  at  the 
point  y  =  0. 

Case  I.  Let  t$>  (y)  have  the  derivative  +  oo ,  at  y  =  0  on  the  right,  and  the 
derivative  —  oo  ,  at  y  =  0  on  the  left.  It  is  clear  that,  for  positive  values  of  h, 
all  the  terms  of  the  series  have  one  and  the  .same  sign,  B  having  been  chosen 
so  small  that  mh  is  also  sufficiently  small ;  also  it  is  clear  that  the  first  term 
of  the  series  becomes  numerically  arbitrarily  great  for  sufficiently  small  values 
of  h.     It  therefore  appears   that  the  sum  of  the  series  becomes  indefinitely 
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great,  as  h  approaches  the  limit  zero  from  the  tight-hand  side.  If  A  be 
negative,  the  terms  of  the  series  all  have  the  same  sign,  the  opposite  one 
from  that  which  they  have  when  //.  is  positive,  and  as  before,  the  sum  of  the 
series  is  indefinitely  great  as  h  converges  to  zero. 

It  lias  therefore  been  shewn  that 


/e +*)-'© 


has  the  limit  +00  on  one  side  of  the  point  ",  and  -  00  on  the  other  side. 

? 
The  singularities  of  the  derivative  of  f{x)  at   the  rational  points  have  the 
same  peculiarity  as  that  of  <p  (y)  at  the  point  y  =  0 ;  i.e.  derivatives  on  the 
right  and  on  the  left  exist,  which  are  infinite,  bub  of  opposite  signs. 

Case  II.  Let  <f>  (</)  have  a  differential  coefficient  at  \j  =  0,  which  is  either 
+  co  ,  or  -  go  . 

It  is  then  clear  that,  in  case  p  be  even, 

/(H-/g) 

h 

has  the  same  limit  4-  00 ,  or  —  00 ,  as  ^-  .     If  p  be  odd,  the  terms  of  the 

series  under    examination    have   alternate    signs,  and    no   conclusion  can  in 
general  be  drawn  aa  to  the  nature  of  the  derivatives  of  /(■<;)  at  the  point 

? 

Case  III.     Let  <£(</)  have  a  finite  differentia!  coefficient  at  y  =  0. 
In  this  case,  as  is  easily  seen,  /'(*')  has,   at   the   point    -  ,   a  definite 
differential   coefficient  of  which  the  value  is 

<$>'  I  sin  M7T-  ) 

„=1         ne~'  q 

Case  IV.  Let  <£  (y)  have  finite  derivatives  at  y  =  0  on  the  right,  and  on 
the  left,  which  differ  from  one  another.  In  this  case/O)  has, at  each  rational 
point,  finite  derivatives  on  the  right,  and  on  the  left,  which  differ  from  one 
another. 

Case  V.  Let  D+  <f>  (0),  D+  0  (0),  D~  <f>  (0),  D_  <f>  (0)  he  all  finite  and 
different  from  one  another.  The  fit  notion  /  (.«)  has  then  at  -,  at  least  when 
p  is  even,  the  same  peculiarity  as  <f>  (y)  at  y  =  0. 
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EXAMPLES. 

Let  tjih/)=yiiiu-  ,   <l>  (O)  =  0.      The  c-o iT(.:s[j.unli]]if  !'ui uM.inr  /(.r)  is  given  by 


This  function  is  continuous,  but  ha«  mi  definite  iJeri vativos  ct-t  tiiu  rational  points.  No 
assertion  can  be  made  as  to  this  derivative.-;  at.  tin;  irrational  point-:,  because  the  differential 
coefficient  tji' {<))  has  indefinitely  iireat  values  in  ovuj-v  neighbourhood  ofy  =  0. 

2.     Let  </)(y)  =  (?/)3,  where  «,  £  arc  positive  integers  such  that  2a</J,  and  tho  real 

positive  values  of  the  root  are  taken.     We  then  have 


This  function  is  continuous,  and  lias,  at  all  rational  points,  indefinitely  ytvut  derivatives 
on  the  right,  and  on  tho  left,  of  opposite  signs.  No  assertion  can  be  made  as  to  the 
derivatives  at  the  irrational  points. 

cantor's  method  of  CONDENSATION  of  singularities. 

424.  A  method  of  constructing  a  function  which  exhibits  at  an  every- 
where-dense set  of  points,  sonic  singularity,  either  in  relation  to  continuity, 
or  to  its  derivatives,  has  been  given  by  Cantor  *.  Lot  <j>  (y)  denote  a  function 
which  is  continuous  tor  all  values  of  y  in  the  interval  (—  1,  1),  except  y  =  0 ; 
and  let  <p(0)  =  0.  Let  0  denote  an  enumerable  set  of  points  w,,  &>a,  w»,  ■■■, 
which  may  be  everywhere-dense.  The  method  of  condensation  consists  of 
the  construction  of  the  function 


where 


we  positive  numbers,  so  chosen  that  the  e 


convergent,  and  that    S  c„,t$>(.v  —  <o„)   converges  absolutely  for  each   value  of 
x,  and  uniformly  in  every  interval. 

This  method  has  two  advantages  over  that  of  Hankel.  In  the  first  place, 
the  points  ws,  w3,  ...  do  not  necessarily  consist  of  the  rational  points  of  tho 
interval  (—  1,  +  1),  but  may  form  any  enumerable  aggregate.  In  the  second 
place,  for. a  value  »„  of  a;,  the  singularity  in  question  is  exhibited  by  the  one 
term  c,$(e  —  an)  only,  of  the  series  which  represents /(a:) ;  whereas  in 
Hankel's  method,  the  singularity  of  #  {(/)  at  y  =  0  is  exhibited,  for  x  =pjq,  by 
an  indefinitely  great  number  of  terms  of  the  series  which  represents  the 
function  formed  by  condensation. 

■'  MiUk.  Aniudan,  vol.  xix.     See  also  Pini's  Griuidhujen,  p.  IBB, 
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Let  now  0  (;/)  be  discontinuous  at  y  =  0;  then,  for  any  value  of  #,  of  x, 
which  is  not  one  of  the  values  of  0,  the  terms  of  the  series  2cntf>  (x  ~  o>u) 
are  all  continuous  ;  hence,  since  the  series  converges  uniformly  in  any  interval 
containing'  xa,  it  follows  that  f{&)  is  continuous  at  x„.  Again,  in  order  to 
consider  the  continuity  of  /(&■)  at  the  point  ton,  we  may  separate  the  term 
cntf)  (x  —  w,i)  from  the  rest  of  the  series.  As  before,  the  series  which  consists 
of  all  the  terms  except  the  one  c,,<f>  (e;  —  «„)  represents  a  function  which  is 
continuous  at  *'  =  «,„  hut  cnif>(x  —  o>„)  has  at  a>n  a  discontinuity  of  the  same 
character  as  that  of  <£  (y)  at  y  =  0.  It  has  therefore  been  shewn  that  f(x)  is 
continuous  at  every  point  which  docs  not  belong  to  G,  but  has  at  every  point 
of  G  a  discontinuity  of  tihi:  same  character  as  that  of  <f>  (//)  at  I  be  point  y  —  0. 
If  <f>(y)  have  a  finite  salt  us  k  at  y  =  0,  the  saltus  of  cntj>  (x  -  eon)  at  a>u  is  kcn. 
Hence,  on  account  of  the  convergence  of  £c„,  there  are  only  a  finite  number 
of  points  g)„.  at  which  the  saltus  of  f(x)  exceeds  any  fixed  positive  number. 
The  function /(.-t)  is  therefore  an  iutegrable  function. 

Let  it  next  be  assumed  that  </>  (y)  is  eon  tin  nous  throughout;  (—  1,  1),  and 
possesses  a  differential  coefficient  for  every  value  of  y  except  y  =  0;  and  that 
the  differentia!  coefficients  are  all  numerically  less  than  some  fixed  positive 
number  li.     It  then  follows  that  the  four  derivatives  of  <f>(y)  at  #  =  0  are 

all  finite;    it  also  follows  that     —Mi   is   less   than  some  fixed  number  A, 

for  all   values  of  h  which  are  numerically  less  than   some  fixed  number  S. 

We  now  see  that  for  any  pair  of  points  yL,  y.^  such  that  \yi  —  yi\<  &,  we 
have  rJtJliLl JPW  ,  <  fae  greater  of  the  numbers  A  and  B,  which  may  be 
denoted  by  0. 

If  x  be  not  a  point  of  G,  the  sum 

I  „  \4>(*+h-««)-<K°-».rl  b  <0  | 

provided  jftj  <  S;  hence  the  series  is  uniformly  convergent  for  all  values  of 
h  such  that  0  <  |  h  j  <  8,  and  therefore  it  represents  the  value  of /'(*')■ 

In  ease  x  be  a  point  an  of  (?,  we  separate  from  the  series  which  represents 
/(*■),  the  term  cn(j>(<v  -  &>„)•  It  appears  then  that  the  remaining  part  of  the 
series  represents  a  function  which  has  a  definite  differential  coefficient  X(*»n) 


We  have  therefore 


HW  +  f, 


where  £  converges  to  zero  when  h  does-' so.  It  thus  appears  iliat/(V)  has  no 
definite  derivatives  at  m  =  con,  but  that  it  has  at  that  point  the  same  kind  of 
singularity  as  $  (y)  has  at  the  point  y  —  0. 
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EXAMPLES. 

1.  Let  «/>(j)=,</-  iysin  (\  log .-i.!2}.  This  function  has  si  dilb>f.ut,ial  coefficient  <£'(y)  for 
ovury  poim,  i;xi:qrt  //  =  ();  find  <f>;  {;/;  (.isdllatt.'.s  tuiUviiuti  the  values  1  -  I/v'2,   I  +  l,\/2. 

The  corresponding  function  /(,».■)  ^XeK<j>  (,e  -o>„)  has  a  ditto  rent  if  i.!  eyiitlioient  at  every 
point  not  belonging  to  6*„.  At  the  point  .*.'  — «„,  its  rjori v.-it,ivo  o.-dLylly.tew  between  values 
K+^WandSc+XK,). 

2*.  Let  0(^)=^;  theu  0'(O)=+ro.  The;  corresponding  function  So„(a—»„)^  has 
differential  coefficients  which  are  finite  at  a  set  of  points  not  belonging  to  G.  At  a  point 
oj„  of  O,  we  have/'(iH„)-=4-rc-  Thin  example  does  not  fall  under  the  case,  considered 
above,  because  |</i'(y)|,  for  |^|>0,  lias  no  upper  limit. 

THE   CONSTRUCTION   OK   CONTINUOUS   NON-DIFFERENTUBLE   FUNCTIONS. 

425.  A  general  method  of  constructing  functions  which,  although  they 
are  continuous,  possess  at  no  point  a  finite;  differential  coefficient,  has  been 
developed  by  Dini+.  It  will  bo  sufficient  to  discuss  here  a  restricted  class  of 
such  functions,  which  exhibits  all  the  features  of  the  somewhat  more  general 
case  considered  by  Dini. 

Let  u,  («),  it^fw),  ...  un(ss),  ...  be  functions  each  of  which  is  continuous  in 
an  interval  (a,  b),  and  which  are  such  that  the  series  2  «„.(.'<;)  converges  every- 
where in  (a,  b),  and  defines  a  continuous  function.  It  will  be  further 
assumed  that  un  (so),  for  each  value  of  n,  possesses  maxima  and  minima  such 
that  the  interval  between  each  maximum  and  the  next  minimum  is  a  number 
S„  which  diminishes  indefinitely  as  *  is  indefinitely  increased  ;  and  also  that 
u,t(ss)  =  ~un(w  +  Bn),  so  that  all  the  maxima  of  un(se)  are  equal  to  one 
another,  and  also  all  the  minima,  the  maxima  and  minima  being  equal  in 
absolute  value,  and  opposite  in  sign.  Let  Dn  denote  the  excess  of  a  maximum 
over  a  minimum.  It  will  also  be  assumed  that  %(«:)  possesses  finite  diffe- 
rential coefficients  of  the  first  and  second  orders  un'  (a:),  un"  (so)  everywhere  in 
(a,  6);  and  that  the  upper  limits  of  \u„'(sc)\,  |w»"(j&)|  in  (a,  b),  have  finite 
values  u,  u. 

We  have,  for  any  two  points  x,  x  +  h,  in  (a,  b), 

/(«+*)-/<«)  _  «.(«+>)-«.(»)  "j1 «.(«+ 1) -«.w 

h  h  „=i  h 

■B,(«H-A)-.fli(«) 

+  k 

where  H,„,(vj)  denotes  the  remainder  after  m  terms  of  the  series  S '«,,,(.«). 

*  This  function  2c„  {x  -  wj"  has  been  studied  by  BrodSn,  see  his  paper  "  Ueber  das  Weier- 
stiass-Cantor'schc  L'ondonsa.tbmviirbLhron,''  UtoeMohii  i\fy.,  In'h'S,  p.  r,s:i;  also  Math.  Anwleti, 
vol.  li.  See  further  Ponipeiu,  Math.  A  minted,  vol.  lxiii,  p.  326,  where  it  is  shewn  that,  if  tlie 
series  be  denoted  by  t,  the  inverse  function  .c-G{t)  i.a  a  continuous  function  with  a  limited 

iliffere-ntliU  coefficient  which   is  r.ero  at  un   every  vliem-ilenM  set  of  points,   provided  the  Series 
Si!,,3  be  convergent.      This  [unction  .-.  accor.imjjv  ev^ywhcie-osdllalin;;. 

t  Aitnali  di  Mat.  ser.  2,  vol.  vm ;  also  GrtiihUtigai,  \>.  L'Ofi.  See  also  T.erch,  Grelte's  Journal, 
vol.  cm,  and  Carbons,  Awtaic  '!■:■  I't-cu'i;  iiumiaii:,  ser.  !i,  vol.  vm. 
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This  equation  may  be  written  in  either  of  the  following  forms: — 


have  the  same;  upper  limits  in  (a,  b);  the 


number  ij.m.  lies  between  1  and  —  1.     Also 

s s +  3,  "• w + ?-  2  „.,'  ■• 


where  fm  is  a  number  between  1  and  —  1. 

Let  a  neighbourhood  (x,  a:  +  e),  or  (x  —  e,  x)  on  either  side  of  x  be  taken  ; 
m  may  then  be  chosen  so  great,  that  several  oscillations  of  um(w)  are  com- 
pleted in  the  chosen  neighbourhood.  Let  the  point  x  +  h  be  taken  at  a 
maximum  or  minimum  of  u.m  (x)  in  (x,  x  +  e),  or  in  {x  —  e,  x) ;  and  let  it  be 
at  the  first  maximum  or  minimum  of  »m(a')on  the  right  or  on  the  left  of .«,  of 
which  the  distance  from  x  is  S  \  S,».  The  condition 
|«.(«  +  »)-•»(•)  |Si-D. 
is  then  satisfied ;  also  |  A   £  1 5,„.     We  may  write 

«™(*  +  h)  -  Um  (x)  =  4  a„,ymDm, 
where  ym  is  positive  and  >  1,  and  <*,„=  ±  1,  its  sign  depending  on  x  and  m, 
and  possibly  on  the  sign  of  h. 

The  equation  (1)  may  now  be  written  in  the  form 

"    2*     [1  +  X«    V      ~AT~   "J () 

where  ij,/  is  between  1  and  —  1. 

Next,  let  x  ±  hs  be  the  next  following  extreme  point  of  ■n.M{x)  after  x+h, 
so  that  h  and  A,  have  the  same  sign  and  |  A,  |  >  |  A  [ .  The  difference 
uM(a>  +  h^  —  um(w),  when  it  is  not  zero,  has  the  sign  opposite  to  that  of 
um  (p  +  A)  —  um  {as),  and  therefore 

um(x+  A,)  -«»(*)  =  -  i «„'  a,,, 7m-Dm, 
where  0  £  em'<  1. 

In  (1)  and  (2)  we  may  write  ht  instead  of  h,  provided  the  values  of  t)m  and 
%,a  are  changed  ;   we  find  therefore  from  (3), 

=~ti-  L  1+*-s1+-^r...""+  %.       a. 

_ajw>^(._+.ij-^(«)i 

7_  Ai  ZJm  J 
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where  rjm"  is  between  1  and  —  1.     Also  from  (2),  we  find 
/<«  +  &)-/(«)  _/(*  +  A,)  V(») 


2  ft       L 


.,A(A  +  A,)Vs   4.9-  /»    fi«(*  +  A)-iU*) 


when  CJ  is  between  1  and  - 1,  and  0m ,  (?„,'  are  each  between  0  and  1 . 

However  small  the  neighbourhood  its.  ®  +  e),  or  (,-c—  e,  *),  be  chosen,  m  can 
be  chosen  so  great  that  m  +  h,  w  + ft,  both  lie  in  that  one  of  these  neighbour- 
hoods which  is  under  consideration.  As  e  is  indefinitely  diminished,  in  must 
be  indefinitely  increased  ;  thus,  on  passing  to  the  limit,  the  results  (3),  (4),  (5) 
may  be  applied  to  obtain  conditions  for  the  existence  or  the  non-existence  of 
differential  coefficients  of  the  function /{.%'). 

{a)     Let  it  be  assumed  that,  as  m.  is  increased,  I. he  distance  between 
successive  extremes  of  w„,  (.«)  becomes  continually  smaller  compared  with  J)m, 

and  so  that  -.-?-  ,  and  therefore  also  t-.  ,  has  the  limit  zero  when  m  is  indefi- 
nitely increased. 

In  this  case  the  limit  of  J 4-       -'-'■  is  certainly  infinite,  unless  the 

expression  in  the  bracket  in  (3)  has  the  limit  zero. 

If  then  Rm  (x  +  ft)  —  Rm  (%)  has,  for  values  of  m  greater  than  an  arbi- 
trarily chosen  integer  in' ,  the  same  sign  as  aw,  i.e.  as  n,M  {x  -I-  ft)  ~  um  (&'),  and  if 

2ft  B_1 
further    =      £  um  remains  in  absolute  value  less  than  unity,  by  more  than 

some  fixed  difference  ■'—^-    ,-  -  ■    "    cannot   have  a  finite  limit.     The  last 
ft 

condition  may  be  replaced  by  the  condition,  that  -y~    2  un  must  remain 

numerically  less  than  unity,  by  more  than  some  fixed  difference. 

If  these  conditions  are  satisfied,  one  at  least  of  the  derivatives  D+f(x), 
D+f(m)  is   infinite,  and  also  one  at   least  of  j9-/(«),  D-f(w)  is  infinite. 

Moreover,  in  the  case  of  functions  of  the  type  here  considered, 

u»  (*  +  *)  — "»(«) 

has  the  same  sign  For  positive;  as  for  negative  values  of  ft,  hence  it  is  impos- 
sible that  fix)  can  have  an  infinite  differential  coefficient  with  a  fixed  sign; 
and  therefore  fits)  has  at  no  point  a  differential  coefficient,  either  finite  or 
infinite, 
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(J)  If  it  be  not  known  that  the  ciondir.ioi*  in  («■)  relating  to  the  sign  of 
lim(x  +  h)  — R ,„(;>:■)  is  satisfied,  then  /(*')  has  no  differential  coefficients, 
provided  |  R,ii(ce  +  h)  —  Rm((s)\  has  a  finite  upper  limit  STS,,/  for  all  values  of 
x,  and  also 

remains  less  than  unity,  by  more  than  some  fixed  difference.  The  condition 
as  to  the  limit  of  ~-  is  the  same  as  in  (a). 

(c)  Let  ns  next  suppose  that  -jy  has  not.  the  limit  zero,  but  remains 

less  than  some  finite  number,  Cor  all  values  of  m.     In    this  ease   -^  has  a 

A 
finite  limit;   and  we  see  from  (4)  or  (5),  that 

/(«  +  *)-/(«)      A*+hy)-f(*) 

k  h, 

has  not  the  limit,  zero,  provided  the  expression  in  the  bracket,  in  either  ease, 
does  not  converge  to  zero. 

If  then  R,,,  (as  +  h)  -  Rm  (x)  has  the  same  sign  as  %  (*  +  A)  -  v.M  (w),  and 
Rm  (a>  +  h^  —  Rm (#)  has  the  opposite  sign,  and  if  further  one  of  the  two 
expressions 

remains  less  than  unify,  by  more  than  some  fixed  difference,  then  / (w)  can 
nowhere  have  a  finite  differential  coefficient,  alt.hongh  it  may  have  an  infinite 
one,  at  some  points. 

(d)  The  same  condition  relating  to     '"'■  holding,  as  in  (c),  it  is  snflieienl 
to  ensure  that  /(.«)  has  nowhere  a  finite  differential  coefficient,  that 

j  Rm  (•  +  A)  -  Rm  («)  |,     j  Rm  («  +  A,)  -  ft™  O)  | 
should  never  exceed  a  fixed  number  2/?,,/,  and  that  one  of  the  two  expressions 

should  remain  less  than  unity,  by  more  than  some  fixed  difference.  These 
expressions  are  obtained  from  equations  (4)  and  (5),  by  taking  account  of 
the  fact  that  A/A,  cannot  exceed  3/5. 

426.  Let  va(x)  be  a  continuous  function  which  has  maxima  and  minima 
equal  to  1  and  —  1  respectively,  at  distances  d,L  from  one  another;  where  d.„ 
is,  for  every  value  of  n,  less  than  some  fixed  number.  Also  suppose  that 
vn{x)  =  —vn  (&'-(-  d.lt),  and  thai  «,/  (.*),  v-„"  (w)  are,  for  all  values  of  x,  in  absolute 


,GoosIe 


624  Function*  defined  bu  sequences  [ch.  vi 

value  not  greater  than  some  fixed  positive  number  .4.  We  then  take  the 
function  uH(x)  of  §425  to  be  anvn(bnx),  where  the  «„'s  are  constants  such 
that  2|(»„|  is  a  convergent  series,  and  the  6n's  are  constants  such  that  anb„ 
does  not  converge  to  zero  as  n  is  indefinitely  increased.  The  convergency 
condition  of  2j&ii|  ensures  that  the  series  £«■„?;„  (b,,x)  converges  uniformly, 
and  thus  that  f{x)  is  a  continuous  function, 
We  have  in  this  case 

DM  =  2\ami     Sm  =  f^; 

also       |  R„,  (at  +  h)  -  Rn  («)  |  £  IB.',     |  Rm  (x  +  ht)  -  Rm  («)  j  £  2fl,„', 

where  /£„,'  is  the  remainder  of  the  series.  S  ,  aA  \  after  m,  tonus. 

We  see  from  (b)  in  §  425,  that  if  nHli„,  becomes  indefinitely  great  with  m, 
then  /(#)  =  Sre»vw  (&»*)  has  nowhere  a  differential  coefficient,  in  case  the 
condition 

I, -4f?    'i\ia.\  +  SS~<l. 

2  0»  I  «m  I      1  [  «m  | 

by  more  than  some  fixed  difference,  be  satisfied. 

In  case  ambm  does  not  necessarily  become  indefinitely  great  with  m,  but 
has  not  the  limit  zero,  we  see  from  (d)  ot"i,  425,  Unit  j'(x)  is  not  different! able, 
provided  one  of  the  conditions 

L    ii    2   l,k+Ti ;<I,     T-ri — .   £  b,^\an\  +  -rr~<l 

bin\am\    i        '  5  fa* |  bm'\am\    T  5  ja^l 

is  satisfied  in  the  limit. 

Let  us  now  consider  the  special  ease  in  which  dn  is  constant,  and  =  d,  and 
let  all  the  functions  vn(ie)  have  their  maxima  and  minima  at  the  points 
0,  +d,  ±  2d  ....  Further  let  us  suppose  that  b,t+sjbn  is,  for  every  value  of  s, 
an  odd  integer.  Then,  if  bm  (je  +  h)  corresponds  to  a  maximum  or  minimum 
of  vm.(x),  6mh-s(.'«  4-  h)  also  corresponds  to  a  maximum  or  minimum  of  vmi.s{x). 
If  we  suppose  all  the  a„'s  to  be  positive,  then  the  difference 

Rm(te  +  h)-Bm(a!)  =   I  a>n{vn[bn(x  +  h)]-vn{Kx)\ 

is  either  zero,  or  else  it  has  the  same  sign  as  via(.ii  +  h)~  u,„,(x);  on  the  other 
hand  the  difference  Rm  (ic  +  hs)  -  Rm  (*')  has  the  opposite  sign,  We  can 
consequently  apply  the  criteria  in  (a)  and  (c)  of  §  425.      The   sufficient 

cond.ii. ions  that  2  «,A  (&■,!&')  is  not  din'ereiitiable  become   in    this  case, 

L_         2  anbn<l,     lim a,abm  =  oo ; 

and  when  awbm  has  not  the  limit  zero,  then  one  of  tiie  conditions 

&4d  V      ,        ,        3A&  'V      ,  .     . 
— -j-     £  a,to„  <  1,      — 5--    2  «»V  <  1) 

(tmOm  n=l  "ro"m   «=1 

by  less  than  a  fixed  number,  must  be  satisfied. 
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In  particular,  let  On  =  an,  a  <  1,  6„  =  6™,  where  b  is  a  positive  odd  integer. 
If  ab>l,  the  condition  of  non-riilibrentiability  is  satisfied  if 
3  Ad     a"  6"  -  1 

for  every  value  of  n ;  and  this  reduces  to  ab  >  1  +  Jjlrf. 

If  tt&  =  1,  the  condition  of  non- differentiability  is  o}f  >  1  +  SAd'K 

If  we  let  vn  (w)  =  eo.s  so,  we  obtain  Weierstrass'  theorem  *  that,  if  6  is  an  odd 
integer,  the  continuous  function 

2  an  cos  bn  x    (a<l) 

is  not  differentiable  for  any  value  of  x,  provided  either  ab  >  1  +  %w,  or  else 
provided  ab3  >  1  4-  3tts,  and  also  m/i  =  1.  In  the  first  case  ab  >  1  +  |tt,  there 
can  be  no  infinite,  differential  coefficient  with  a  fixed  sign,  although  at  some 
points  there  may  exist  infinite  derivatives  on  the  two  sides  with  opposite 
signs.  This  was  the  first  example  of  a  continuous  function  nowhere 
dii'k'tv.nua.He   which    v,-as   ovliihil.ee!. 


EXAMPLES. 

1.  Tho  function  represented  by  Sa*smbnx,  («<1),  where  b  is  an  integer  of  the  form 
4»  +  I,  is  continuous,  but  nov.ln.ro  Iklh  .-i  Unite  d:f:orr.-ntr;i.l  cjoll Jripjit.  provided  one  of  the 
two  conditions  ab>\+% w,  or  a&2>l  +  3irs,  is  satisfied,  and  06 £1. 

2.  The  functionst  represented  by 

'ff»W     ^3'3.»»1»).     S:j3i-.»in(33..,), 

do  not  possess  finite  lofle.n.-iii  i;d  coeflkioi  1  l.s. 

3.  The  continuous  functions  represented  by 
■  {l.«.8.„(S»-l)«k 


I  1.3.5„.(2n-l) 


i  1.6.9...  (4»+l) 


n{1.6.9...(4»+l)4, 


where  o  >  I  +  §7r,  do  not  possess  finite  differential  coefficients. 
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THE    CONSTHUCTION    OF 


.    JlIFFEHKKTUBl.K    EVBIlVYYUERE-OH(JI  LLATING 
FUNCTION. 


427.  The  first  attempt  to  construct  a  function  with  maxima  and  minima 
in  every  interval,  which  should  have  at  every  point  a  finite  differentia! 
coefficient,  was  made  by  Hankel*.  The  function  which  he  constructed  is 
however  not  an  everywhere  -oscil  I  tiling  function.  By  l)u  Bois  B.eymond.4- 
the  view  was  expressed  that  no  such  function  can  exist,  but  Dinit  regarded 
the  existence  of  such  functions  as  highly  probable.  The  first  actual  con- 
struction of  such  a  function  is  due  to  Kiipeke,  who  having  first  §  constructed 
an  everywhere-oscillating  function  with  derivatives  on  the  right  and  on  the 
left  at  every  point,  in  a  subsequent  memoir ||  obtained  a  function  having  the 
required  properties.  Kiipcke's  construction  has  been  simplified  by  PercnolT, 
and  tlie  account  here  given  is  based  upon  the  work  of  the  latter. 

On  a  straight  line  AB  measure  off  segments  .4.4',  B'B,  each  equal  to 
faAB.  Let  0  he  the  middle  point  of  AB,  and  draw  through  0  straight  lines 
i\>  ri,  r'i>  ■■■  ?V'i-n  making  angles  with  OA  of  which  the  tangents  are 

1/2",    2/2",    3/2»,...(2n+l)/2B 
respectively.     Through  A'  draw  a  straight  line  r„  making  with  A'O  an  angle 
of  tangent  1/2".     Through  the  intersection  (r^.r.,)  of  r„  and  r2,  draw  a  straight 
line  r,'  parallel  to  r1:   through  (r/,  r3)  draw  a  straight  line  ■?■/  parallel  to  r„ 
and  so  on.    The  straight  lines  r0,  r(,  ra', ...  r^_,,r^+i  form  an  unclosed  polygon 


*  Math.  Annalen,  vol. 
J  Grundlagen,  p.  383. 
||  Math.  Annalen,  vole 
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above  A'O.  On  OB'  describe  a  precisely  similar  polygon  on  the  other  side 
of  AB.  The  figure  is  drawn  for  the  case  n  =  2,  and  shews  the  half  of  the 
figure  belonging  to  A'O.  The  two  polygons  form  a  single  polygon  joining 
A'B',  and  crossing  it  at  0.  On  r0  take  A'A"  =  AA',  and  describe  an  arc  of  a 
circle  touching  AB  at  A,  and  rc  at  A".  At  each  vertex  of  tho  polygon  which 
has  been  constructed,  mark  off  on  the  sides  adjacent  to  that  vertex  lengths 
equal  to  ^  of  the  shorter  side,  and  construct  an  arc  of  a  circle  touching  the 
two  sides  at  the  extremities  of  these  segments  so  marked  off.  We  have  now 
a  figure  joining  A  and  B,  and  composed  of  arcs  of  circles  and  of  straight  lines. 
This  figure,  by  means  of  its  ordinates  perpendicular  to  AB,  defines  a  con- 
tinuous differentiable  function,  with  a  continuous  differential  coefficient 
which  is  zero  at  A  and  B,  and  is  ~(2"  +  l)/2"  at  0.  This  function  may 
be  denoted  by  (AjB)^. 

Let  x,  y  be  a  system  of  coordinate  axes  in  a  plane,  and  draw  a  quadrant  of 
a  circle  passing  through  the  points  (0,  0)  and  (1,  0),  in  the  positive  quadrant. 
Let  F0{x)  be  the  function  represented  by  tins  quadrant,  for  the  interval  (0, 1) 
of  w.  The  function  F„  (<e)  has  a  maximum  at  «:  =  £;  also  F„'  (0)  ~  1, 
Fa'(l)  =  —  1.  If  On  denote  the  value  of  F,' (x)  at  &'  =  £,  describe  the  curve 
of  which  the  ordinates  are  a„(0  \%),  from  %=  0  to  x  =  $>  and  -ffl0(il  1),  from 
x  =  \  to  0=1.     This  curve  represents  a  continuous  function  /',  (x);  and  we 

/.'(0>=/,'(i>  =  /.'(l)-0, 

The  function  T^-F,  («)+/,(«>) 

is  such  that 

*V(l)  =  -i«.,   J.'MWo,,   *Y(0)-1,    JV(i)  =  -i,   *V(i)  =  o. 

Thus  #,(«)  has  a  maximum  in  the  interval  (0,  \),  a  minimum  in  (i,  ^),  a 
maximum  at  x  =  ^,  a  minimum  in  (£,  -£),  and  a  maximum  in  (f ,  I). 

Let  the  interval  (0,  1)  be  divided  into  sub-intervals,  by  means  of  the 
points  at  which  Fj'(x)=0;  then  in  each  of  these  sub-intervals  F,  (x)  is 
monotone.  Then  divide  each  of  these  .sub-intervals  into  2,  4,  8,...  equal 
parts,  until  tin:  fluctuation  of  Fs' (x)  in  each  of  these  parts  is  ^ -J- :  this  is 
always  possible,  since  F-[  (%)  is  a  continuous  function.  Let  c^1',  o,m,  Ci'3',... 
denote  all  the  points  in  which  (0,  1)  has  been  divided  in  this  manner.  In 
any  one  part  (c/5-11,  C](80,  F,(x)  is  monotone,  and  its  differential  coefficient 
has  a  fluctuation  ^  £.  Let  a,"1,  a,m, ...  denote  the  values  of  F-,'(x)  at  the 
middle  points  of  the  intervals  (0,  c,n>),  (c,n),  c,ta)), Describe  the  curves 

aia,(ok(1%  oi* (d" k" X.  ^"(^loi"^-; 

these  form  together  a  continuous  curve  which  represents  a  function  f%  (x). 
Let 

*',(•)-■*'.<•)+/.(*>+/.(«'); 

40—2 
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then  Fa{so)  has,  in  every  interval  (Ci(B_11,  c,m),  a  new  maximum  and  a  new 
minimum.     The  length  of  each  interval  is  <  1/22. 

Proceeding  in  this  manner,  let  us  suppose  that  the  function  Fa(x)  has 
been  formed.  Take  the  points  at  which  F „.'  {,*■)  vanishes,  and,  in  case  F„(w) 
has  lines  of  invariability,  the  limiting  points  of  those  lines;  these  points 
divide  (0,  1)  into  sub-intervals  in  each  of  which  F(x)  is  monotone.  Then 
divide  each  of  these  sub-intervals  into  2,  4,  8, ...  parts,  until  the  fluctuation 
of  Fn(x)  in  each  part  is  S  1/2";  let  c„n),  d01,  cnm  ...  be  all  the  points  of 
division  of  (0,  1)  thus  formed.  In  any  interval  (cn(*~1),  On1*1),  the  function 
Fn(x)  is  monotone,  and  the  fluctuation  of  Fn'(x)  is  5  1/2".     Let 

be  the  values  of  F„'  (a;)  at  the  middle  points  of  the  intervals  ;  and  in  the  case 
of  a  line  of  invariability:  take  as  the  corresponding  value  of  the  an,  1/2"  or 
-J/2",  according  as  the  line  of  invariability  is  in  the  interval  (0,  \\  or  in 
(£,  1).  Let  the  curves  a„M  (cH,{s~~i)  |  c„M)„+1  be  described,  and  let  the  function 
represented  by  the  totality  of  these  curves  be  denoted  by  J'^Jx).  Then  the 
function 

JW.W  =  ■*■.(«) +/«.(•) 

has  a  new  maximum,  and  a  new  minimum,  in  every  interval  (r.',tls_1),  c„{sl),  and 
the  length  of  each  of  these  intervals  is  less  than  l/2B+l. 

If  this  law  of  generation  of  the  functions  fn{x)  be  employed  indefinitely, 
we  have  a  series 

Ji(«)+/,(«)+/.(.)  +  ...+A(«)  +  ...; 

and  it  will  be  shewn  that  this  series  represents  a  continuous  function  which 
is  everywhere  different! able,  and  which  has  an  everywhere-dense  set  of 
maxima  and  minima. 

428.     Let 

F,'  («)  +  //  («)  +/,'(«)  +  ...+  /„'  («)  =  Sn  (m) ; 

it  will  then  be  shewn  that,  for  every  value  of  n  and  *',  SH(x)  is  numerically 
less  than  II  (l  +  s-,-,).  which  may  be  denoted  by  P.  Let  us  assume  that 
|  S«  («')  |  is,  for  every  value  of  x,  less  than  II  ( 1  +  ^  i ,  which  may  be  denoted 
by  Pn  :  it  will  then  be  shewn  that  |  £„+!  O)  |  <  Pn+i- 

Let  the  point  x  be  in  the  interval  (c„li_",  c„w),  where  *■  <  c„(*!,  the  number 
s  depending  upon  the  value  of  m\  we  have  then,  in  accordance  with  the 
construction  of  the  functions, 

««(•)=«.<•)+«.££. 

where  1  £o„S  -(2"+1  4- 1). 
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In  the  interval  (c„,s~"!),  cnm),  Sn(as)  has  a  fixed  sign,  the  same  as  that  of 
a*1*1,  but  this  is  not  the  case;  for  Sjl+l  (:>;).      1  f  a„  is  positive,  we  have 

l«*,(«)l<f.(lt^)<F«. 
If  an  is  negative,  we  have 

\Sn+1(x)\<\Sn(x)\<Pn<PH+1; 
it  has  thus  been  shewn   that  if  \Sn(x)\<Pn,  then  also  |  S„.H(;c)|  <  P„+1. 
Now  |_Fy(£)|  is,  everywhere  in  (0,  1),  less   than  (1  +  ^-),  and  therefore  the 
theorem  |JS„(*)|  <  Pn  follows  by  induction.     A  fortiori    Sn{x)\  is,  for  every 
value  of  n  and  x,  <P. 

The  numerically  greatest  value  of/„., ,  (x)  in  the  interval  {c„i"~~",  c„(sl)  is  at 
some  point  on  the  left  of  the  middle  point  of  the  interval,  and  that  value  is 

consequently  <  ^ .  —  ^  .  ;-^j ,  since  the  length  of  the  interval  is  less  than 
l/2*+1.     Also,  as  has  been  shewn  above,  o„(sl  <  P,  and  therefore 

P 
IAn(«)|<pPfi; 

and  hence,  since  the  terms  of  the  series  f,  (x)  +  f2 (x)  +  .. .  are  numerically 
less  than  the  corresponding  terms  of  the  absolutely  convergent  series 
P      P  P 

it  follows  that  the  scries  fix)  -i-f(x)  +  ...  is  uniformly  convergent  in  the 
interval  (0, 1).  It  follows  that  the  function  Fix)  defined  as  the  sum-function 
of  the  series  Fl)(x)  +/i(#)  +  f(x)  +  ...  is  a  continuous  function. 

In  order  to  prove  that  the  function  F \x)  is  everywhere  differen liable, 
we  shall  shew  that  it  satisfies  the  conditions  stated  in  the  theorem  of  §  398, 

We  have  first  of  all  to  shew  that  the  series  f(x)+f^(x)  +  ...  is 
convergent  for  all  values  of  x  in  (0,  1).  In  case,  for  any  value  of  x,  all 
the  numbers  Sn (x),  8m+i(a)),...t  from  and  after  some  value  of  n,  have  all  the 
same  sign,  say  the  positive  sign,  we  have 

S.t,(>)a«.(.)+^r, 

where  m  is  the  value  of  n  in  question.     Also 

J„(.)iS.H(«)  +  ^!, 

with  similar  inequalities  involving  higher  indices.  From  these  inequalities, 
we  find 

ct(s''       a(s"'  oi^L  ,       P 

W>-*.<»>S=H  +  #S  +  -  +    S?^ 
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and  since  m  may  be  taken  bo  great  thai  i'/2"'  is  arbitrarily  small,  we  see 
that  m  may  be  so  chosen  that  Sm_2l  —  S.,„.  (x)  is  arbitrarily  small,  whatever 
positive  integral  value  p  may  have.  It  has  thus  beeu  shewn  that,  in  the  case 
considered,  the  scries  is  convergent. 

It  may  happen  that  Sn(x)  is  zero,  owing  to  x  being  at  a  point  of  division 
anisi ;  in  this  case  all  the  functions /„'(,?-')  with  higher  indices  vanish,  and 
therefore  all  the  functions  Sn(x)  vanish,  from  and  after  the  particular  value 
of  11.  It  may  happen  thai  8n{%)  vanishes,  owing  to  x  being  a  point  of 
invariability  of  Fn(x);  in  this  ease  Sn+1(x)  may  vanish  if  id  is  an  extreme 
of  fn+1(x),  and  then  x  is  a  point  of  division  a >+1,  and  all  the  functions  Sm(x) 
for  indices  in>n  vanish.  Thus  if,  for  any  value  of  x,  Sn(x),  S)i+1(x)  both 
vanish,  then  Sm(te)  vanishes  for  all  values  of  m  £n.  If  SM(x)  vanishes,  but 
not  Sn-i  ("')  or  jS„|.-,  (x),  x  is  a  point  of  invariability  oi'I'T„  (a.1),  and 

s„+lW4(l+^,)<^, 

and  the  same  reasoning  Is  applicable  as  before.  Let  us  next  suppose  that  the 
functions  Sti(x)  are  never  all  of  the  same  sign,  from  and  after  any  value  n, 
and  that  for  some  values  of  n  they  vanish;  let  i>i,)i2,  ...  be  the  values  of  n  for 
which  Sn(x)  has  a  change  of  sign,  tor  example,  let  SKi  (,■;:)  be  negative  or  zero, 
and  Sni+l(x)  be  positive,  and  $„.,  (x)  positive  or  zero,  and  S„sll(x)  negative, 
and  so  on.     If  S,h  (x)  is  negative,  we  have 

where  1  £  ani  £  -  (2">+1  +  1), 

and  since  ani  is  negative,  we  have 

account  being  taken  of  the  fact  that  the  fluctuation  oi  Fni'(x)  in  the  interval 
in  which  x  lies  is  &  ^  .  If  S,h  (x)  is  zero,  so  that  x  is  a  point  of  invariability 
ofF„,(aO,  we  have 

^«*S*«(l +  *!?»)<£■ 

In  any'  case  we  find  that 

«.«(■)<««*(.)  t^  <£  +  !&,. 

where  p  =  l,  2, ...  jij  —  nj. 

Similarly,  we  find  that 
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and  if  SK2(x)  >  0,  we  have 

I  sni+p  (»)  |  <  i  sns+1  («)  |  +  ^  <  £  +  a£i  ■ 

for  p=l,  2,  3J...«a-n9. 

It  is  seen  from  thesis  results  that  !  S,,  (.■«) '  becomes  arbitrarily  small  for  all 
sufficiently  great  values  of  n,  and  thus  lim  Sn  (#)  =  0.  It  has  now  been 
shewn  that  in  every  case  the  series 

*»+/»+/.'(•)+..■ 

converges  for  each  value  of*'  in  the  interval  (0,  1). 

429.  It  must  next  be  proved  that,  if  e  be  an  arbitrarily  chosen  positive 
number,  then,  for  a  given  ts,  a  number  S  >  0  can  be  found,  such  that,  for  each 
value  of  k  numerically  less  than  S,  and  for  which  te  +  h  is  in  the  interval 
(0, 1),  there  exists  an  integer  m,  variable  with  h,  find  not  loss  than  a  prescribed 
integer  m',  such  that  the  three  numbers 

h  ""^       "      h         '  h 

are  all  numerically  less  than  e;  Rm(x)  denoting  the  remainder  of  the  series 
which  represents  F  (as),  that  is,  F  (w)  -  Fm^  (x). 

The  case  may  be  left  out  of  account  in  which  x  coincides  with  one  of  the 
points  of  division  of  (0,  1);  for  the  function  F(x)  is  then  represented  by  a 
finite  series,  and  is  il  iff erenti  able,  since  fm-p  (c'*1)  =  0,  for  p  >  1. 

Let  e,  m'  be  iixed,  and  let  us  consider  a  point  *  in  (0,  1);  then  a 
number  n  £  m'  can  be  so  determined  that 

£i<l'.  "»d  | SU, (.)-«„(.) | <j., 

where  p,  q  are  any  positive  integers.  For  any  value  of  h,  such  that  %  +  h 
falls  within  the  interval  (c*"1',  cjf),  the  number  m  can  be  determined.  Let 
h  be  positive,  and  determine  Kj  so  that  x  <  c^+1  S,  x  +  h  ^  c{s  £  cB*  ;  then  it 
can  be  shewn  that  n,  +  2  is  a  suitable  value  for  m.     We  have 

/.,««(<«)  =  »; 

is')  P 

and  |  A+hj  (c^+i  ±  &)  1  <  ^I+1+p  fc,   for  P  =  L 

The  point  e^.1  is  in  general  between  x  and  a;  +  h,  and  therefore  it  determines 
two  segments,  kls  &9,  where 

re  -  rf&      —It-       tJ-/i-  r(sr>     -4-  & 

We  have  therefore 

1/wwMI  <„J«t..    !/.««(•)  I  <  0.1m4- 
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and  so  on  ;  and  from  these  inequalities  we  find  that 

and  similarly  that 

I -»..,+.(-  +  *>  I  <2^,. 
Since  &,,  £2  are  less  than  k,  we  have 

I  4*hW  <  i_  < ,  and  flw.("  +  '0 1  <  JL  < , 

|        A        |      2n'+1  ft  |      2n>+1 

It  has  thus  been  shown  that  m  =  7t,  +  2  is  a  value  of  m  which  satisfies  t.lio 

required  condition.     The  case  in  which  ft  is  negative  can  be  treated  in  the 

same  manner. 

We  have  now  to  prove  that 

|f-«<*+t/;--»,-«<'>-fU(.)|<> 

We  see  that 


and  if  ic,  ic  +  ft  are  points  in  (c^"1',  ejj ),  the  absolute  value  of  the  first  term  on 

the  right-hand  side  is  not  greater  than  1/2"'. 
We  consider  therefore 

/„,+,(»+ ft) -/w(»)  f,    M 

From  the  construction  for  fni+\  (a>),  we  have 

/„  +  ,(«+*)-/„(«)«     «ff 

A  -  2"'+' ' 

since  a:,  tc  +  ft  are  in  the  interval  (c^-1),  c^"1).  Let  us  take  the  case  in  which 
Fn,(%)  increases  from  c^-1)  to  c£s) ;  then,  for  any  point  x  in  the  interval 
between  these  two  points,  we  have 

/,,+,(«  + )Q -/«,+*(«)  s    < 
A  =2".+1, 

We  shall  find  also  a  lower  limit  for  this  incrementary  ratio.      The  point  %  is 

such  that  the  ordinate  of  «';")(c(j"'~1)!c(*,)„1+,  is  below  the  #-axis,  and  if,  for  that 

point,  the  differential  coefficient  is  negative,  we  have 

/■r»(»+*)-/w(»), 

h 


~  =  /  m+J  (*)' 
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Let    the    sides    of   the    rectilinear   polygon    which    was   employed   in   the 
construction  of  ^'(^"l^V.+i  be  denoted  by 


where  rm'  is  equal  and  parallel  to  sm'.     On  ra',  produced  beyond  (r/,  ra'),  take  a 

segment  equal  to  rt' ;  then  this  segment  is  equal  and  parallel  to  sa',  and  the 

line  joining  the  end  of  this  segment  with  (sa',  s3')  is  parallel  to  r3,  and  will  cut 

r,'  in  a  point  p,.    But  s/  is  parallel  to  r.,,  and  passes  through  (*,'>  s/) ;  therefore 

this  segment  is  the  prolongation  of  s;1',  and  is  consequently  inclined  to  the  x- 

a(s) 
axis  at  an  angle  whose  tangent  is  -  3  ^^ .     Hence,  for  a  point  between 

e*    and  p,,  for  which  the  ordinate  is  positive,  we  have 

/„+■(*  +  »-/.,*.(*)■,      3  <\ 

But  the  greatest  value  of /'„1+1  (#),  in  this  case,  is  &£+{>  an(^  therefore 

If  a  point  p2  on  r/  be  determined,  by  making  a  similar  construction  with 
rs'  instead  of  r/,  then,  for  every  point  on  the  arc  p]t  pit  except  p.^, 

/W(»  +  *)-/.,t.W  ,.  _  4    < 


But  the  maximum  value  of  the  differential  coefficient  is,  in  this  case,  —  s^h' 
therefore  also  in  this  case, 

This  condition  holds  for  every  point  on  the  curve  which  has  a  positive 
ordinate.  It  holds  also  for  points  with  a  negative  ordinate  ;  because  for  such 
points  with  a  negative,  differential  coefficient  the  relation 

A«(«  +  *)-/»,+i(s) ,  f.      M 
-T—   —  =  /„,.»  w 

holds;  and  for  points  where  the  differential  coefficient  is  positive,  the 
expression  on  the  left-hand  is  positive,  and  that  on  the  right-hand  is 
negative. 

It  has  now  been  established  that 

r    M   i  <  .Ar»(«+*)-/w(»)3  <' 
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and  it  lias  already  been  proved  that 


*"„»  + 


where    l£flS~l. 


We  now  see  that 

n,+,(«)+^ 

and  heiifso 


'  *V>  (» 


,f.,+1(«  +  ft)- 


*»  +  2^  +  2^ 


Sw.(»)  <• 


since  oJJ<-P,   and   P/2"'-a<ie,    and   |  0/2»>  |  <  P/2^  <  ft 

It  has  now  been  established  that  the  function  F(at)  has  at  every  point  a 
finite  differential  coefficient  which  is  the  sura  of  the  convergent  series 

J.' (■)+/!» +/«'(•)+•- 

Lastly,  it  must  be  proved  that  F(x)  has  an   everywhere-dense  set  of 

It  has  been  shewn  that,  in  every  interval  (c^l",  C^_j),  the  function  Fn (&) 
has  a  new  maximum  and  a  new  minimum,  and  that  the  length  of  the  interval 
is  less  than  1/2".     If  %„  is  a  maximum  of  Fn(x),  we  have 

.Fn(«0)  =  .Fn+1(#o)1   and   Fn'  <«,)  =  F'n+X  <«b)  =  0. 


Moreover  _/Jt+1  («)   is   negat 
therefore   Fn+,  («■„  +  A)  -  F, 


a  in  the  neighbourhood  of  the  point  w„,  and 
(w„)  is  negative  or  zero,  provided  |A|  is  less 
than  some  number  k.  It  thus  appears  that  FnH  (%)  has  also  a  maximum  at 
x0.  If  %a  is  a  point  of  invariability  of  FH  (a),  it  is  no  longer  one  for  FK+l(x), 
and  cannot  be  a  point  of  invariability  of  all  the  functions  with  higher  indices. 
If  %„  is  a  limiting  point  of  a  Hue  of  invariability,  FnH  (x)  will  have  a  maximum 
or  a  minimum,  or  else  a  point  of  inflexion  at  xa.  In  every  case  Fn+1(x)  will 
have  a  maximum  and  a  minimum  in  every  line  of  invariability  of  Fn  (x).  For 
any  given  interval,  as  small  as  we  please,  n  can  be  determined  so  great  that 
the  interval  contains  one  of  the  intervals  (c*~*\  c'*^)  in  its  interior,  and  all 
the  functions  Fn(x),  ^',H.;(;r.),  ...  have  maxima  in  this  interval:  and  it  follows 
that  F(a:)  also  has  maxima  therein. 

It  may  be  remarked  that  F' {:/■),  although  definite  at  every  point,  has 
discontinuities  of  the  second  kind  at  an  everywhere-dense  set  of  points.  At 
every  point  of  continuity,  this  differential  coefficient  must  vanish  (see  §  223). 
The  function  F'(a>)  is  not  integrable  in  accordance  with  Riemann's  definition. 
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CHAPTER   VII. 


TRIGONOMETRICAL   SERIES. 

430.  The  theory  of  the  representation  of  functions  of  a  real  variable 
by  moans  of  series  of  cosines  and  sines  of  multiples  of  the  variable  is  of 
the  highest  importance,  not  only  on  account  of  the  fact  that  such  mode 
of  representation  is  at  present  an  indispensable  tool  in  the  various  branches 
of  Mathematical  Physics,  but  also  because  this  theory  has  exercised  the 
most  far-reaching  influence  upon  the  development  of  modern  Mathematical 
Analysis.  Historically,  the  questions  which  have  arisen  in  connection  with 
this  theory  have  influenced  the  development  of  the  theory  of  functions  of  a 
real  variable  to  an  extent  which  is  comparable  with  the  degree  in  which 
the  theory  of  functions  in  general  has  been  affected  by  the  theory  of 
power  series.  The  theory  of  sets  of  points,  which  led  later  to  the  abstract 
theory  of  aggregates,  arose  directly  from  questions  connected  with  trigono- 
metrical series.  The  precise  formulation  by  Biemann  of  the  conception  of 
the  definite  integral,  the  gradual  development  of  the  modern  notion  of  a 
function  as  cxist.ont  independently  of  any  special  mode  of  representation 
by  an  analytical  expression,  are  further  examples  of  the  results  of  the 
study  of  the  properties  of  these  series  upon   Mathematical    Analysis. 

It  is  a  significant  fact  that  the  theory  of  this  mode  of  representation 
of  a  function  had  its  origin  in  the  attempt  to  investigate  the  form  of  a 
stretched  string  in  a  state  of  vibration.  The  problem  of  the  expansion  of 
the  reciprocal  of  the  distance  between  two  planets  in  a  series  of  cosines 
of  multiples  of  the  angle  between  (heir  radii  vectores  led  to  an  independent 
development*  of  the  theory  of  trigonometrical  series.  The  discussions 
which  arose  in  connection  with  the  first  of  these  problems  were,  however, 
of  much  greater  importance  in  the  history  of  the  development  of  the  theory 
of  functions;  they  form  the  first  stage  in  the  development  of  what  is  known 
as  the  theory  of  Fourier's  series,  in  intimate  connection  with  which  the 
modern  theory  of  functions  of  real  variables  had  its  origin. 

::  Tlio  importance;  of  this  i'aul  lias  Ln.'nu  omplia-i^od  ij.v  .'l.  lirrkhardt  in  liia  work  "Ent- 
wiokelnngen    nacti   iisuillirenden    Functioiien,"   published    as    a    Jahresbericht    der    deutsehen 

.\lnt::i-\i\ut~J,i-Y  ViTi'itti'jniitu  vol.  x,  11)01  and  later. 
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THE    I'HOIil.KM    OH'    VIHIIATINU    STRINGS. 

431.     The  lirst  general  solution  of  tho  differential   equation    -■£  =  a' ^-'.; , 

which  determines  the  form  of  a  string  vibrating  transversely,  was  given  by 
d'Alembert *  in  the  form  y=f{x-\-  at)  +  <j>(tE  —  ai).  He  further  shewed  that, 
if  x  =  0,  x  =  l,  represent  the  fixed  ends  of  the  string,  the  form  of  the  string 
at  any  time  t  is  represeutable  by  y  =/(<tt  +  z)—  f(at  —  x),  where  the  function 
f(z)  is  subject  to  the  condition  f(z)=f(2l+z).  D'Alembert  was  thus  led 
to  the  search  for  analytical  expressions  which  remain  unaltered  when  21  is 
added  to  the  argument.      In  a  second  memoir,  d'Alembert  observed  that 

the  motion  is  determinate  if  the  values  of  y  anil  -^  be  assigned  at  some 


then  for  all  values  of  x  between  0  and  I, 

it  follows  that /(-'(')  is  determined  for  all  values  of  ,r  between  I  and  —  I,  and 
thence,  by  means  of  the  condition  f(z)—f{2l  +  z),   for  all  values  of  x. 

The  treatment  of  the  same  problem  which  was  shortly  afterwards  given 
by  Eulerf  was  in  form  of  a  similar  character  to  that  of  d'Alembert,  but 
the  difference  of  meaning  assigned  by  these  writers  to  the  word  "function" 
was  of  fundamental  importance  in  the  controversy  which  afterwards  arose 
between  the  two  mathematicians  in  relation  to  this  problem.  D'Alembert 
understood  by  a  function  y=f{x),  a  single  analytical  expression,  whereas 
Euler  employed  the  same  expression  and  notation  to  denote  an  arbitrarily 
given  graph.  Both,  however,  held  the  view  that  two  analytical  expressions 
which  are  equal  for  values  of  the  variable  in  a  given  interval  must  also  be 
equal  for  values  of  the  variable  outside  that  interval.  D'Alembert  argued 
that  Euler's  mode  of  determination  of  the  function  in  the  solution  of  the 
problem  presupposes  that  y  can  be  expressed  in  terms  of  x  and  (  by  means 
of  a  single  analytical  expression,  and  that  thus  an  undue  restriction  is 
imposed  upon  the  modes  of  vibration  of  the  string.  For  example,  in  the 
case  in  which  the  initial  figure  of  the  string  is  polygonal,  d'Alembert 
regarded  the  solution  of  the  problem  as  impossible.  The  general  effect  of 
the  controversy  is  to  exhibit  on  the  one  hand  the  narrowness  of  the  restric- 
tion of  the  conception  of  a  function  as  held  by  d'Alembert,   to  functions 

*   Memoirs  of  the  Ceyiin  Acndenvg,  1747,  p.  214. 
I  Memoirs  of  the  Hertiii  Academy,  1748,  p.  69. 
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possessing  at  every  point  differential  coefficients  of  all  orders,  and  on  the 
other  hand  the  looseness  of  the  conception  of  Enler  that  the  ordinary 
methods  of  the  Calculus  are  applicable  without  restriction  to  quite  arbitrary 
functions. 

432.     The  formal  solution  of  the  problem  by  means  of  trigonometrical 

series  was  given  by  Daniel  Bernoulli*  in  a  memoir  in  which  he  shewed  that 

the  differential  equation  and  also  the  boundary  conditions  of  the  problem  of 

the  vibrating  string,  tor  the  case  in  which  there  are  no  initial  velocities,  are 

formally  satisfied  by  assuming 

.    irx        trat  .    2ttx        2-rrat  ,    3irw        S-jrat 

y - o, sm T cos -j-  +  «,.m-r  coS—+a,Sin  -j-  cos  -f-  +  .... 

He  asserted  that  this  represents  the  most  general  solution  of  the  problem, 
and  that  the  solutions  of  d'Aleinbert  and  Euler  must  therefore  be  contained 
in  it.  In  a  later  memoir,  he  considered  the  case  of  a  massless  string  loaded 
with  n  masses  vibrating  transversely,  and  indicated  an  indefinite  increase  in 
the  number  n.  A  criticism  of  Bernoulli's  theory  was  published  immediately 
afterwards  by  Euler,  who  pointed  out  that  a  consequence  of  Bernoulli's 
formula  was  that  every  arbitrarily  assigned  function  of  a  variable  w  could  be 

represented    by    a    series    of  sines   «,  sin  x  +  a%  sin  2,-?;  +  a-9  sin  3#  + This 

appeared  to  Euler  to  be  a  reduc.t-io  ml  abswrdura,  since  such  a  series  could 
represent  only  a  function  which  is  odd  and  periodic;  the  notion  that  a 
function  could  be  capable  of  representation  by  a  certain  analytical  expression 
only  in  a  limited  interval  being  contrary  to  established  opinion  at  that  time. 
Bernoulli's  solution  was  consequently  regarded  by  Euler  as  lacking  in 
generality.  A  considerable  controversy";  took  place  on  the  subject  between 
Bernoulli  and  d'Alembert. 

This  problem,  together  with  the  related  problem  of  the  propagation  of 
plane  waves  in  air,  was  next  taken  up  by  Lagrangej,  who  obtained  Euler's 
results  by  the  method  of  starting  with  a  finite  number  of  masses  fixed  at 
intervals  on  a  massless  siring,  and  then  proceeding  to  the  limit  when  the 
number  of  masses  becomes  indefinitely  great.  In  the  course  of  his  analysis 
Lagrange  came  near  to  the  determination  of  the  form  of  the  coefficients 
in   the   expansion  of  a  function  in  a  series   of  sines   of  multiples   of  the 

*  Memoir*  of  the  flaiin.  Academy,  1753. 

t  Tor  si  detailed  history  of  thisse  euntrovei^ios,  ><ie  liurkliiirdi's  Ilcrich!,  vol.  I.  The  early 
history  of  the  theory  of  trigonometrical  eeriee  is  given  hy  Riemann  in  his  memoir  "  Ueoer 
die  Darstellbaikeit  einer  Function  dnrdi  em«  t-figoiionnjlrisctic  Heine,"  Math,  Wcrke,  p.  227.  For 
the  general  history  of  the  theory  of  these  series  see  Sachs,  "  Versuch  einer  Geschichto  der 
Darstellung  willkiiniehov  l<V,nw.ioiien  einer  Variaheln  dureli  V.  inuuoiviuii  ;-■'.■  he  Reiheri,"  SchlS- 
milclt's  Zeitschrift,  vol.  xsv,  supplement,  and  Pidletin  den  sc.  math.,  ser.  2,  vol.  iv,  I860 ;  also 
Gibson  "On  the  History  of  the  Fourier  Series,"  I'roc-tediviit-  of  the  lulinhargh  Math.  Sue, 
vol.  xi,  p.  137. 

';.  Miscellanea-  Taufiiiensia,  vols,  i,  n,  in. 
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argument,  The  detect  of  La  grange's  method  lies  in  the  laek  of  any  investiga- 
tion of  the  validity  of  the  process  of  passing  to  the  limit ;  no  restrictions 
upon  the  nature  of  the  arbitrary  functions  were  recognized  by  him  as 
necessary.  The  remarks  made  by  Euler,  d'Alcmbert  and  Bernoulli  in  the 
course  of  the  discussion  of  Lagrangi/s  work  failed  to  elucidate  the  difficulties 
connected  with  this  point,  and  no  generally  accepted  theoretical  views 
emerged  from  the  lengthy  controversies,  the  geneva.]  course  of  which  has 
been  indicated. 

The  difficulties  felt  by  the  mathematicians  of  this  period  in  regard  to  the 
generality  of  the  representation  of  a  function  by  a  trigonometrical  series  arose 
in  large  measure  from  their  restricted  conception  of  the  nature  of  a  function. 
To  them  it  was  conceivable  that  a  function  given  by  a  continuous  curve 
might  be  so  representable,  but  since  they  regarded  a  function  obtained  by 
piecing  two  or  more  such  curves  together,  not  as  one  function,  but  as  several 
different  functions,  it  seemed  to  them  impossible  that  such  a  broken  curve 
could  be  represented  by  one  trigonometrical  series  :  a  separate  series  seemed 
to  be  required  for  each  separate  portion  of  the  given  composite  curve, 
Moreover,  the  idea  was  unfamiliar  that  a  particular  mode  of  representation 
of  a  function  need  only  be  valid  for  some  restricted  range  of  values  of  the 
abscissa;  and  thus  only  a  periodic  curve  was  regarded  as  capable  of  being 
represented  by  means  of  a  periodic  series. 


SPECIAL    CASES    OF    TRIGONOMF.TUICA].    SEEIES. 

433.  Independently  of  the  discussions  of  the  problem  of  vibrating 
strings  and  of  other  physical  problems,  a  number  of  trigonometrical  series 
representing  special  functions  of  a  simple  character  were  obtained  by  Euler 
d'Alembert  and  Bernoulli.  The  methods  employed  by  these  writers  for  this 
purpose  are  of  a  character  which  fails  to  satisfy  the  requirements  now 
regained  as  necessary  for  the  establishment  of  such  results;  moreover,  in 
many  cases  the  ranges  of  values  of  the  variable  for  which  the  representations 
of  the  functions  by  the  series  are  valid  were  not  assigned. 
For  example,  the  series 

sins;  —  £  sin  2a; +.1  sin  3a1  —  -J  sin  4®  +  ..., 
cos  x  —  i  cos  2x  +  ^  cos  3x  —  T'^  cos  4ae  —  . . , , 
were  obtained  by  Euler*,  as  representing  |.-r,    l^"'  —  ■$#/  respectively;   the 
range  of  values  of  x  (—ir,tr)  for  which  these  representations  are  valid  was 
however  not  given  by  Euler,  who  appeared  to  regard  them  as  valid  for  all 
values   of  x.      These    series   were   obtained    by    integration   of  the   series 

*  Petrop.  N.  Coram.  1754-35,  and  Pelrop.  N.  Acta,  1789. 
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cos a  +  cob  la;  +  cos  3%  +  . . . ,  the  sum  of  which  was  maintained  by  Euler 
to  be  —  |. 

By  D.  Bernoulli*  the  sen  as  ^  -  sin  ncv  was  obtained  as  n  representation  of 

^(ir  —  as),  and  the  range  of  values  of  *(0,  2n)  for  which  this  representation  is 
valid  was  assigned.  It  was  also  observed  that  the  sura  of  the  series  is 
discontinuous  for  x=  0,  2tt,  4tt,  ....  The  following  scries  were  also  obtained 
by  Bernoulli,  and  the  ranges  of  the  validity  of  the  equations  were  assigned  : — 

„=i  n'  6         2  4 

£  --,  sin  me  =  3  jr**  -  .-  Tra?  +  ^  *s, 

51  1     ,       1^.1      ^      1     . 

?      1      "  -1        *       _J_        L.J.I  4_J_       I 

,*  n'  S1°  ""  ~  90  36  48  240     ' 

Si  1,  1 


»=i»*  *        ^i  — cos#; 

It  was  remarked  by  Bernoulli  that  the  sums  of  these  series  have  dis- 
continuities at  x  —  0,  2tt,  4tt,  .... 

The  following  results  among  others  obtained  by  Euler  may  here  be 
mentioned: — 

1  S  ,     ,w8Jn(2r  +  l)s 

I"",!/-1'      (8r  +  l)-    ' 

J-fi^-*).J(-l)--^  +  1)" 


(2r  +  l)'.' 
of  validity  of  these  equations  will  be  given  later. 


LATBli    HISTORY    OF   THE   THEORY. 


434.  No  further  advance  was  made  in  the  subject  until  1807,  when 
Fourier,  in  a  memoir  on  the  Theory  of  Heat  presented-f-  to  the  French 
Academy,  laid  down  the  proposition  that  an  arbitrary  function  given 
graphically  by  means  of  a  curve,  which  may  be  broken  by  (ordinary)  discon- 
tinuities, is  capable  of  representation  by  means  of  a  single  trigonometrical 
series.  This  theorem  is  said  to  have  been  received  by  Lagrange  with 
astonishment  and  incredulity. 

'72. 

:>/:,  piiilunuilh.Uitie.,  vol.  I,  p.  122. 
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Fourier  shewed,  in  a  variety  of  special   cases,  that  a  function  /(as)  is 
represent  able  for  values  of  x  between  —m  and  tt,  by  the  series 

£«„  +  («!  cosa.'  +  fijSina;)  +  (us  cos  2#  +  i2  sin  2*)  +  ... 
where         an=—\     /(«) cos nco dx,     bn  =  —  t     /(si)  sin  me  dx. 


II"  /w 


(&£■ 


Fourier's  results  in  connection  with  this  subject  arc  best  studied  in  the 
collected  form  in  which  they  appear  in  his  Tfteorie  de  la  Cludeur,  published 
in  3  822.  Trigonometrical  series  of  the  above  form,  in  which  the  coefficients 
are  determined  as  above,  are  known  as  Fourier's  series.  It  should,  however, 
be  remarked  that  Fourier  also  studied  other  trigonometrical  scries,  in  which 
the  cosines  and  sines  do  not  proceed  by  integral  multiples  of  the  argument, 
These  latter  scries  will  not  be  considered  in  this  work. 

Although  Fourier  attained  to  correct  views  as  to  the  nature  of  the 
convergence  of  the  infinite  series  he  employed,  he  did  not  give  any  complete 
general  proof  that  the  series  in  the  general  case  actually  converges  to  the 
value  of  the  function;  he  indicates*  however  on  general  lines  a  process  of 
verification  of  such  convergence  which  was  not  actually  carried  out  until 
Dirichlet  took  up  the  subject. 

435.  An  attempt  to  prove  Fourier's  theorem  was  made  by  I'oisson,  who 
started  with  the  formulaf 


/:. 


/(«') ,—  si  .„, ,.  _  ,a  t  r,  & 


-  2/i  cos  {x  -  a/)  +  k" 

-  ~j'  /(«0  <U  +  \  Zh"  j'_/¥)  o»s » (»  -  <0  <U. 

which  holds  provided  —  1  <  h<  1 . 

Poisson  proceeded  to  shew  that  as  k  approaches  the  limit  1,  the  integral 
on  the  left-hand  side  of  the  equation  approaches  the  limit  /(«),  and 
argued  that  f(x)  is  represented  by  the  series  obtained  hy  putting 
h  =•  1,  on  the  right-hand  side.  Apart  from  the  questions  connected 
with  the  limit  of  the  integral  on  the  loft-hand  side,  the  conclusion  is  invalid 
unless  it  is  shewn  that  the  series  obtained  by  putting  k=l,  is  convergent.  In 
accordance  with  a  known  theorem,  given  by  Abel,  for  power  series  (see  §  356), 
iii  case  the  power  series  is  convergent  for  h=l,  it  converges  to  the  limit  of 
the  sum  of  the  series  for  values  of  h  which  are  <  1,  as  k  approaches  the  value 
1;  but  no  conclusion  can  be  made  as  to  whether  the  series  is  really  convergent, 

*  See  the  Tteorie  de  lafhaleur,  chap,  is,  especially  §  423. 

t  Journ.  del'ecok  polyt.  call.  19,  1823,  p.  404.     See  also  his  Tlicw't  niiahjliy/ii:  de  !u  chaleur. 
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or  not,  when  h=l.     A  direct   investigation  of  its   convergence  would   be 
required  to  make  the  proof  a  valid  one. 

Two  proofs  of  the  validity  of  the  representation  were  given  by  Cauchy ; 
one  at  least  of  these  is  eei'tfunly  invalid  in  its  original  form.  Both  of  them 
depend  upon  the  theory  of  functions  of  a  complex  variable,  and  will  con- 
sequently not  be  discussed  here.  An  example  of  an  invalid  proof  of  a 
similar  character  to  one  of  Cauehy's  and  also  to  I'oissou's  is  the  proof  given  in 
Thomson  and  Tail's  Nalv.nj.-I,  I'ii-Uusophy. 

In  1829,  Dirichlet*  gave  a  proof  that,  in  an  extensive  class  of  cases, 
Fourier's  series  actually  converges  to  the  value  of  the  function.  His  proof, 
the  first  rigid  one,  was  based  upon  a  recognition  of  the  distinction  between 
absolutely  convergent,  and  conditionally  convergent,  series.  Since  a  Fourier's 
series,  when  convergent,  is  not  necessarily  absolutely  convergent,  it  is  im- 
possible to  obtain  a  proof  of  the  convergence  from  the  law  according  to  which 
the  terms  diminish,  as  Cauchy  had  attempted  to  do.  As  Dirichlet's  proof, 
apart  from  its  historical  interest,  still  repays  a  careful  study  on  account  of  the 
light  it  throws  upon  the  mode  of  convergence  of  the  series,  it  will  be  given 
below,  with  some  modifications  and  extensions  which  arise  from  later  advances 
in  the  Theory  of  Functions. 


THE    FORMAL    EXPRESSION    OF    FOURIER  S    HI'VK.l  l".s. 

6.     Let  jf*(a;)  denote  a  limited  function,  defined  for  the  interval  (0,  I)  of 
liable  x.     A  finite  trigonometrical  series  of  the  form 

.    ttco  .    2ttib  :         .    stt!V  .    (n  —  l)irx 


can  be  so  determined  that  its  value  is  equal  to  that  of  the  function  f{cc)  at 

each  of  the  points  %  =  — ,  --,  — ,  ... -.     It  must  be  shewn  that  the 

r  n     n     n  n 

coefficients. Oj,  a1...a„^1  can  be  determined  by  means  of  the  linear  equations 

,/l\          .    tt          .   2w                     .    (n-l)w 
fi-J  =  ffl1sui  -  +  Oa  sin  —  +  ...  +  Ob-i  sin ^— , 

w  ,        .    2.2tt  ,        ,  .    2(n-l)w 


/©- 


*  Creile's  Journal,  vol.  iv,  "  Sur  la  convc-rniOiee  <h-t  f.i;riea  trigriiumii-i.riquea,  qui  servent  a 
representer  vine  fo-ief.iim  iiit'iliaire  warn  lies  limitt:-  (biunVs."  See  alw>  lii«  memoir  in  Dove  and 
Moser'a  Repertnriaiit.  fur  Phyaik,  vol.  r,  1837.  Papers  l>y  Dirnksc-u,  Cirlie'.i  Journal,  vol.  iv,  anii 
byBessel,  Astrtm.  Nachrichteu,  vol.  sn,  arc  on  similar  lines  to  those  of  Dirinhlot,  but  of  inferior 

H.  41 
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/$--■"+- 


Multiply  the  expressions  on  the  two  sides  of  these  equations  by 

.    sw      .    2sw         .    (n-l)sw 

sin  —  ,  sin  — , . . .  sin — — — 

respectively,  and  add  the  expressions  on  each  side  together.  It  can  easily  he 
verified  that 

.    rw   .    sw       .    2rw   .    2sv  .    (n—  l)rir   .    (n  —  l)«w     _ 

sin  —  sin 1-  sin  — -  sin  -  —  + . . .  +  sin  --— sin =  v, 

n         n-  n  n  n  n 

provided  r  and  s  art;  unequal  integers  not  greater  than  n—  1  ;  and  also  it  can 

be  shewn  that 

.     sw       .  „2sw                .  ,(n-l)tnr      1 
sin2  —  +  sma 1- . . .  4-  am2  =  -=  n. 

Using  these  two  identities,  we  have  at  once 

and  thus  the  coefficients  in  the  series  have  been  determined  so  that  the 

series   satisfies   the    prescribed    condition.      Let    us   now   assume    that    the 

function  /(■*')  is  integra.ble  iu  accordance  with  Riemann's  definition,  and  let 

the  number  n  be  indefinitely  increased.     The  limit  aft  lie  expression  for  a3  is 

2  Cl  .    swx' 

then  seen  to  be  -j  I   /(*')  sin  —j—  das'.     This  process  suggests  the  possibility 

that  the  function  /(;>:)  may  bo  represented  by  the  infinite  series 

.    wo;  2wx  .    swx 

«,  sin  -j ■■  +  a^  sin  — j-  +  ...+assm-j-  +  .., 

where  the  coefficients  a„  are  given  by 

for  points  as  within  the  interval  (0,  /).  It  will  be  observed  that  the  series 
cannot  possibly  represent  the  function  at  the  point  x=  0,  unless /(0)  =  0;  nor 
at  the  point  cc=l,  unless  /(7)=0.  This  limiting  process  is  entirely  insufficient 
to  shew  either  that  the  infinite  series  converges  at  all,  or  that,  when  it  does 
converge,  its  limiting  sum  is  at  any  point  equal  to  the  value  of  the  function 
f  (x)  at  that  point. 
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It  will  later  be  shewn  by  various  methods  that,  for  extensive  classes  of 
functions,  the  series 


2  «     .    swx  fl  ,,  ,,    .    sttx'  ,  ,  - 

j  2  em^-J   /(rfan-j-d*    (l) 


actually  converges  to  the  value  f(x),  for  values  of  x  within  the  interval  {0,  I), 
at  which  f{%)  is  continuous.     This  series  is  known  as  Fourier's  sine  series. 

Let  us  now  assume  that  the  function  f(x)sm  —r-  is  represented  within 
the  interval  (0,  V)  by  the  Fourier's  sine  series. 

This  series  is,  in  the  present  case,  of  the  form 

2  %     .    sttx  Cl   , ,  ,.    .    ttx'   .    sine'  ,  , 
T,f,™,~rV<a!>smT8mT!fc' 

which  is  equivalent  to 

7  ~j    f'®  >    C0S 1 C0S   — 1 ^ ' 

or  to 
1    .     vxf1        ,        ,      1   2    (    .    s  +  Ittx       .    s—I-ttx)  f1  ,,  ,.         sttx'  ,  , 

7 sm  1'J  /^  '      +  7      ( 5in  ~~T~  ~ sm  — l — "]  J  f^x  ^ cos  ~T~      ' 

and  this  by  hypothesis  represents  the  function  f(x)  sin  -j- . 

It  thus  appears  that,  on  the  assumptions  made,  the  function  f(x)  is 
represented  by  the  series 

-A  f(x")dx'+1  2  cos^-  j    /(V)cos  ■-','    dx (2). 

This  series  (2)  is  of  the  form 

and  is  known  its  Fourier's  cosine  series. 

The  cosine  series,  unlike  the  sine  series,  may  possibly  converge  to  the 
values  /(0),  /(I),  for  ic  =  0,  I  respectively,  when  these  functional  values  are 
not  necessarily  zero. 

437.  Assuming  for  the  present  that  the  function  f(x)  may  be  represented 
for  the  points  of  the  interval  (0,  /)  by  either  of  these  series  (1)  and  (2),  we 
proceed  to  consider  some  obvious  properties  of  the  series  themselves.  The 
sum  of  the  sine  series  (1)  has,  for  the  point  —  x,  the  same  value,  with  the 
opposite  sign,  as  for  the  point  x.  If  then  we  suppose  that  the  function 
f(x)  is  defined  not  only  for  the  interval  (0,  l),  but  for  the  interval  (- 1,  I), 
it  appears  that  the  scries  can  represent  the  ('unction  for  the  whole  interval 
(—1, 1),  only  in  case  /(—  x)  =  —f(x)\  that  is,  in  case  the  function  f{x)  bo  odd. 

41—2 
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Further,  the  series  (1)  is  unaltered  try  adding  to  *■  any  multiple  of  21,  and 
thus  the  series,  considered  as  existent  for  all  values  of  x,  defines  a  periodic 
function,  of  period  21.  If  fix)  be  defined  for  all  values  of  x,  it  can  only  be 
represented  by  the  series,  for  all  such,  values  of  x,  provided  fix")  is  periodic 
and  of  period  21,  and  also /(«)= —/(—«);  otherwise  the  representation  of 
the  function  by  the  series  is  valid  only  for  the  interval  (0,  I). 

The  cosine  series  (2)  is  unaltered  by  changing  w  into  -  x ;  therefore  the 
series  represents  the  function  f(x)  for  the  interval  (—  I,  I),  only  when 
/(—  x)  =fix),  i.e.  when  f(x)  is  an  even  function.  The  cosine  scries,  like  the 
sine  series,  considered  as  existent  for  all  values  of  x,  is  periodic,  and  of 
period  21 ;  therefore  the  series  can  represent  a  function  fix),  defined  for  all 
values  of  x,  only  when /'(.'/;)  is  periodic  with  period  '21,  and  also/ (a:)  =/(—  *)■ 

It  is  thus  seen  that,  if  the  function  f(x)  be  defined  for  the  interval 
(—  I,  I),  it  is  in  general  not  represented  by  either  the  sine  or  the  cosine 
series  for  the  whole  of  that  interval,  although  it  may  be  represented  by  both 
the  series  for  the  interval  (0,  I).  For  the  part  of  the  function  f(x)  in  the 
interval  (—  I,  0)  is  in  general  independent  of  the  part  in  the  interval  (0,  I) ; 
neither  of  the  relations  /(—«)=  -/(<*=)>  /(-*')  =/(#)  being  in  general 
satisfied.  In  fact  there  is  in  general  no  relation  between  the  values  of  a 
function,  defined  for  the  interval  (—  (,  I),  at  the  two  points  —  x,  x. 

It  is  however  possible  to  obtain,  from  the  series  (I)  and  (2),  a  series  con- 
taining both  sines  and  cosines,  such  as  to  represent  the  function  fix)  for  the 
whole  interval  (—  I,  I).  The  function  £  {fix)  +/(—  x)\  is  an  even  function, 
defined  for  the  whole  interval  (—  I,  I),  and  in  accordance  with  the  assump- 
tions, representable  for  that  interval  by  the  series 

g/V^)+/(-^l^'41COB?/W')+/<-v>]™8^&' 

Again,  the  function  £  {fix)  —  /(-  x)\  is  an  odd  function,  defined  for  the 
whole  interval  (- 1,  1),  and  is  accordingly  representable  by 

1    5       ■     S7™'   f'l-j-/    n,        J-,  .n     ■     sttx'    ,    . 

?.=i  sm~rj  \.fW)-f(-®)\*™—d<>?- 

By  addition  of  the  two  series,  we  find  the  series 

b/1/m*'+t,?1/!ioc"t  ("-" w* W' 

which  is  of  the  form 

ic+(a,coST  +  A8mT-j  +  («,cos-r  +  ft,m-r)+..., 


as  representing  the  function  f{x)  for  the  interval  (- 1,  I). 
known  as  Fourier's  series,  the  sine  and  cosine  series  being 


*  <3)  is 

an   the 
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particular  cases   of  it  which  arise  when  / '(—*)=- /(*),  or  /(—«)=/(«) 
respectively. 

438.  With  certain  assumptions,  the  form  of  the  series  (3)  may  be 
obtained  directly.  Let  it  be  assumed  that  a  function  f(x),  denned  for  the 
interval  (- 1,  I),  can  be  represented  by  the  series 


irx      „     .    ttx\  I  mrx      n     .    mrx\  , 

■  y  +ftnny  J  +...  +  [  «n«w-j-  +  A.sin-£-j  +  ..., 


in  the  sense  that  this  series  converges  to  /(»)  for  each  value  of  a;  in  the  in- 
terval. If  it  be  further  assumed  that  the  convergence  of  the  scries  is  uniform 
in  the  interval,  and  thus  that /(a)  is  continuous  and  consequently  integrable 
in  the  interval  (- 1, 1),  we  may  submit  the  series  to  a  term  by  term  integration, 
even  when  it  is  multiplied  by  cos— ~  ,  or  by  sin  —j—.    It  would  be  sufficient 

for  our  purpose  to  assume  that  tin;  series,  without  being  necessarily  uniformly 
convergent,  is  still  such  that  a  term  by  term  integration  is  admissible,  in 
accordance  with  the  criteria  investigated  in  §  1:183,  and  that /(a)  is  integrable 
in  (- 1, 1). 

Making  use  of  the  fundamental  property  of  circular  functions,  represented 
by  the  formula  I     COS  ^p  C?S  ^^  dx  =  0,  where  n  and  n'  are  any  unequal 

n     i  ■  i    .     Cl         nnwx  -,        Cl     .  .ntrx  ,  ,  ,. 

integers,   and  observing    that    I      cos3— t—  dx=\      Sin'  — i—  ax  =  I,    we    tnus 

rind   that 

If    ,.,,,,  1  f     , ,  ,.        mrx"  ,  ,      _       If'.,.,    ntrx'  ,  , 

a*  =  ij     /(x')dx',    «»  =  |J     fW)<x*—M,    fc-jj^fWan—j-fa. 

Therefore  we  have,  for  the  interval  (-  I,  I),  as  the  series  representing  /(as), 

1    .    mrx  fl     ,,  „    .    mrx1  ,  ,) 

g  f  /(»')<&'  +  Jt  1  /' (/M  cos  "  (.  -  a.')  <fc'. 

If  we  replace        by  a>,  no  essential  difference  will  be  made  in  the  formula ; 

thus  there  is  no  loss  of  generality  in  taking  the  interval  (-  it,  it)  to  be  the 
interval  in  which  /(as)  is  defined,  and  for  which  it  is  represented  by 

~j'  f(ts')da>'+  I  |f"  / (a/) cos n (as -as") dsf    (4). 

This  expression  (4)  will  be  taken  as  the  standard  form  of  Fourier's  series. 
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439.  The  form  of  the  series  (4)  having  now  been  obtained  by  purely 
tentative  processes,  the  reverse  course  will  be  adopted  oi"  tubing  the  series 
itself  as  the  starting-point,  and  subjecting  it  to  an  examination  with  a  view 
of  discovering  under  what  circumstances  it  is  convergent  for  all  or  some  of 
the  values  of  x  in  the  interval  (—w,  71- ),  and  of  determining  the  value  to 
which  it  converges  in  case  it  is  convergent. 

In  order  that  the  series  (4)  may  exist,  whether  it  converge  or  not,  it 

is    necessary    that   the   coefficients     —  I     /(x')dw',     —j     f(x')cosna/d%', 

—         /(a/)  sin  we' da/  should  have  definite  meanings.      Until  quite  recently  it 

""J    -IT 

has  consequently  been  assumed  that  f(x)  is  either  limited  in  the  interval 

(—  ir,  7r)  and  intograble  in  accordance  with  the  definition  of  Riemann,  or  else 
that/(*)  is  unlimited  in  that  interval,  but  possesses  an  improper  integral  in 
accordance  with  one  of  the  definitions  which  have  been  given  of  improper 
integrals.  The  recent  extension  of  the  definition  of  integration,  by  Lebesgue, 
to  the  case  of  functions  which  are  not  necessarily  intograble  in  accordance 
with  Riemarm' s  definition  leads  to  a-  corresponding  extension  of  the  domain 
of  Fourier's  series.  It  has  been  proposed  by  Lebesgue*  to  assign  to  the 
series  (4)  the  name  Fourier's  series,  in  every  case  in  which  f(&)  isasummable 
function  in  the  interval  (—  ir,  ir),  whether  the  aummable  function  be  limited 
in  the  interval  or  not,  provided  that,  when  the  function  is  unlimited,  it  be 
still  integrable.  Since  only  those  improper  integrals  which  are  absolutely 
convergent  are  included  in  Lebesguo's  definition,  there  remains  the  case  in 
which  the  coefficients  exist  only  as  non -absolutely  convergent  integrals; 
in  this  case  Lebesgue  has  proposed  to  name  the  series  generalised  Fourier's 
series.     This  terminology  will  be  here  adopted. 

440.  It  being  assumed  that.  /(■*)>  as  defined  for  the  interval  (—ir,  ir),  is 
such  that  the  coefficients  in  the  series  (4)  have  definite  meanings,  it  is  easy 
to  express  the  sum  of  a  finite  number  of  terms  of  the  series  as  a  definite 
integral. 

Since   i:  +  cosfl  +  coa2fl+...+cosW#=Smt(2Va1)^we  see  that  Sm+1, 

the  sum  of  the  first  2n  +  1  terms  of  the  series 


i  f"f(,')  M  +St  £  00.  ™/'/(<0  •> 


"  Lcbusguf-'s  treatmeDt  of  the 
Annates  sc.  de  Vicole  riormale,  tiij 
den   Sirica  de  Fonuciy'  Mutli.  Aunalrit,  vol. 


tfdx' 


»/*  /(•> 


eonlii  i  1 . 1  -t  L  iii  11  memoir 

"  Rnr'cs  Hi'.rie^  tri^aii'ini.-' 1.i'<|i:es," 

,  ser.  3,  vol.  h,  1903; 

in  ii  memoir  "  Snv  In  iv'Tivi^ijiiLsn 

vol.  Lsrv,  1905  :  and  i 

11  iii«  T,i-r<,tt.<  pi,-  1,-s  s/'rins  fWijroiift- 
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n(3«  +  l)^r-- 


is  given  by  Sin+I  =  -J     f{x  )  - 


If  we  change  the  indo [>c-iirlimt.  variable  in  this  integral  from  of  to  z,  where 
x'  =  x+%z,  and  write  %n+Y  =  m,  the  expression  becomes 


-;0 


In  order  that  the  series  may  converge  at  a  point  x,  it  is  necessary  that 
Sm  should  converge  to  a  definite  limit,  as  the  odd  integer  m  is  indefinitely 
increased. 

It  was  first  shewn  by  Piricblet  that,  for  an  important  class  of  functions 
/{#),  Sm,  converges  to  the  value  f(x)  at  every  point  x  in  the  interior  of  the 
interval  (—  ir,  it)  at  which  f(x)  is  continuous;  that,  at  a  point  of  ordinary 
discontinuity  of  /(#),  it  converges  to  the  value  J  [f(x  +  0)  +/(#  —  0)j,  which 
is  not  of  course  necessarily  equal  to  f(x):  and  that  at  the  points  x  =  -rr  or 
-ir,  it  converges  to  the  value  \  {/(x  —  0)+/(—  7T  +  0)J. 

An  account  will  be  given  in  the  present  Chapter  of  the  investigations, 
by  various  writers,  which  have-  as  their  object  the  determination  of  sufficient 
conditions  to  be  satisfied  by  the  function  /(;!■)  in  order  that  the  scries  may 
converge  either  throughout  the  whole  interval,  or  at  particular  points  of  that 
interval.  It  will  appear  that  the  convergence  or  n  on -con  verge  nee  of  the 
series,  at  a  particular  point  x,  really  depends  only  upon  the  nature  of  the 
function  in  an  arbitrarily  small  neighbourhood  of  that  point,  and  is  inde- 
pendent of  the  general  character  of  the  function  throughout  the  interval ; 
this  general  character  being  limited  only  by  the  necessity  for  the  existence 
of  the  coefficients  of  the  series.  These  investigations  have  resulted  in  the 
discovery  of  suffieient  condition*  ef  considerable  width,  which  suffice  for  the 
convergence  of  the  series  either  at  particular  points,  or  generally  throughout 
the  interval  for  which  the  function  is  defined.  The  necessary  and  sufficient 
conditions  for  the  convergence  of  the  series  at  a  point  of  the  interval,  or 
throughout  any  portion  of  the  interval,  have  not  been  obtained.  This  is  not 
surprising,  in  view  of  the  very  general  character  of  the  problem;  and  indeed 
it  is  not  improbable  that  no  such  necessary  and  sufficient  conditions  may  be 
obtainable.  It  is  possible  that  the  mere  fact  of  the  convergence  of  the 
series  at  a  point  characterizes  the  nature  of  the  function  in  the  neighbour- 
hood of  that  point  in  a  manner  incapable  of  reduction  to  any  other  form ;  so 
that  although  the  characteristics  of  various  sub-classes  of  the  functions 
satisfying  this  condition  may  be  obtained,  as  has  in  fact  been  done,  yet 
the  whole  class  of  such  functions  has  im  property  capable  of  being  stated  in 
any  form  different  from  the  mere  statement  of  the  fact  of  the  convergence  of 
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the  series.  It  will  appear  that  there  exist  functions,  even  continuous 
functions,  for  which  the  series  fails  to  converge  at  every  point  of  the  interval 
belonging  to  an  every  whore-da  rise-  set  of  points. 

Recent  investigations,  an  account  of  which  will  be  given,  shew  that  the 
coefficients  of  Fourier's  series  have  important,  properties  which  are  related  to 
the  functional  values!,  independently  of  whether  the  series  converges  or  not ; 
so  that  a  divergent  Fourier's  series  may  be  employed,  in  accordance  with 
recent  ideas,  for  the  representation  of  the  function  in  a  certain  sense. 


PARTICULAR   CASES    OF    FOURIER  S    SERIES. 

441.  Before  proceeding  to  the  theoretical  investigations  relating  to  the 
convergence  and  the  properties  of  Fourier's  series,  it  will  he  instructive  to 
consider  some  simple  eases  of  the  use  of  the  series.  It  will  be  assumed 
that,  for  the  functions  employed,  the  series  cones  pen  ding  to  a  function  f(x) 
converges  at  every  point  to  the  value  ^  \f(w  +  0)  +  f(x  —  0)}. 

If  we  employ  the  sine  series  to  represent  the  function  denned,  for  the 
interval  (0,  ir),  by  y  =  \{-n-  —  x),  we  find  on  evaluation  that 

—  I    \  (ir  —  x)  sin  nxdx  =  -  ; 

and  thus  the  series  is  of  the  form 

sin  x  +  |  sin  2a;  +  ^  sin  3a;  +...+-  sin  nx  +  ... . 


The  function  denned  for  all  values  of  x  by 

y  =  sin  x  + 1  sin  2a;  +  ...  +  -  sin  nx  4-  ... , 

is  represented  graphically  in  the  figure.  The  function  is  discontinuous  at 
the  points  0,  2tt,  4tt,  ...  -2tt,  —  4w,  ... ;  the  functional  value  being  zero  at  all 
those  points.  It  is  seen  that  the  series  represents  the  function  ^(ir  —  x),  not 
only  for  the  interval  (0,  7r),  but  for  the  interval  (0,  Sw),  except  at  the  points 
x  =  0,x=  2tt,  where  the  sum  of  the  series  is  zero.      For  the  interval  (—  %jr-,  0) 
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the  function  represented  by  the  scries  is  -  \  (w  +  so),  except  at  the  ends  of  the 
interval. 

This  series  may  be  employed  to  illustrate  some  important  points  con- 
nected with  the  convergence  of  the  series  in  the  neighbourhood  of  the  point 
x  —  Q,  at  which  the  function  represented  by  the  series  is  discontinuous.  To 
this  end  we  shall  examine  the  series  by  a  method  employed  by  Fourier*,  and 
further  developed  by  Kneserf. 

Denoting  sin  x  +  |  sin  2x  +  . . .  +  -  sin  nm,  by  slt  (x),  we  have 

dsn(x)  sm(n  +  $)x     . 

-  — ,-  •  =  cos  .1;  +  cos  it:  +  . . .  J-  cos  va:  =  — — —. — ^ -i  : 

dx  2  sin  |*        i ' 

therefore         sn  (•)  =  *  £  "j^ff*  *•-  4- 

C^ainfn  +  l)^  ,        .         p.     .       ..     <>-2sin|#), 

=  I  <&-£# +  /(»). 

On  integrating  by  parts,  we  h'nd  that 
I(w)=      «-2BJn^a  C08(w  +  &)a:       r»0O8  («  +  &)«  4sin=j^-^cos ^ ^ 

m,  .         a'—  2  sin  A«:      4  sm-s.r  —  a:2  cos  A  a;    ,    il     ,  .    ,   „ 

.I  ho  exijreHsnuis      ,  -.-—,——, r= — = — ; —    both    bccoiiK.'    iiKK'ii- 

r  2flfsin|^  4a;2sina£a; 

nitely  great,  as  a;  increases  up  to  2tt  ;  but  if  m  be  confined  to  the  interval  (0,  b) 

where  0  <  b  <  2tt,  they  aro  both  limited  functions.     It  follows,  since 

|cos(m  +  ^x)\  £  1, 

that  a  positive  number  A  can  be  determined,  independent  of  n  and  cc,  such 
that  \I(a>)\<AJ(n  +  %),  provided  so  is  in  the  interval  (0,  b).  Hence  it 
appears  that  I  (tv)  has  the  limit  zero,  when  n  is  indefinitely  increased, 
whether  x  varies  with  n  or  not ;  in  fact  |  /  (w)  |  is  arbitrarily  small  for 
sufficiently  great  values  of  w. 
"We  have  now 

provided  0S«S!i;  where  0  is  such  that  —  1  < &<  1. 

,,  <£  ,      ,  ,         ,  . ,      1  sin  (w  +  A)  a'    .  „  „ 

Abo  j-^W-.WJ^-Vjf-.rfO^Si; 

*    Theorie  de  la  chale.ur,  chap,  in,  §  3. 

t  Orunert's  Archiv,  ser.  3,  vol.  ati,  1904.  See  also  BBeher's  "Introduction  to  the  theory  of 
Fourier's  series,"  Annuls  of  Ma  than  mi  ex,  ser.  2,  vol,  vn,  when*  numerical  details  are  worked  out. 
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and  therefore  sn(x)  —  s(x)  lias  maxima  and  minima  at  the  points  x=       ■  .  , 
where  A,  =  1,  2,  3,  .... 

It  can  now  he  shewn  that,  for  sufficiently  large  values  of  n,  at  least. 
I    2tt    \_     /    2tt_  \         /jlw    \_     I    4tt    \         /    Cir_\         (    6ff    \ 

are  alternately  positive  and  negative,  the  first  of  these  differences  being 
positive. 

„.    ,  P-ain*  ,        ('  .       (I         1,1  ,     (-l)i+1   \   - 

We  have  (/■:  —       sins 

Jo         2  Jo  \Z        Z  +  T, 

=  ui  —  u,  +  ut— ...  +  (-l)*+1w*, 
where  uu  m2,  ...  ma  are  all  positive,  and  «,  >  %  >  u^  ... 

hence  lim  u>,  —  0. 

Further,  it  is  well  known  that  lim  I     ^^  ds,  which  is  the  improper 
integral  I     dz,  is  equal  to  £tt  ;  it  follows  that  u1:  u,  — «s,  Mi  —  %  +  w3,  ... 

are  alternately  greater  and  less  than  %ir.     Since  ^—  -      is  arbitrarily  small, 
for  sufficiently  great  values  of  w,  it  thus  appears  that  the  differences 
/  2Xw  \         I  2X-7T  \ 
Sn[2n  +  l)      S\2n  +  l) 
are  alternately  positive  and  negative  for  X  =1,  2,  3,  ... ;  and  that  for  \=  1, 
the  difference  is  positive. 


sin  zdz  < , — 

X-l-n 


It  thus  appears  that,  for  large  values  of  n,  the  form  of  the  curve  y  =  sn(£) 
in  the  neighbourhood  of  the  origin  is  as  in  the  ligure ;  consisting  of  a  wave-form 
[  above  and  below  the  straight  lines  which  represent  y  —  s(x).     The 
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6»1 

_2~_ 

2~  +  l  : 

2tt    \ 


first  maximum  on  the  right  of  the  point  x  =  0,  has  as 

and  its  height   above  the  point  whose  coordinates  are  ,   "isj~.ii 

is  nearly  I     dz  —  \-rv,  which  is  nearly  independent  of  the  vaiue  of  n. 

The  first  minimum  on  the  right  of  t.hc  point*  =  0,  has  for  its  abscissa ®=a—TJ> 
and  is  at  a  depth  approximately  ^ir—  |  -----  dz  below  the  corresponding 
point  of  the  locus  y  =  s(x). 

As  n  is  continually  increased,  the  abscissae  of  tho  maxima  and  minima 
of  s„ (x)  —  s (jb)  become  indefinitely  small,  the  magnitudes  of  these  maxima 
and  minima  remaining  however  nearly  unaltered.  If  a  particular  value  of  ~ 
be  chosen,  n  can  be  ko  determined  that  |  s.„  (#)  —  s  (~)  |  is  arbitrarily  small,  for 
such  value  of  n,  and  for  all  greater  values;  but  if  a  particular  value  of  n  be 


chosen,  there  is  always  a  value  of  a 
nearly  equal  to  I dz  —  \ir. 


"  tn  + 1 


for  which  s„  (-)  — s(~)  : 


The  graphs  y~sa(x),  as  n  becomes  indefinitely  great,  tend  to  the  form 
given  in  the  figure,  which  consists  of  the  continuous  curve  formed  by  the 

straight  lines  of  length   2  j    ds(>ir),  through   the  points  «  =  0,   2w, 

—  2tt,  ...,  and  of  the  series  of  oblique  straight  lines  which  belong  to  the 
curve    y  =  s  (x).     The    graph    of   tho    curve    y  =  s  (~)  =  lim  sn  (x)    has    been 

already  given.     The  limit  of  the  graphs  of  the  curves  y  =  sn(p),  and  the 
graph    of  the  limit   of  sn  (x)   differ  in   the   respect   that,   for  the   : 
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x=0,  27T,  —  2tt,  ...,  the  former  contains  the  continuous  straight  lines  of 
length  2  I dz,  whereas  the  latter  contains  only  the  single  points  on  the 

*-asis.  Corresponding  to  any  point  P  on  the  straight  line  LM  through  the 
origin,  it  is  possible  to  determine  an  indefinite  number  of  pairs  of  values  of 
x  and  n,  such  that  the  distance  of  P  from  the  point  whose  coordinates  are 
a?,  sn(x),  is  less  than  an  arbitrarily  prescribed  positive  number  e.  Thus  the 
double  limit  Km  sn(w)  is  indeterminate  between  the  limits  of  inde- 
terminacy I    ~sdz,  —i    ^^  dz. 

By  letting  n  increase  indefinitely,  and  x  at  the  same  time  diminish  to 
zero,  in  such  a  manner  that  nx  has  a  as  its  limit,  where  a  is  any  fixed  positive 
number  not  exceeding  -w,  we  have  as  the  particular  value  of     lira     s„  (x), 

or  lim  sn  (-1,  the  number  I    ' dz.     It  will  bo  observed  that  the  repeated 

limit  lim  lim  sa  (x)  has  the  value  ^77-,  or  -  ^tt,  according  as  %  approaches  its 

limit  from  the  positive,  or  from   the    negative   side.     The  repeated    limit 

lim  lim  «„(*)  has  the  value  zero. 

The  distinction  between  the  graph  y  =  s  (x),  which  represents  the  series, 
and  the  limit  to  which  the  graphs  y  —  s„  (.«)  tend,  is  clear,  if  it  be  borno  in 
mind  that  the  limit  y  =  s(x)  is  obtained  by  the  special  mode  of  first  fixing  a 
value  of  x,  and  then  letting  n  increase  indefinitely;  thus,  for  example, 
s  (0).  =  lim  s„  (0)  =  0 ;    whereas,   as  we   have  seen,      lim      sn(x)  is  indeter- 

minate  between  limits  which  have  been  found  above.  The  difficulty  which 
has  been  frequently  felt  in  understanding  how  a,  series,  of  which  the  terms  are 
continuous,  such  as  the  series  here  considered,  can  represent,  a  function  which  is 
not  continuous,  will  be  removed  if  the  point  just  explained  be  fully  grasped*, 
that  the  sum  of  the  series  at  a  point  x  is  always  taken  to  mean  the  limit 
obtained  by  first  fairing  the  almissa  w,  omd  then  afterwards  muling  the  number 
of  terms  increase  indefinitely. 

It  has  already  been  shewn  in  §  343,  that  the  points  w  =  0,  2x,  —  2ir,  ..., 
must  bo  points  of  non-uniform  continuity  of  the  series ;  moreover,  other 
examples  have  been  already  given,  in  which  the  peaks  of  the  approximation 
curves  y  =  s,t(«;)  remain  of  finite  height  above  the  curve  y  =  s(x),  however 
great  n  may  be.     That  the  portions  of  the  limit  of  the  graphs  y  =  sw  (x),  in 

'  Some  cviucismn  of  Diridilnt's  dotiiriniimii.ui  of  the  sum  of  v.  l,,oinii.,f's  series  at  a  point  of 
discontinuity,  made  by  SohlS:li.  Crdlir-i  Jnui-iutl,  vol.  t.xxii.  and  by  Du  Bois  Keymond,  Math, 
AnnaUn,  vol.  vii,  wjniro  it  is  rjiiur.;a:vi:.'d  Lhal  l:k.'  sum  of  tlie  series  is  indeterminate,  ace  due  to 
;l  liiek  ■-..[  iifjjji-L-cLiLt it'sli  ii:'  this  pnir.t. 
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the  present  case,  have  a  length  greater  than  it,  the  measure  of  discontinuity 
of  the  function,  was  pointed  out  by  Wiliard  Gibbs*. 

The  expression  I  —  dz  -  \tr  4-  -— — ,- ,  which  has  been  found  above, 

for  s„  (x)  —  s  (x),  provided  0  <  x  =  b<  2tt,  may  bo  employed  to  shew  that  the 
series  converges  uniformly  in  any  interval  (a,  b),  such  that  0<a<b<%-n. 

(•ot+Bigjjj  % 
For,  by  choosing-  v  so  great  that  I  dz,  for  a:  £  a,  differs  from  ^w  by 

less  than  a  prescribed  number  |e,  which  is  possible  on  account  of  the  con- 
vergence of  the  integral,  and  further  choosing  n  so  great  that  -  — -  -  <  ^e,  it 

is  seen  that  n  can  be  chosen  so  great  that,  for  the  chosen  value  of  n,  and  for 
all  greater  values,  |  s„  («)  -s(x)\<  e,  for  all  values  of  *  in  the  interval  (a,  b). 
This  expresses  the  fact  that  the  series  converges  uniformly  in  the  interval 
(a,  b).  It  is  clear  that  the  smaller  a  is  taken,  the  greater  must  be  the  value 
of  n,  so  that  (n  +  £)a  may  he  sufficiently  huge  to  satisfy  the  requirement 

that     I  - — -dz  —  -|7r   <^e,  and  that  this  value  of  n  increases  indefinitely 

as  a,  is  indefinitely  diminished.  This  is  a  verification  of  the  fact  that  the 
convergence  of  the  series  is  non-uniform  at  the  point  x  =■  0. 

442.      Let /(a-;)  be  defined  for  the  interval  (0,  tt),  by  the  specifications 
f(te)  =  o,  for  0  A  x  <  \tt, 
and  /(<")=-  c,  for  %tt  ^  %  £  T, 

To  find  the  sine  series  for  this  function,  we  have 

I   f(os)  sin  nxdx  =  c  j    sin  nxdx  —  c\    sin  nxdx 


This  integral  vanishes  if  n  is  odd,  and  also  if  n  is  a  multiple  of  4,  but  i 
n,  =  4m  +  2,  it  has  the  value  4c/m.     The  series  is  therefore 

—  (^  sin  2<e  + |sin  6*'+^ sin  10a;  4-  ...). 

For  unrestricted  values  of  x,  this  series  represents  the  ordinate®  of  the 
series  of  straight  lines  in  the  next  figure,  except  that  it  vanishes  at  the  points 

0,  iTr,  *,  -frr,  -tt,  .... 
It  will  be  observed  that,  if  the  meaning  of/(*)be  extended,  so  that  it  denotes 

*  See  on  interesting  diseunsiori  on  this  subject  in  Nature,  vol.  lviii,  1898,  pp.  544,  569, 
vol.  lix,  1899,  pp.  200,  271,  319,  606,  vol.  lx,  pp.  52, 100,  in  which  Miehelson,  Love,  Gibbs,  Baker 
and  Poincare  took  part. 
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the  sum  of  the  sine  aeries  for  every  value  of  m  for  which  that  .sum  is  con- 
tinuous, then  at  the  point  it,  for  example, 

/(«■  +  (>>-»  /(»-<>)--«, 

and  the  series  represents  at  the  point  w,  the  arithmetic  mean  of  these  two 
values. 


In  a  similar  manner,  we  find  that  bhe  function  defined  for  the  interval 
(0,  tt)  as  before,  is  represented,  for  the  Interval  (0,  ir),  by  the  cosine  series 

~(cos it—  J  cos  3^  +  ^ cos  5&—  ...). 


For  unrestricted  values  of  as,  the  series  represents   the  ordinates  of  the 
straight  lines  in  the  figure,  except  that  its  sum  vanishes  at  the  points 

W>  -i"1.  |?r, .... 

443.     Let  f(x)  =  x,  for  0  £  m  Js  fa, 

and  f(x)  =  tt  —  x,  for  \tt  S  x  ^  7r. 
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In  this  case  we  find  that 

/(*)  sin  nwdie=  I     as  sin  nxdx  +  I     (7r  —  a)  sin  rnsdx 

2    ■     i 
=  —  am  \nw. 

Hence  the  sine  series  is 

4  /  .  1    .    .-,        1     -     -  \ 

—  I  sma;  — ;  „  sin  ■!.'.  +  -.„  sin  o<c  —  ...  )  . 


For  general  values  of  a1,  the  series  represents  the  ordinates  of  the  line  in 
the  figure.  The  broken  line  in  the  interval  (—  it,  it)  is  repeated  indefinitely 
in  both  directions. 

The  cosine  series  which  represents  the  same  function  for  the  interval 
(0,  tt),  will  be  found  to  be 


This  series  represents  for  general  values  of*,  the  ordinates  of  the -line  in 
the  following  figure.  As  before,  the  broken  line  in  the  interval  (-  ir,  w)  is 
to  be  repeated  indefinitely  in  both  directions. 
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EXAMPLES. 

1.  Prove  that  the  series 

sin #-£ain2tf  +  Jain  &»-i  sin 4»+... 

represents,  for  the  interior  of  the  intefvfi.1  j  -w,  ir).  the  function  J#. 

For  any  value  of  x  which  is  not  a  multiple  of  -a.  the  scries  represents  -n  {a  —  2kn\  where 
h  is  a  positive  or  ucpi.l.ive  inl.OLjcr  so  chosen  that  x  —  'lir.  lies  iiehvcen  -  and  —  jr.  The 
sum  of  the  series  vanishes  for  nil  values  of  .v.-  which  are  multiples  of  jr. 

2.  Prove  that  the  series 

cos#-£cos2>£+£cos3#-IiTcos4.>;-|-.., 
represents  the  function  l'..^-     ;j-,r3,  for  the  interval  (  —  jt,  it). 

3.  Prove  that 

Jtjr=sina;+ii8in3aJ+i8io5a;+...,  farO<«<iri 

Jjr  =  COS«-  J-COS&C+JcOflD*-  ...  ,  for  -£jr<#<^jr. 

4.  Prove  that 


3s 


U&S  + 


1 


~2 


5.     Prove  that 


Prove  that 


!a-i2  T  3*-£* 


S'sTrTfcr      2k      k*~l*^  £s-2a      ■■■ 
&  not  being  integral. 
7.     Prove  that 

w  sinhfcg  =  sin*  _  2  sin  3a  3  ainjSs 
3  rnihhr^W+k2  3*+£*  +  3a+*a 
_tt_  uosh  /;(»-«)  _  J^ 


for  0<#<jr, 
for  0<a!<jr. 

where  0  £  a;  <  -a, 
where  0  £  »  £  it  ; 


2A       ainh  for 


ou  "■"  12  ,   E 


2a;  , 


34-     1!+F     i!+i5 


where  Ojfi;p<ir 
where  O^a'Su 


DIKICHLETS    LSTEIiRAL, 


444.     It  has  been  shewn  in  §  440,  that  the  sum  Sm+1,  of  the  first  2m  +  1 
terms  of  Fourier's  series,  is  of  the  form 


1  f*1"  *'     ..        -  .sin  me  , 

=  —  I  /  (*  +  2^)  — .- — ■  as, 

sr  J  _!(»+„)•'  'sin;; 

m  =  2tt  +  I. 
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The  function  /(.*)  lias  hitherto  been  defined  for  the  interval  (-  ir,  ir) 
only;  we  may  now,  as  a  matter  of  convenience,  extend  the  definition  of  f{a>) 
to  values  of  x  which  do  not  lie  in  this  interval. 

We  shall  assume  that,  for  all  values  of  x  which  are  not  multiples  of  ir, 
the  functional  values  are  defined  so  that,  for  all  such  values  of  x,  the 
condition  f(x  +  2ir)=f(ie)  is  satisfied.  In  case  f(ir)  =/(—  if),  we  may,  if 
we  please,  suppose  that  /(ir)  —f(±kir)  for  all  integral  values  of  k;  but  in 
any  case  it  is  indifferent  what  values  are  assigned  to  the  function  at  the 
points  ±  kir.  Whenever  f(ir)  and  /(—  ir)  are  unequal,  one  at  least  of  the 
points  tt,  —  ir  is  certainly  a  point  of  discontinuity  of /(a;), 
for  /(,  +  0)  -/(-  x  +  0),   and  /(»  -  0)=/(-  „  -  0), 

in  accordance  with  our  extended  definition  of /(;(■■);  it  is  accordingly  impossible 
that  both  of  the  sots  of  conditions 

/W-/(7T+0)=/(x-0), 

/(-»)_/<-,+  0)-/(-»-0) 

can  be  satisfied,  if  /(tt)  and  /(—  tt)  be  unequal. 

Let  us  now  write  /(at  +  2z)  —  F  (z),  then  the  function  F(z)  is  periodic  in 
z,  with  period  tt,  except  possibly  for  those  values  of  2  for  which  a:  +  2s  is  a 
multiple  of  ir;  this  exception  is,  however,  immaterial,  since  the  values  of 
integrals  are  unaffected  by  alteration  of  the  functional  values  at  single 
points. 

We  may  now  write  Sm  in  the  form 

,v       1   fl'  „,  ,  sinrn^  T 

Sm  =  ~        F(z)  —. dz, 

ttJ-j,,  sin  2 

which  may  also  be  written  in  the  form 


$,„ 


1   fi*  sin  ms  1   f  i*  sin  mz 

irj0  sin^r  ttJo  sins 


It  thus  appears  that  the  investigation  of  the  limiting  value  of  SM  turns  upon 
the  existence  and  value  of  the  limit,  when  m  is  indefinitely  increased,  of  an 
integral  of  the  form 

[ **  „ ,  .  sin  mz  , 
F{z)-~ dz; 

the  second  integral  in  the  expression  for  Sm  being  essentially  of  the  same 

form. 

This  integral  is  known  as  JKrichlel's  integral,  the  term  being,  however, 

generally  applied  to  the  more  general  form- 

(""„.,  sin  mz  -, 
I   F(z)   -r- — -dz, 

where  a  is  such  that  0<«S  hir. 
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The  term    Dirichlot's  integral  is  also  frequently   applied   to   the  closely 
allied  expression 

[V<s)^ds,  where  0<«^7r. 

It  will  be  shewn  that,  with  certain  assumptions  as  to  the  nature  of  the 
function  f(x),  the  integrals 

ft*  r,,  .  sin  mz  , 

Jo  'sins 

converge  to  the  values 

I F  (4  0),    |j(-0), 

respectively,  as  m  is  increased  indefinitely;  so  that  Sm  converges  to  the  value 

i(/(«+0)+/(»-0)). 

At  a  point  of  continuity  of  /(#),  this  agrees  with  f{x).     When  #  =  i  tt, 
#m  converges,  under  certain   assumptions,  to  the  value 

i  {/<»-<>>+/(— ■+<>)). 

dirichlet's  investigation  of  Fourier's  series. 

445.     As  a  preliminary  to  the  consideration  of  Dirichlet's  integral,  some 
properties  of  the  integral 

Jo    sin z 

are  required. 

We  have 

J      sins    ds=\    [1  +  2  cos  2s  +  2  cos  4s  +  ...  +  2  cos  2nz]dz  =  ^-. 
If  we  divide  the  interval  (o,  ~j,  of  integration,  into  the  portions 

\'mj'    \m'    m)'  \m'        m     }'  {m  '    2/' 

we  see  that,  in  these  portions,  the  integrand     .  ' :-  has  alternately  positive  and 
negative  signs ;  thus  if  we  write 
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of  Fourier's 


,     , ,,.  f*  sin  mz 


we  have  —  =  p„  -p^p.^  ...  +  (-  Vf"1  p,-x  +  ... +(-J)n  pn, 

where  all  the  p's  are  positive. 

In  p,_,,  sin  mz  is  always  of  the  same  siyn,  and  — —  is  monotone  and 
decreases  as  z  increases,  hence 


P„<(-i)'-'- 

and  similarly 
It  follows  that 

For  pn,  we  have 

hence 

It  follows  that,  if  2p  < 


-rrrj;- 


p.,_i  >  — cosec  —  . 

2  rw 

^,_i  >  —  eosec  —  >  pr. 


1 


>/=„> 


Let  us  suppose  that  the  function  F(z)  has  a  finite  upper  limit,  for  the 
values  of  z  such  that  OSaS  \ir,  and  further,  that  it  is  in  the  whole  interval 
positive  and  monotone,  and  such  that  it  never  increases  as  z  increases ; 
it   is   consequently  an   integrable  function. 

In  the  integral 

f*  „,  ,  sin  mz  , 

F{z)— , dz, 

Jo      ^  J  smz 

where  a.  &  ^tt,  we  proceed  to  divide  the  interval  of  integration  as  in  the  case  of 


J  a     sin  2 
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into  alternately  positive  and  negative  portions ;  thus  if 

*_,  =  (-  l)'"1  ( "      F  {z)  -™  dz, 
'  ?=iir  sin  z 

*9- (-*)*("  F(z)&m™2dz, 

where  q  is  a  positive  integer  such  that 

m  m 

we  have 

\lF{e)l^Tdz  =  s°-s>  +  s*-  •■•  +  (-1)^,-.+  ■■■+(- 1)9  »q> 
where  s0>  *i,  sa, ...  sq  are  all  positive.     On  account  of  the  supposition  made  as 
regards  F(z),  we  have 

'"'  C^)  £  •"  -  f"  "  (m  )  •  and  '•  "  <•  - F (m  )  ■ 
From  these  inequalities  it  follows  that 

«»^©>^©>*; 

and  this  holds  for  all  values  of  r  from  1  to  q. 
We  have  consequently  the  result,  that 

U=      F(z)  -  . dz, 

is  less  than  s„  —  s,  +  s2  —  ...  —  s^^  +  s.^, 

and  greater  than      s0  —  Si  +  «s  —  . . .  —  S^-, ,  where  2p  S  q. 

From  these  in  equalities,  with  the  help  of  those  obtained  above,  we  have 

o>(f.-(,1)/Q*(,,-,,)fgt...+(h_^,)j(?t^) 


u <  p.F(+o>-f  (3E)  (ft-ft  +  p,- ...  -p.). 

the  theorems   which   have  been  proved  relating 


On  using  the  theorems   which   have  been  proved  relating  to  the  p's, 
:  obtain 
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where,  in  accordance  with  the  supposition  made,  p  is  any  integer  such  that 

,     _         ma 
2p£q< — . 

Now  let  to  and  p  both  increase  indefinitely,  but  in  such  a   way  that 


-';■ 


has  the  limit  zero.     Sin 


(>■>,,< 


'I'pir       pir'  _.     2pTT 


we  see  that  pv,  has  zero  for  its  limit ;  and  hence 
has  ^  F(+  0)  for  its  limit.     Again 


Po<2+Pl<2"4--— -; 

am- 


has  for  its  limit  the  value  -=-F(+  0). 

It  has  been  proved  that   U  lies  between  two  numbers,  each  of  which 
has  -;- F(+  0)  for  limit,  when  m  and  p  are  indefinitely  increased  in  such  a  way 

that  —  has  the  limit  zero  ;  hence  the  limit  of 

m 

J0        '   Bin  z 


where  a  is  such  that  0<aS  ^w. 

It  follows,  as  a  corollary  from  this  theorem,  that 


/; 


F(z)^t^dz 


has  the  limit  zero,  when  m  is  indefinitely  increased:   where  a,-  ft  are  two 
fixed  numbers,  such  that  0  <  ft  <  a  6  \tr. 
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446.     We  have  now  seen  that,  if  F  (s)  be  a  limited  and  positive  function 
which  never  increases  as  z  increases  from  0  to  \ir,  the  integral 


F{z)"~--d 


converges  to  the  value  ■=  F  (+  0),  as  m  is  increased  indefinitely.    The  function 
F(z)   may  be  freed  from   the  condition   that   it   must   be  positive   in  the 


whole  interval.     For  if  W— Vis  negative,  we 
the  function  C  +  F{z),  where  the  constant  G 


may  apply  the  theorem 
s  chosen  so  that 


3  positive ;  thu; 


converges  to  the  limit 


j  l  v  "    sin  z 

j(0+J(i-O)j. 


-  dz 


converges  to  the  limit  ~-0;   hence 


Jo  sm 


'-dz  converges  to  „F(+0), 


where  F(z)  is  not  restricted  to  be  positive. 

Again,  the  theorem  holds  for  a  function  F(z)  which  is  monotone  and 
never  diminishes;  for  we  can  apply  the  theorem  to  the  monotone  function 
—  F(z)  which  never  increases. 

The  theorem  has  now  been  established,  that  if  F(z)  be  any  limited, 
■monotone  function,  defined  far  the  interval  (0,  %ir),  then 


vontUiYijes,  /is  the  odd  integer  m  is  increased  i. 


ly,  to  the  value  |  F  (+0). 


The  theorem  also  holds  if  the  upper  limit  of  the  integral  he  any  fixed 
number  a,  such  that  0  <  a  ^  ^7r. 

It  has  been  shewn  in  §  195,  that  any  function  with  limited  total 
fluctuation  is  expressible  as  the  difference  of  two  monotone  functions.  Hence 
the  results- which  have  been  established  can  be  immediately  extended  to  the 
case  of  functions  of  this  class.     We  have,  therefore,  the  theorem  that,  if 
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F(z)    be  a  function  d.cfiited,  fur  the  mlerm-l  (0,    lir),   and  with  limited  total 

fluctu.ation,  then  the  integrals 

f "  „ ,  ,  sin  mz  ,        I"13  „  ,  ,  sin  mz  . 

F(z)  -. dz,         F(z)  —. dz, 

J0     w  sin  .s  J„     w  sins 

where  0  <  «  £  \tr,    0  <  a  <  /S  ^  Jtt, 

converge,  as  the  odd  inleyer  ■in  is  increased  indpjmitely,  to  lite  values  -~-F(+0),  0 
respectively. 

If  we  apply  this  result  to  the  two  integrals  contained  in  the  expression 
for  S„„  the  sum  of  the  first  2w  +  l  terms  in  Fourier's  series,  we  obtain  the 
theorem  that,  if  fOv)  be  a  function  with  limited  total  fluctuation,  i. 
for  the  interval  (—  ir,  -n-},  the  sum  of  In  + 1  terms  of  the  series 


±  j'_m  U  +  %  1 1  J-  COS  «  f "  /  M 
-i —  sinna?  I     /(a?1) 


(At' 
sin  w#'  da/  \ 


converges,  as  n  is  indefinitely  increased-,  to  the  value 
i(/(«  +  0) +/(..- 0)). 
It  will  be  remembered  that  a  function  with  limited  total  fluctuation  is 
essentially  integrable,  in  accordance  with  Thiemann's  definition;  and  that  it 
can  have  discontinuities  of  the  first  kind  only,  so  that  at  every  point  the 
functional  limits  /(«+  0),  /(«-  0)  exist. 

In  the  case  x  =  ±  ir,  the  limit  to  which  the  sum  of  the  series  converges  is 

if/(,_0)+/(-,  +  0)). 
At  a  point  cc  of  continuity  of  the  function  f(z),  the  limiting  sum  of  the 
series  is  /(#);  at  a  point  of  discontinuity  of /(.«),  the  limiting  sum  of  the 
series  agrees  with  the  value  of  the  function  at  the  point  only  if 

/(•)-i  (/<•  +  <>) +/(.-<>)]. 
At  the  points  it,  —  it,  the  limiting  sum  of  the  series  agrees  with  the  value  of 
the  function  only  if  /(ir),  or  f(—  7r),  is  equal  to 

M/<»-0) +/(-»  +  <»}■ 

447.  It  is  now  clear  in  what  sense  the  given  function  f(x)  is  represented 
by  the  corresponding  Fourier's  series.  The  representation  is  necessarily 
complete  for  all  points  at  which  the  function  is  continuous,  with  the  possible 
exception  of  the  end-points  ±  tt,  which  cannot  both  be  points  of  continuity 
of  the  extended  function,  unless  f(ir)  =/(—  it).  At  a  point  of  discontinuity, 
or  at  an  end-point  +  71-,  the  series  represents  the  function  only  if  the  functional 
value  is  properly  chosen  in  relation  to  the  functional  limits  at  the  point;  in 
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the  case  of  the  end-points  these  functional  limits  are  those  of  the  periodic 
function  obtained  by  extension  of  the  given  function  beyond  the  domain  for 
which  it  was  at  first  defined,  this  extension  being  such  that  _/'(.*')  ~f(x  +  2w), 
as  explained  in  §  444. 

The  functions  with  limited  total  fluctuation  include,  as  a  particular  ease, 
functions  which  satisfy  the  following  conditions: — 

(1)  The  function  is  continuous  in  its  domain  at  every  point, -with  the 
exception  of  a  finite  number  of  points  at  which  it  may  have  ordinary  discon- 
tinuities, (2)  the  domain  may  bo  divided  into  a  funic  number  of  parts,  such 
that  in  any  one  of  them  the  function  is  monotone;  or  in  accordance  with  the 
more  usual  but  less  exact  expression,  the  function  has  only  a  finite  number  of 
maxima  and  minima  in  its  domain. 

These  conditions  are  known  as  Dirich.Ut's  cmitKtions,  and  his  proof,  in 
its  original  form,  applied  to  the  case  only  of  functions  which  satisfy  these 
conditions. 

448.  Dirichlet  extended  his  results  to  the  case  in  which  there  are  a 
finite  number  of  points  in  the  domain  (—  ir,  it)  in  the  neighbourhood  of 
which  \f(x)  |  has  no  upper  limit.  In  this  case  the  Fourier's  series  must  be 
so  interpreted  that  the  integrals  in  the  coefficients  are  the  improper  integrals 


j[mi.,  llwZ~n')d.. 


the  function  being  such  that  these  improper  integrals  exist.  From  our 
somewhat  more  general  point  of  view,  we  shall  suppose  that  the  function 
/(«)  is  such  that,  when  arbitrarily  small  neighbourhoods  of  these  infinite 
singularities  are  excluded  from  the  interval  (— it,  it),  in  the  remaining 
part  of  the  interval  f{x)  is  of  limited  total  fluctuation;  and  further  it 
will  be  assumed  that  the  improper  integral 


/'/(«><«• 


exists,  and  is  absolutely  convergent.      Under  these   conditions,   it  can  be 

shewn  that  the  theorems  still  hold,  that  the  integrals 

{P  „f  ,  sinm?  ,     .      „  _  _  , 

F(z)-- — da,  for  0  <  a  <  /9  £  \tr, 


converge  to  zero,  and  to  ^-F(+0),  respectively, as  m  is  increased  indefinitely. 

If,  between  a  and  /3,  there  is  a  point  c  in  whose  neighbourhood  |  F{z)  |  has 
no  upper  limit, 
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is  interpreted  as  the  limit  of 

ft_1„,  .  sin  inz  ,        ft    „.  -sinme  , 

F(z      .       -dz  +         F(z)     .        ds, 
)a        v  '   sins  je+e     w  sin ^ 

where  S,  e  hare,  independently  of  one  another,  the  limit  zero;  assuming  that 
such  limit  exists. 
Let  8'  <  S,  then 

^  I  pi  _  f*-^  jW  E™  <&[<  coseca  f  ~'  |  Ji*  (*)  |  dz  ; 

where  the  expression  on  the  right-hand  side  is  arbitrarily  small,  on  account  of 
the  absolute  convergence  of  the  integral  of  F(z),  and  is  independent  of  the 
value  of  m, 

Now,  if  >F(z)  dz  converges  absolutely  at  the  point  c,  we  can  choose  B  so 

small  that,  for  every  B'  <  B, 

cosec  of~   \F(z)\dz 

is  arbitrarily  small ;  hence  the  integral 

f~s  r>/  ,  suitor  , 

for  a  fixed  to,  converges  to  a  definite  value,  as  8  converges  to  zero.  Similarly 
it  can  be  shewn  that 

f    „  ,  ,  sin  mz  , 

converges  to  a  definite  value,  as  e  converges  to  zero.  It  has  thus  been 
shewn  that 

f  V  (*)  -n  "**  dz  =  lim  f  V  (z)  S}^1  dz 
J„     w  sins  i=u  J0        x  '  sin .2 

+  lim  f      F{z)  -~-~2  da  =  ft  (m)  +  ft  (to)  ; 

,„J,+1        s   '    sins  TH      /        T*\     /' 

and  we  have  now  to  shew  that  ft  (m),  ft(m)  converge  to  zero  as  m  is 
increased  indefinitely.  It  lias  been  already  seen  that  8  may  be  so  chosen 
that,  for  all  values  of  m, 


■arily  small  positive  number. 
;o  great  that,  if  to  £  to,  , 


where  j;  is  a  fixed  arbitrarily  small  positive  number.     Now,  for  a  fixed  valu> 
of  B,  m,  may  be  chosen  so  great  that,  if  to  £  to,  , 
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where  f  is  arbitrarily  small ;  hence,  if  m  £  mv, 

:  Vi  (m)  I  <  V  +  ?. 
and  therefore  ^  {■»?,)  converges  to  the  limit  zero  ;  similarly  i/^.,  (m)  converges 
to  the  limit  zero. 

If,  between  a  and  /3,  there  are  any  finite  number  of  points  such  as  c,  we 
may  divide  the  domain  (a,  /3)  into  a  finite  number  of  parts,  such  that  each 
part  contains  only  one  such  point  as  c,  and  apply  the  above  result  to  each  of 
the  integrals  which  are  taken  through  one  such  part. 

integral       F(z)'  '  dz  can  be  divided  into  two  parts 

Jo  sin  2  r 

f1  r<,  -,  sin  fnz  ,        ["  „ ,  .  sin  viz   . 

F(z)—. —  de  +      F(z)-. -dz, 

U\  Bin  z  J  a,  sin  z 

where  «,  is  so  chosen  that  all  the  points  of  in  finite  discontinuity  of  F(z)  are  in 
(«„  a);  we  thus  see  that  I  F(z)  — — -dz  converges  to  -^(+0),  when  m  is 
indefinitely  increased. 

It  has  now  been  shewn  that: — if  f(x)  he  sack-  thai,  when  the  arbitrarily 
small  neighbourhoods  of  c  finite  number  of  points  at  which  f(x)  \  has  no  upper 
limit  have  been  etrc/.utled.fiji:)  Incomes  a  function  with  limited  total  fluctuation, 
then  the  Fourier's  series 

a~  I    f{x)  das'  +  2 -       f(x')  cos n[x- a/) dm1 

converges  to  the  value  -^  \f(x  +  0)  +f(x  —  0)j,  at  every  point  in  (-  v,  tt),  except 
at  the  points  of  infinite  discoutiuuili/  of  the  function,  prodded  the  improper 
integral  J     /(/<-')  da:-  exists,  o.nd  is  absolutely  convergent. 

APPLICATION   OF   THE   SECOND    MEAN    VALUE    THEOREM. 

449.  An  alternative  method  of  investigation  of  the  limit  to  which  the 
sum  of  Fourier's  series,  corresponding  to  a  function  with  limited  total 
fluctuation,  converges  is  obtained  by  employing  the  second  mean  value 
theorem*.  As  before,  we  employ  the  known  result  that  any  function  with 
limited  total  fluctuation  is  expressible  as  the  difference  of  two  functions 
each  of  which  is  monotone  and  does  not  decrease  as  the  variable  increases; 
and  it  is  therefore  sufficient  to  consider  the  cn.se  of  such  a  monotone  function. 

*  This  method  was  Erst  employed  by  Bonnet,  who  used  his  form  of  the  mean  value  theorem, 
sec  this  Me.molrta  tUt  .S'dt <(■«(*  iltrmtiu-rs  of  tin-  ]5i;l»i>m  Aoiukmv,  vol.  xxiii.  The  method  is 
also  used  by  C.  Neumann,  see  his  work  Ueber  die.  naah  Krcis-  Kni/d-  "ltd  CijliaderfunUionen 
fortschreitenden  Heikeif,  also  by  Jordan,  Coitrs  d' Anidyw,  vol.  11,  where  it  in  applied  to  the  ease 
of  functions  with  limited  total  'liK;i.:ili:iu.  The  method  i~,  employed,  mid  discussed  in  great 
detail,  in  Dini's  work  ^upru  It:  tii-rie  di  Fourier. 
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(1)  We  have,  as  before, 

fa  sin  mz    ,       -rr 

(2)  If  O<«<0s|, 

I    —. ■  dz  =  — —  /   sin  mz  dz  +  — — ~  I    sin  mz  dz, 

therefore 

I    -  ■. dz\<  —  (eosee  a  +  eoscc  3)  <  —  cosec  a  ■ 

\Ja  sins        |     mx  m 

here,  in  accordance  with  the  second  mean  value  theorem,  7  is  some  number 
which  Hes  between  a  and  /S. 

It  follows  that    I    '    .   ■■■  ■  dz   converges    to    zero,    as    m    is    increased    in- 
Ja   sin  z  ft 

definitely. 

In  a  precisely  similar  manner,  it  appears  that  I     dz  is,  in  absolute 

value,  <  — ■ ,  and  thus  the  value  of  the  integral  converges  to  zero,  as  m  is 
indefinitely  increased. 

p  1  f h  sin  6  , ,  I      2      2 

For  -3-  dd\  <-  +  T, 

\J  0.     a         I      ah 

and    therefore  lim        — ^—d6\  S-  : 

I  &=«  J«     9  \      a' 

hence,  if  a  S  it,  — -=-  c£0    £  -  <  „  • 

Now  -J-        — g-  ^  = ,  when  a  >  0 ; 

da  ]„      6  a 

hence   I    —^—dO   diminishes  as  a  increases,  provided  0<u<7r;    therefore 


/: 

e 

'de 

2' 

we 

have 

!/: 

e 

de\ 

gI 

if  e 

(<  7T,  ;i 

nd 

2 

if  a  S  7T. 
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From  this  result,  it  follows  that 

— t;—  d0\Sir,  where  0  £  a  <  0. 

\Ja       O 

460.     After  having  established  those  pi-f:liuiln;u-y  theorems,  wo  proceed  to 

consular 

f*  sin  m«  , 

F(z)  -  -T-  -  dz, 

Jd       v   '      S1U  z 

where  -F(^)  is  monotone,  and  does  not  diminish  as  z  increases.      We  have 
f2  „  .  ,  sin  mz  .        „,     „ ,  fa  sin  mz  ,        f',n,  .      „,     ....shims   , 

J  „  l     •  N       /J   sin  z 

where  /t  is  fixed.     On  applying  the  second  mean  value  theorem,  we  have 

Ji  mi  2 

=  ('  e  («)  S^5?  cfe + 1  J?  (p. + o)  -  F(+  o)}f'  5^!  at 
♦{'S-°)-'<t<9}fe* 

where  ft  is  between  /*  and  J.and  0(f)-  {!■(*)-  J"(+0)J  ^.    AlsoG(s) 

increases  as  z  increases  from  0  to  fi. 

Again  J*  G  (z)  —  —  tfe  =  0  U)  P  ^^-  dz  =  G(p)  P*  -^-  dtf, 

Jo  *  }{        Z  Jot       0 

where  0  ^  f  <  /*. 

Although  it  is  unnecessary  for  the  purpose  of  the  present  investigation, 
it  may  be  remarked  that  we  cannot  have  f  =  0,  which  would  involve  the 
equality 

|*(CW-(J(«)l™i>o. 

This  is  impossible  unless  G(z)=  (?(/i),  for  all  values  of  s  in  the  interval  (0, /i). 

For  let  z  —  — ,  then 
m 
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and  on  the  right -hand  side,  each  integral  is  positive  and  less  than  the 
preceding  one,  the  signs  being  alternate ;  and  such  a  series  cannot  vanish. 

The  number  f  depends  on  m,  and  on  the  function  G(z)\  it  may  happen 
that  asm  is  increased  indefinitely,  £  diminishes  indefinitely  in  such  a  way 
that  mf  has  a  finite  limit  a.     Whether  this  happens  or  not,  we  see  from 

(3),  that  I    G(s)    -    —  dz  does  not  numerically  exceed  wO(fi),  and  /j,  may 

be  so  chosen  that  this  is  less  than  the  arbitrarily  chosen  positive  number  ^e, 
Let  a  fixed  value  of  /j.  be  taken  so  that  this  condition  is  satisfied. 

„.  ff'sinms  ,       /"*  sin  ma   ,    ,    ,,  .    ,    ,  „    .,  , 

Since  1     — v- — ■  dz,         —  ■  ■  ■  (U  both  convoke  h?it..,  as  m  k  md:  hinn^v 

}„,    smz  j|,   sin  z        .  °  J 

increased,  even  though  f,  in  general  depends  on  m,  since,  by  (2),  each 
integral  is  numerically  less  than  —  cosec^,  we  now  see  that  m^  can  be  so 
fixed  that 

is  numerically  <e,  if  m  =  m,;  and  therefore  the  expression  converges  to  zero, 
as  m  is  indefinitely  increased.  Thus  the  theorem  has  been  established  upon 
which  the  proof  of  Dirichlet's  theorem  depends,  in  the  generalized  form  for 
the  case  of  a  function  with  limited  total  (1  actuation. 


UNIKOIill    (:Oi\V!-J][(il-:Xt':E    Of    FOURIER'S    KER1KS. 

451.  It  is  known  that  the  limiting  sum  of  a  series  of  continuous  functions 
of  a  variable  is  non-uniform ly  convergent  in  the  neighbourhood  of  a  point  of 
discontinuity  of  the  sum-function,  but  that  the  sum -function  is  not  necessarily 
uniformly  convergent  in  an  interval  in  which  it  is  continuous.  In  the  case 
of  Fourier's  series  it  can  be  shewn  that,  if  the  function  /(>■)  be  of  limited  total 
fluctuation  in  its  domain  (—  ti,  it),  then  the  series  converges  uniformly  in  its 
whole  domain,  provided  f(x)  is  continuous  in  its  domain,  and  provided  also 
f{—  7T  +  0)  —/(-r  —  0),  so  that  the  function  obtained  by  extending  f  (x) 
beyond  the  range  (—  w,  7r),  in  accordance  with  the  periodic  law /'(«)  =/(#-(- 2?r), 
is  also  continuous  at  the  points  —w,  +ir.  It  can  be  shewn  more  generally 
that,  provided  f{x)  is  of  limited  total  fluctuation  in  (—  tt,  tt),  and  is  con- 
tinuous in  an  interval  (a,  6)  contained  in  (—  ir,  it),  so  that  (a,  b)  contains  no 
discontinuity  of  the  function  in  its  interior  or  at  its  ends,  then  the  series 
converges  uniformly  in  (a,  b).  If /(—«■  + 0),  ,/(«•  — 0)  are  unequal,  the 
points   -v,-rr  must  be  included  among  the  points  of  discontinuity,   and 
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therefore  cannot  be  end-points  of  (a,  b).     It  has  been  shewn  in  §  450,  that 


K7,K-0HH 


<rfWtiB,([i'('+0)J(+,,l+l'(r0)-,'(+0)| 

Using  ihis  inequality,  and  the  corresponding  one  for  the  function  F(— 
have,  at  any  point  of  (a,  b), 


-/(■>[<  ^00800/*  + 

4. 
+  -—  coseo/i[:/(a;  + 


-cosec/t )[]/(» 


+  |/(a.-2/*)'-/t«)l3 


</i(iosec /*[]/(» +  2 


c  +  tt)  -/(«)  | +  |/(, 

/(*)  |  +  |/(«  -  2/,)  -/<*)  |  ]  +  j-  cosec  ft 


where  .A  is  some  fixed  number,  independent  of  m,  and  depending  on  the 
upper  limit  of  [/(#)]  in  the  whole  interval  (-"-w,:  tt). 

Since  f(x)  is  continuous  in  (a,  b),  and  is,  by  the  theorem  of  §  175,  there- 
fore also  uniformly  continuous,  a  value  ft  of  /j.  can  be  chosen  such  that,  for 
every  value  of*  in  (a,  b),  [/(«  +  2f*)—f'(te)\,  \f(fi— 2/t)— /(#)]  are  less  than 
an  arbitrarily  prescribed  positive  number  e,  provided  /iS/i,,  Also  a  value 
ft,  of  y,  may  be  so  chosen  that  6ft  cosec  ft  <  |?^  where  i\  is  an  arbitrarily 
assigned  positive  number.  Take  for  fi  the  lesser  of  the  values  ft,  ft ;  then 
we  see  that 

I  £m+i  -/(«)  I  <  I  +  —  COSeC  ft 

for  every  value  of  x  in  (ra,  6),  It  follows  that,  since  -n  and  m  are  independent 
of  x,  for  all  values  of  n  greater  than  some  fixed  value  nit  \  Svn+1  —f{co)  \  <  8, 
for  the  whole  interval  (a,  b),  where  8  is  an  arbitrarily  chosen  number,  and  n, 
depends  only  on  8.  It  has  now  been  shewn  that  <S',Jjm  converges  uniformly  to 
/(*)  in  the  interval  (a,  b).  The  function  F(z)  has  been  assumed  to  be 
monotone ;  for  the  general  case  we  have  only  to  consider  the  difference  of 
two  such  functions. 

The  following  theorem  has  now  been  established  : — 

In  the  case  of  a  junction  J' Or)  with-  limited  total 
the  correspond  iny  Fourier's  nerie.it  converges  to 
interval  which  amta-ina,  neither  in  its  interior  nor  at 
discontinuity  of  the  function. 

It  must  be  remembered  that  the  point  -k  is  to  be  reckoned  as  a  point  of 
discontinuity,  unless  the  conditions /(Tr-0)=/(7r)=/(—  7r  +  0)  are  satisfied. 
A  similar  remark  applies  to  the  point  —  tt. 


in  (—  tt,  7r), 

■)  uniformly  in  any 
end-point,  any  point  of 
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THE    LIMITING    VALUES    Of    THE    COEFFICIENTS    IN    FOUJUIiti'S    SERIES. 

452.  If  the  function  f(x)  be  limited,  and  satisfy  D.iriehlet/s  conditions, 
or  in  the  more  general  case  in  which  f(%)  is  a  function  with  limited  total 
fluctuation  in  the  interval  (—  tt,  w),  an  estimate  may  be  found  for  the  upper 
limit  of  the  general  coefficient  in  the  Fourier's  series,  as  n  increases  in- 
definitely. 

Let  f(x)  =fi  ix)  —f\  (;<;)>  where  j\  (.;.'),  /..  (.«)  are  monotone  functions ;  then 

jW  fi(x)coaiuodx=fl(~ir  +  0)  ('  wanted®  +/i(w  -0)  Tcosn^fc 

=  1  {/,  (_  ^  +  0)  sin  mx  -/,  (tt  -  0)  sin  no]  ; 

therefore        if"  /,  («)  cos  wffidfl;  I  £  |  »  {/,  {-  x  +  0)  -/,  (tt  -  0)}  I 

where  a  is  some  number  between  —  ir  and  7r.  Since  a  similar  result  holds 
for  I    /2  (*)  cos  jwcfo,    we   see   that    the   coefficient  -  I    f(x)  cos  ji#  dx   is 

numerically  less  than  — ,  where  A  is  some  fixed  number.  In  a  similar 
manner  it  can  be  shewn  that  the  coefficient  of  sin  na>  is  numerically  less  than 
— ,  where  B  is  some  fixed  number. 

Since  a  series,  of  which  -  is  the  general  term,  is  divergent,  it  is  seen 

that  the  convergence  of  Fourier's  series  is  in  general  not  absolute,  but 
depends  upon  the  variation  of  sign  in  the  terms. 

Next,  let  us  suppose  that  near  the  point  m  =  ft,  where  —  ir  £  0  S  ir,  the 
function  f( x)  has  indefinitely  great  values,  and  is  such  that,  near  the  point  /3, 

f(x)  =    ■      a7v,  where  v<  1,  and  iji(z')  is  limited,  and  has  only  a  finite  number 

of  oscillations,  in  the  neighbourhood  of  the  point  0.     In  this  case  the  integral 

I    f(%)  cos  not  dee  is  an  improper  integral  which  is  represented  by  the  sum  of 

I        7-*-^-yrr  cos  nxdx,      I       ,        L   cos  nx  dx, 
where  e  has  the  limit  zero.     We  may  consider  the  portion 
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of  otic  of  these  integrals,  where  o.  is  so  chosen  that  <£(#)  is  monotone  in  the 
interval  (0  +  e,  a).     This  integral  is  equivalent  to 

tWl       <*■     RV **>  or  t0   *(a)  3 dy> 

where  a'  lies  between  8  +  e  and  a,  and  x  =  y  +  0.     Let  ny  =  z,  then 


l'-'a**<*  +  ®iy-«~j"*- 


v 

Now   the  two  integrals 


J™  2r  J™  2" 


are  in  absolute  value  less  than  fixed  numbers,  whatever  values  e,  n  may  have ; 
for  the  two  integrals 

Jo      **  Jo      ** 

converge  to  the  values 


It  may  be  proved  in  a  similar  manner  that  the  integral 

I  7^ — =r-  cos  ?!#  (fa 

contains  a  portion  of  the  same  character  as  that  already  obtained.  It  thug 
appears*  that  the  coefficient  of  cos  wv.-  in  the  Fourier's  series  is  less  in  absolute 
value  than  Ajnl~",  where  A  is  some  fixed  number;  and  a  corresponding 
result  holds  as  regards  the  coefficient  of  sin  nx. 

453.     The  following  more  general  theorem  will  now  be  established  j  : — 

If  f{x)  be  a  function  which  is  inteyrabJe  in  an  interval  (a,  b),  the  integral 

being  either  a  Riemann  Integra!,  or  n-n.  obsolutaly  convergent  improper  integral, 

in  accordance  with,  the  definition  of  de  la,  VaUee-l'oussin,  or  of  Harnack,  then 

rb  rb 

f(m)smnxdx,  and   I  f(cc)  cos n.z  do:  both  converge  to  the  limit  zero,  as  the 

positive  number  v.    (either  integral  or  not)  is  indefinitely  increased. 

All  those  points  of  discontinuity  of  f(w)  at  which  the  saltus  is  £  a  fixed 
positive  number  k  may  be  enclosed  in  the  interiors  of  the  intervals  of  a  finite 
set  {£),  of  which  the  sum  is  arbitrarily  small.  Let  (a,  0)  denote  one  of  the 
intervals  of  the  finite  set  which  is  complementary  to  the  set  {S}.     Since  f(x) 

'■'   Set:  Heinsvs  K*i'jr!oiiu:th\n<'tt,  vol,  I.  p.  62. 

t  This  ll.'Oonmi  is  a  generalization  of  a  theorem  given  by  Hiiickcl,  nenrly  equivalent  in  form  lo 
that  case  of  the  above  which  arises  whti:  /  (j-)  is  continuou?  in  die  interval.  See  Leipzig.  Ber., 
vol.  mn,  1901,  also  SmiwUex  Aima'a;  ser.  4,  vol.  n,  1902- 
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is  absolutely  integrablo  in  (a,  b),  the  set  (8}  may  be  so  chosen  that  the  sum 
of  the  integrals  of  \f(x)  |  taken  through  the  set  {Sj  may  be  leas  than  an 

arbitrarily  chosen  number  £.  It  follows  that  If  (as) sin nas dec  taken  through 
the  set  {$}  is  numerically  less  than  f,  and  therefore  f(x)  sin  nx  dx  differs, 
for  each  value  of  n,  from  2  I  f(x)  sin  nx  dx,  by  less  than  £";  the  summation 

referring  to  all  the  intervals  such  as  (a,  ft).     If  e  be  an  arbitrarily  chosen 
positive  number,  the  interval  (a,  ft)  can,  in  accordance  with  the  theorem  of 
§  185,  be  divided  into  a  number  r,  of  equal  parts,  .such  that  the  fluctuation  of 
f(x)  is,  in  each  part,  less  than  k  +  e. 
We  have  now 

I  f(x) sin  nx  cfo  =    S    f(a+    1  smnxdj; 

+7,'I7X  -T  [/w -/(* + t^)] si" " dx- 

where  \f{x)—f[a-\ — -    ■■■■■]   <fc  +  e,  for  each  sub -interval. 

From  the  above  identity,  we  now  deduce  that 

I  ff(m)  sin  we  dx  I  <  ~  U  +  (h  +  e)(j8  -  a), 

where  £7  may  be  taken  to  denote  the  upper  limit  of  |/(*)|  in  all  the 
intervals  such  as  {a,  ft). 

By  addition  of  this  result  as  applied  to  all  the  intervals  (a,  ft),  wo  have 

'  S  f  V(«)  ™  "*  *s  I  <  *  tT  +  (<fc  +  e)  (fc  -  a) 

where  i  denotes  the  sum  of  the  values  of  r  which  correspond  to  the  different 
intervals. 

It  now  follows  that 

\j  f((e)  sin  we  <b|<f+  -  fl" +  (&  +  e)  (6  -  a) ; 

I  r&  j 

and  therefore        lim     I   /(#)  sin «jb dx \  &  %+(k  +  e)(b  —  a). 

Since  f,  e,  t  are  all  arbitrarily  small,  it  has  therefore  been  proved,  that 

lim  I   f(x)  %mnxd%  =  0. 

The  proof  is  precisely  similar,  in  case  costta;  be  substituted  for  suitke. 
h.  43 
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454.  The  above  theorem  is  a  particular  cast!  of  the  following  theorem 
due  to  Lebesgue*:— 

If  f(x)  be  any  fwndion,  either  limited  or  unlimited  -which,  has  a  Lebesgue 
rb  rb 

integral  in   the  'interval  (a,   b),  then    |    /(,*■)  sin nx dx,   and    I    f(x)  cosnxdx, 

converge  to  the  limit  zero,  as  the  positive  number  v  (not  necessarily  integral) 
is  indefinitely  increased,.  The  theorem  also  holds  if  the  internal  (a,  b)  be 
replaced  by  a,n>:  measurable  set  of  points. 

First,  let  f{x)  be  a  limited  function.  The  interval  (a,  b)  can  be  divided 
into  a  finite  number  of  measurable  sets,  in  each  of  which  the  fluctuation  of 
f(x)  is  less  than  an  arbitrarily  ehoson  positive  number  e.  Let  f(x)  be  a 
function  which  is  constant  in  each  of  the  sets,  and  is  equal  to  one  of  the 
values  off(x)  in  that  set.      We  have,  since  fi{®)—f(®)\  <  e, 

rb  rb  | 

i   f(x)  smnccdx—  j    f,  (x)  sin  -nm  dx    <e(b~a). 

Let  ei,  e%,  ...  ep  denote  the  sets  of  points  in  (a,  b),  for  which/,  (x)  has  the 
values  d,  c2,  ...  cp;  then 

I    /, ((b) sin «a! dm—    2  eq  j  smnwdw. 

It  has  been  shewn  in  §  83,  that  the  set  eq  is  contained  in  a  finite,  or 
infinite,  set  of  intervals  of  measure  m,  (e^)  +  7,  where  -q  is  an  arbitrarily  chosen 

positive  number ;  it  follows  that  I  sin  nx  dx  taken  through  eq,  differs  from  the 

value  of  jsmnxdx  taken  through  the  set  of  intervals  which  includes  eq,  by 

less  than  ■*).  Moreover  lain  me  dx  taken  through  this  finite,  or  infinite,  set  of 
intervals,  converges  to  zero,  as  n  is  indefinitely  increased.  For,  if  the  intervals 
be  arranged  in  descending  order  of  magnitude,  the  integral  is  numerically 
less  than  %+2rfn,  where  the  integer  r  is  such  that  the  sum  of  all  intervals 
after  the  first  r  is  less  than  the  arbitrarily  chosen  positive  number.  % ;  there- 
fore, for  a  sufficiently  largo  value  of  n,  the  integral  is  numerically  <  2f,  which 
is  arbitrarily  small.     It  follows  that 

—  J  P>  I  »> 

lim   j  J   /(,'/;)  sin  nx  dx :  S  e  (b  —  a)  +  v  z  cq ; 

keeping  e,  and  therefore  p,  fixed,   rj    may   be   diminished   indefinitely,  and 


lim  [£/(«)« 


*  Annates  se.  de  V'Saile  normal,^  mqn-riciire,  nm.  S,  vol.  xs,  100S.      The  theorem  is  stated  by 
Lebefgne  for  the  case  n=0,  b  =  2v,  of  the  Fourier's  cool'licieiii.-  coiTMponiliag  tof(x). 
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rb 
Since  e  is  arbitrarily  small,  it  follows  that   I    f(x)  sin  nxdx   converges   to 

zero. 

Precisely  the  same  argument  would  apply  if  the  interval  (a,  b)  were 
replaced  by  any  measurable  sot  of  points. 

Next,  let  the  function  fix)  be  unlimited ;  then  a  set  E  exists,  containing 
all  those  points  of  (a,  b)  for  which 

|/W;>iV; 
and  the  number  JV  can  be  chosen  so  great  that 


/j/w 


dx< 


where  e  is  arbitrarily  small.     If  El  be  the  set  of  points  complementary  to  E, 
we  have 

|    f(a>)  sin  nxdx  =  /    /  (x)  sin  nxdx  +  I     f(x)  sin  nxdx; 
and  it  has  been  proved  above  that 

I     f(x)sinnxdx 
converges  to  zero,  as  n  Is  indefinitely  increased.     It  follows  that 

_    |  /    /(#)  slu  ,M«ltta  I  <  c. 

and,  since  e  is  arbitrarily  small,  that 

lim  I   /(&)  sin  nxdx  =  0. 

The  substitution  of  cos  me  for  sin  n.z  makes   no  essential   difference  in  the 

proof.     As  before,  the  .substitution  of  any  measurable   set  of  points  for  the 
interval  (a,  b)  makes  no  essential  difference  in  the  proof. 

It  will  be  observed  that  the  theorem  does  not  apply  to  the  case  in  which 
/(*')  has  only  a  non-absolutely  convergent  improper  integral  in  (a,  b). 

If  we  let  a=  —  7r,  &=  +7T,  we  obtain  the  following  theorem: — 

The  coefficients  of  con  vx,  sin  nx  in  any  Fourier's  series  whatever  converge  to 
zero,  when  n  is  indefinitely  increased. 

This  is  a  property  of  the  coefficients  which  is  entirely  independent  of  the 
convergence  or  lion- eon  verge  nee  of  the  lfourier's  series. 

It  does  not  necessarily  hold  for  the  generalized  Fourier's  series,  as  defined 
in  §  439. . 
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455.     The  following  method  for  estimating  an  upper  limit  to  the  value 
of  the  integral 

f  ,  ,  .  sin  ms  , 

<p  (z)  — = dm, 

J  a  T  x  '    sin  s 

where  0  <  a  <  0  £  -= , 

is  due  to  Schwarz*,  and  furnishes  an  alternative  proof  that  the  integral 
converges  to  zero,  when  m  is  indefinitely  increased.  It  is  applicable  to  the 
case  in  which  $>(z)  is  limited,  and  has  a  Riemann  integral  in  the  interval 

<«, «. 

Let  the  interval  (a,  0)  he  divided  into  the  parts 

/     £rt      /gr     p  +  l*\        fqjr       \ 

\      m  1      \m  m     I        \m      ^ } 

where  p,  q  are  positive  integers  so  chosen  that 

(ff-lW  <a^P^      ?T,ps  'q  +  lir 
m  m  '    m  m      ' 

In  the  first  interval  let 

*«-♦(£)  +  *»: 

in  the  seeond  interval  let 

in  the  third  interval  let 

0(»)_*(£±^I) +  *,(*); 

in  the  fourth  interval  let 

and  so  on.     The  given  integral  7  may  be  written  in  the  form 
gr  y+i« 

\w»/l_J*      sins  J^      sins       J 


+- 

f  *  .  ,  .  sin  ms  , 

J  „  T  '      sin  s 


*  See  Sachs'  "Versiush  k;ii-  (VciiichU;  rtcr   Darstelliing  ivillltiirlicher  FunctioDen. "      ScMii- 
milch'i  ZeiUt-hrijt,  b  up  piemen  tary  .vol.  xxv,  1380. 
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If  we  use  the  notation  of  §  445,  this  may  be  written  in  the  form 

+#??=)<*«-*J+-]+l!+«!=r*i 


N  w                          ('" 

mz  ,        Cm    sinms 

L 

13              Jp-iv  sin  a 

is  numerically  less  than 

- —  1         din  inzdz. 
sin  a  J  j^ 

or  than  —  cosec  a,  which  i 

si. 

sssthan—.  Also  p„<       .    ■■<  ■ — ,ttadpT>pT+1; 
ma            r^    mama     ma 

hence  we  have 

!  ,      fP  ,  ,  ,  sin  m.s 
i  -      ^r  (2)  -  .  ■ 

dz 

1       ire         /tt                                           \      2ttc 

where  c  is  the  greatest  of  the  numbers !  $  I — J    ,      0  (— 1    .... 

Again,  |  yjrr  (3)  sin  mz  |  S  <rr  («), 

where  o>  (2)  denotes  the  fluctuation  of  $>  (2)  in  the  rth  interval ;  hence 

I  f3  ...  sin  mz  ,    [  _  f  <r  (3)  ,    „  w  P  o-  («)  , 
\JaT  v  '  ain«         I     J„  sins  2ia      a 

where  <7  {3),  in  any  interval 

\m  '        m    ) ' 
is  equal  to  the  fluctuation  of  <f>  (z)  in  that  interval. 


,Google 


678  Trigonometrical  series  [oh.  vii 

We  have  now  obtained  Schwann's  theorem,  that  the  value  of  the  integral 
is  11.uiHerk1.dly  less  than 


"loir 


c  denoting  the  upper  limit  of  \$(z)\  in  the  internal  (a,  fi),   and  a- (z)  the 
fluctuation  of  4>  (z)  *w  the  interval 

fnr      r  +  1  ir\ 
\m'        m     1 ' 
and  having  this  const-aid  value  throngliovt-  that  interval. 

The    function    4>{z)   being   finite    and    integrable,    in    accordance   with 
Riemann's  definition,  wo  have 

/.'  °iri°<\ !'' w  dz  *\  s"' w  A" 


where  A,,  is  the  length  of  the  rth  interval.  Tho  sum  %ar  (z)  A,,  becomes,  in 
accordance  with  Riemann's  condition  of  integrability,  arbitrarily  small,  by 
making  m  large  enough  ;  and  thus  we  see  that 


/: 


,  ,  ,  sin  mz  , 
0  (*)  --. dz 


has  the  limit  zero,  whon  m  is  indefinitely  increased. 


SUFFICIENT    CONDITIONS    OF    CONVERGENCE    OF    FOURIER  S    SERIES 
AT   A    POINT. 

456.  The  function  f{cc")  will  be  throughout  assumed  to  be  integrable  in 
accordance  with  Lebesgno's  definition,  through  overy  finite  interval,  so  that 
the  corresponding  Fourier's  series  exists,  whether  it  bo  convergent  or  not.  It 
has  been  shewn  in  §  444,  that,  at  a  point  as,  the  sum  of  the  first  2n  +  1  terms 
of  the  scries  is  expressed  by 

s„  -if"  [/(.  +  2.)  +/(.  -  *.)]  sii$t+i>£  i.. 
7rJo  sin  z 

The  function  /(«.+  2e)  +f{x—  2s)  being  integrable  in  the  interval  (0,  |tt), 
of  z,  -;—  [/(«  +  %z)  +f(se—2z)]  is  certainly  integrable  in  any  interval,  con- 
tained in  (0,  -Jtt),  which  does  not  contain  the  point  s  —  0,  at  which  sins 

vanishes.     It  follows  therefore,  by  applying  the  general  theorem  of  §  454,  that 


;fw 


+  2«)+/<* 
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converges  to  zero,  as  n  is  indefinitely  increased ;  where  y,  is  any  fixed  number 
such  that  0  <  /i  ^  47r-  The  investigation  of  the  limiting  value  of  jSw+1  is 
therefore  reduced  to  that  of 

L-,6in(2n  +  l)a 


where  ft  is  arbitrarily  small,  and  .subject  to  the  condition  0< iaS\tt.  For  a 
given  value  olV,  this  integral  involves  only  the  functional  values  off(x)  in  the 
neighbourhood  (cs  —  2p,  x-v2fi)  of  the  point  x;  and  consequently  the  con- 
vergence of  the  series,  at  this  given  point  w,  depends  only  on  the  nature 
of  the  function  in  the  arbitrarily  small  neighbourhood  of  that  point.  The 
following  theorem  has  thus  been  established:-— 

If  f(x)  be  any  funoUon,  limited  or  nut,  which  hits  a  Lebesyue  integral  in 
the  interval  (—  x,  tt),  the  converyence  of  the  correspondina  Fourier's  series  at 
any  particular  point  depends  only  on  the  nature  of  the  function  f{&)  in  the 
arbitrarily  small  iieiyhbo'.i-rliood  of  that  point. 

This  theorem  was  first  established"*  by  Rieinann,  for  the  case  of  a  function 
integrablo  in  accordance  with  his  definition.  The  theorem  of  Dirichlet  and 
its  extension,  which  have  been  investigated  above,  contain  sufficient  con- 
ditions of  convergence  of  the  series  in  the  whole  interval  {—  tt,  tt).  It 
appears  however  from  the  preceding  theorem  that  the  convergence  or  non- 
convergence  of  the  series  at  a  particular  point  depends  only  on  the  nature  of 
the  function  in  an  arbitrarily  small  neighbourhood  of  that  particular  point, 
and  is  independent  of  the  general  character  of  the  function  in  the  whole  interval 
(-  tt,  ir),  this  character  being  limited  only  by  the  condition  that  f(x)  must 
be  integrable  through  the  interval,  in  accordance  with  Lebesgue's  definition, 
so  that  the  Fourier's  coefficients  exist  as  absolutely  convergent  integrals. 
Various  conditions  will  accordingly  bo  found,  the  fulfilment  of  any  one  of 
which  is  sufficient  to  ensure  the  convergence  of  the  series  at  a  particular 
point. 

457.      The  theorem  that    [   F(z)  *f^l  dz,  where    0<a<,8sA?r,   con- 
Ja       v  '     sins  r-      a     j 

verges  to  the  limit  aero,  when  m  is   indefinitely   increased,  was   deduced 

,   f"  r, ,  ,  sin  r, 

,fcio     W~mn 

the  limit  %7rF(+0),  in  the  ease  in  which  F(z)  is  a  function  with  limited 

total  fluctuation.     It  has  now  however  been  shewn  that  the  convergence  of 

I    F(z)  dz  is  really  independent  of  the  condition  that  the  function 

should  be  one  of  limited  total  fluctuation.  .Referring  to  the  investigation  in 
§  451,  it  is  now  clear  that  it  is  sufficient  for  the  convergence  of 

j  '  F{z) S^^  dz,  to  the  limit  \ir  F  (+  0), 

*   See  his  memoir  "  Ueber  die  Dacstellharkeit,"  Math.  Werkc,  p.  227. 
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that  F(z)  should  be  of  limited  total  fluctuation  in  the  arbitrarily  small 
interval  (0,  /i),  of  z.  For  the  condition  of  convergence  at  x^  is  unaffected  by 
alteration  of  the  values  of  f(x)  outside  the  interval  (xj  —  2/t,  x±  4-  2fi).  We 
thus  obtain  the  following  sufficient  condition  of  convergence  of  the  Fourier's 
series  at  a  point  x : — 

I.  That  the  Fourier's  series  ■may  converge  at  a  point  x,  to  the  value 
\  {f(x  +  0)  +f(x  -  0)}.  **  **  sufficient  that  a  neighbourhood  of  m  can  be  deter- 
mined, so  small  that  the  function  j"(y;)  is  of  (indted  total  fluctuation  in  thai 


As  a  particular  case  of  this  theorem  we  have  the  following:— 
la.     That  the  Fourier's  series  may  converge  at  a  point  x,  to  the  value 
^{/(x  +  Q)+f(x-0)},  it  is  sufficient  that  a  neighbourhood  (x  —  fi,  x  +  p)  can 
be  determined,  si  id i.  that  the  junction  f(x)  is  monotone,  doth  in  (x  —  ft,  x)  and  in 

Since  -  I         — --■' ds  converges  to    the  value  A,  the  condition  of 

Wo  81112  &  "" 

convergence  of  the  series  at  a  point  x,  is  satisfied  if 


/: 


««d  j^(/(«_s.)-/(»-0))^(l. 

each  converge  to  the  limit  zero,  as  m  is  indefinitely  increased.  It  is  however 
not  necessary  that  those  conditions  be  .satisfied  ;  all  that  is  necessary  is  that 
the  sum 

,  sin  mz  , 

]  -- d 

sins 

should  converge  to  zero.  This  remark  enables  us  to  obtain  conditions  of 
convergence  of  greater  generality  than  those  which  would  be  obtained  by 
assuming  that  each  of  the  two  separate  parts  of  this  integral  converges 
to  zero. 

At  a  point  x,  of  continuity  of  f(x),  the  necessary  condition  is  that 


should  converge  to  the  limit  zero. 
Writing,  for  convenience 

2z  =  t,  f(x  +  t)+f(x-t)  =  <b(t), 
the  condition  of  convergence  of  the  scries  is  that 

■    r_w — _r^ 1  _ —    em^mrftfl 

should  converge  to  zero,  as  m  is  indefinitely  increased. 
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No,  ♦ffl-»(+0)      * 

i  Bin  £  £ 

is  certainly  integrable  in  any  interval,  contained  in  (0,  it),  which  does  not 
contain  the  point  t  =  0.     In  case 

<Hi)-<M+Q) 


«  inLc-grable  in  the  interval  (0,  fi)  of  t,  so  also  is 

1 0(0-0(0)  _  *    I . 

t  sin  i  ( | ! 


and  then  the  theorem  of  §  454.  suffices  to  shew  that 

-    t-    ,  -  sin  A  mt 
sin  £  t       " 


f-  0(i)-0(+  0)      i 


converges  to  the  limit  zero. 

We  have  accordingly  obtained  the  following  theorem : — 

II.     If  5-U — TS 1    oe  integrable  in  (0,  /x),  where  0  <  /j,  ^  ir,  and  <j>  (t) 

denotes  /(as  +  ()  +f(x  —  i),  £Ae»  Me  Fourier's  series  is  convergent  at  the  point  w. 
This  condition  is  satisfied  when  f(te  +  0),  f(x  —  0)  are  both  definite,  and 
|/(.  +  t)-/(.  +  0)||  |/(»-')-/(»-f)|„efoa,-„%roi,fe;„(0|/l);  ordse 

when  f(x+0),  f(x  —  0)  are  not   necesM.trily  definite,  but  >p (+  0)  is  so,  and 


The  series  in  either  case  converges  to  J  ■£  (+  0). 

II  a.     7/"  a  &e  a  point  of  continuity  of  fix),  the  Fourier's  series  converges 

to  the  value  f(x),  at  the  point  x,  if  y— ■  J    ■-- — - — J  be  integrable 

in  the  interval  (0,  /t) ;    and  in  particular  if 

\f{x  +  t)-f{x)\      !/(»-*) -/(«)! 
I  (  !'    1  *  I 

are  both  integrable  in  (0,  fi). 

The  condition  that    ^-^ — -?-- should  be   integrable   in  (0,  p)   is 

satisfied  if  JS»W-»<+0>,    lim^(f)~^(+0)  are  both  finite.     In  case 

a;  be  a  point  of  continuity  of  the  function,  this  condition  is  satisfied  if  the 
four  derivatives  D+f(x),  D+f(x),  D~f(x),  D-f(x),  at  the  point  x,  are  all 


/Google 


682  Trigonometrical  series  [ch.  vii 

finite,  and  in  particular  iff  {so)  have  a  finite  differential  coefficient.  We  thus 
obtain  the  following  theorems: —  . 

III.  The  Fourier's  scries  converges  at  a  point  x,  if 

jjtfhiM),  |im»(0-»(+°) 

be  both  finite,  <b  (t)  denoting  f(x  + 1)  +f(as  —  t).     In  particular   if  x   be   a 

point  at  which  f{x)  has  an  ordinary  discontinuity,  ami 

lim/(.+0-/(.+0)|   ,im/(.-0-/(.-Q) 

be  both  either  definite,  or  indefinite  between  Unite  limits  of  indeterminacy,  then 
the  series  is  convergent  of  the  point  x. 

Ilia.  If  f(x)  be  eonlinu.oiis  at  x,  the  Fourier's  scries  converges,  at  the 
point  x,  to  the  value  f(ie),  if  the  four  derivatives  of  f(x)  a.t  the  point  be  finite, 

and  in  particular  if  fix- )  have  a  finite  differential  coeffeient  at  the  point. 

It  is  however  not  necessary  for  the  integrability  of  —  -- — ~ — -  in  the 
neighbourhood  of  t  =  0,  that  it  should  be  limited  in  that  neighbourhood.  It 
is  sufficient  (see  §  281,  Ex.  1)  that 

|*(f)-*(+.0)|s^,  or  that  |*<0-$(+0)|34*>~ 

.where  1  —  a  is  Borne  positive  number,  and  A  is  some  fixed  positive  number, 
for  all  values  of  t  which  are  not  greater  than  some  fixed  value  p..  We  thus 
obtain  the  following  sufficient  conditions  of  convergence  of  the  series: — ■ 

IV.  The  Fourier's  series  converges,  at  a.  point  x,  if,  for  all  values  of  t 
not  greater  than  some  fixed  positive  number  p,  the  condition 

|  +  (l)-  +  (+0)|S41>, 
be  satisfied,  A  and  !,:  denoting  fixed:  -positive  numbers. 

IV  a.  The  Fourier's  scries  converges  to  /(«).  ai  a  point  a;  of  continuity  of 
the  function,  if  \f{x-\-t)--f{x)\&Atk,  where  A  and  k  are  fixed  positive 
numbers,  for  all  values  of  t  n  v.  uteri  colly  less  than  some  fixed  positive  number  p. 

At  a  point  of  ordiniivy  discontinuity,  it  is  suflcient  thai  both 

|/(»  +  t>-/(»+0)|  and  [/■(«- »)-/(.-.  0)| 

should  satisfy  this  condition. 

A  more  general  sufficient  condition  of  integrability  of  j 
the  neighbourhood  of  (  =  0,  is  that,  in  a  sufficiently  small  interval  (0,  p),  off, 


|0(O-»(+Q)l 


K»-*(+0)|S— j ; j „ 

log-log  log  j loglog...- 
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where  A  and  a  are  positive  numbers  (see  §  299).     We  therefore  obtain  the 
following  condition  of  convergence  of  the  series  : — 

V.      The  Fourier's  scries  converges,  at  a  point  m,  to  ike  value 

Jlim  (/(«  +  0  +/(•-*)!. 

if,  for  all  positive  iM.Uv.es  oft  not  exceeding  some  fixed  valve  p.,  the  condition 
A 


!*(«)-$(+ 0)| 


log-loglog- logk 


be  satisfied,  where  A  and  a  are  jived  positive  numbers.     In  particular  it  is 
sufficient  that  both 

|/<«  +  ()-/(«  +  0)  I,    [/(«  - 1)  -/(«  -  0) 
should  satisfy  this  condition. 

CONDITIONS    OF    UNIFORM    CONVERGENCE    OF    FOURIER'S    SERIES. 

458.  Conditions  will  now  be  investigated  that  the  Fourier's  series, 
corresponding  to  a  summable  function  f(w),  either  limited  in  (—  ir,  ir),  or 
unlimited  but  integrable,  may  be  uniformly  convergent  in  a  given  interval 
contained  in  (-  ir,  ir).  With  a  view  to  this  investigation,  the  following 
genera]  theorem*  will  be  established  : — 

The  function.  f(x)  being  summable  and  integrable  in  (—w,  ir),  each  of  the 
four  integrals  f(oc+''lz)x('-"y"..  \rnzih.,  taken-  tii.rov.gh,  any  interval  (a,  $), 
such  that  0£a<fi£§ir,  converges  to  the  limit  zero,  as  the  positive  number  m 
is  indefinitely  increased,  uniformly  for  all-  uafni.es  of  x  contained  in  the 
interval  {—  ir,  it);  the  function  x(z)  being  any  function  with  limited  total 
fluctuation  in  (a,  /S).     The  function  f  (x)  is  assumed  to  be  such  that 

/(«±  >»)=/(.)./»■ -»<»<.-. 

More  generally,  sin  mz  or  cos  ms  may  bo  replaced  by  <b  (■mz),  where  <p  (z) 
is  any  limited  summable  function,  of  which  the  integral,  taken  through  any 
finite  interval  whatever,  is  less,  in  absolute  magnitude,  than  some  fixed 
positive  number,  independent  of  the  particular  interval.  It  is  unnecessary 
that  m  be  restricted  to  be  integral. 

First,  it  will  be  assumed  that  f(x)  is  a  limited  function.  It  is  sufficient 
to  consider  the  case  of  the  integral  I  f(x  +  2z)  ■%  {z)  sin  mz  dz ;  the  proof  in 
the  case  of  the  other  three  integrals  being  precisely  similar.  Also,  the 
substitution  of  <j>  {mz)  for  ammz  makes  no  essential  difference  in  the  proof. 

*  Hobson,  "On  Llk;  anii'o^n^U'ivoey'iiijooi  i''oi;ij':>  's.-i'tira,"  1'rus.  Luiul,  N.id.h.  Set,  ser.2,  vol. v. 
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Let  U  and  L  denote  the  upper,  and  the  lower,  limit  of  f(x  +  2a),  for  all 
values  of  x  in  the  interval  (-  ir,  7r),  and  for  all  values  of  z  in  the  interval 
(a,  ft).  Let  the  interval  (L,  IT)  be  divided  into  p  portions  (c0,  c,),  (c,,  c,) ... 
(cs_„  c,)  ...(Cy_If  Cp),  where  c0  =  -£,  cp=  t/',  and  where  cq-cq_1<e,  for  every 
value  of  q.  Let  the  function  /,  (w  +  2s)  be  denned  as  follows : — For  those 
values  of  x  +  2z  for  which  c0£f(x  +  2z)  <c„  let  ft  (x  +  2s)  =  c„ ;  for  those 
values  of  a;  +  2.3  for  which  c,  S /(a;  +  2e)  <  e,,  let /,  (#  +  2s)  =  cJ;  and  generally, 
let  f1(a>  +  Zz)  =  cq-l,  when  c7_1S/(^  +  22)<^;  when  f(x+2z)  =  cp,  let 
/i(a:+  2z)  =  cp.  For  any  particular  value  of  x,  it  may,  for  example,  happen 
that  there  arc  no  values  of  z  such  that  ca  =f(%  +  2z)<c1:  in  that  case  there 
are  no  values  of  so  +  2z,  with  the  given  value  of  m,  for  which  /,  (a:  +  2s)  =  c0. 
Wo  have 

I  /(a;  +  2s)  x  (s)  sin  m#  ds  -  I   /,  (a;  +  22)  ^  (?)  sin  nw  (fe    <  e  (|8  -  a)  #■ 

where  %  is  the  upper  limit  of  |  %  (s)  |  in  the  interval  (a,  ft) ;  and  this  holds  for 
all  values  of  m,  and  of  x  in  (—  it,  7r). 


I    /i(iC+  23)%(j)  sin  mzdz  =   i  c(i  /    ^(^)  sin  m*  tte, 

where  e9  is  that  set  of  points  2,  at  which  cq  =f{x  +  2z)  <  oq-j ;  this  set  eq 
depending  upon  the  value  of  as. 

In  the  interval  (-  27r,  27r)  of  the  variable  x,  let  Eq  denote  that  set  of 
points  at  each  of  which  cq  Sf(ts)<o/1+1.  Let  the  set  Eq  be  enclosed  in  a 
finite,  or  enumembly  infinite,  set  Hq  of  non-overlapping  intervals,  such  that 
m  (Hq)  -  in  (Eq)  =  -n.  For  any  fixed  value  of  x,  the  set  eq  consists  of  that  part 
of  Eq  which  lies  in  the  interval  (x  +  2a,  x  +  2ft),  contained  in  (—  27r,  2tt).  Let 
that  part  of  the  set  of  intervals  Eq  which  lies  in  {x  +  2a,  to  +  2ft)  be  denoted 
by  Fq;  then  it  can  be  shewn  that  m ( Fq)  —  m. (eq)  S,  <q.  For,  if  possible,  let 
m  (Eq)  —  m  (eq)  =  jj  +  7,  where  7  is  a  positive  number.  Let  the  set  eq  be 
enclosed  in  the  interiors  of  non-overlapping  intervals  of  a  set  Lq,  all  in  the 
interval  (a;  +  2a,  x  +  2ft),  such  that  m(Lqj  <  m(ea)  +  7;  and  let  Hq  denote 
that  set  of  intervals  which  consists  of  !.,,  together  with  that  part,  of  Hq  which 
is  not  in  (x  +  2a,  x  +  2ft).     We  have  then 

m(Hq)  =  m(Sq)+m(lq)-m(Fq) 

<  m  (Hq)  - 1) 

<m(Eq). 

As  Eq  cannot  be  enclosed  in  a  set  of  intervals  Hq,  of  measure  less  than  m  (Eq), 
it  is  impossible  that  the  positive  number  7  can  exist ;  and  therefore 
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It  is  to  be  observed  that  the  number  y  is  in<!cpDiid<;ut-  of  the  parameter  a1,  in 
the  integral. 
We  have  now 

■J  x<»sinm3<fe-J    x(s)sinms<&    <%?;. 

Let  the  intervals  of  the  set  H,r  in  descending  order  of  length,  be  denoted 

by  7,,  7j,  73 In  case  the  point  &  +  2a,  or  &+2&,  is  interior  to  an 

interval  of  Hq,  we  divide  that  interval  into  two  parts,  and  assign  separate 
indices  to  those  parts.     We  may  choose  r  so  that 

m  (Hq)  -  (7i  +  7„  +  . ..  +  7,)  <  i}- 

Of  the  intervals  7^  72, ...  7, let  those  which  fall  in  (#+  2a,  x  +  2^9) 

be  7jj,  7Sj,  7b3 ,  where  s,<ss<s3 ... ;  and  let  s(  be  the  greatest  of  these 

indices  which  does  not  exceed  r.     We  have  then 

7«+i  +  78,4.,  +  ...  <'?,     and     m.  (J^)  -  (y4l  +  7^  +  . . .  +  rf*t)<V> 
or  denoting  by  Dq  the  finite  set  of  intervals  jh,  ySl,  ...  y„,  we  have 

m(Fq)-m(Dq)<v. 
The  number  t,  of  the  intervals  in  the  set  Dq,  cannot  exceed  the  number  r, 
which  is  independent  of  the  value  of  m. 
We  now  have 

If     %(?)  si"  mzdz-  j    x  (?)  sir>  mzdz\<  nx 

The  function  %{?)  having  limited  total  fluctuation  in  the  interval  (a,  /3), 
it  may  be  expressed  as  the  difference  Xi  (?)  —  X=  (z)-  °*  *wo  functions  %i(s), 
X2  (?\  eacri  of  which  is  monotone  in  (a,  /3). 

The  integral  I    ^(^sin  mzdz  may,  by  means  of  the  second  mean  value 

llu-'ovem,  be  e 


Xi((*)j  ammsdn  +  Xifr)]    sin  mz  dz  -  x,  00  j  » 


isote, 

where  £,  (•'  are  two  numbers  in  the  interval  (ft,  X).     We  thus  see  that 

■*  t      4 

X  (2)  sin  mz  dz   <  -  (%,  +  %2)> 

where  %,,  %2  are  the  upper  limits  of  \xi(?)\  and  of  |  %a(»|  in(«,  ft);  the  interval 
(ft,  X)  being  supposed  to  be  contained  in  (a,  j3).     We  have  now 

!  J     X  (*) sin  ms  dz  I  <  ^  (S&  +  X>) t  <  —  (Xi  +  Xa) r. 
since  t  cannot  exceed  r, 


l£ 
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By  combining  the  inequalities  which  have  been  obtained,  we  find  that 
|  jV<*  +  2^)XW  sin  vadt  \  <  e(/3-a)x+  (*x*  +  ~  x)  *£% 

where  %'  denotes  %i  +  ?6  >  an^  t^is  holds  for  every  value  of  m  in  (—  tt,  w). 
Let  a  positive  number  f  be  now  arbitrarily  chosen ;  we  can  then  choose  e  so 
that  e(/3  —  a)%<  5  ?■  Having  fixed  e  accordingly,  and  consequently  also  the 
numbers  c„,  o,,  ...  c$  being  capable  of  being  fixed,  we  next  choose  jj  so  that 
2j(ti  2  e,  <  J  £;  the  number  r  is  then  fixed.     We  can  now  choose  a  value  wd 

of  m,  such  that   -  -  y'  2  c,  <  A  f,  for  m  S  m  . 

It  has  now  been  shewn  that,  having  given  a  positive  number  f,  arbitrarily 
small,  a  number  wi,  can  be  so  determined  that 


A    /(w  +  2z)x(e)smmzde   <£, 


for  pint,,  and  for  all  values  of  a:  in  the  interval  (—  v,  it).  It  has  therefore 
been  shewn  that,  when/(/<0  is  a  limited  summable  function, 

jy(x+2z)x(z) sin  mete 

converges  to  the  limit  zero,  as  m  is  indefinitely  increased,  uniformly  for  all 
values  of  x  in  the  interval  (-  ir,  ir);  and  consequently  also  for  all  values  of  x 
in  any  interval  (a,  b)  contained  in  (—  it,  it). 

Next,  let  f(x)  be  no  longer  limited,  but  still  integrable  in  accordance 
with  Lebesgue's  definition. 

If  £  be  an  arbitrarily  fixed  positive,  number,  a  positive  Lumber  N  can  be 
so  determined  that 

/|/(«)|i.<lB* 

the  integral  being  taken  over  that  set  of  points  Ky  in  the  interval  (—  2tt,  2w). 
for  each  of  which  |/(*)|  >  N.  If  ky  be  that  part  of  KN  which  lies  in  the 
interval  (&+  2a,  x  +  2/3),  for  any  fixed  value  of  a;  belonging  to  the  interval 
(—  it,  it),  we  have,  a  fortiori 

/j/MI  *.<«/* 

Let  the  function  /2(*  +  2s)  be  defined  by  the  specifications 
f,(x  +  2z)=f(x  +  2z),    if     \f(x+2z)\sN; 
and  M%  +  2z)  =  0,     if    \f(x+2z)\>N. 

Thus  fi(x+  2s)  vanishes  at  all  the  points  of  the  set  K&;  and  it  is  a  limited 
summable  function. 
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We  have  now 

JV^  +  BOxMrinm"*! 

=  1    /(iB  +  2s)x(z)smmsd^  +  |   /s(#  +  22)^(2)  sin  m^i. 

By  the  first  part  of  the  theorem,  we  see  that  a  value  )«,  of  m  can  he 
determined  so  that 

I    ft  (x  +  2«)  x  (2)  sin  m£  (fe  I  <  ,'■  £", 

for  m  Sto,,  and  for  all  values  of  ic  in  (— ir,  tt). 

Also  I     /(a;  +  2s)  %  (z)  ain  m*  (fo   <  ^  ?; 

hence  we  have  shewn  that 

J   /(«  +  2s)  x  (2)  sin  mz  dz  <  £ 

provided  m  £  »»,,  for  all  values  of  x  in  (—  v,  ir).     The  theorem  has  therefore 
been  completely  established. 

459.  Some  particular  oases  of  the  general  theorem  established  in  §  458 
will  now  be  considered. 

(1)  Let  a  =  0,  ,8  =  ^7r,  and  let  *  have  the  single  value  0;  also  let 
jg(*)s=l,  and  m  =  2n.     Then,  changing  z  into  $x,  we  see  that 


(*/(*)  sin  »;<fa,    f/(«)o 

Jo  Jo 


both  converge  to  zero,  as  ?i  is  indefinitely  increased.     Taking  the  integral 
which  involves  f{cc  —  1z),  we  see  that 

I     f(x)  sin  nxdx,     j     f(x)  cos  ncc  dec 

also  converge  to  zero.     By  addition,  we  obtain  the  theorem  already  estab- 
lished in  §  454,  that  the  Fourier's  coefficients 


v&x 


converge  to  zero,  as  n  is  indefinitely  increased. 

(2}  Let  0  <a,  /3  =  ^tt,  and  %{?)  =  cosecs,  which  is  of  limited  fluctuation 
in  the  interval  (a,  \if).  We  see  then  that,  if  (a,  b)  be  an  interval  for  x, 
in  which  /(a?)  is  limited,  and  be  also  such  that  f(a  -  0),  f(b  +  0)  are  finite, 
then 

f'  [/■(»  +  2.)  +/(«  -  b)  -/(.  +  0)  -/<«  -  0)]  5g^!  & 
converges  uniformly  to  zero  in  the  interval  (a,  h),  of  a>. 
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For,  by  the  theorem,  the  two  integrals 

\     f(x  +  2s)  ^^  dz,       I     fix  -  2s)  -°—  <fo 

J  B   "*  v  '   sin?  J  0  am « 

converge  uniformly  to  zero  in  (a,  b) ;  also  \f(x  +  0)  +f(x  —  0)  |  is  less,  for  all 
values  of  <#  in  (a,  b),  than  some  fixed  finite  number,  and 
"  sin  m,z  , 


/: 


converges  to  zero,  as  m  is  indefinitely  increased.  It  thus  appears  that,  in 
order  that  a  Fourier's  series  may  converge  uniformly  to  zero,  in  an  interval 
(a,  b)  contained  in  (—  ir,  ir),  it  is  sufficient  that 

fj  [/(.  +  2.)  +/(«  -  2a)  -  2/(»>]  ™& 

should  converge  to  zero,  as  m  is  indefinitely  increased,  uniformly  for  all  values 
of  x  in  (a,  b).  We  know  that  it  is  a  necessary  condition  for  such  uniform 
convergence  that  f(x)  should  be  continuous  in  (a,  b),  including  the  end- 
points  a  and  b. 

In  accordance  with  this  result,  it  depends  only  upon  the  nature  of  the 
function  f(x)  in  the  interval  (a  -2o,  b  +  2a),  where  a  is  arbitrarily  small, 
whether  the  Fourier's  series  converge  uniformly  in  (a,  b)  or  not;  the  nature 
of  f(x)  in  the  remainder  of  (—  tt,  7t)  being  irrelevant,  subject  only  to  the 
restriction  that  f(p)  must  have  a  Lebesyue  integral  in  (—tt,  tt),  whether  it 
be  limited  or  not.     We  have  therefore  obtained  the  following  theorem : — 

If  (a,  b)  be  any  interval  contained  in  (—  tt,  tt),  such  that,  f  (x)  is  coniinuovs 
in  (a,  6),  including  the  end-points  a  and  b,  then  the  answer  to  the  question 
whether  the  Fourier's  series  converges  uniformly  in  (a,  b),  or  not,  depends  only 
upon  the  nature  of  f(x)  in  an  interval  (a\  b')  including  (a,  b)  in  its  interior, 
and  exceeding  it  in  length  by  an  arbitrarily  small  amount.  The  function  j '{%) 
■may  be  of  any  character  in  the  part  of  (-  tt,  tt)  outside  (a',  b'),  so  long  as  it 
has  a  Lebesgu.e  integral  in  (—  it,  ir). 

This  theorem  contains,  for  the  theory  of  uniform  convergence,  the  parallel 
to  the  theorem  of  §  451),  thai  convergence  or  no  u -con  verge  nee  of  the  series, 
at  a  particular  point  x,  depends  only  on  the  nature  of  the  function  in  an 
arbitrarily  small  neighbourhood  of  x.  The  latter  theorem  is  that  particular 
case  of  the  theorem  here  established,  which  arises  when  the  interval  (a,  b)  is 
reduced  to  a  particular  point  x. 

(3)  It  has  been  shewn  in  §  451,  that,  if  f{p)  be  a  function  with  limited 
total  fluctuation  in  (— tt,  it),  the  Fourier's  series  corresponding  to  f(x)  con- 
verges uniformly  in  any  interval  (a,  b)  which  contains  no  point  of  discon- 
tinuity of  the  function,  either  in  its  interior  or  at  its  ends.  By  applying  the 
theorem  obtained  in  (2),  we  now  see  that  the  following  extension  of  this 
result  holds :— 
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The  function  f(f)  being  siunmable  ;md  inlegrable,  whether  it  be  limited 
or  not;  if  (a',  b')be.  any  interval,  contained  in  (—  tt,  w),  and  such  that/ (%)  is  of 
limited  total  fluctuation  in  (a',  b'),  then  the  Fourier's  series,  corresponding 
fco  /(*),  converges  uniformly  in  any  interval  (a,  b)  in  the  interior  of  (a',  6'), 
provided  the  function  be  continuous  in  (ft,  b),  including  the  points  a  and  b. 

(4)     Let  the  function  %iz)  '"'  defined  nv  X  (0)  —  0,  and 

y(s)  =  1-_J— ,  for  z>0; 
K  '  '     z      sin  z  ' 

also  let  a  =  0,  &  =  p<  ^tt.     We  then  see  that 

J*  [/(.  +  S>)  +/(«  -  2»)  -  !/<«)]  g  -  i)  sin  «  d. 

converges  uniformly  to  zero,  as  m  is  indefinitely  increased,  in  any  interval 
(a,  b)  in  which  f(x)  is  limited. 
It  thus  appears  that,  if 

£  [/<•  +  s.)  +/(.  -  j.)  -  «/(«)]  T^  ,2s 

converges  uniformly  in  (ft,  &),  then  so  also  docs 

J'  \f(m  +  2«)  +/(.  -  2»)  -  !/(.)]  55^?  &. 

Therefore,  (Ay  condition  of  iwifnrm  convergence  of  the  series  in,  an  interval 
{a,  b),  in  which  fix)  is  continuous,  includintj  the  points  a  and  b,  is  that 

J*  [/(«  +  2»)  +/(«  -  S»)  -  «««)]  "-^  * 

should  converge  muforinii/  to  zero  in  the  interval',  as  m.  is  indefinitely  increased. 
The  number  //,  may  here  be  taken  arbitrarily  small;  in  fact,  in  accordance 
with  the  theorem  of  §  458,  if  0  <  p,s  <  /j.,  the  integral 

/'  [/(.  +  2*)  +/(«  -  »»)  -  !/(.)]  Si2^  i, 

converges  to  zero,  as  m  is  indefinitely  increased,  uniformly  in  (a,  b). 

460.  We  proceed  to  apply  the  result  in  (4),  of  §  459,  to  obtain  sufficient 
conditions  for  the  uniform  convergence  of  the  series  in  an  interval  (a,  b). 

Denoting  /(«  +  2z)  +/(«  -  2z)  -  2/(«),  by  F(x), 

we  have,  if  0  <  ^  <  /*, 


|Jo      »  I      J  Jo       *  I      |JM|     z 


sin  ma  tfo   . 


Let  it  now  be  assumed  that,  for  every  value  of  tc  in  (a,  b),  the  integral 
— —  dz  exists  as  a  Lebesgue  integral,  and  that  /   '  —^   dz  converges  to 
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the  limit  zero,  as  /i,  is  indefinitely  diminished,  uniformly  for  all  values  of  x 
in  (a,  6). 

We  have  then 


\rinKmm,d,\<r\m\i 

[Jo       z  I     Jo   I    *    I 


The  number  ^  can  now  be  chosen  so  small  that,  if  f  be  an  arbitrarily  fixed 
positive  number,  the  inequality 


a- 


F<*>\ 


H 


is  satisfied  for  this  value  of/*,,  and  for  every  value' of  x  in  (a,  b).     The 
number  ^  having  been  so  fixed,  we  can  fix  a  value  m^,  of  in,  such  that 

for  m  =  m,,  and  for  every  value  of  a:  in  (a,  6).     We  have  then 

I     — —  sin  mz  dz  !  <  £, 
Jo      2  | 

for  m  ~m,,  and  for  every  value  of  m  in  (a,  b). 

The  following  theorem  has  therefore  been  established: — 

It  is  a  sufficient  coiidi.li.Qn  for  the   unifurm   convergence  of  the  Fourier's 

series,  in  an  interval  (a,  b)  in  which  f{x)  is  continuous,  the  points  a  and  b 

iii eluded,  that 


i*  i/(«+2») +/(«-8»)-y(»)  I  di 


should  exist  for  all  values  of  x  in  (</,,  b),  and.  tihovld  convergn  to  zero,  as  fi,  is 
indefinitely  dwtrimked,  ■amj'orm.ty  fur  nil  values  of  x  in  (a,  b).  The  condition 
is  satisfied  if  the  two  integrals 

r-|/(.**.)-/(«)K     m-»-/wu 

Jo   I  s  I  Jo    I  *  I 

both  exist,  and  are  unifo 


In  particular,  the  series  is  uniformly  convergent  in  any  interval  (a,  b)  in 
which  one  of  the  four  derivatives,  and  therefore  each  of  the  other  three 
derivatives,  is  limited,  the  end-points  a  and  b  being  included.  A  special  case 
is  that  in  which/(a.')  has  a  limited  differential  coefficient  in  (a,  b),  including 
a  and  6. 

The  condition  is  also  satisfied  if 

]/('  ±  «  -/(«)  I  <  00; 

for  all  values  of  m  in  (a,  b),  and  for  all  positive  values  of  f3  not  greater  than 
some  fixed  positive  number  ;  where  0  and  k  are  positive  numbers  independent 
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of  x.     This  if?  n,  general izati on  of  the  sufficient,  condition,  obtained  in  §  457, 
for  the  convergence  of  the  series  at  a  particular  point. 

461.     Let  the  integral        — — sin  mzdz  be  expressed  in  tho  form 
where  r  is  an  integer  such  that 


We  assume  that  (a,  li)  is  contained  In  an  interval  (a',  b'),  in  which  j'(cc)  is 
limited;  if  then  we  choose  /a  to  be  less  than  the  smaller  of  the  numbers 

««-«').     W  -''), 

we  see  that  F(z)  is  limited,  for  all  values  of  z  in  (0,  /x),  and  for  all  values 
of  x  in  (a,  b).     We  have  now 

f  ™  „ ,  .  sin  mz  ,    I  (m  i  „ ,  ,  i  , 

I    F(M)—j—{tM\<mj     \F(z)\dz 

<2ttx  upper  limit  of  \F(z)\  in  (o,    — V 

Since  a  continuous  function  is  uniformly  continuous,  the  two  fund. ions 
/(•+«.)-/(•),      /(»-2.)-/(.) 
converge  to  zero,  as  a  converges  to  zero,  uniformly  for  all  values  of  *  in  (a,  6). 
It  follows  that 

I  fm  „,  ,  sin  ma  ,    I 

where  i?m  converges  to  zero,  as  m  is  indefinitely  increased,  and  is  independent 
of  the  value  of  x. 
Nest,  we  have 

F(z)  —  ™Zdz  I  < it--— ■  x  upper  limit  of  I  F{z)  \  in  (  -  —  ,    ^] 

J  a™  #  I     /i  —  ^tt/jk  \  m  / 

<  vJ> 

where  ijm'  converges  to  zero,  as  m  is  indefinitely  increased,  and  is  independent 
of  the  value  of  w. 

44—2 
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The  remaining  part  of  the  integral  may  be  written  in  the  form 


\  m       J  V m       / 


2r  -  1  % 


which  is  less,  in   absolute  value,  than 


and  this  does  not  exceed 

f-r-K^)       J('+y'*')[ 

I       X       - == \dz. 

}o     s=i    '      z  +  Vsir  s  +  2s  +  1tt     I 

Now 

"JTaiT  z+2s+lir 

f('?*)-f('4'^:T1  F{+~") 

""  J+ltl»  lr(2  +  2«7r)(»  +  2s  +  l7r)' 

hence 

Vm/         V__m         l\      \     \     m      I         \        m         l\ 
»  +  2jt  j+fs"+l7r      I  (2s  +  l)ir 

1  I  _/j  +  a»ir\| 

+  2s(2s  +  1)tt       \      m      J|' 
We  now  see  that  the  part  of  the  integral  to  bo  estimated  is,  in  absolute 
value,  lose  than 


where  A  ia  the  greatest  of  the  numbers 

for  s  =  l,  2,  3,...r  — 1,  and  for  all  values  of  z  in  (0,  ir). 
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The  upper  limit  al\F(z)\,  or  \f(a>  +  2*)+f(a:-  2«)-  2/(<e)|,  for  the 
interval  (0,  /i),  of  z,  and  for  al[  values  of  %  in  («,  6),  depends  upon  /i,  and  is 
a  number  2?<  (fi),  which  may  he  made  as  small  as  we  please  by  taking  /t 
sufficiently  small. 

Also 


A      1 

U  +  5+'"'2r 


1_l)A<{1  +  l  +  l  +  -  +  i)A<t.°'  +  ,<>l!^)A, 


where  Or  is  a  number  between  0  and  1,  which  converges  to  Mascheroni's 
constant.     Let  ./),„  denote  the  greatest  value  of  the  difference,  of  the  "values 
of  f(ce)  at  the  ends  of  an  interval  of  length  nrj-m,  contained  in  the  interval 
[a,  —  ft,  b  +  ft),  for  nil  possible  positions  of  nnch  ku1>- inter v;il :  thus  A  S  -Dm. 
It  has  now  been  proved  that,  for  0  <  ft,  <  %tt, 

J*  [/  (.  +  2s)  +/(•  -  2«)  -  2/W]  ™  *  |  <  1-  + 1-  +  «  W 

+  fl„{c,  +  log5  +  log^-?^)j, 

where  0  is  less  than  unity,  and  such  that  /* =  0 .  —  . 

We  have  now  to  find  a  sufficient  condition  that  it  be  possible,  with  ft 
fixed,  to  determine  a  value  m  of  m,  corresponding  to  an  arbitrarily  prescribed 
positive  number  £,  such  that 

\\'F(f)^-d.\<t,  formBffl, 

and  for  all  values  of  x  in  (a,  h). 

If  /j,,  be  a  number  such  that  0  <  ^  <  /i,  we  can  choose  ^  so  small  that 

«w<  jr. 

The  number  /*,  having  been  so  chosen,  we  can  now  choose  a  value  mu  of  m, 
such  that 

|j    *»(,)— —  i»|<#;  for  mSm,, 

and  for  all  values  of  x  in  (a,  &};  this  follows  from  the  uniform  convergence 

of  the  integral  to  the  limit  zero. 

We  then  have 

f*  „.  .  sin»i2  ,    I      ,  „  ,         „     („       .      m     .       /  2&ir\l 

F(z) dz\<^+Vm  +  v'm+Dm\G1.  +  \og-  +  \og[fh L 

I  Jo  ^  L  w  \  m  /J 

the  numbers  jj'm,  Dm,  @i  now  having  the  values  of  the  former  r}'m,  J)m,  0 
which  correspond  to  fxy  instead  of  fi.  We  can  now  choose  m^  so  that  i)m  <  $, 
for  m  £  m^;  also  we  can  choose  m,  so  that  ?/',„  <  ^,  for  ?h  £  m3.     Again,  since 
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Dm  converges  to  zero,  as  m  is  indefinitely  increased,  the  function  f(x)  being 
assumed  to  be  continuous  in  the  interval  (a  —  2pLl  6  +  2/tj),  we  can  so 
determine  m4  that 

A,  k  +  log  (*  -  -jjf  )1  <  K  f»' '»  a  '»■■ 

Let  us  now  assume  that  it  is  possible  so  to  choose  me,  that 

Dmlog™<$,  for  mSm,. 

Taking  m  to  be  the  greatest  of  the  numbers  m,,  wis,  m3,  m4,  mjb,  we  now 
have 


|J>(2)-°^ 


■  <  f ,  for  m  3 


Therefore,  with  the  assumption   made,  that    A,J"g  —   converges  to  zero, 

as  m  is  indefinitely  increased,  it  has  been  shewn  that  the  convergence  of  the 
Fourier's  series  in  (a,  b)  is  uniform.  The  following  theorem  has  now  been 
established : — 

If  (a,  b')  be  an  interval  such  that,  for  every  fair  of  ■points  x,  x  +  ft, 
contained  in  that  interval,  {f(«-'  +  ft)—f{x))\ogft  converges  to  zero,  as  ft  is 
indefinitely  diminished,  uniformly  for  all  values  of  x,  then  the  Fourier's  series 
converges  uniformly  in  any  interval  (a,  b)  contained  in  the  interior  of  (a\  &'). 
More  generally,  it  is  sufficient  that  [/(as  +  ft)  +f(x  -ft)-  2f(x)}  log  ft  should 
satisfy  the  similar  condition. 

For  the  case  in  which  the  interval  (a,  b)  is  reduced  to  a  single  point,  the 
condition  of  the  theorem  becomes  a  sufficient  condition  of  convergence  of 
the  Fourier's  series  at  that  point.  Thus  a  sufficient  condition  of  convergence 
of  the  series  at  a  point  is,  that  a  neighbourhood  of  the  point  can  be 
determined,  such  that,  if  e  be  any  prescribed  positive  number,  another 
positive  number  ft  can  be  determined,  such  that 

I  tA»±/S) -/(»)]  log  0|<., 

for  every  pair  of  points  a>,x-\-ft  in  that  neighbourhood.  This  condition  was 
given  by  Dini*. 

The  condition  of  the  theorem  is  satisfied,  in  particular,  if,  for  every  pair 
of  points  u:,  x  +ft,  in  («',  b'),  when  ft  is  sufficiently  small, 

|/(»±/8)-/(.)|<qs>, 

where  C,  k  are  positive  number.-!  independent  of*.  In  this  form,  the  condition 
was  given  by  Lipschitzf,  as  a  sufficient  condition  of  the  convergence  of  the 


,Google 


461,  462]     Further  invest 'igalions  of  Dirlchlef's  integral      695 

Fourier's  series  at  a  single  point,  the  condition  being  applied  to  a  neighbour- 
hood of  the  point. 

The  condition  of  uniform  convergence  in  the  interval  (a,  b),  stated  in  the 
theorem,  is  satisfied,  if  ,8  can  be  so  determined  that,  for  all  pairs  of  points  x, 
w  +  (3,  in  the  interval  (a1,  b'), 


/(*±  »-/<«)  I 


where  G,  k  are  positive  numbers,  independent  of  x. 

FURTHER    INVESTIGATIONS    OF    DIBIGHLEt'S   INTEGRAL. 

462.  Many  investigations  relating  to  Dirichlet's  integral  have  had  as 
their  object  the  determination  of  sufficient  conditions  (or  the  convergence  of 
a  Fourier's  series  at  a  particular  point.  These  investigations  have  resulted 
in  the  discovery  of  many  special  conditions  sufficient  for  the  convergence 
of  the  series,  some  of  them  of  great  generality.  The  most  important  of 
these  conditions  have  been  already  discussed  in  the  present  chapter. 

An  account  will  now  be  given  of  some  investigations  of  Dirichlet's 
integral,  given*  by  Kroneeker,  Holder,  and  Brodenf.  The  mode  of  pro- 
cedure of  the  last  writer  will  be  here  adopted. 

It  has   been  shewn  that  the  question  of  the   convergence   of  the  series 

at  a  point  depends  upon  whether   I   F(z)  dz(Q<e£^Tr)   converges 

to  the  limit  zero,  as  m  is  indefinitely  diminished;  the  function  F(z)  being 
such  that  F(+0)  =  0. 

The   integral    I   F(z)  dz  may  he  expressed  as  the  sum 

z)  -■■-■■  dz  +  I        F(z) dz. 

'  z  '  x{'»)  z 

whore  ^ ('"'■)  's  !l  function  of  ■?«■,  which  is  positive  and  <  e,  for  every  value  of  m, 
and  is  such  that  it  converges  to  zero,  as  m  is  indefinitely  increased;  i.e. 

Let  us   consider  first   the   integral 

sin  mz  , 


rx  0») 

Jg       F(z) 


/,=/;'"%> s 


*  Berliner  SitzmigslH'i:  .1SSJ,  "IVbnr  dus  Dirk'liluL'«iihc  lvit.;j/r:i.l."  by  Kionecker ;  a 
iroe  yoluiue,  "  l.'elwv  i=ine  hiiik?  liiiiroiuLejuln  J'Wlirisiimy  .."  by  lliildev. 
t  Math.  Annalen,  vol.  in. 
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Since    <m,  we  have  )  Tx  |  <m%(jii)Ux,  where  Ux  is  the  upper  limit 

of  |  F(z)  |  in  the  interval  (0.  xk"1))'-  mv^  this  upper  limit  Ux  converges  to  the 
limit  zero,  as  in  is  indefinitely  increased,  because  i*'(+0)  =  0. 

The  condition  that  lim  |  Ix  |  =  0  is  that  %(m)  must  be  such  that 

lim  mx(m)Ux  =  Q; 

and  this  condition  will  be  satisfied  if  x(m)  ^e  sucn   *nilt  mx(m)  remams 
less  than  some  fixed  number,  however  great,  m  may  be. 

The  condition  may  also  he  satisfied  if  laxivn')  becomes  indefinitely  great, 
as  m  does  so,  since  Ux  may  be  such  that  ■ntx{m-)U'x  has  the  limit  zero. 

In   particular,  if  x  Cm)  =  ~~  >  we   see  tnat 


has  the  limit  zero;    and  therefore 

I           Cxba)         ,  sin  ma  ,   I      L.       Cxi'"1  „,  .  sin  mz  ,    I       „  , ,  ,    .. 

hm  /        F(z)       ■      de\=   lim  F(s) rf«    <  CT,  |logmx(m)|. 

We  have  now  seen   that 

fx(>»)  sin  «22  , 

hm  F(s)  — — —  (fe 

vanishes,  provided  %(m)   be  such  that  lim^;(m)  =  0,   and  also  such  that 

one  at  least  of  the  numbers  mx('ii).  (/,,,  log  im^  (■»*)]  (7^  has  the  limit  zero; 
where  [7"x  is  the  upper  limit  of  |.F(,s)|  in  the  interval  (0,  %(m)). 


— ,  then  write   —  =  <r,   we  obtain   Kronecker's*  theorem 

lim  J  F(vm)2^mda=Q,  when  JF(+0)  =  0. 

If  we  choose  %(m)  so  that  one  of  the  above  conditions  is  satisfied,  ■ 

have 

.-       f' nr  ,sinm2  ,        ..       ['       _.  .  sin  mz  . 
hm       F(z) dz  =  \\m  i        F(z)-— — da. 

■  Loe.  tit.,  p.  642. 
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The  integral  on  the  right-hand  side  can  be  divided  into  three  parts,  by 
dividing  bile  interval  (^(m),  e)  into  the  sum   of  the   three  intervals 

(x(m),  2*wr/m),      (2p7r/m,  297r/m),      (297r/m,  e), 
where  p,  q  are  positive  integers,  snch  that 

low      2tt 


(X^-X(-)s 


,  and  0< 


Of  the  three  integrals,  the  third  clearly  has  the  limit  zero ;  and  the  first  is,  in 
absolute  value,  less  than  F,  log  ■  ■■■    '  -  ,  where  1<\  is  the  upper  limit  of  \F(s) 

in  the  interval  (0,  2pirjw).  Hence  the  absolute  value  of  the  first  integral  is 
less  than  F,  log  (1  +  —  ■:  ,  ,  of  which  the  limit  is  zero;  unless  m%(m)  has 
the  limit  zero,  in  which  ea.se  the  absolute  value  of  the  integral  is  less  than 


■  than   2irFL;  and  the  limit  is  therefore  i 
We  have  now  left  the  integral 


this   ease   also  v.ero. 


If  we  divide  the  interval  into  portions  of  length  — ,  and  then  change 
e  variable  in  each  portion,  we  can  reduce  this  integral  to  the  form 
s+  2(  +  1ti 


I    sin  s    i 
which  is  less  than 

Jill* 

It  follows  that,  for  a  gi- 


is    zero,    provided    it    i; 
conditions  which  have  1 


\f(z+2' 

'\ 

\"(     m     ) 

L    «  +  2«r 

./s  +  ft  +  im-yii 

m  e,  the  limit,  when  m  is  indefinitely  increased,  of 
['  -r,.  ,  sin  me  , 


to   choose   ^(m),   consistently   with   the 
laid  down,  so  that,  if  S  be  an  arbitrarily  small 


positive  number,  a  value  m,  of  m  can  be  found,  such  that 
I  T.       _J: ™ L ^  m 
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for  all  values  of  m,  such  that  m£m,.  It  can  easily  be  verified  that  the 
limit  of  this  integral  is  independent  of  the  value  of  e,  and  also  of  the 
particular  choice   of  the  function  x(m). 

If  we  take  m^(m)  =  2n— 1,  where  n  is  a  fixed  positive  integer,  and 
write  zv  for  2,  and  a  for  irjm.  the  sufficient  condition  takes  the  form 

km  2      (-1)''  — r — -06=0, 

where     =-     denotes  the  integral  pari,  of  .  -  :  this  is  equivalent  to  a  condition 
|_2oJ  £•* 

obtained  by  Kronecker*. 

463.  The  sufficient  condition  which  has  been  obtained  above,  that  the 
limit  of  j   F(s)  "■■        -  dz  may  be  zero,  is  of  a  very  general  character,  and 

includes,  as  special  cases,  various  sufficient  conditions  which  have  been 
obtained  by  special  methods, 

The  condition  will  be  satisfied  if  corresponding  to  a  number  S  as  small  as 
we  please,  it  is  possible  to  choose  x(m)  so  that  a  value  ml  of*  m  can  be  found, 
such  that,  for  m  >  m,,  all  those  values  of  2  between  0  and  tt,  for  which 

+  27+17, 


I      Z+2.LTT  Z+%t  + 


numei'ically  exceeds  S,  form  a  set  of  points  of  zero  content,  provided  also 
the  absolute  value  of  this  sum,  for  every  value  of  z,  has  a  finite  upper  limit. 

For  in  this  case  the  integral  is  less  than  ttS  +  I'S.dz,  where  the  integral  is 

taken  over  sub-intervals  which  include  all  the  points  at  which  |2j>S,  and 
this  is  less  than 

ttS  +  2,  jdz, 

where  ^  is  the  upper  limit  of  1 2 1.     Since  jdz  is,  by  hypothesis,  arbitrarily 

small,  ttS  +  Sj  ids  is  arbitrarily   small,  and  thus  the  limit  of  the  integral 
is  zero. 

An  important  deduction  from  the  general  theorem  is  that 


»■?./; 


:  Lac.  at.,  p.  651. 
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provided  the  function  F(z)  is  such  that 

has  a  definite  finite  value.      This  theorem  has  already  been  established  in 
§  457. 

For,  we  may  write  the  sum 

in  the  form 


now  if  [^(s)^!  is  intograble  in  the  interval  (0,  e),  each  of  the  sums  in  this 
last  expression  converges  uniformly,  us  in  is  increased  indefinitely,  to  the  value 

■■■!■(«) 


II    .^ 


and   hence  the   limit-  converges   uniformly,   for  every  value   of  z  in   (0,   ir), 
to  zero. 

Since  F(z)  is  an  mtegrable   function,  we  know  that 

where  ea>e,  >0,  has  a  definite  finite  value,  hence  it   is  immaterial  what 
positive  value  less  than  \ir,  e   may  have  in 

The  thoorooi  last  proved  may  be  used  to  shew  that  the  two  conditions 


lira,    ffl.)™*^, 


are  equivalent  to  one  another. 

We    have 


('  tk  /  \  sin  iw*  ,        fp  „  /  ,  sin  raz   T         f*  _ .  ,        ,  ,  ,  sin  me  , 


.Google 


[OH.  VII 

where  ${z)  denotes  -fl -. —  J;    which  for  a  sufficiently  small  value  of 

z  |  is  expansible  in  a  convergent  series  of  ascending'  powers  of  z.     Sinee 
timmF(«)^(j)-0, 

and  F(z)  </>(j)  is  an  inlegrable  function,  we  see,  by  the  last  theorem,  that 

lim  />(*)•*  «<)™i=», 
therefore 

lim  P  J*(«)  ^^  ds  =  Hm  T  F (s) S-^^  dz. 

It  has  thus  been  shewn  that  any  condition  which  is  sufficient  to  ensure  that 

I'  F{s)^^dz 

has  the  limit  zero  is  also  sufficient  to  ensure  that 

['  „.  ,  shims  , 
I    F(z)   -. dz 

has  the  limit  zero.     This  has  already  been  established   in  ij  +o9  (4),  in  a  less 

restricted  class  of  cases, 

464.      If  e  and  %  (m)  are  such  that 

n-i(-if,^m\ 

is  less  than  a  fixed  positive  number  N,  for  every  value  of  m,  it  can  be  shewn 
that 

lim   [°F(z)^^dm  =  0. 

For,  by  a  known  arithmetical  theorem  due  to  Abel,  we  have 


v    -_  ;  U    1  (-1)* 


where  2p  is  determined  by  the  condition  0  <  — %  (m)  S  — . 

Let  my  (to)  have  the  fixed  positive  integral  value  2n—l;  then  p  =  n,  and 

N 
thus  the  absolute  value  of  the  above  sum  is  less  than   -        — ,  which  may- 
be made  arbitrarily  small,  for  0  <  z  <  e,  by  choosing  n  large  enough ;   and 
thus  the  theorem  is  established. 

If  the  interval  (0,  e)  can  be  chosen,  such  that,  in  this  interval,  F(z)  is 
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monotone,  the  condition  is  satisfied     Suppose    h\z)  does  not  diminish  s 
increases  from  0  to  e,  then  all  (.lie  terms  in  the  sum 


TM^HC-^)! 


arc  negative  or  zero,  and  the  numerical  value,  of  the  sum  is  less  than  |  F(e)\; 
and  thus  the  condition  is  satisfied.  This  is  the  case  which  was  considered  by 
Dirichlet,  and  has  been  otherwise  investigated  in  §  446.     Again 


'('-^-'('-^1 


is,  for  all  the  values  of  z,  not  grantor  than  the  fluctuation  of  the  function  F(s) 
in  the  interval 

/2m     2i  +  %ir\ 

hence  the  condition  for  the  vanishing  of  the  limit  is  satisfied  if  the  total 
fluctuation  of  F  (z)  in  the  interval  (0,  e)  is  less  than  a  fixed  finite  number. 
This  is  the  case  which  was  considered  by  Jordan,  and  was  given  in  §  446. 
The  special  conditions  obtained  in  §457  and  §461,  due  to  Dini  and  Lipschitz, 
may  also  be  deduced  from  the  general  theorem  of  §462. 

THE   NON-CONVERGENCE   OF   FOURIER'S  SERIES. 

465.  Various  sufficient  conditions  for  the  convergence  of  the  Fourier's 
series,  corresponding  to  a  given  function  f(x),  have  now  been  investigated. 
The  continuity  of  /(a:)  at  a  particular  point  a>  is  neither  necessary  nor 
sufficient  to  ensure  that  the  Fourier's  series,  corresponding  to  f(x),  converges 
at  the  point  x;  it  being  assumed  that  the  function  f(x)  is  such  that  the 
Fourier's  series  exists.  Du  Eois  Reymond*  gave  the  first  example  of  a 
Fourier's  series,  corresponding  to  a  continuous  function,  which  fails  to 
converge  at  points  of  a  certain  everywhere-dense  set. 

It  is  not  definitely  known  whether  a  Fourier's  series,  corresponding  to  a 
continuous  function,  can  be  such  that  the  series  fails  to  converge  at  every 
point  of  an  interval.  It  has  however  been  proved  x  by  Fatou,  that,  in  case  the 
coefficients  of  the  series  be  such  that  lim  na„  —  0,  lim  nbn  =  0,  the  series  is 
convergent  at  a  set  of  points  of  which  the  measure  is  equal  to  that  of  the 
whole  interval  (—  ir,  -it). 

An  example,  due  to  Schwarzj,  will  be  here  given,  of  a  function  which  is 
everywhere  continuous,  but  for  which  the  Fourier's  series  fails  to  converge  at 

*  AbhntxUmiijai  <W  bay.rischr.n  Akadr.inin,  vol.  xn,  Abthg.  2. 

t  Acta  Math.  vol.  xxx,  p.  379. 

J  See  the  history  of  the  theory  of  Fourier's  series,  by  Kaclis.  Hi-hliim-ikh'a  Zeitachi:  Supplement, 
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a  certain  point.  It  will  here  be  shewn*  that  the  series  is,  at  that  point,  in 
reality,  oscillatory.  It  will  then  be  shewn  that  the  function  may  be  employed 
to  construct  another  continuous  function,  for  which  the  Fourier's  series  fails 
to  converge  at  each  point  of  an  everywhere- dense  set. 

Let  the  product  1 .3.5  ...  (2X4-  1)  be  denoted  by  [2\  +  I],  and  let  the  func- 
tion 0  (s)  be  denned  for  the  interval  (0,  a),  where  0  <  a  ^  \ir,  in  the  following 
manner : — In  the  interval  (tt/[X  -  1],  7r/[X]),  let  $  (z)  =  cK  sin  [X]#,  where  cA  is 
a  constant,  depending  upon  the  value  of  X:  let  X  have  all  values  Xlf  Xi  +  1, 
Xt  +  2,  ..-,  where  X,  is  a  fixed  integer,  and  we  may  .suppose  a  so  chosen  that 
a  =  ir/[X,  —  1] ;  also  let  ip  (0)  =  0.  If  the  sequence  cv  c^+i,  0^+s,  ...  be  so 
chosen  that  it  converges  to  the  limit  zero,  the  function  <j>  {z)  is  continuous  at 
the  point  s  =  0,  but  it  has  an  indefinitely  great  number  of  oscillations  in  an 
arbitrarily  small  neighbourhood  of  that  point.  If  the  constants  C\  satisfy  the 
further  condition,  that  c*  log(2X  +  1)  becomes  indefinitely  great,  as  X  is 
indefinitely  increased,  it  will  be  shewn  that  the  integral 

will  increase  indefinitely,  as  n  has  successively  the  values  of  integers  in 
a  certain  sequence.  Thus  the  Fourier's  scries,  corresponding  to  the  con- 
tinuous function  defined  by  /(«)  =  0,  for  -  ir  ^  x  ^  0,  and  f(x)  =  <f>-tya>),  for 
0  £  x  S  2a,   and  f(x)  =  0,  for  2a&ic^ir,  does  not  converge  at  the  point 


Let  2m  +  1  =  1 . 3 

.5... 

(2,1+1)- 

:  M ;  thoi 

f>"*w: 

"-w*i 

y  be  written  in  the 

form 

(■*-»», 

|-W 

-di+'l 

c,. 

J*M 

z 

v  I""*-11  ain[r]j:am[>i,]g  ^ 

'  J  ir/[r]  « 

+  I  c,.  f "*  _,]  gigMiMMf  ^, 

The  first  integral  may  be  written  in  the  form 

p-U-e-SH,^ 
which  is  equivalent  to 

i^lqg(ty  +  l)-i<V^r     coa2[>"|sds, 

where  /3  is  some  number  between  7r/[^]  and  tt/[^  - 1]. 

*  See  Hubson,  "The  fnikire  of  convcrgeuuc  of  Fourier's  series,"  Prtte.  Land.  Math.  Soc, 
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Now  let  C,*  log  (2/a +■  1)  increase  indefinitely  with  ft.     This  is  consistent 
with  c,,  having  the  limit  zero;  for  we  have  only  to  take 

where  s  is  some  fixed  positive  number,  leas  than  unity. 

Since  c„  —-  cos  2  [  y.  \  z  d-z 

is  numerically  not  greater  than  cJtt,  we  sec  that,  with  the  supposition  made 
as  to  c„,  the  expression 

becomes  indefinitely  great,  as  /a  is  increased  indefinitely. 

M-i        fir/Ci — 11  sin  M  z  ein  Ti/.l  z 
To  evaluate  2  cj  !^lLl£^J>]^ 

we  sec,  by  writing  sin  [r]  z  .  sin  [V]  *  as  half  the  difference  of  two  cosines,  and 


applying  the  second  mean  value  theorem  to  each  integral,  that  the  absolute 
value  of  the  expression  is  less  than 


■i'.Ml     '      i      L_l 


■  than      S    - 


M 


r  \f.  -  1]  \2p  +  1  -  M/O  -1]T!,  +  1  +  [r]/|>  -  l]f  ' 
which  is  less  than 

^  s  J>]_  I  - 
«■    [>  - 1]  ■  f* ' 

and  this  is  less  than 

"*,  fi  ■  "  *     i L.       +    ! 

tt^I    T2/*-l'1"(2/*-l)(2/*-S)'1'1"]1 
Therefore  the  absolute  value  of  the  integral  is   less   than  2cj/w/* ;  and  this 
becomes  indefinitely  small,  as  /t  is  indefinitely  increased;  and  therefore  the 
limiting  value  of  the  expression  is  zero, 

Lastly,  we  have  to  consider  the  expression 

£     e    r-*r-"  an  H*  ma  [>]*,, 

Since  I  ™Mf  |  <  |>],  and  |  sin  [r]  « |  a  1, 

the  absolute  value  of  the  expression  is  less  than  7rc^+, ;  and  this  has  the  limit 
zero,  when  p,  is  indefinitely  increased. 

It  has  now  been  shewn  that 


-  dz. 


Jo  ~        J  ^ 
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increases  indefinitely  with  /a,  where  [/*]  =  1.3.6  ...  (2^  +  1),  provided  cA  has 
the  value  {log  (2\  +  l)]_s,  where  0  <  s  <  1. 

466.  We  proceed  to  consider  the  case  in  which  2»  +  1  =  (2p  +  1)  \ji  —  1], 
where  p  is  an  integer  which  varies  with  fJ-  in  such  a  manner  that  it  always 
lies  between  0  and  /j.. 

In  this  case,  as  before,  we  divide  the  integral 

J    $(*) x— J—dz 

into  three  parte 

e„  sin  [/*]  s *-*- ^- *-  dz 

J  .An]  * 

+  '£'  c,.  (*""  ■J°M"fa(»  +  i)l>-i]'J, 

ffr-Urin  [r]  gsin  (2p  +  !)[>-  1]  z^ 
I  2 

The  first  part  is  eqnal  to 

SJfi!  f        [00.  ([>- 1]  (S|.- %,)«]- 00.  (|>i-X](V  + %>  +  «)«)]*, 

where  /3  is  a  nnmbcr  between  tt/[/a]  and  7r/fj*  —  1] ;  and  this  expression  is 
less,  in  absolute  value,  than 

*M  f  i  .  _     L 1 

7T     1[> -  1] (2^  -2pr[>-l]  (2^  +  2^  +  2)}' 
or  than 

c„  Ji+_1/V  ,       1  +1/2/*     1 

7T  li-j»//i   i+i//»+p//*r 

If,  now,  p  increases  with  fj,  in  such  a  manner  that  jo//*  is  always  less  than 
some  fixed  number  which  is  less  than  unity,  then  this  expression  diminishes 
indefinitely,  as  /j.  is  indefinitely  increased.      It  would  also  be  sufficient  that 

p/p  =  l-K{\og(2fl+l)}-', 
where  s'<s,  and  c^=  [log(2/*  +  l)}-s;  the  positive  number  «  being  fixed. 

The  second  part  of  the  above  integral  is  less,  in  absolute  value,  than 

"i1  tH  ( ! . L_ 1 

„»,        7T       t(2p  +  1)  [^  ~  1]  -  H  +  (2J3  +  1)  [^  -  1]  +  [r]|  ■ 

or  than 


»    [e  - 1]  l%>  + 1  -  M/[c  - 1]    2p  + 1  +  M/O  -  i]J ' 

and  this  is  less  than 


V-l      (V-1X2C-3) 
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or  than  2ca,//w.  Therefore  the  expression  diminishes  indefinitely,  as  p  is 
indefinitely  increased. 

That  the  third,  part  of  the  above  integral  has  the  limit  zero  is  seen  from 
the  tact  that  its  absolute  value  is  less  than  c„+1  (2p  +  1)  [jtt  —  1]  ir/[/t],  or  than 
7rc^+1(2p  +  l)/(2M+l). 

It  has  now  been  proved  that 

has  the  limit  zero,  if  2w  4- 1  increases  indefinitely  through  a  sequence  of 
the  form 

rjh-iKJft+i),   0,-11(2^+1),   fc-iKSft+i*... 

where  fa,  t*%,  &,  ...  is  an  increasing  sequence  of  integers,  and  p»,  p,,  £»,  ... 
are  such  that  #//*  &  1  —  *  {log  (2p  +  1)]~8',  where  s'<s. 

It  has  now  been  shewn  that  the  limit  of  the  sum  of  the  Fourier's  series 
oscillates;  the  limit  being  infinite,  or  zero,  according  as  one  or  other  of  two 
particular  sequences  of  values  of  n  is  chosen. 

467.  In  order  to  construes  a.  continuous  function  which  is  such  that  the 
corresponding  Fourier's  series  fails  to  converge  at  all  the  points  of  an  every- 
where-dense set,  we  take  the  following  definition  off  (a) : — 

If  —  7r  =  x  3  f,  where  %  is  a  fixed  point  in  the  interval  (—  it,  if),  let 
/(«)  =  0;  if  OZai-gS  2a,  let  /(»)=  4>(^*)>  wnere  £(*)  is  the  function 
that  has  been  already  discussed.     In  case  f  +  2a  <  tt,  we  take  /(«)  =  0,  for 

The  limit  of 


If"     ffT/>n£(2rc  +  l)(V- 


sin  J  (a/  - 
at  the  point  f,  depends  upon  that  of 

sin(2w  +  l) 


It  has  been  shewn  that  this  limit  is  zero,  or  is  indefinitely  great,  according 
as  In  + 1  increases  indefinitely  through  one  or  other  of  two  sequences. 
It  follows  that  the  Fourier's  series  for  f(x)  does  not  converge  at  the  point  f. 
Let  the  function fix)  be  now  denoted  by  yjr(x,  |);  and  let  J,,  £a,  ...  £>, ... 
be  an  enumerable  set  of  values  of  £,  everywhere-dense  in  the  interval  (—  it,  if). 
Let  us  consider  the  function 

F(x)  =  c,^(x,td  +  cf(x,  £)+■■■  +  *+(*  &)+■». 
where  d,^,...  Cr, ...  are  numbers  so  chosen  that  the  series  e, +  Cj+  ...  +  cr+  ... 
is  absolutely  convergent. 
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Since  the  upper  limits  of  all  of  the  functions  j  -^(.t,  f)  |  have  one  arid  the 
same  finite  value,  it  follows  that  the  sei'ies  which  defines  F{x)  is  uniformly 
convergent  in  the  interval  {— tt,  7t);  and  thus  that  the  function  F(x)  is 
continuous. 


The 


i:-xpiv**um 


2^J. 


BinHan+l)^- 


sin  \  (2n  +  1)  (stf  -  x)  , 


is  accordingly  equal  to  the  ; 

which  may  be  written  in  the  form 

We  have  lim  ^  (x,  n)  =  -ty  (x,  J,),  unless  x  =  f, ;  at  which  point  the  limit 

may  be  either  0  or  oc  ,  according  to  the  mode  in  which  n  is  indefinitely  in- 
creased, or  may  have  other  values  between  0  and  <x> .  A  similar  statement 
holds  as  regards  lim  ^2  (x,  n)  at  the  point  £9 ;  and  generally  lim  %r  (x,  n)  is 

i|p,.  (as,  %r),  unless  ce  =  fr,  in  which  case  the  limit  depends  upon  the  mode  in 
which  n  becomes  infinite. 

At  the  point  fr,  the  term  CrX,(w,  n)  has  its  limit  indefinitely  great, 
provided  n  is  indefinitely  increased  in  a  proper  manner;  but  it  might  happen 
that  the  limit  of 

is  also  infinite,  although  each  term  has  a  finite  limit.  In  that  case  the  limit 
of  the  whole  expression  for  the  sum  of  the  series  might  be  finite,  or  zero,  in 
whatever  manner  n  were  made  to  become  indefinitely  great.  If  this  happened 
for  a  particular  sot  of  values  of  c„  <%,  ...  c,,  ...,  it  would  no  longer  happen  if 

these  luuriber.s  were  replaced  by 

where  eu  &,,  ea,  ...  is  a  properly  chosen  sequence  of  diminishing  positive 
numbers.     For,  if 

°rXr  <&.  »)  +  {<V+lXr+l  (I*.  »)  +  Cr+sXr+1  (fr,  »)+•'•■! 

had  a  finite  limit,  when  n  is  indefinitely  increased,  being  dependent  on  the 
form    cc  —  co  ,  the  expression 

0,4  ...  MrXrvlr.  »)  +  e,«a  •■■  <Wt  {Cr+iXr+i  (I*.  »)  +  C>H*«r+sXr+s  (In  «)+■■-] 

would  also  have  a  finite  limit,  or  become  zero,  only  in  case 

<Wl%r+.  (I.-,  «■)  +  Cr^er+iXr+»  (lr.  ™)  +  — 
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had  unity  as  its  limit,  when  n  is  indefinitely  increased.  But  this  limit  can 
be  altered  by  changing  er.M  without  altering  e,.+2,  e,.+3,  ...;  and  thus  er+l  can 
certainly  be  so  chosen  that  this  expression  does  not  converge  to  unity,  when 
n  is  indefinitely  increased. 

It  has  therefore  been  shewn  that,  by  altering  the  numbers  t\,  cB,  c3,  ...  in 
a  suitable  manner,  the  infinite  limit  of  <V\>{tr.  "•)  will  no  longer  be  removed 
by  means  of  an  in  i. in  it  c  limit  of  the  sum 

Cr+.Xr+l  (&,  «)  +  Cr+iXr+*{%r,  n)+  .... 

It  has  thus  been-  shewn  that  it  is  possible  so  to  choose  the  numbers 
Cj,  c2,  cs,...,  that  the  continuous  function  F(.s)-Sc,|(s;,  f,.)  is  such  that 
its  Fourier's   aerias  failx   tu  corrve'/r/e  at  ea-ch   -/mint   of    Ike   everywhere-dense 

•*  tf„). 

THE    SERIES    OF    ARITHMETIC    MEANS    RELATED    TO    FOURIER'S    SERIES. 

468.  It  has  recently  boon  shown*  that,  a  divergent  series  may  be  utilized 
in  various  ways  for  the  representation  of  a  function,  and  consequently  for  the 
calculation  of  approximate  values  of  the  function.  The  simplest  of  these 
methods  is  that  due  to  Cesaro,  of  taking  the  arithmetic  means  of  the  partial 
sums  of  the  series. 

If  s„  be  the  «th  partial  sum  of  the  convergent  scries  of  numbers 

%  +  Oj  +  .  - .  +  On  +  ■  ■  ■ . 

and  Sn  denote  the  arithmetic  mean  -  (s,  +  sa  +  . . .  4-  s„),  then  Sn  converges  to 

the  sum  of  the  given  convergent  series  ;   or  lira  S„  =  lim  s„  =  s.     To  prove 

this  theorem,  let  e  be  an  arbitrarily  chosen  positive  number,  and  let  r  be  an 
integer  such  that  \s  -  sr+1  \,\s  —  sr+a\, ...  arc  all  less  than  e.  We  have  now, 
if  n  >  r, 


4-.-fc  +  »+...+^±+pz-ap^._.j1 

and  keeping  r  fixed,™  may  be  so  chosen  that  (A'1  +  sa+  ...  +  sr)-  is  numerically 

less  than  e ;    also  the  second  term  in  the  expression  for  8n  —  s  is  equal  to 

s  +  y,  where  jij  |  <  e,  and  by  taking  n  sufficiently  great,  this  is  numerically 

less  than  2e.     It  follows  that  j  S„  -  s  \  <  3e,  from  and  after  some  fixed  value 
of  n.     Therefore,  since  e  is  arbitrary,  we  have  lim  8„  —  s. 

"  For  ac  account  of  these  methods,  sec;  Tlorel's  Leami,  ?vr  let  -icrins  divergent®). 


,GoosIe 


708  Trigonometrical  series  [on.  vn 

It  may  however  happen  that,  when  the  series  "£a,t  is  not  convergent,  Sn 
still  converges  to  a  definite  number  2 ;  this  number  2  may  then  be  regarded 
as  the  sum  of  the  divergent  series,  in  an  extended  sense  of  the  term  "  sum." 
For  example,  in  the  case  of  the  oscillating  series  1  —  1  +  1  —  1  +  ...,  Sn 
converges  to  zero,  which  may  therefore  be  regarded,  in  the  new  sense,  as 
the  sum  of  the  series. 

If,  however,  £«.„  diverges  to  00 ,  or  to  —  <x> ,  and  is  not  oscillatory,  8n  must 

also  diverge.     For  Sn+m  >  — '■-■'■' -  + JV,  if  n  can  be  so  fixed  that 

0  T  n  +  m  m  +  n 

sn+1,  s,,+s, ...  all  exceed  the  positive  number  JV.     Therefore  lim  Sn+m  =  JV ; 

and  since  JVmay  be  taken  arbitrarily  great,  if  £<?.„  diverges  to  +  «  ,it  follows 
that  lim  fi„  =  +  00  . 

From  the  point  of  view  of  the  theory  of  sets  of  points,  it  may  happen 
that  the  points  Plt  Pa,  ...P„, ...  which  represent  s„  b2,  ...sn,  ...  do  not 
converge  to  a  single  limiting  point,  bill,  that  the  set  of  points  P,,  P2,...  P„, ..., 
where  P„  is  the  ccntroid  of  the  points  P,,  Pa, ...  P„,  has  a  single  limiting 
point  P,  which  represents  the  number  2. 

In  the  case  of  a  series  ut(x) +  u^(x)+  ... +ua(x)+  ...  involving  a 
variable  x  with  a  given  domain,  it  may  happen  that  the  series  fails  to 
converge  for  some,  or  all,  of  the  values  of  x,  but  that  the  function  S(x),  of 
which  the  value  for  each  value  of  x  is  the  sum  of  the  series,  in  the  extended 
sense,  has  a  definite  value  in  the  whole  domain  of  x. 

469.  This  method  of  summation  has  been  applied  by  Fejer*  to  the  case  of 
Fourier's  series.  It  can  be  shewn  that,  in  a  large  class  of  cases,  the  Fourier's 
series  corresponding  to  a  function  f(x),  when  summed  by  the  method 
of   arithmetic    means,   converges   to   the   value   5  lim  \f(x  +  h)+/(x  —  h)}, 

when  this  expression  has  a  definite  meaning ;  no  assumption  being  made  as 
to  the  convergence  of  the  Fourier's  series  when  summed  in  the  ordinary 
manner. 

Since    8»  (•)  =  ^/"/K)  &  +  VjiS-J^  °0S  S  {X  ~  'J)  dX'' 

we  have        SK  («)  =  1 1^  |i-  +  "|  ~~  cos  s  (0  -  a')}  /GO  <M  \ 

from  which  it  is  easily  found  that 

„    .  ,         If    (sin  Am  (*'-«)] a  ,,  ,.    ,  , 
w      2nnrJ-n{  sin|(it!'-ie)  j  J  v    ' 

*  M.iith.  An  mi  leu,  vol.  lviii  ;  also  Camplr.*  lteml.ii.-',  for  Du^umLur  1900,  and  for  April  1902. 
Fejer  considered  only  the  ease  in  which  L-ho  function  has  a  Riemann  integral.     Lebesgue  extended 

the  result  to  the  :v.mi:  -ic-acral  uan:  ;   :;cii  Lhc  Ltxons  atir  It-.s  serus  di:  Fouriin;  p.  94, 
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Writing  x'  ~  x  +  1z,  and  remembering  that  /(*■')  is  defined  as  a  periodic 
function,  for  values  of  x'  not  necessarily  in  the  interval  (—  w,  tt),  we  have 

Tt  is  easily  seen  that 
thorofbrc  we  have 

s.  (.)  -  i  ii_m  y  (.  +  *)  +/(«  -  *)] = i  J*  g^)'  r(.)  <u. 

where  F(s)  denotes 

f(w  +  2s)  +/(«  -  If)  -  lim  (/(»  +  k)  +/(«  -  A)} , 

and  it  is  assumed  that  ;c  is  a  point  at  which  lim  {f(x  +  h)  +/  (x  —  h)}  has  a 
definite  finite  value. 

1    ff 


1    f  *" /sin  n«\£ 
The  expression  —       f— \F(z)dz 


will  be  first  examined,  in  order  to  find  whether  it  tends  to  a  definite  limit,  ; 
n  is  indefinitely  increased.     The  number  a  is  fixed,  and  such  that  0  <  a  £  \i 
We  have 

1     T*17     1      n/  ,  ,  1    C^cosSn*  . 


1    f*T  /sin  n*\s  1     (i*     1     _,.,  1    I"*"  cos  2?is  „ ,  .    , 

—  -.-  f  (s)  (iz  =  :::-  -  — -  i  U)^--0--|        — ^-     F(z)dz; 

zmrja    sm2^      s  ' 


and  ' 


is  less,  in  absolute  value,  than 

5     -  ,       I  r(»)  I  d*, 

2mr  sm"  a  J  0    '     s  ' ' 
or  than    w^,,.  [/"_  l/W    <*«  +  i»  I  1™  f/(«  +  *)+/(«  -  *)}  l]  . 

It  follows  that,  at  any  point  x,  at  which  lim  {/(«  +  A)  4  /(a?  —  A)j  is  definite, 
n  can  be  so  chosen  that 


5^(*"-4-J,(f)(if|<* 

2«7rJ„   sin2s  I 


It  also  follows  that,  in  any  interval  of  x,  contained  in  another  interval  in 
which  f(x)  is  limited,  and  such  that  lim  {/(.%■  +  A)  +f(&  —  h)}  has  everywhere 

a  definite  value,  this  inequality  is  satisfied  for  all  values  of  x  in  the  interval, 
provided  n  has  a  sufficiently  great  value,  independent  of  a:.     Again  since 
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cosec2^  has  limited  total  fluctuation  in  the  interval  (a,  |tt),  it  follows  from 
the  theorem  in  §  458,  that 

ja      Bin's   J  K    ~      ' 
converges  io  zero,  uniformly  for  all  values  of  x.     It  is  thus  seen  that 

1      [&  COS  2K2  „  ,    ,    , 

2n7rJD      sinas       v  ' 
converges  to  zero,  at  any  point  at  which  lim  {/(#  +  h)  +/(%  —  h)\  exists  and 

is  finite ;  and  that  the  convergence  is  uniform  in  an  interval  contained  in 
another  interval  in  which  f(x)  is  limited,  and  in  which  the  limit  is  everywhere 
definite.     The  following  theorem  has  now  been  established: — 

If  f(x)  be  either  Ivmited.  or  unlimited,  but  possess  a   I.ebesgtie  integral  in 
the  vnterval  (—  it,  tt),  then  —  I      f-.--  ■]  F(/)ds,  where  0<a<  ±w,  converges 
to  zero,  us  n  is  indefinitely  increased,  id  any  point  x  at  which 
Um{f(z  +  h)+f(x-h)} 

has  a  definite  fmite  value.      The  convergence  is  uniform,  in  any  interval  (a,  b), 

in  which  f '(.-/;)  is  limited-:  it  being  assumed  that  lim  if  (iv  -\-  h)  +  f  (,v  —  h)]  has 

definite  values  everywhere  in  (a-,  b),  including  tJ/e  end-points  a  and  b. 
We  now  have  to  investigate  the   limiting  value  of 

mrJo    \amz/ 
which  may  be  expressed  as 

mrJn  '\sinej  mrJ„./(2„+1)         '  \smz  J 

mrja  '\smzj 

where  w/(2»  +  1)  <  a  <  ^tr. 

The  first  part  of  this  expression  is  numerically  less  than 

or  than  ---    ■-■  x  the  upper  limit  of  | F(z)\  in  the  interval  (0,  1.     it 

a  point  m  at  which  lira  \f(x  +  h)  +f(x  —  h))  is  finite  and  definite,  n  may  be 

chosen  so  great  that  the  upper  limit  of  |  F(z)  j  in  1 0,  « — — r  I  is  less  than  the 
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positive  arbitrarily  chosen  number  e.     Moreover,  in  virtue  of  the  theorem 
established  in  §  185,  in  any  interval  (a,  b),  in  which  f(x)  is  limited,  and  in 

which  lim  [fix  +  h)+f(x  —  h)}  has  everywhere  definite  values,  including  the 

h=a 
ends  of  the  intervals,  n  may  be  so  chosen  that  the  upper  limit  of  |.F(*)|  in 

f  0,  5 )  is  less  than  e,  for  that  value,  and  for  all  greater  values,  of  n,  and 

for  all  values  of  x  in  the  interval.     Therefore  n,  can  be  determined,  such  that 

/sin  nzX1 


|i-£*+'VW(5?J2 


dz<e 


for  n  =  ji,,  and  for  all  values  of  x  in  an  interval  in  which  the  specified 
conditions  are  satisfied. 

The  second  part  of   the  expression  is  numerically  less  than 

or    than   —  F  I  —  (is,   which  is  less  than  W1;   where  J*  is  the  upper 

limit  of  \F(z) |  in  the  interval  (0,  a).  Now,  for  any  value  of  x,  at  which 
lim  \f(x  +  h)  +f(x-h))  has  a  finite  value,  a  may  be  so  chosen  that  \F<  e  ; 

also  one  and  the  same  value  of  a  will  satisfy  this  condition,  for  all  values  of  a; 
in  an  interval  in  which  lim  [f(%  4-  h)  +f(x  —  h)\  everywhere  exists,  including 

the  end-points,  and  in  which  f(x)  is  limited. 

The  number  a  having  been  so  fixed,  and  %  then  fixed  as  above, .and  such 

that  ~ <  a,  «„  can  he  determined  so  that 

2n,  + 1 

|j-pw™yi|<,, 

|  mr  j  „  \  sin  s  J 

for  n  £  n.t,  and  for  all  values  of  x  in  the  specified  interval. 

If  n  bo  the  greater  of  the  two  integers  nu  n2,  we  now  have 
I  1    f*" /sin nzY  „,  .   ,   I      „ 
IjmtJo    \%vaz  /  \ 

for  n  S  n,  at  a  point  a:  at  which  lim  \f(x  +  h)  +f(x  -  h)}  has  a  definite  finite 

value.  Moreover  n  will,  if  properly  chosen,  suffice  for  all  points  x,  in  an 
interval  in  which  f(x)  is  limited,  and  in  which  lim  \f(x  +  h)  +f(x  —  h)}  has 
everywhere  a  definite  finite  value,  including  the  end-points  of  the  interval. 

The  following  theorem  has  now  been  established : — ■ 

If  f{x)  he  any  function,  limited  or  unlimited  m  (-  tt,  it),  which  has  a 
Lebesgue  integral,  and  therefore  a  corresponding  Fourier's  .series,  the  function 
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Sn(x),  which  is  the  arithmetic  'mean  of  the  first  n  terms  of  the  Fourier's  series, 
converges  to  $lim  [f(x  +  h)  +f(x  -  k)}  at  any  point  x,  at  which  this  limit  has 

a  definite  finite  value,  as  n  is  indmniiely  increased.  Moreorer,  the  convergence 
is  uniform  in  any  interval  (a,  b)  in  which  f(x)  is  limited,  and  in  which 
lim\f(x  +  k)-rf(x  —  h)}    has    everywhere,  including    a  and  b,  definite  finite 


In  particular,  />".„  (■<■)  converges  to  f(x)  at  any  point  of  cadi/,  nity  of  f(x)  ; 
amd  it  converges  tu  ffi:)  uniformly  in  any  interval  in  which  f{x)  is  continuous, 
the  continuity  existing  at  the  end-points,  on  both  sides  of  those  points. 

No  assumption  lias  been  made  as  regards  the  convergence  of  the  Fourier's 
series  when  summed  in  accordance  with  the  ordinary  method. 

470.  Let  the  upper  and  the  lower  limits  of  indeterminacy  of  &(m),  for  a 
Fourier's  series  at  a  point  x,  be  denoted  by  s(x)  and  six);  either  of  these 
may  have  one  of  the  improper  values  +  co  ,  or  —  oo .  It  is  easily  seen  that 
the  points  s,(x),  ss(x),  ...&*(%)..,  must  be  every  where- dense  in  the  interval 
(s(x),  s(x));  in  fact  this  holds  for  any  series  for  which  the  limit  of  the  rath 
term  is  zero,  as  n  is  indefinitely  increased.  For,  if  e  be  positive,  and  arbitrarily 
small,  n  may  be  so  chosen  that  |  sn  (x)  —  8nH  («)  | ,  j  Sn+1  (x)  —  sn+a  (x)  \ ,  , . ,  are 
all  <  e ;  therefore  in  the  interval  (*■  (.«),  s  (&>)),  there  exists  no  sub-interval  of 
length  e  which  contains  no  points  of  [«„(«)].  Since  e  is  arbitrarily  small,  it 
follows  that  the  points  .%,  (&■)  arc  every  who  re-dense  in  the  interval  (s  (x),  s  (x)). 

There  can  only  be  a  finite  number  of  values  of  n,  for  which  «„(#)  does 
not  lie  in  the  interval  (s  (x)  -  e,  s  (x)  +  e) ;  let  this  number  of  values  be  r, 
and  let  the  sum  of  the  corresponding  values  of  s„  (a;)  be  2.     We  have  then 

et(.)-i^-i{i,  (.)+*(«)  +  . ..+fc(.)i-iH 

if  n  be  taken  sufficiently  great.  Therefore,  from  and  after  some  fixed  value 
of  n,  Sn(x)  is  less  than  s(x)  +  2e.  Similarly,  it  can  be  shewn  that  Su(x)  is 
greater  than  a  (x)  —  2e,  from  and  after  some  fixed  value  of  n.  Since  e  is 
arbitrary,  it  follows  that,  when  SB(x)  converges  to  a  definite  number  S(x), 
as  n  is  indefinitely  increased,  iS*(V)  lies  in  the  interval  (s(x),  s(:>:)). 
From  this  result  the  following  theorem  now  follows: — 
If  f{x)  be  summahle  in  (—  w,  -rr),  then,  at  any  point  x  at  which 
Urn  {f(x  +  h)  +f(x  —  h)]  has  a  definite  finite  value,  (he  upper  and  lower  limits 
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of  indeterminacy  of  the  sum  of  the  Fourier's  series,  corresponding  to  f(x), 
form  a  limited,  or  an  unt-i-u died,  interval  -which  contains  the  number 
§lim{f(x  +  h)+f(x~h)}  to  -which,  ike   arithmetic  'mean  Sn{x)   of  the  first 

n  partial  sums  of  the  series  converges,  In  particular,  at  a  point  of  continuity 
of  the  function,  f(os)  is  in  the  interna!-  of  which  the  ends  are  the  limits  of 

i  of  the  series  at  the  point  x. 


It  follows,  as  a  particular  case  of  this  theorem,  that,  at  a  point  x  at  which 
the  Fourier's  series  converges,  and  at  which  \lim[f(x  +  h)+f{x~h))  exists 

as  a  finite  number,  the  Fourier's  series  converges  to  that  number.  In  particular, 
at  a  point  of  continvilu  of  /(''■)>  if  the  series  converges,  then  it  'must  converge 
to  the  value  f(x). 

It  has  been  shewn  above  that,  for  a  point  x,  the  numbers  s,{x),  s2(x), ... 
Sn  (#)...  are  everywhere-dense  in  the  limited,  or  unlimited,  interval  («(&■),  s (x)), 
of  indeterminacy  of  the  sum  of  the  series.  It  follows  that,  if  f  be  any  chosen 
point  in  this  interval,  a  sequence  snfx),  sni(x),...  sthr(x) ...  can  be  determined, 
which  converges  to  the  number  f.  At  a  point  a;,  at  which  \Sn(x)}  converges, 
we  may  take  £  to  coincide  with  the  value  to  which  the  sequence  converges; 
and  we  thus  obtain  the  following  theorem  : — 

At  a  point  x,  at  which  lim  \f(x  +  h)  +f(x  -  h)}  has  a  definite  finite  value, 

the  Fourier's  series  corresponding  hi  /'(■■*)  co.-u  be  replaced.,  by  bracketing  the 
terms  of  the  series  in  a.  suitable  maun.er,  and  oiu.algani.aiing  the  terms  in  each 
bracket,  by  a  convergent  scries  of  which,  the  sum,  is  \ lim  {fix  +  h)  +f(x  —  h)}. 

In  particular,  at  a  point  of  continuity  of  f(x).  a,  suitable  sequence  of  partial 
sums  of  the  Fourier's  series  converges  to  the  value  f(®}- 

In  the  particular  case  of  a  function  f{x)  which  has  either  a  Riemann 
integral,  or  an  absolutely  convergent  Harnack  integral,  in  (—  it,  it),  the  set 
of  points  at  which  lim  {fix  -\-  h.)-\-f(x  —  h))  has  not  a  definite  value,  forms 

ft=U 

a  set  of  points  of  measure  zero.     It  therefore  follows*  that,  for  such  a  function, 

the  set  of  points  at  which  it  is  impossible,  by  bracketing  the  terms  of  the  seizes 
suitably,  to  convert  the  series  into  a  convergent  series  of  which  the  sum  is 
%lim{f(w  +  k)-rf(x  —  h)\,  has  the  -measure  zero.     The  requisite  system   of 

bracketing  is  in   general   dependent  upon  the  particular  point. 

471.     The    method    of    §  469   can    be    applied    to    the   case   in    which 

*  Sec  Hobson,  Proc.  Lond.  Math.  Son.,  ser.  2,  vol.  in,  p.  55.  whore  this  is  established  for  the 
case  of  a  limited  [unction.  Uy  a  different  method. 
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lim  [f(x  +  h)  +/(«  —  h)}    has  no  definite   value  at  the  point  x.     Let  Ft  (z) 
denote  f{x  +  2z)+f(x  —  %z)\  we  then  have 
"I     ft*/a.anz\* 

—1-f  f,  <,)  (ai^)'  * + i  fj-,  w  fe*y  *. 

jjttJo  Urns/  nirj«  \smW 

Now  a  can  be  so  chosen  that  J",  (z)  -  ,F^(+  0)  <  e,  and  ft  (a)  -  F,  (+  0)  >  e, 
for  all  values  of  s  sueli  that  0  <  a  S  a.     We  then  have 

—         — FL (z)  dz <  -  -  e  +  F1  (+  0)}        -.--)  da  +  —  .  —  )  dz. 

In  accordance  with  the  first  result  in  §  4  (>(■),  the  second  term  on  the  right- 
hand  side  converges  to  zero,  as  n  is  indefinitely  increased.     Also  the  first 

term  converges  to  i{e  +  #i(+0)},   since   -I     I— J  dz  =  \ir.    Hencewe 

have  lim  Sa(x)  =i  (e  +  ^*i  (+0)]i  aild,  since  e  is  arbitrarily  small,  we  have 

Tim  S„  (x)  S  ^Fj+Oj ;  and  in  a  similar  manner,  Hm  Sn  (w)  £  ^Ft  (+  0), 

It  therefore  appears  that  Inn  .S'„  (/i;),  lim  8„  (a),  both  lie  in  the  interval 


(^F1(+  0),  ^F(+  0)),  which  is  certainly  in  the  interval  of  which  the  ends  arc 

*(/(«  +  Q)  +/(* - °)1.  Hf¥+Q)  +7^0)1- 

If  Sn(x)  converge  at  the  point  #,  the  value  to  which  it  converges  must  lie  in 
the  interval  of  which  the  ends  are  these  two  numbers.  If  the  Fourier's  series 
converge  at  the  point  x,  it  necessarily  converges  to  the  same  value  to  which 
S„(w)  converges. 

We  have  therefore  the  following  theorem  :  — 

If  a  Fourier's  series  he  convergent  at  a  point  at  -which  /(/<■)  has  a  discon- 
tinuity of  the  second,  kind,  Us  sum,  at,  the  point,  lies  between  -^|/(ir+0)-|-/(ic— 0)} 
and  i  If  (a:  +  0)  +f(os  -  0)},  or  may  be  equal  to  one  of  these  numbers. 

If,  at  a  point  x,  the  Fourier  s  series  diverges  to  either  +  oo  ,  or  to  —  x,but 
does  not  oscillate,  then  Sn(w)  diverges  to  the  same  improper  limit.  The 
above  discussion  shews  that  this  can  only  happen  when  Ft(z)  has  its  upper 
limit,  or  its  lower  limit,  for  z  =  Q,  indefinitely  great. 

It  therefore  follows  that  the  Fourier's  series  can  only  diverge  to  +  go  ,  or 
to  —  oo  and  be  ii.on-osu.illatovv ,  (U  a  point  at  'which  the  function  has  an  infinite 
discontinuity. 

The  series  may  oscillate  between  infinite  limits  of  indeterminacy  at  a 
point  at  which  tho  functional  limits  are  all  finite. 

The  results  here  obtained  include  the  theorem  of  §  469,  as  the  special 
ease  which  arises  when  F1  (+  0)  =  F,  (+  0), 
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PROPERTIES    OF    THE   COEFFICIENTS    OF    FOURIER'S   SERIES. 

472.     The  coefficients 

a,>  =  —  i     f(x)  dx,  gs„=  -  J      f(x)  cos  nx  dx,   bn  =  -  I     f(x)  sin  nx  dx, 

which  occur  in  the  Fourier's  series  which  corresponds  to  a  function  f(x),  may 
be  termed  the  Fourier's  constants  related  to  the  function  f(x).  They  possess 
important  properties  which  may  be  regarded  a*  connected  with  a  general 
theory  of  the  Fourier's  constants  related  to  a  given  function  which  possesses 
a  Lebesgue  integral.  These  properties  are  independent  of  any  assumptions 
as  to  the  convergence  of  the  series;  and  thus  the  relation*  of  the  constants 
to  the  function  may  be  denoted  by 

f{x)  ~  \a„  +  («!  cos  x  +  b,  sin  x)+  ...  +  (fifo  cos  nx  +  bn  sin  nx)  +,... 

The  following  important  property  of  the  Fourier's  constants  will  be  here 
established,  for  the  case  of  a  limited  function  which  is  integrablef  in 
accordance  with  Eiemann's  definition : — 

*The  function  /'(,■'■)  being  limited-,  and  rutegralite  in  accordance  with 
Rtemann's  definition,  in  the  interval  (—  tt,  it),  the  series  \a,f  +  X  (a/  +  bf) 

converges  to  the  value  —  I  {f(x)}*dx;  where  as,  bs  denote  the  Fourier's 
constants  corresponding  to  f(x). 

The  function  £,,(/;)  denoting',  as  in  ^  469,  the  arithmetic  mean  of  the  first 
n  terms  of  the  series,  and  >S'i»  denoting  lim  .S*?,.0'')>  ifl  n;,f!  been  seen  in  §469, 
that  8(x)=f(x),  at  a  point  of  continuity  of /'(>;).  The  points  of  discontinuity 
of  f(x)  form  a  set  of  points  of  measure  zero.  At  one  of  these  points,  8(x) 
has  a  definite  value  if  lim  {f(x +  h) +f(x —  It)}  exists  at  the  point;  other- 
wise S (x)  may  be  indeterminate  between  finite  limit!)  of  indeterminacy,  the 
upper  one  of  which  does  not  exceed  ,',  \f  (■>.:■  +  0)  +/(;>;  —  ()')},  and  the  lower  one 
of  which  is  not  less  than  £  \f(x  +  0)  +f(x  —  0)}.  The  function  S  (x)  is  there- 
fore limited,  and  determinate,  except  ;i.t  points  of  a  set  of  zero  measure.  It 
|i.'llmv-;!j,  since 

(/M-SMF-Hm  (/(.)-«.(.))■, 

'*  fieri  Nuns'ilx,  '-I'tiili.  Aimateu,  vol.  T.VII,  lElO;J,  p.  i'ili,  wlu;ti:  '■li-1  tirmino'oii.y  was  introduced 
for  the  case  of  a  timet  inn  po^r-i-'  in;;  a  liiwnn-im  integral. 

t  The  theorem  liiis  bean  extended  by  Lebesgim  to  tlie  ease  of  functions  which  are  integrablc 
in  iii;eor<];L!iMs  '.vir.ii  'nis  definition.      K(X'  tin;  7><".iifH  no-  <V.*  .v'ro-.v  triiini.-miii'triqitns,  pp.  100,  101. 

J  See  de  la  Vjilleri-Poiissin,  Annates  de  hi  soc.  scUii.  lie  llrtixelles,  vol.  xvn,  p,  18.  Alao 
Hnnvilz,  Inc.  cit. 

%  This  involves  an  citcnsion  of  J,rl'i;s;;uc'j  tlii'ori  :i:  jjivi  n    in  sj  ;5Hl,  that,  if  s  (.r)  =  Iim  s„{x), 

where  a„(x)  is  limited  for  all  values  of  n  and  x,  then   I   j(a)da  =  lira  I    ^(ajda;,  to  the  ease  in 
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that  lim  T    {/(a;)-8n{a!)}'dx=j'_    |/(«) - S (a>)}> dx  =  0, 

Since  Sn  (w)  =  \  a,  +  "j"  ^^  (a,  cos  m  +  6.  sin  8k) ; 

we  find  that 

|*_  (/(«) - «.(.)1- <fc  - /*_  (/(«»•<!•-  »  (}«.'  +  I  ~  («,'  + 1/)} . 

We  then  have  also, 

=  I       /(*)  —  i«»—  2  (as  cos  sa  +  bs  sin  s»)    *&c  +  —  2  S*(a,*  +  V). 
Since  lim   /      {/(#)  —  iSn(^))s<^c  =  0,  we  see,  from  the  last  expression, 

that  lim  —  2  s2(a/  +  i/)  =  0;  and  therefore,  from  the  first  expression,  it 
follows  that 

|"_  {/<*)]•  4.-  ,  {in,-  +  S*  («/  +  V)} 

converges   to   zero,   as   n   is    indefinitely   increased.     Therefore    the   series 

1  [" 
jOi)a+  2  (Oj'  +  V)  converges  to  the  value  —  I      {/(#)j£<&c. 

From  this  theorem,  Hurwitz  has  deduced  the  following  more  general 
theorem  which  was  first  discovered  hy  Liapounoff*  and  by  de  la  Vallee- 
Poussin : — 

If  f(x),  tf)(x)  be  iwu  lit i died  itder/ntble  fuvctionfi,  thtm- 
|ra0w0'+  2  (ata,'  +  b,h,r) 

which,  although  s  (»)  Is  limited,  it  may  be  indeterminate;  at  j«>iiil»  in  {",  ii)  rmlonging  to  a  set  E 
of  measure  zero.  To  prove  this  extension,  let  2,,  (.p)  be  a  function  which  =*.,,  (:c)  at  every  point 
of  C  (.E),  and  =JT(5j  at  each  point  of  E.  Then  *fce)=]iniZ9l(*),  everywhere  in  (a,  6).  Since 
?■  (*)-'■(*)  iB  zer0>  except  at  the  points  of  a  set  oi  zero  measure,  it  follows  that  2n(x)  is 
summable,  since  sn  (a;)  is  so.     Therefore   I    s  (tc)  ri.r  =  Sim  |    S„  (.cj  rkc  =  lim  I    s„  (i:)  da: ;   and  since 

/    t  (»)&;  =  f  sj^jdx,  it  follows  that  /   a {#}<&:  =  lira  I   ».(;")<&■ 

*  Stekloff  states  in  the  Compos  llendas  for  Nov.  1.0,  J!H>a,  that  the  theorem  was  communicated 
by  Liapounoil'  to  the  Kharkov  Mstheniiuiciil  Society  in  1896.     The  theorem  was  also  obtained 

by  de  la  Vallee-t'oussin,  Annuls  tie  in  .««;.  ,«'(".  de  liraxeW:s,  vol.  xvn,  p.  18. 
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converges  absolutely  to  the  value  -  I  f(x)  <^{a:)dx;  where  a,,,  as,  bs  are  the 
Fourier's  constants  for  /(#),  and  aa',  a,',  b,'  those  for  </>  (as). 

That  the  theorem  holds  in  the  case  in  which  the  Fourier's  series  are 
uniformly  convergent  is  shewn  by  a  direct  formation  of  the  product,  and  has 
long  been  known. 

To  establish  the  result,  we  observe  that  the  two  series 

j  (a,  -  ^y + J(  to*.  -  <y + (*.  -  f>,7], 

are  absolutely  convergent,  and  have  for  their  sums 

I !'.. (/w + * wl*  *"'  1 II. !/w  _ + w|"  *"• 

respectively.     By  taking  the  difference  of  these  two  series,  the  result  follows 

at  once. 

This  result  maybe  applied  to  express  the  Fourier's  constants  <>(  f(sc)  <j>  (so), 
the  product  of  two  limited  integvable  junctions,  in  terms  of  the  Fourier's 
constants  for  the  two  functions  /(«),  <£  («). 

Thus,  if  /(*)'*' lao  +  2  (a„cosB.#  +  &,tsinna.'), 

0  (,r)  -v  1  a,'  +  2  (a„'  cos  M  +  &»'  sin  na), 

/(•)  0  («)  *  Jo,  +  J^  («„  cos  nx  +  ft,  sin  ne), 

we  have,  from  the  above  theorem, 

au  =  l([(,a„'+  £  (ara,!  -\-brb,'). 

Corresponding  to  the  function  tj>  (%)  cos  mx,  the,  Courier's  constant 

—  I      0(«)cosiw«cosra;(ic=  ^-(»'m+r  +  (s'm_,.); 

also  the  Fourier's  constant  for  the  function  f(z)  $  (:/:)  cos  ma;,  which  corre- 
sponds to  Oo  relative  to  f(z)  $  (te),  is  o,„.  We  thus  obtain  an  expression  for 
«m,  by  employing  the  two  functions  /(as),  <p  (■'')  cos  »«*',  and  applying  the  above 
theorem.     We  then  rind  that 

In  a  similar  manner,  it  can  be  proved  that 

8„=i«A»'+  i  |Jo,-(6'»„-S'._,)-ii,(<.'w-'>'~-J]- 
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THE   INTEGRATION   OF   FOURIER'S  SERIES. 

473.      If  _/*(#)  D0  any  summable  function  which  lias  a  Fourier's  series 

Ja0+  2  (a,  cos  nc  +  6,  sin  ra;), 

the  integral  I     /(«)  tfe  is  a  continuous  function,  with  limited  total  fluctuation 
in  (—  7T,  tt).     It  is  therefore  repre^entabli;  by  a  Fourier's  series 

^ aa'  +  2  (a,'  cos  rar  +  6/  sin  rx), 
which  is  uniformly  convergent  in  any  interval  in  the  interior  of  the  interval 
(—  7r,  tt).     Denoting  the  function  1     f(x)  dx  by  ij>  (as),  we  have 

-J   ^ (as) coa rxdx  =  -  U(«)?^l     _—J^/(«)tinMeto, 


whenever  the  function  /(■:;)  is  such  that  the  formula  of  integration  by  parts 
is  applicable.  This  has  been  shewn  in  §  394,  to  be  the  case  when  f(x)  is 
either  a  limited  summable  function,  or  also  when  it  is  integrable,  bub  has 
points  of  infinite  discontinuity  which  belong  to  a  reducible  set  of  points. 

In  a  similar  manner,  it  can  be  shown  that  br'  —  -  ar  — -a„  cos  rir.    There- 
fore the  function  cf>  (as)  =  I     /(as)  dx  is  represented  by  the  Fourier's  series 

£<V+  2  -  [— &r  cob  r«  +  (a,  —  o^  cos  wr)  sin  ™]. 

To  determine  aa',  we  observe  that,  at  the  poiut  as  =  —  7r,  the  sum  of  the  series 
musbbe^!^(-7r  +  0)-r-*(7r-0)},  or  £7ra0;  therefore 

\a4  —  2  —  coar7r  =  JwtZn. 

Also,  in  the  interior  of  the  interval  (—  ir,  tt),  we  have 

—  \x  =  2  -  cos  rir  sin  res. 

Therefore  <p  (:v)  is  represented,  in  the  interval  (—  tt,  7t),  by 

5«0  (tt  +  «)  +  2  -  [a,  sin  rx  +  br  (cos  r-rr  -  cos  rx)\, 

which  is  obtained  by  integrating  the  terms  of  the  Fourier's  series  corre- 
sponding to  /(as),  between  the  limits  —  tt,  x. 
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The  following  theorem  bas  been  established:— 

If  fix)  be  a  summable  function,  whwh.  if  n-iiUm-it-ed,  hcin  points  of  infinite 
discontinuity  belonijing  only  L>  a  reducible  set  of  ■points,  then  I  f(x)dx,  where 
-  it  &  a  <  /3  S  tt,  is  represented  by  the,  convergent  series  obtained,  by  integration, 
term,  by  term,  of  the  Fourier's  scries  eorrespomlivg  to  f(x). 

It  will  be  observed  that  no  assumptions  have  been  made  as  regards  the 
convergence  of  the  Fourier's  secies  which  represents /(as). 

It  appears  from  the  theorem  of  §  472,  that,  when  f(x)  is  a  limited 
function,  integral)] e  in  accordance  with  J.tiern  arm's  definition,  the  two  series 
2  a,-?,    2  bf  are  both  convergent.     From  this  result*,  the  convergence  of 

the  two  series    2  -|fflr|,    2  -\br\  follows.     For  a/+  —  =  -  |<v|,  hence 

and  thus  2  -  |  a,.  |  is,  for  all  values  of  r,  less  than  some  fixed  positive  number ; 
whence  the  convergence  of  the  series  2  -  \  a,.  \  follows. 

PROPERTIES    OF    POISSON'S    INTEGRAL. 

474.     Let  the  function  /{;'«).  defined  for  the  interval  (—  tt,  it),  be  either 

limited,  or  unlimited,  but  such  that  it  possesses  a  Lebesgue  integral  in  the 

interval,  which    integral  is  of  course   absolutely  convergent.       It   has  been 
pointed  out  in  §  &'}'>,   that  Poisson's  integral 

I       .. — 7n ; ,-,  ■■■  ,    f(x')  daf, 

where  —  1  < /;  <1,  represents  the  sum  of  the  convergent  series 

a~  I      f(x')  d®'  +  S  h" -Icos n/e  .  —         cos  fix' .  f{x) dx' 

+  sin  wc .  -  I      sin  nx' .  /(a/)  dx'  !■ . 

It  will  here  be  shewnf  that,  as  h  converges  to  the  limit  1,  Poisson's 
integral  converges  to  the  value 

Bm  !(/(.  +  ()+/(•-«), 

*  See  BScher's  "Theory  of  Fourier's  scries,"  Anna  la  <>f  Math.,  eer.  2,  vol.  vn,  p.  108, 
t  The  limit  to  which  Poisson's  integral  converges  has  been  studied  by  Schwarz,  in  two 
memoirs;  see  his  Math.  Abh.,  vol.  jl  pp.  141,  175.  Sclnvura  lias  considered  the  case,  more 
general  than  that  in  iiic  text,  ;;i  which  .,-  varies  as  we'l  as  h  ;  but  he  has  confined  bis  attention  to 
the  case  in  which  tin:  function  is  cilbor  continuous,  or  else  has  only  ».  finiLe  number  of  discon- 
tinuities. See  also  I1'."1  sylhV  'fhHiry  -r>f  Jr'iti>i;tinn,i,  2nd  cd.  j>.  450,  or  Pie-aid's  Twite  d' Analyse, 
vol.  r,  p.  249.  For  a  more  connate  treatment  of  i|uest.ions  connected  with  Poisson's  integral, 
see  the  memoir  by  i/'alon  in  the  Ada  Mat.,  vol.  xsx. 
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where  %  has  any  constant  value  such   that  this  latter  limit  has  a  definite 

We  find,  by  a  direct  method,  that 

I    , ;n s — n,  d#  =  2  tan-1  ( r  tan  A#|  ; 

J0  1  -  2/t  cos  0  + /t3  \l-/t         2    /' 


and  thence  that 

2^ 

Denoting  the   value  of  Poissou's  integral,  for  a  fixed  value  of  x,  by  /(*'), 
we  have 

I(»)-lim  i  (/(»  +  !)  +/(»-l>] 

-  L  /*.  l-gA^.'-.o+v  * M  ^ ; 

where  <£{*')  denotes 

/(»')-linji  f/(»  +  ()  +  /(*-()), 

and  &  has  a  fixed  value  such  that 

lim  *(/(■  +  ()  +  /(»-*)] 
has  a  definite  value. 

A  positive  number  8  can  be  so  chosen  that,  if  0  <  J  S  S, 

!/(«  +  {)+/(•-  f)-lim {/(»  +  l)+/(»-t»  I  <', 

where  e  is  a  prescribed  positive  number.     We  have  then 

_1_  (■"+* I-i' ,  ,  ,,    ,  ,  I      _£   !' l-h< 

hirj,-,  l-2/reos(«-«0  +  *'  |      27rJ,l-2Acosf  +  l*    f' 

and  the  expression  on  the  right-hand  side  is  less  than 

^—  I       = ^ : ,-. — ,  „  d;i: ,  or  than  t. 

2tt  J  _„  1  -  2A  cos  (ir  -*■')  +  fe9 

The  remaining  part  of  the  integral  which  represents 

J  (•)- Inn  I  (/(•  +  ») +/(«-()! 

iff"       f""H  1  -  *'  .,  ,jj 

s  LL + J  _,  J  rrm^ciT.  -T)3  * <* » ^ ; 

and  this  is  numerically  less  than 

1  -  »  lr,.,.,,, 
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or  than 

:,[|Umi{/(.+  S)+/(s-i)}l  +  ^/*J/(«0|ifc'l. 


Alsu 


aA  cos's + 

1  -  A5  1  -  k  1  - 


2A  cos  5  +  A3     (1  -  Kf  +  4A  sin3  £S     4A  sin5  J8  ' 
if  then  ^  be  a  prescribed  positive  number,  we  have 

1  — A*  .,,     1  —  A  ..  ,     ,,  .  „ ,  f.  , 

1  -  2ft  cos  6  +  A2       '         4ft  sin2  |o  s  '  a  / 

and  this  is  satisfied  if 

A  >  1  — 4^sin£^S. 

The  numbers  e,  y  being  arbitrarily  fixed,  S  can  be  determined  as  above; 
then,  provided  1  —  h  <  4i?  sin3  £S,  we  have 

|/(.)-i]im  (/(•  +  «  +  /(»-«»  I  <•  +  ■*>. 

where  A  is  a  fixed  positive  number,  for  a  fixed  value  of  a>.  Since  e,  n  are 
arbitrarily  small,   we  have  therefore   proved  that 

lim  i»  =  l™  H/(«  +  0  +  /(»-«)}. 

For,  if  £  be  arbitrarily  fixed,  we  may  first  choose  e,  so  that  e  <  !£  and  we 
may  then  choose  y<t.j2A;  hence,  if  A  be  sufficiently  small,  /(#)  differs 
from   the  limit  by  less  than  f. 

The  following  theorem  has  now  boon  (established  : — 
If  f(x)  be  a  limited  or  unlimited  fuuutwn,  possessing  a  Lebesgue  integral 
in  the  interval  (-  tt,  it),  then,  for  any  fixed  value  of  x,  for  which 
lim%[f(x  +  t)+f(x-t)} 

has  a  definite  value,  I'oissvu's  integral  converges  to  tli-e  value  of  that  limit,  as 
h  converges  to  1.  In  particular,  at  a  point  of  ordinary  disco  n.tinuity  of  f(x). 
Poisson's  integral  converges  to  the  value 

i  l/(»  +<>)+/(.  -0)1; 
and,  at  a  point  of  continuity  of  f  (■?;),  it  converges  to  the  value  f(x). 

It  has  been  already  pointed  out  in  §  435,  that  no  conclusion  can  be  drawn 
as  to  the  convergence  or  non -converge nee  of  the  Fourier's  series  at  such 
a  point  x.  In  case  however  the  Fourier's  series  converges,  it  follows  from 
Abel's  theorem  (§  356),  that  it  must  converge  to  the  same  limit  as  does 
Poisson's  integral.     We  therefore  obtain  the  following  theorem : — 

If  f{x)  be  any  function,  for  which  the  Fourier's  coefiicients  exist,  as  proper 
(Lebesgue,   or   Riemann)  -integrals,  or  as  absolutely  convergent  (Lebesgue,' or 
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Harnack)  improper  integrals,  then  at.  any  point  a-  at  which  the  Fourier's  series 
is  convergent,  U   mv.it   converge   to    the   value 

!»}(/(«  +  <)+/(«-» 

provided  this  limit,  have  a,  definite  value. 

This  theorem  has  already  been  established  otherwise,  in  §  470. 

It  may  be  remarked  that,  if  (a,  Q)  be  any  interval  in  which /{ic)  is 
continuous,  the  end-points  a,/3  being  points  of  continuity,  then  the  number  8, 
corresponding  to  a  fixed  e,  may  be  chosen  so  as  to  be  independent  of  x,  for 
all  values  of  x  in  (a,  /3).  This  follows  from  the  property  of  uniform  con- 
tinuity of  a  continuous  function  (§  175). 

Also  A  is  less  than  a  fixed  number,  for  all  values  of  x  in  (a,  f3).  It 
therefore  follows  Lhtit  Frisson's  integral  converges  to  the  mine  f(iti)  uniformly 
in  the  intervtd  (a.  ;3),  in  ivhichf(x)  is  continuous. 

APPROXIMATE    REPRESENTATION    OF    FUNCTIONS   BY    FINITE  TRIGONOMETRICAL 
SERIES. 

475.  If  the  function  f(x),  defined  for  the  interval  (—  it,  tt),  be  con- 
tinuous in  the  interval  (a.  jS).  contained  in  (-  tt,  tt),  including  the  end-points 
a,  /9,  it  has  been  seen  in  §  474,  that  Poisson's  integral  converges  to  the  value 
f(x),  uniformly  in  the  interval  (a,  /S),  as  A  converges  to  the  value  1. 

Therefore,  a  value  his  of  h,  may  be  chosen,  corresponding  to  an  arbitrarily 
fixed  positive  number  e,  so  that  f(x)  differs  from  the  sum  of  the  convergent 
series 

a~  I      f(.w')  dx1  +  %  h,n  \  cos  nx .  —  I     f(x')  cos  me'  dx 

+  sin  nx  .  —  I      /(#')  sin  nx'dx'} 

by  less  than  ^e,  for  all  values  of  x  in  (a,  0).  Since  the  series  converges 
uniformly  for  all  values  of  «,  an  integer  in  maybe  so  fixed,  that  the  remainder 
of  the  series  after  the  mth  term  is  numerically  less  than  \e,  for  all  values  of  x. 
In  this  manner,  we  obtain*  a  finite  trigonometrical  series 

%A„  +  (At  cos  x+  B1$mx)  + ...  +  (Am cos  rax  +  Bm sin  mx) 
the  sum  of  -which  differs  from  j'{.:v)  by  less  than.  e.  for  every  value  of  x  in  the 
interval  («,  ff)  in  which  f  (nf)  is  contmuous. 

This  mode  of  approximate  representation  of  /(.'<;),  in  the  interval  (a,  /3),  is 
clearly  not  unique,  because  the  values  of  the  function  in  that  part  of  (—  nr,  it) 

*  SeePicard's  TrtiM  tV Analyse,  2nd  ed.,  vol.  I,  p.  275. 


,GoosIe 


474-476] 


Finite  trigonometncal  series 


7i':  i 


which  is  not  in  (a,  yS)  may  be  altered  in  any  manner,  subject  only  to  the 
integrability  of  f(x)  in  (—  ir,  ir),  and  the  continuity  of  f(x)  at  the  points 

In  the  above  finite  series,  each  of  bhe  circular  functions  can  be  expanded 
in  powers  of  x,  and  the  result  rearranged  as  a.  power-series,  of  which  the  sum 
consequently  differs  from  fix)  by  less  than  e,  for  all  values  of  x  in  (a,  #). 
Since  the  power-series  is  uniformly  convergent,  we  thus  obtain  a  proof  of 
Weierstrass'  theorem,  already  established  in  §  .'S73,  that  a  finite  polynomial 
P(x)  can  be  determined,  such  that  \f(x)  —  P(x)  \  <  2e,  for  all  values  of  x  in 
(a,  /?) ;  the  number  e  being  arbitrarily  chosen. 

Another  method*,  not  involving  the  use  of  Poisson's  integral,  may  be 
employed  to  determine  an  approximate  representation  of  a  function  f(x), 
continuous  in  (a,  ft),  by  means  of  Unite  trigonometrical  series.  Choose  I,  so 
that  —l<a<(3<l.  As  in  §  373,  a  continuous  polygonal  line  can  be  con- 
structed, such  that  its  ordinate,  for  each  point  *  in  (a,  /3),  differs  from  f{x) 
by  less  than  \e.  The  polygonal  line  may  be  extended  to  the  whole  interval 
{—  I,  I),  so  as  to  be  a  continuous  polygonal  lint;  for  the  whole  interval,  and  to 
be  such  that  its  ordinates  at  the  points  x  =  l,  —  I  are  equal  to  one  another. 
In  virtue  of  Dirichlct's  theory  of  Fourier's  series,  the  polygonal  line  may 
be  represented,  for  the  whole  interval  (—  I,  I),  by  a  Fourier's  series 


\a„  +  %  (ft^cos --T- +5„sin— t-J; 


and,  by  the  theorem  of  §  451,  this  series  converges  uniformly  iu  (—  I,  I),  to 

the  value  f(x).     The  sum  of  the  Fourier's  series  differs  from  f(x)  by  less 

than  ^-e,  at  every  point  of  (a,  /3).     The  integer  m  raay  be  so  chosen  that  the 

sum  of  the  terms  for  n  >  m,  is  less  than  Je,  for  all  values  of  x  in  (a,  f3),  on 

account  of  the  uniform  convergence.     Therefore  the  finite  series 

w=m,            n7!-x  ,  ,      .    nirx\ 
\aa  +  2  I  an  cos  -, r  bn  sin  -  .-  I , 

has  the  required  property,  that  its  sura  differs  from  f(x)  by  less  than  e,  for 
all  values  of  x  in  (a,  /3).  This  method  may  be  applied,  in  the  same  manner 
as  in  the  case  of  the  preceding  one,  to  prove  Weierstrass'  theorem  relating 
to  the  approximate  representation  of  a  continuous  function  by  a  finite 
polynomial. 

476.  Let  f(x)  be  a  function  such  that  both  f(x)  and  { f(x)\2  possess 
Lebesgue  integrals  in  the  interval  (—  tr,  it);  and  let  sm{x)  denote  the  sum  of 
a  finite  trigonometrical  series 

jj40+  2   (A„  cos  mx  +  ./)„  sin  mx). 

*  Vol  terra,  S&ndkoiiti  'li'I  areola  -nuit.  rii  1'alermo,  vol.  xi,  1897,  p.  S3. 
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Let  us  consider  the  integral 


We  find  that 
J, 


-  ^  {/*_  /(»)  *»}'  - \  "i"  [{l"_/W ™  M*>f 

+  1  I     /(*)  siiDi^dasl     . 
If  Im  be  regarded  as  a  quadratic  function  of 
Aa,  Au  Si...  Am,  Bm, 
it  is  clear  that  the  value  of  Im  will  be  least,  when 

Au=  —  I     f(p)  dm,      An=i—  I     f(w)  cos  no;  dts, 

Bn  =  —  f     /(*)  sin  Mdsda:, 

for  n  =  l,  2,  ;■{,...  m;  i.e.  when  J.0,  -d,,,  .#,*  are  the  Fourier's  coefficients 
corresponding  to  the  function  f(x).  These  values  of  A0,  An,  BH  are  therefore 
such  that  the  finite  trigonometrical  series  gives  the  best  approximation  to 
the  value  of  /(#),  in  accordance  with  the  standard  of  the  method  of  least 
squares.      The  following  theorem   has  been  now   established:— 

If*  f(x)  be  defined  for  the  interval  (—  it,  it),  and  be  such  that  both  the 
function  itself,  and  its  square,  possess  bebesgue  integrals  in  the  interval,  then 
the  values  of  the  2m  +  1  constants  A„,  A±,  Bj  ...  Aw„  Bm,  which  are  such  tliat 

(*    [/W-Mo-'S"  (Amco8rnx  +  Bmmnmx)Ydic, 

has  the  smallest  value,  are  the  Fourier's  coefficienta  corresponding  to  the 
function  /(*). 

The  minimum  value  of  the  integral  Im  is 

j"^  {/(«)}■  da- ir  haf  +  T  (a.'  +  &»')]  . 

where  a0,  aa,  bn  denote  the  Fourier's  constants  corresponding  to  the  function 
f(x).  It  follows  that  this  difference  is  essentially  positive,  whatever  value  m 
may  have,  and  therefore  the  series  £ac2  4-  X  (a^  +  bn1)  is  necessarily  con- 
i!  a  somewhat  less  ^iihutJ  form,  hoc  IViener  Anmeigen, 
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vergent.     It  has  been  shewn  in  §  472,  that,  on  certain  assumptions,  the  series 

converges  to  the  value  —  /      \f(x)}*dx.     An  attempt  was  made  by  Harnack* 

to  establish  this  fact,  directly,  and  to  found  thereon  a  theory  of  the  con- 
vergence of  Fourier's  series. 

It  follows,  from  the  above  result,  that  the  series  £  a*',  2  6„2  are  both 
convergent,  and  therefore  that  lim  aa  —  0,  lim  bn  —  0,  which  has  already  been 

established  in  §  454,  independently  of  the  assumption  here  made,  that 
[/(■)}■  is  integrate  in  (-  tt,  tt). 

THE   DIFFERENTIATION   OF   FOURIER'S   SERIES. 

477.  In  general,  the  series  obtained  by  differentiating  a  convergent 
Fourier's  series  is  not  convergent,  as  may,  for  example,  be  seen  in  the  case 

of  the  series  X- sin  nee;  neither  is  the  series  so  obtained  necessarily  the 
Fouiier's  series  e  or  res  ponding  to  /'  (x). 

Let  f(x)  be  a  limited  function,  with  only  a  finite  number  of  ordinary 
discontinuities;  let  it  also  be  assumed  that /'(#)  has  a  Lebesgue  integral  in 
(—'TV,  7r),  and  that,  if  it  have  points  of  infinite  discontinuity,  such  points  form 
a  reducible  set.  This  is  consistent  with  there  being  a  set  of  points  of  zero 
measure  at  which  /'  (%)  haw  no  definite  value.  At  the  points  of  discontinuity 
of/(#),  we  may  regard /"(a-)  as  undefined.     We  have  then 

I  \.J{!C)  C°S  ^^  =  [i  ^X)  ^  ""]-«"  St"  J  -J' {X)  8in  'Wdm 

-  ~  t-  s  {/(«  +  °)  -/<«  -  °)1 sin  H  ~  —  J'  f  C"5) sin  nxdx< 

the  summation  £  referring  to  the  finite  number  of  points  a  of  ordinary 
discontinuity  of  f(x)  in  the  interior  of  (- tt,  it).  In  a  similar  manner,  we 
find  that 

—  I     f(x)  sin  nxdx 

-  ~  K-  ')"  (/(-  r  +  0)  -/(»  -  0))  +  X  (/(«  +  0)  -/(«  -  0))  cos  ».] 

-t ■  I      /'(fl?)cosm#;(fe. 

Also 
|^/-(.)i,_l[/(»-O)-/(-ir  +  0)-Sl/(a+0)-/(«-0)|J 

'■'■    Sco  iwo  ai'ticloH  in  Ok:  limit.  .1  ii/hr'f i;,  vol,  svii. 
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If  then,  the  Fourier's  coefficients  for  the  functions  /(*'),  f  (x)  he  denoted 
by  aa,  an,  bn,  and  «„',  a„\  bn'  respectively,  we  have 

a0'  =  I  [/(»  -  0)  -/(-  w  +  0)]  -  I  2  {/(«  +  0)  -/(a  -  0)), 

n)l'  =  n6n-^[(-l)M/(-^-  +  0)-/(^-0)}  +  2{/(«  +  0)-/(a-0))eo8naJ 

V  =  -  w^  -  -  2  {/{a  +  0)  -  /(a  -  0)]  sin  na. 

In  particular,  if  /(#)  be  continuous  in  the  interval  (—  it,  tt),  so  that  the 
function  obtained  by  extending  /(a-)  beyond  the  interval,  in  accordance  with 
the  rale  /(&')  —/(a:  ±  2tt),  is  continuous  except  at  the  points  —  tt,  w,  we  have 


&»'  =  — ma».  Unless /(7r)=/(-7r),  the  Fourier's  series  corresponding  tof'(x) 
is  not  obtained  by  term  by  term  t!i  ll'erentiation  of  the  Fourier's  series  for  f(x). 
Even  when  this  condition  is  satisfied,  no  assertion  can  in  general  he  made  as 
to  the  convergence  of  the  Fourier's  series  for  f'(x).  We  have  thus  obtained 
the  following  theorem  :■ — 

If  f{x)  be  continuous  in  (—  nr,  tt),  and  if  /(-  ir)  =/(tt),  and  /'  (x)  have  a 
Lebesgue  integral,  and  have  at  moat  a  reducible  set  of  points  of  infinite 
discontinuity,  the  Fourier's  series  for  ]"'{x),  whether  it  converge  or  not,  is 
obtained  hy  the  term  by  term  differentiation  if  that  corresponding  to  /(«). 

If  it  be  known  that/'  (x)  has  limited  derivatives  at  any  point,  or  if 

lta  /'(«  +  »-/'("  +  0}  t    lim  />-*)-/'(«-<» 

ft=+o  h  '    h=+o  —  h 

are  definite,  or  are  indeterminate  between  finite  limits  of  indeterminacy, 
then,  in  accordance  with  Theorem  in,  of  §  457,  the  Fourier's  series  for 
f'(x)  converges  at  the  point  x. 

478.  In  case  the  function  f(x)  have  derivatives  /'  (x),  /"(«),  ...  of  any 
number  of  orders,  and  f(x),  f'{&),  /"(&),  ...  are  all  limited,  and  continuous 
in  (—  7T,  7r),  except  at  a  finite  number  of  points  at  which  they  have  ordinary 
discontinuities,  the  coefficients  an,  bn  may  be  expressed  in  a  form  which 
exhibits  these  discontinuities. 

At  a  point  a  of  discontinuity  of  f(x),  ihe  function /' {x)  may  be  regarded 
as  undefined,  the  values  of  f  (a.  +  0),  f  (a  -  0)  being 

,„/(■+'.)-/(«+«),  a. /(«-*)-/(-") 

ft=+Q  h  S=-i-o  -A 

respectively.     A  similar  remark  applies  to  the  higher  differential  coefficients. 


,GoosIe 


477-470]  Differentiation  of  Fourier's  series  7'2i 

We  find,  by  integrating  twice  by  parts, 
«„  =  -  ~  S  (/(«  +  0)  -/(a  -  0) j  sin  ™  -  i  2  {/'  OS  +  0)  -/'  tf  -  «)]  <™>  »/3 


hD"* 


"(.(.-)  cos  B*(te, 

_i    "•     <"■."* "  -    '_i(/'08  +  O)-/'(/S-O))«iu»/3 

"(«)sin»nfe. 


-^/:/-« 


where  —  tt  is  now  included  among  the  points  a  of  discontinuity  of  /(*),  and 
amongst  8,  the  points  of  discontinuity  of  /'(«).  The  points  a  in  general 
occur  amongst  the  points  ,8. 

We  may  proceed,  by  farther*  integration  by  parts,  to  express  an  and  bn 
in  a  series  proceeding  by  powers  of  1/re,  the  coefficients  of  which  involve  the 
measures  of  discontinuity  of  the  functions  at  the  points  a,  8, 

Conversely,  if  the  Fourier's  coefficients  fbv/(V)  are  given  in  the  forms 

a.n  —  -  XA  sin  na  +  —„  Xli  cos  n8  +  ... , 

bn  = %A  cos  na  +  -2  SB  sin  n8  —  . . . , 

so  that  the  Fourier's  series  has  for  its  general  term 

-  ~S,A  sin  n(a  —  at)  +  -■■  ■  2 II  cos  n  (8  —  &)  +  ... , 
n  s  na 

we  have 

/(«  +  0)-/(«-0)--»A,  /'(/3  +  0)-/'03-0)  =  -rf 

Thus  the  points  of  discontinuity,  and  the  measures  of  discontinuity  of 
/(*')>  f'(x)>  ■■■  are  determiuod  when  au,  bn  are  exhibited  as  series  pro- 
ceeding according  to  powers  of  \jn. 

'479.     The  following  further  theoremsf  relating  to  the  differentiation  of 
trigonometrical  series  will  be  stated: — • 
If  tlw  tri-ijoiurmelrical  series 

^a0  +  2  (a„  cos  nx  +  K  sin  nx) 

converge  for  u  particular  value  c  of  at,  ami,  if  the  wien 

2  (—  nctn  sin  nx  +  nb7t  cos  nx), 

*  Sec  Stokes  "  On  the  critical  i'alucii  nf  ilic  -1.11:1^  of  liorirxii;:  series,"  Mat-It.  and  Phys.  Papers, 
vol.  I,  where  this  investigation  is  carried  out  in  detail,  and  the  resulting  formulae  for  the 
differentiation  of  .[.''onilei's  scries  an;  itpplioii   to   physical  problems. 

+  See  Bficher's  "Introduction  to  the  theory  of  Fomw's  suriuK,"  Annals  of  Math.,  vol.  vn, 
p.  120.  The  serioiid  thfiorem  U  -abn  tumidly  ihiu  to  Lurch,  A.naalez  sc.  <*<!  !','ci,!e  normale,  ser.  3, 
vol.11,  p.  351. 
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obtained  by  term  by  term  diferei dial ion,  converge  uniformly  in  an  interval 
(a,  0)  which  contains  the  point  c  in  its  interior,  then  the  original  series 
converges  uniformly  in  (a.  /9),  and  the  function  /(•*')  represented  by  it  has, 
throughout  the  iri\terr,al,    a  differential,   coefficient   represented  by   the  derived 


If  the  series  2  (a,n  cos  nx  4  bH  sin  nx) 

converge  for  a  particular  value  c  of  x,  which  is  not  zero  or  a  multiple  of  ir, 
and  if  liman  =  Q,  Km6„  =  0,  then  throughout  an  interval  (a,  0)  which 
contains  the  point  c  in  Us  interior,  but  does  not  include  the  point  0,  or  for, 
where  k  is  any  integer,  the  series  converge*  uniformly  in  the  interval  {a,  0), 
and  the  function-  fix)  represented  by  it  will  have  a-  differential,  coefficient  f (ic) 
given  by 
2  sin  x  .  f  (x)  =  £    {[(ii  —  1)  ftn-i  —  (ra  +  1)  an+,]  cos  nx 

+  [(»  - 1)  6M  -(«  +  !)  Wl «» "•}. 
where  O-1  =  b-1  =  a0  =  ba  =  Q,  provided  thin  last  series  converges  uniformly  in 
the  interval  (a,  0). 

It  is  clear  thai,  for  a  function /(,*)  which  possesses  differential  coefficients 
of  all  orders  in  the  interval  (—  it,  ir),  it  is  not  in  general  possible  to  obtain 
representations  of  all  these  differential  coefficients  by  means  of  successive 
term  by  term  differentiation  of  the  Fourier's  series  which  represents /(ic). 
The  following  theorem,  due  to  Borel*,  gives  the  means  of  obtaining  the 
requisite  representation   of  such  functions:— 

Having  given  a,  function,  fix')  whir.lt  ],u..<  differentia!  cuefjldeid.s  of  all  ord.ers 
throughout  the  interval  (—  ir,  it),  the  function  ca-n  be  represented,  by  means  of  a 
series  of  the  type 

2  (Anaf*  +  an  cos  nx  +  bn  sin  nx) ; 

and  the  differential  coefficients  of  f(x),  of  all  orders,  are  represented  by  the 
series  obtained  by  successive  term,  by  teem,  differentiation  of  this  series.  All  the 
series  so  obtained  converge  uniformly  in  the  interval  (—  ir,  ir). 

GENERAL   EXAMPLES. 

1.    The  trigonometrical  series 

t|Sin^  +  fiasin2a;  +  .„  +  6ssinMa;+--. , 
is   uniformly  convergent   in  any  interval   not   containing  the  point,  j;  — 0,  or  any  point 
a?=+2far,  (k  integral),  if  Iim6B  =  0,  and  if  also    2   |  6,(-6H+i  |  be  convergent.     For 

■  ■!nt«.^(«)-»1oosl#-V(^-^+OooBt(ar+l)«-Bhoaii(fc+l)ji 

*  See  the  Let/jus  iitr  fes  i'trttctiaii?  tl.  ru;  inliigs  r'^lli's,  p.  OS,  where  this  theorem  is  proved. 
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whence  the  result  follows.     Tho  & 
also  bn  S  bn  ,.|,  for  a'l  values  of  n 


for  all  values  of  *,  if  lim&„  =  0,  and  if 


n  greater  than  some  fixed  value  to;  the  convergence  if- 
then  uniform  in  any  interval  which  dons  not  contain  #  =  0  or  x=  +2£tt,  for  any  integral 

value  of  /;. 


lewn  to  converge  uniformly 
,    if  lim  a„=0,  and  if  also 


The  series  \  «„  +  nx  cos  x  +  a.,  co.s  2a;  + . . . ,  may  similarly  be 
in    any  interval    not    containing   ,r  =  0,    or   any   point    +2k: 

£   |«B-a»+i|  be  convergent.    If  lim«K=0,  and  a*  >a,t„  for  m>m,  the  series*  con- 
verges for  all  values  of  x,  except  0  or  +  2£jr. 

2.  Let  /(&■)+  be  a  function,  of  period  in,  limited  and  integrable  in  any  interval  which 
does  not  contain  the  point  #=0,  or  any  point  *=2£ir  ;  but  let  /(as)  not  satisfy  these 
conditions  in  the  neighbourhood  of  a;  =  0.  Let  it  be  assumed,  (1)  that  |/(»+/(  -m)  |  is 
intograble,  in  (0,  tt),  (2)  that  lim  {«f(*)}«0,  and,  (3)  that  */(*)  has  its  Fourier's  series 
convergent  at  the  point  a- =  0.  The  Fourier's  coefficients  a,„  &„,  for  the  function /(a;),  then 
exist,  and  lita  0^  =  0.     Also  it  follows  from  (3),  that  lim  &„=0.     For  this  last  condition  is 

equivalent  to 


lim    I    ^f{x' 


which  holds  if  /(.«)  tan  J  a;  have  its  Fourier's 
may  clearly  be  replaced  by  xf(,v). 


;ries  convergent  at  #  =  0  ;  and  /(,i')  tan  Jj.t 


It  c 


i  easily  that 


§(2w,+  l)fjg-Jc') 


fij<:)dx' 


has  the  limit  0,  when  /<  is  iiidclinitely  in creased,  on  condition  that,  in  the  neighbourhood 
of  x'  =  0,  those  elements  which  correspond  to  values  of  ,■'■'  of  opposite  sign,  but  of  equal 
values,  are  made  to  coalesce.  When  the  conditions  (I),  (£),  (3)  are  satisfied,  the  necessary 
and  sufficient  condition  that  the  "Fourier's  scries  should  converge  to  fix)  is  that  that 
function  which  =  fix)  in  the  noiihbov.rliooil  of  l.lie  point  .'■',  mid  is  elsewhere  zero,  should 
be  representable  by  a  Fourier's  series, 


Let 


/(*)- 


,  whero  0  < 


and  let  f(.x)+f(- x)  =  0.     This  funetion  satisfies  conditions  (I),  (2),  (3),  and  i 
able  by  a  series 

| /(.'<.'} !   is  not  integrable,  iilthongli  /'{.r)isso;   elms  the  series 


3.     The  convergent  seriest    2    "  represents  a  function  which  is  not  integrablo,  ii 

any  sense,  in   an    interval    contronins;    the  point  .c  =  (i.      The   .series     2  — = is  no 

J  '  &  r  »=a    Mlogra 

convergent. 

1    Sell  I  Turmoil,  C:,h!pi:inlhnii  d.  h!)hi:r,:ii  AiinJysis,  vol.  I,  §  40. 
t  See  Fatoa,  Cirxqitts  raidus,  March  26,  1906. 
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4.  In  the  aeries  2  sin  (n  !  nx),  the  coefficients  do  not  become  indefinitely  small,  and 

therefore  the  series  i ri  not  n  (''ouriev's  scries.  Thy  series  converges,  however,  for  all  rational 
values  of*;  it  also  converges  for  an  infioito  number  of  irrational  viL-lues,  for  example, 
for  #  =  sin  1,  cos  I,  2/c,  and  for  multiples  of  these  values;  also  for  odd  multiples  of  e. 
This  example  is  due  to  Kiemann,  and  the  series  has  been  considered  in  detail  by 
Genocchi*. 

5.  Consider  the  series  2  c„  cos  ji2je,  2  c,,_  sin  u'Kv,  where  uB,  ut,  c2, ...  are  positive 
numbers,  and  such  that  lim  eM  =  0,  but  such  that  2  cffl  is  divergent.  The  points  of  con- 
vergence, and  the  points  of  divergence,  of  those  series  both  form  everywhere-dense  sets. 
These  series  have  been  treated  in  detail  by  ('enocchi. 

6.  The  function /(sb)  =    2  -  (mv),  whore  (■»,*■}  denotes  the  excess  of  nx  over  tho  nearest 

integer,  and  where  ;«.■>;)  =0  when  «.i'  is  half  an  odd  integer,  is  not  integrable  in  accordance 
with  Eiemanc's  definition.     Riemann  has  however  given  the  series 

as  representing  fix)  ;  where  the  .siininial.ion  f,'0  refers  to  all  the  factors  6,  of  ft. 


lUEMANJS'S    TIlKOliY    OD'    T.HIGONOM  IMlUrAL    SERIES. 

480.  After  the  fundamental  investigation  of  Dirichlet,  in  which  sufficient 
conditions  were  obtained  for  the  convergence  of  the  Fourier's  series  corre- 
sponding to  a  given  function,  the  next  great  advance  in  the  theory  was 
made  by  Riemannf,  in  his  celebrated  memoir  on  the  representation  of  a 
function  by  means  of  trigonometrical  series.  This  memoir  formed  the  point 
of  departure,  on  which  much  of  the  subsequent  development  of  the  theory 
depended. 

Denoting  such  a  series  by 

All  +  A1  +  A»  +  ...  +  An  +  ..., 
where  A„  =  \a„,    An  -  an  cos  nx  +  bn  sin  nx, 

it  is  assumed,  for  the  most,  part,  that 

lim  (an  cos  no:  +  b„  sin  nx)  =  0, 

for  each  value  of  %  in  a  given  interval.     It  was  proved  later  by  Cantor,  that 
this  assumption  necessarily  implies  that  lim  a^  =  0,  and  lim  6„  =  0.     In  some 

*  Alii  di  Torino,  vol.  x. 

t  "Uebor  die  Darstelllmrkcit  ninoi  l.'iniction  dutch  cine  iriiionoLnetiische  Reihe."  This 
memoir,  originally  written  as  a  thesis*  in  18a4,  was  published  in  the  AhiiaihUungeM  d.  K.  Gcs.  d. 
Wissemchf.  :u-  GYM-int/eii,  vol.  xm.     See  also  Kicuiaim's  Gt-zumxi-Ai-e.  Werke,  *Jnd  ed.,  p.  227. 
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parts  of  Riemann's  investigations,  it  is  sufficient   to    make  only  the  wider 
assumption  that 

|  an  cos  nx  +  bn  sin  nx  \ 
is  less  than  some  fixed  positive  number  K,  for  all  values  of  n,  and  for  all 
values  of  ic  in  a  prescribed  interval.     It  is  not  assumed  that  the  coefficients 
necessarily  have  the  form  of  the  Fourier's  coefficients;  so  that  the  theory 
refers  to  trigonometrical  scries  in  general. 

For  each  value  of  x  in  the  interval  (-  it,  it),  for  which  the  scries  converges, 
the  limiting  sum  will  be  denoted  by  f(x).  This  (-'miction  /(&'),  defined  by 
means  of  the  given  series,  is  defined  only  for  those  values  of,*  for  which  the 
series  converges.  In  later  investigations  undertaken  by  Du  Bois  Reymond, 
it  is  assumed  that  the  function  f(x)  exists  also  at  a  point  x  at  which  the 
series  oscillates;  the  function  being  regarded  as  multiple- valued  at  such  a 
point,  with  limits  of  indeterminacy  identical  with  those  of  the  series  at 
the  point. 

The  question  asked  and  answered  by  Riemann  was  as  follows: — The 
function  f(x)  being  defined  at  the  points  of  convergence  of  the  given  series, 
as  the  limiting  sum  of  that  series,  what  can  be  inferred  as  to  the  properties 
of  the  function  f(x)  1 

In  order  to  answer  this  question,  Riemann  undertook  an  examination  of 
the  properties  of  the  function  F(x),  which  is  represented  by  the  series 

0+G'm  +  \A+ 

obtained  by  integrating  the  terms  of  the  given  series  twice. 

For  any  value  of  x  for  which  |j4„|  is  less  than  some  fixed  positive  number, 
for  all  values  of  n,  the  function  F{x)  exists. 

In  any  interval  of  te  in  which  [  An\  is  less  than  a  fixed  positive  number  e, 
for  all  values  of  x  and  n,  the  terms  of  the  series  are  less,  in  absolute  value, 
than  those  of 


•(' 


and  therefore  the  series  is  uniformly  convergent.     It  follows  that  the  function 
F(x)  is  continuous  in  the  interval.     This  is,  in  particular,  the  case  if 
lim  d„  =  0,    lim  bn  —  0. 

The  function  F(x)  has  the  properties  form  (dated  in  the  following  three 
theorems : — 

(1)     For  any  value  of  x,  for  which  the  series  A„  +  A,+  A2  +  ...  +An+ ... 
converges,  the  expression 

F(x  +  a  +  0)-F(q;  +  a~-0)-F(a>-a  +  p)  +  F(x-a-0) 
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converges  to  the  valve,  fix),  when  a,  ,3  are.  indefinitely  diminished  in,  any  inanner 
such  that  the  ratio  of  one  to  the  other  remains  finite.  . 
In  particular 

F(x  +  2ay+F(x~2a)-2F(x) 
4aa 
converges   to  f(x),   as  a  is  indefinitely  diminished.     In  this   theorem,  it  is 
sufficient  to  assume  that,  in  a,  fixed  neighbourhood  of  x 

j  an  cos  nx  +  bn  sin  nx  \ 
is  less  than  a  jived  positive  -number  e,  for  all  values  of  n,  and  for  all  points 
in,  the  neighbourhood. 

(2)  For  any  value  of  x  wliatever 

FJw  +  2a)+F(x  -  8a)-  2J» 
2a 
converges  to  the  limit  zero,  as  a  converges  to  zero. 

It  is  unnecessary  that  the  function  f(iti)  should  emsb  for  the  value  of  % 
concerned,  and  it  is  sufficient  that,  for  all  values  of  x, 

On  cos  nx  +  bn  sin  nx 
should  have  the  limit  zero,  as  n  is  indefinitely  increased. 

(3)  If  b,  C  are  two  arbitrary  constants,  such  thai  b  <  c,  and  if  \(x),  X/(#) 
are  functions  which  are  continuous  in  the  internal  (b,  c),  and  vanish  for 
x  —  b,x  —  c,  and-  -if  further  X (,■<■),  ha  su.ch,  that  \"lx)  is*  a  limited  and  integrable 
function  in  the  interval  {b,  c),  then  the  expression 

jj?  I   F  (si)  cos  /j.  (x  —  a,) .  \(x)  dx 

converges  to  zero,  as  y,  is  indefinitely  diminished,  uui/orndy  fir  alt  values  of  a. 
It  is  necessary  that  a,L.  and  b„  have  the  limit  zero. 

481.  Proceeding  to  the  demon  strati  on  of  these  theorems,  it  may  be 
observed  that  Kiemanu's  thoorem  (1)  can  be  generalised  so  as  to  include  the 
case  in  which  the  series  A0  +  A1  +  As  +  ...  does  not  converge  at  the  point  co, 
but  oscillates,  with  finite  upper  and  lower  limits  U,  L,  of  indeterminacy.  In 
that  case  it  will  be  shewn  that  the  expression 

F(x+  2a)-  2F(x)  +  F(x  -  2a) 

has  a  limit,  for  a  =  0,  which,  whether  it  be  definite  or  notf,  lies  between  the 
numbers 


i(f7+i)  +  i(!7-i)(l+i+i). 


'■'  Riouiiimi  restricts  \"  (.<■)  to  lmvc  iraly  ;■  :ii):::i:  mi!  inner  (if  :t!iLxii:iLi  and  minima  hi  the  interval, 
nd  makes  no  mention  isi'  r.viilbr.v.  convergence. 

t  Do  Bois  Eeymond  gave  the  value  T(U  +  L)±-  (^  +  — ■j  +  - \  {V-L) ;  see  Abh.  d.  bayerisch. 
Md.  vol.  xn,  p.  136. 
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In  the  case  U  =  L,  this  reduces  to  Rienumu's  original  theorem.     To  prove 
i  theorem,  we  find  that 


F(v  +  2*)-2F(a;)+F{lc-2a)_A      A   (am*\      A   /sin  gay 
Now  A0  +  A!  +  ...  +  -4M_!  lies  between  the  two  numbers 

where  en  is  a  positive  number,  such  that,  if  5  be  any  arbitrarily  small  pre- 
scribed positive  number,  a  number  m  can  be  found,  such  that  for  n  £  m,  en  <  S. 
We  may  accordingly  write 

A,  +  A,+  ...+A,_1  =  \(U  +  L)  +  \(TJ -  L)0n  +  Vn 
where  1  £  0„  =  —  1,  and  y„  is  a  number  such  that  |  ij„  |  <  S,  for  n  £  m. 


The  series    2  An( — — )  may  be  written 


and  we  may  divide  the  series  into  three  parts ;  first,  from  n-1  ton-m, 
where  |i;n|<S,  for  n  =m;  nest,  from  n  =  m  +  l  to  ji  =  s,  where  s  is  the  integral 
part  of  irja. ;  and  lastly  from  n  =  s  +  1  onwards ;  we  suppose  a  to  be  chosen  so 
small  that  m«<?r.  The  first  part  of  the  sum  consists  of  a  number  m,  of  terms, 
where  m  is  independent  of  a;  and  this  part  has  the  limit  zero,  when  a.  is 
indefinitely  diminished.     The  second  part  of  the  sum  is  such  that,  in  every 

/sin  n  -  lay  _  /sin  naV 
\  n^U   I  ~  V   ««  1 
is  positive ;  and  therefore  this  part  of  the  sum  lies  between  the  two  values 

The  third  part  of  the  sum  may  be  written  in  the  form 
S    IU-L.    ,      \(/sini7£laY     /sin n"^ lay) 

-    i  (^C  +  J"'2"-1?""1". 

»=a+i\     2  /  hV 

/sin»-Tf,y_.sin^l«y 


Now 
is  positive,  and  less  th: 


kh-$> 
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and   ■•■■■- is  numerically  less    than  — -  :  hence  the  sum  of  the 

third  part  of  the  scries  lies  hetween 

and    the   same  expression  with   the   sign   changed.      When  a  is  indefinitely 
diminished,  sa  has  the  limit  ir ;  hence  the  limiting  sum  of  the  series 

lies  between  the  two  numbers 

W+i)±(^+S)(1  +  i  +  I); 

or.  since  S  can  be  chosen  as  small  as  we  please,  it  lies  between 
1        1\ 


l(p-+£)±i(P_£)(l  +  I  +  l). 


In  case  a;  is  a  point  of  convergence  of  tin:  series  Sj4«,  we  have  U=L=f(x), 
and  the  above  limit  becomes /(as). 

To  prove  Rieinanns  original  l.heorem,  we  have 

?(«  +  a  +  0)  -  «■(»)  +  *■(•-.-  0)-(«  +  ffl"  [/(•)  +  8,] 
J"(»  +  a  -  j9)  -  !F(»)  +  F(«:  -  a  +  0)  -  (a  -  (3)'  [/(»)  +  «J 

where  S„  82  converge  to  zero,  when  a  -}-  /3,  a  —  /?  do  so.     From  these  equations 

we  find 

%t«+fl-A.t«-fl-/|i-«tfltfW 

4e«8 

the  expression  on  the  right  hand  side  converges  to  /(<o),  when  a,  £  are 
indefinitely  diminished  so  that  their  ratio  remains  finite,  since  o\,  S2  converge 
to  zero;  and  therefore  Riemaiin\s  original  theorem  is  established. 

482.     To  prove  Riemann's  second  theorem  that,  whether  %Aa  converges 
or  not,  so  long  as  lim  An,  for  each  fixed  x,  is  zero, 

■F(a+2a)-2J» +  .?(«- 2a) 
2a 

converges  to  zero,  as  a  does  so,  we  observe  that  tin:  series  ^  A„  i     )   can 

be  separated  into  three  groups  of  terms.  The  first  group  is  from  n  =  0  to 
n  =  m,  where  m  is  so  chosen  that  |  An  \<  e,  for  n  >  m ;  the  sura  of  these 
terras  remains  finite,  as  a.  is  indefinitely  diminished  ;  denote  this  sum  by  S,. 
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The  second  group  of  terms  is  from  n  =  m  +  l  to  n  =  s,  where  sa  £  a  fixed 
number  c<(s+l)a;  the  sum  of  these  terms  is  numerically  lews  than  e-.  The 
remainder  of  the  scries  is  numerically 

e     "      1       e 


and  — ,  differs  arbitra.rilv   little   IVora  — ,  when  a  is  sufficiently  small.      It 
sa3  J  '   ac  J 

follows  that 


{F(ii  +  2a)  -  2j>)  +  j>  -  2a)  I 
2a 


<2(|S,|a+Bi  +  jJ, 

whence  the  theorem  follows,  since  e  is  julii trarily  small. 

There  now  remains  Uiemann's  third  theorem,  which  requires  the  con- 
sideration of  the  expression 


■•/; 


F  (w)  cob  p.  (a- a)  X^d®, 


when  fi  becomes!  indefinitely  groat,  the  function  X(.v)  .satisfying  the  conditions 
already  stated.  Since  F(w)  Is  represented  by  a  uniformly  convergent  series, 
we  may  replace  the  integral  by  the  sum  of  the  integrals  obtained  by 
substituting,  in  the  integral,  the  series   which   represents  F{x).     We  have 

then 

P?  j   F(se)  cos  p{x-a)  \(x)  dx  =  p?  i   (G  +  C'x  +  %A</»?)  cos  p  («  -  a)  \(a>)  dx 

—   2^1   Ancoap,(x  —  a)\{x)dw. 

We  shall  first  consider  the  series 

2   ^-  f  Anao&  u,(tc  -  a)\(x)  dx. 

«=i m  J b 

The  general  term  of  this  series  is 

92  an  \   [cos  \(p  +  n)  x  —  pa}  +  cos  [{p  —  n)  le  —  pa}]  \(x)  dx 

+  ~  bn  I    [sin  {(/j,  +  n)x  —  pa}  -  sin  {(p  —  ri)x  —  pa}]  X(x)  dx, 

and  each  of  these  integrals  may  be  integrated  twice  by  parts,  since 
\'(a>),      \"(tc) 
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are    both   limited   integrable    umciions.     The   general    term  then  takes   the 
form 

"  2n>(p  +  ny  an  j6  C0S  ^  +  "^  "  ~  ^  X"  W  *» 

-  2n'(^-nf  a'n]b  C°S  *<M  ~  ")  •—  H  x"(*)  *> 

—  inr? r«  &»  I    sin  '.(a  +  n)  x  —  aa\  X"(-x)  dx 

2n2  (p  +nf      Jb 

+  ~  „, ^  bn  I    sin  !(u  —  ri)x  —  u-a\  X"(x) dx, 

2n"(fi-nf      Jb        l,f^ 

The  series  can   bo  divided  into  four  parts,  containing  respectively  the 

four  sets  of  terms  here  expressed;  and  these  four  parts  will  be  considered 

separately.        Corresponding    to    an    arbitrarily    chosen    positive    number    e, 

a  value  fa,  of  tt  can  be  so  chosen  that 

I   vos(fi  +  ri)x;.X"(i£)d!c,      I    sin  (it  +  n)x.  \"(m)dx 

are  both  numerically  <  \e,  for  /iSfti,  and  for  every  value  of  n;  this  follows 
from  the  theorem  in  §  454.     It  then  follows  that 

I    cos  {(p.  +  n)  x  —  /j,u]  X"(x)  <kc\  <e,  when  /a  £  fa. 

The  terms  of  the  first  part  of  the  series  are,  for  11  =  fa, 
than    the   corresponding    terms   of  the   series 


therefore   the  sum   of  the  series  is   numerically  less   than 

which  is  arbitrarily  small.     Therefore  the  sum  of  the  first  part  of  the  series 
converges  to  zero,  as  ft,  is  indefinitely  increased.     In  a  similar  manner,  it  can 
be  shewn  that  the  third  part  of  the  series  has  tin:  same  property.     Next,  let 
us  consider  the  second  part  of  the  series. 
Choose  an  integer  %,  such  that 

!  I   cos  ( px  —  fia)  X"(x)  dee  \<  e,  for  p  £  «,, 
and  also  such  that  |a„|<e,  for  n  =  n,;  it  then  follows  that 

2      -5  |  a»  |  <  e.     We  shall  denote  2  —  |  an  \  by  k. 
Let  fa  be  any  value  of  /i  greater  than  2n,,  so  that 

\J    cos{(jj.  —  n)m  —  fia}\"(x)da)   <  e,  for  it  £  fa  and  n£n,. 
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We  then  divide  the  series  into  parts 

S  +     S     +    S    +"'S+1+      2      , 
and  consider  these  five  portions  separately.      We  have,  at  once, 

I*    <27^f*l*ir>"'<2(l'^y<2fc;for''a^ 

I  «=i  I      •*  l,Mi  —  niX  »=i  »  ^  (Mi  ~  n:> 

Let  the  integer  t  be  so  chosen,  for  any  particular  value  of  ft,  that 


1 


,('-3"©"2"J^<1^)" 

where  ff"  denotes  I    |  \"(aj)  ]  das.      For,   if   the   interval    of   integration   be 
divided  into  portions 

%  +  1\        M  +  1     n,  +  2N 


we  obtain  the  series  by  giving  the.  integrand  its  least  value,  in  each  portion. 
On  evaluation  of  the  integral,  we  have 

j   %   |<ft"-JL+    e    . — L+2l0g^.Ji=i!O 

I  ffl=B|+l  ]         2/*   \"l         (  -  1         ^4-4+1         /A  -  «.,  W,  /A  —  (  +  1/ 

<i*(l+£i**)«*(M)- *"•**■ 

Next,  we  have 

<4ef|X(»|<&B. 

An   upper  limit  for        2     I  niay  he    obtained    by  a   method   precisely 
|  «=»+s  |  |     .-s     I 

similar  to  that  employed  above  in  the  case  of  !     2      I ;  it  can  thus  be  shewn 

to  be  less  than  a  certain  multiple  of  e,  for  all  values  of  /j,=^\- 

It  can  also  be  shewn,  as  in  the  ease  of  the  first  portion  of  the  series,  that 

2         <  2ke,  for  /i£/ti. 

The  numbers  e,  nx  having  been   first  fixed,  /j.,  can  then  be  fixed  so  that,  for 
/*  =  /*!  >2nlf  the  sum 


2n2  (/t 


rj  o„  I    cos  {(/a  —  w)  x  —  /xa]  V(#)  tf« 
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is  numerically  less  than  a  certain  multiple  of  the  arbitrarily  chosen 
number  e.  Therefore  this  part  of  the  series  converges  to  zero.  The  fourth 
part  of  the  original  series  may  be  considered  in  the  same  manner;  and  thus 
the  sum  of  the  original  series  converges  to  mm,  as  fi.  is  indefinitely  increased. 
We  have  now  to  consider  the  expression 

/j?  j   (0  +  C'x  +  fd^)  cos  p  (x  -  a)  \(<d)  das. 

It  can  be  verified  that 


r  J 

hence,  on  integrating  twice  by  parts,  the  expression  to  be  considered  takes 
the  form 


j'^2(C"+A,,o) 


-\o-  H'  +  C,  +  iA*f\  cos  ^  («  -  o)  x»l  *». 


^■JVWo 


By  a  further  application  of  the  theorem  of  §  454,  it  is  seen  that  /if  can 
be  so  determined  that  this  integral  is  numerically  less  than  e,  for  /i  £  //. 

It  has  now  been  shewn   that 

;)  cos  fi,  (x  —  a)  X(x)  dx 
converges  to  zero,  as  />,  is  indefinitely  increased,  uniformly  for  all  values  of  a. 

483.  llicmann  has  employed  the  theorems  (1)  and  (3)  of  §  480,  to  obtain 
the  necessary  and  sufficient  conditions  that  a  periodic  function  may  be 
representable  by  means  of  a  trigonometrical  series  such  that  the  coefficients 
tend  to  the  limit  zero,  as  re  is  indefinitely  increased.  His  theorem  may  be 
stated  as  follows: — 

If  f(x)  be  a  function,  of  period  2tt,  defined  for  every  value  of  x,  the 
necessary  and  sujncient  condi-liu-i's   that  «,  trigonometrical  series 

%Oo  +  2  (an  cos  nx  +  bn  sin  nx), 
such  that  lim  an  —  0,  lim  bn  =  0.  exists,  which,  at  evert/  -point,  of  convergence, 
converges  to  the  mduefUv),  are,  the  following : — 

(1)     That  a  con  tin  nous  function  /''(.*)  should  exist,  such  that 

F(x  +  a+{3)-F(x  +  a-(3)-F(x-a+l3)  +  F(x-a-l3) 
4af3 
converges  to  f(x),  as  a,  j3  are  diminished  indefinitely  in  such  a  manner  that 
their  ratio  has  a  finite  limit. 
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(2)     That,  ifb,  c  be  any  two  numbers, 

/j?  I C Fit)  cos  p. (t- x) X(t)  dt 

should  converge  to  the  limit  zero,  as  /j.  in  indcfiidf.di/  increased;  where  \(t) 
is  a  continuous  function,  such  that  X'it)  is  i:untinv,on.s,  ami  that  X"(t)isa  limited 
function,  and  such,  that  \(f),  X'(t)  vanish  at  b  and  c. 

That  the  conditions  an;  necessary  has  been  n.iready  established  in  ^  481,482. 
To  prove  that  the  conditions  are  sufficient,  let  F  (t  +  2ir)  —  F  (t)  be  denoted 
by  $(£)>  then,  from  the  condition  (1),  we  deduce  that,  since  f(t  +  2w)—f(t), 

lim  $(*•+&)  +  *(«-&) -20(0  =  0 

h=o  h* 

Applying  Schwarz's  theorem,  established  in  §211,  it  follows  that  tj>(t) 
must  be  a  linear  function  of  t.  It  is  now  seen  that  A„  and  0"  can  be  so 
determined  that  F(t)  —  G't  —  \A.$  is  periodic,  and  of  period  2w. 

The  condition  (2)  holds,  not.  only  fur  /'*(()>  by  hypothesis,  but  also  if  F  (t) 
be  replaced  by  G't  +  $AJ?,  as  has  been  proved  in  §  482.  Denoting  by 
i|r(S)  the  periodic  function  F(t)  —  G't-  ^A0t2,  it  follows  that 

lim  ft'  j   ty  (t)  cos  /j.(t  —  x)  X  (t)  dt  —  0. 

Let*  b<~TT,c  >-rr;  and  let  X  (t)  =  1,  in  the  interval  (—  tt,  tt);  then 

lim    ,u.2  I     -ty  (t)  cos  fi  {t  —  x)  dt  +  ft"  I      ty  (t)  cos  fi(t  —  x)  X  (t)  dt 

+  /j?  l"  ■$•(£)  cob  p(t- a)  \(t)dt\  =0. 

Now  let  jj,  be  an  integer  n ;  we  have  then 

lim  Ls  ("  -f  (*)  cos  n(t~  x)  dt  +  ns  j"      ty  (t)  cos  n  (t  -  x)  X,  (t)  dt    =  0, 

where  X,  (f)  =  X  (2  -  2tt),  in  the  interval  (b  +  2tt,  w)  of  ( ;  and  where  X,  (t)  =  X  (t) 
in  the  interval  (ir,  c).  The  function  X,  (t)  satisfies  the  conditions  in  (2),  for 
the  interval  (b  +  2tt,  c)  ;  hence  we  have 


iuid  there  fore  also 


lim  n%  V      -if  (t)  cos  n(t-  a>)  X,  (t)  dt  =  0, 

lK'f"  ^  (t)  cos  n(t-x)dt  =  0. 
Now  let 

~T  $(t)dt  =  C,   -  j"  ^  (t)  cos  n(t~x)dt  = " 


i  utilized. 

47—2 
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where  An  is  of  the  form  aH  cos  nx  +  bn  sin  nx ;  then,  in  virtue  of  the  result 
just  established,  lim  A„  =  0.     It  follows  that  the  Fourier's  series 

n    A,     A2  An 


is  convergent  for  every  value  of  x,  and  therefore  converges  to  the  value  yjr  (x), 
this  function  being  continuous  and  periodic. 

The  function  F(x)  tic  lined  by  the  series 

O  +  O-.  +  iAJ-A,-^-...-^!-... 

satisfies,  with  respect  to  the  function  f(x),  the  conditions  of  theorems  (1)  and 
(3)  of  §  480,  and  lim  An  =  0,  for  every  value  of  x.     It  therefore  follows,  from 

theorem  (1),  that  the  series  A0  + A,  +  A2+  ...  +  An+  ...,for  any  value  of  w 
for  which  it  is  convergent-,  converges  to  the  value  f{x). 

It  will  be  observed  that  the  theorem  gives  no  information  as  to  whether 
the  series  Aa  +  A2  +  A2  + ...  +  An  +  ...  is  a  Fourier's  series  or  not;  neither 
does  it  make  any  assertion  as  to  the  values  of  x  for  which  the  series  is 
convergent. 

When  f(x)  is  a  given  periodic  function,  defined  for  all  values  of  w,  and 
which  satisfies  the  conditions  of  the  theorem,  the  process  of  forming  the 
trigonometrical  series  which  represents  /'(,(■)  at  each  point  at  which  that  series 
converges  is  as  follows: — The  function  F  (x)  is  first  determined,  so  as  to 
satisfy  the  condition  (1),  in  relation  to  the  given  function /(«),  and  then  the 
periodic  function  yjr(x)  can  be  determined.  This  latter  function  is  then 
replaced  by  the  Fourier's  serif;;  which  represents  it;  and  thus  a  series  which 
everywhere  represents  F(x)  is  obtained.  The  requited  series  is  then  obtained 
by  differentiating  twice  the  terms  of  the  series  which  represents  F(x). 

Conversely,  Niemann's  method  gives  a  process  of  summation  of  a  given 
trigonometrical  scries  A0  +  A,  +  ...  +  An+  ... ,  such  that  lim  An  =  0,  for  every 
value  of  x.  The  series  being  given,  the  function  F  (%)  is  defined  by  the 
convergent  series 

O+C.  +  iA^-^-^-...-^-...-. 

The  convergent  series 

of  which  the  Hum  is 

F(z  +  24)  +  f  («  -  tit)  -  2f(») 
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is  then  formed.     Whenever  the  given  scries  is  convergent,  its  sum  is  then 
given  as  the  limit,  when  h  =  0,  of  the  sum  of  the  series 

/sill  il'' 


.    /sin  A\a       .    /sin2AV 


484.  The  following  theorem  gives  the  necessary  and  sufficient  condition 
that  the  trigonometrical  series  obtained  in  accordance  with  the  method  of 
§  483,  actually  converges  to  fix),  for  a  particular  value  of  w. 

Let  b  <  x  <  c  S  b  +  2w,  and  let  p  (t)  be  a  function-  such  thai  p  (t),  p'  (t),  are 
continuous  in  the  interval  (b,  a),  and  built,  vanish  at  b  and  at  c;  further  let 
p"(t),  p'"(t),  p,y  (t)  be  continuous  in  the  interval  (b,  c).  For  t-x,  let  p(t)  =  1, 
p'  (i)  =  0,  p"  (()  =  0.  The  necessary  and  sufficient  condition  that  the  series 
A<>  +  A,  +  At  +  ...,  may  be  convergent,  in  which  cane  it  necessarily  converges 
to  the  value  f(x),  is  that 

>anj(8n+l)(«-t)J 
sin^(a;  — S) 

should  converge  to  a  definite  limit,   us  n  is  indefinitely  increased. 
We  have 
A,  +  At  + ...  +  An  =  -  I        [F(t)  -  C't  -  %A0t*}  %  ~  r* cos  r  (•  - 1)  dt 

-jej.    \F(t)-Gt-^Aat\-^-  sinHx_t) — *  ■ 

Let  a  be  so  chosen  that  the  interval  (a,  a  +  2?r)  encloses  the  interval 
(b,  c),  and  consider  the  integral 


1    fc„,j.    ,..  d3  si 


iii 


!'.*** 


<ji\{n 


dp  sin %(2n+l)(z-  t)  , 


»ini(«-() 

where  \{t)  =  1  —  p(t),  when  t  is  in   {»,   c),  and  X(t)  =  1   in  the  remainder 
of  (a,  a  +  2tt),  and  thus  \(a>)  =  0  ;  also  let  X(()  he  periodic,  and  of  period  2?r. 
The  integral  may  be  expressed  in  the  form 

-  psf^)' £+,*t(0  W) si"  J  (2»  +  !)(«- «)  « 

-  (2n  + 1)  r    V(*)  xa(f) cos  4  *2,i  +  !)  (^  -  0  rft 

tr^Mo"'^1";-1'*, 

1*       T  sini(a!-t) 

where  Xi(0  =  MO  cosec  ^(a  —  t), 

\%(t)  =  \(()  -g  cosec  £  (#  —  (), 
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Since  \(x)=0,  X'(x)  —  0,  \"(x)  —  0,  and'since  \'"(t),  XIT(t)  are  continuous 
functions  in  the  interval  of  t,  it  follows  that  \,  (t),  X.,  (t)  satisfy  the  condition 
of  the  theorem  (3)  of  §  480.  Therefore  the  first  two  terms  of  the  above 
expression   converge  to  zero,   when   n  is  indefinitely   increased. 

The  function  ^r(t)~K.(l-)  has  a  limited  differential  coefficient  in  the  interval 
(a,  a  +  2w),  and  therefore  it  is  expressible  by  a  Fourier's  series  which  everywhere 
converges  to  the  value  of  the  function.  The  sum  of  the  first  n  +  1  terms  is 
expressed,  at  the  point  x,  by  the  third  integral  in  the  above  expression, 
multiplied  by  l/27r;  and  this  converges.,  as  n,  is  indefinitely  increased,  to  the 
value  of  the  function  at  the  point  x,  that  is  to  zero. 

It  has  now  been  shewn  that 

provided  the  limit  on  the  right-hand  side  exists. 
By  partial  integration,  we  have 
1    \%f"t xup,, m  d* 8i"i(2«  +  l)(g-«)  ,. 


=i/><*+4wo]^^=^ 


sin  \{x  —i) 

The  functions  equal  to  1?p"  ((),  f/j"  (t),  tp  (t),  p  (t)  respectively,  in  the 
interval  (b,  c),  and  each  equal  to  zero  in  the  remainder  of  the  interval 
(a,  a  +  277),  are  all  representable  by  convergent  Fourier's  series,  since  these 
functions  have  limited  derivatives  in  the  whole  interval  (a,  «  +  27r).  It 
follows  that 

converges   to   the   value   A0,  as   n  is  indefinitely  increased;    for   p(x)  =  l, 

P»=o,  P»-a 

It  has  therefore  been  shewn  that  -4„  +  -4,  +  . . .  +  An  +  . . .  converges  to  a 

deiinite  limit,  provided 

converges  to  a  definite  limit.     The  theorem  has  accordingly  been  established. 

Since  the  interval  (b,  c)  which  contains  x,  is  arbitrarily  small,  this  theorem 
puts  in  evidence  the  fact  that  the  convergence.,  at  the  point  x,  of  the  trigono- 
metrical series  obtained  by  Riem.a/nn' .<;  process,  corresponding  to  a,  given 
function  f(x),  depends  only  upon  the  nature  of  f  (.'<■)  in  an  arbitrarily  small 
neighbourhood  of  the  point  x. 


i/>" 
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INVESTIGATIONS    SUBSEQUENT   TO    THOSE    OP    MEMANN. 

485.  The  important  discovery,  made  by  Seidel  and  by  Stokes,  of  the 
fundamental  distinction  between  series  which  converge  uniformly,  and  those 
which  converge  non-uniformly  in  a  prescribed  interval,  remained  for  a  long 
time  without  influence  upon  the  development  of  the  theory  of  series  in 
general,  and  in  particular  of  trigonometrical  series.  It  was  shewn  by 
Weierstrass  that  the  legitimacy  of  term  by  term  integration  of  a  convergent 
series  is  dependent  upon  the  uniform  convergence  of  the  series  ;  by  previous 
writers  no  such  restriction  upon  the  universal  validity  of  the  process  had 
been  recognized.  It  was  first  pointed  out  by  Heine*  that  a  full  recognition 
of  the  consequences  of  the  theory  of  uniformity  of  convergence  made  it 
necessary  to  undertake  a  re- examination  of  the  foundations  of  the  theory 
of  trigonometrical  series.  The  investigations  of  Dirichlet  and  others  had 
established  that  a  function  which  satisfies  certain  conditions  can  be  repre- 
sented by  means  of  a  trigonometrical  series  in  which  the  coefficients  have 
the  form  given  by  Fourier ;  unless  however  it  be  assumed  that  a  series  so 
obtained  converges  uniformly,  it  cannot  be  immediately  proved  that  it  is 
the  only  trigonometrical  series  by  which  the  function  can  be  represented. 
The  customary  proof  that  a  function  is  capable  only  of  a  single  representation 
by  means  of  a  trigonometrical  series  was  based  upon  the  assumption  that,  if 
a  convergent  series   ^a„  4-  2  (a„  cos  me  +  b.a  sin  nx)  converge   to   zero  for  all 

values  of  x  in  the  interval  (—  w,  ir),  it  is  legitimate  to  multiply  the  series 
by  cosm;  or  sin  ma,  and  then  to  integrate  term  by  term,  between  the  limits 
-  7r,  tt;  thus  shewing  that  tt«  =  0,  &„=  0,  for  every  value  of  n.  If  however 
it  is  not  known  that  the  series  converges  uniformly,  the  process  of  term  by 
term  integration  is  not  necessarily  legitimate,  and  thus  the  proof  is  invalid. 
In  fact  it  is  conceivable  that  a  non-uniformly  convergent  series  might  exist 
whose  sum  is  zero  for  every  value  of  the  variable.  It  thus  appeared  that, 
when  a  Fourier's  series  exists  which  represents  a  function  fix),  it  cannot  be 
immediately  inferred  that  no  other  trigonometrical  series  exists  which 
represents  the  same  function. 

A  Fourier's  series  that  represents  a  function  /(*')  which  has  discon- 
tinuities, is  certainly  non-uniformly  convergent  in  the  neighbourhood  of  such 
continuities,  and  in  default  of  proof  to  the  contrary,  it  may  also  be  non- 
uniformly  convergent  in  the  neighbourhood  of  points  at  which  f{x)  is 
continuous.  Thus,  for  example,  if  f(x)  is  continuous  in  its  whole  domain, 
and  is  representable  by  a  Fourier's  series,  it  cannot  be  assumed  that  the 
series  is  uniformly  convergent.  The  value  of  the  representation  of  a 
function  f(x)  by  a  series  \aa  +  2  (an  cos  nx  +  hn  sin  ■«#)  would  be  seriously 
impaired,  if  it  were  not  known  that  the  series  was,  at  all  events  in  general, 

*  Crelk's  Journal,  vol.  lsii,  1870 ;  soe  also  Kwjelj'vw.tionen,  vol.  i,  p.  55, 
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uniformly  convergent.     For  it  could  not  be  assumed  that,  if  ty  (cb)  denotes  a 
rb 

continuous  function,  the  integral       f(jv)^(x)dx  would  bo  represented  by 


the  > 


\a„,  I    f(n!)ii+S       («„cos?iic  +  o«sin  nx)ty(ai)dx; 


the  employment  of  Fourier's  series  in  physical  and  other  investigations 
would  consequently  be  much  restricted. 

These  considerations  gave  rise  to  a  series  of  investigations  with  the  view 
of  establishing  the  uniqueness  of  the  representation  of  a  function  by  means 
of  a  trigonometrical  series,  and  of  investigating  whether  the  coefficients  in 
the  series  are  necessarily  expressible  in  the  Fourier  form.  Heine*  proved 
that  the  Fourier's  series  which  represents  a  limited  function  that  satisfies 
the  conditions  known  as  Diriehlet's,  viz.  that  it  has  only  a  finite  number  of 
discontinuities  and  is  in  general  monotone,  is  uniformly  convergent  in  the 
portions  of  the  interval  (—  it,  tt)  which  remain  when  arbitrarily  small  neigh- 
bourhoods of  the  points  of  discontinuity  arc  removed  from  the  interval, 
This  property  of  the  series,  of  being  in  general  uniformly  convergent, 
suffices  to  remove,  in  the  case  of  a  most  important  class  of  functions,  the 
restriction  which  has  been  above  mentioned  relating  to  those  applications 
of  Fourier's  series  which  involve  a  term  by  term  integration.  It  having 
thus  been  shewn  that  a  function  satisfying  Diriehlet's  conditions  is  repre- 
sentable  by  a  series  which  converges  in  general  uniformly,  Heine  proved 
that,  if  a  function  is  re  pre  sen  table  at  all  by  a  series  which  converges  in 
general  uniformly,  there  can  exist  only  one  such  series.  This  is  equivalent 
to  the  theorem  that,  if  a  series  converges  in  general  uniformly  in  the  interval 
(— 7T,  7r),  and  represents  zero,  then  all  the  coefficient*  vanish,  and  the  sum 
of  the  series  is  therefore  zero  for  all  values  of  the  variable.  Heine  proved 
further  that  this  theorem  holds  even  when,  for  a  finite  number  of  values  of 
the  variable,  the  series  is  not  known  to  converge,  or  when  it  is  at  least  not 
assumed  that  its  sum  is  zero  for  such  values  of  the  variable.  The  possibility 
remained  however,  that  when  a.  function  is  thus  uniquely  represented  by 
means  of  a  series  which  is  in  general  uniformly  convergent,  other  series 
not  possessing  this  property  of  uniform  convergence  may  exist,  which  also 
represent  the  same  function. 

It  was  next  proved  by  G.  Can  tor  f  that  if  the  expression  an  cos  nx  +  bn  sin  nx 
be  such  that,  for  every  value  of  a;  in  a  given  interval  (a,  $),  the  limit 
lim  {an  cos  nx  +  b„  sin  nx)   is   zero,   then   an,  bn   converge  to   zero,  as   n  is 

indefinitely  increased,  and  hence  that  the  series 

Jaj  4-  2  (««  cos  me  +  bn  sin  nx) 

'    Crelli!'«  Journal,  vol.  lsxi. 

t  Crelle's  Journal,  Vol.  lsxii,  also  in  a  simplified  form  in  Mulli.  Annalen,  vol.  rv  (1871). 
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can  only  converge  for  all  values  of  x  in  (a,  f3)  if  <£„,  bn  have  the  limit  zero,  as 
n  is  increased  indefinitely.  This  theorem  is  independent  of  any  assumption 
that  the  convergence  is  uniform.  Cantor*  then  deduced  that,  if  a  trigo- 
nometrical series  ^a„  +  2  (ancosr(a;  +  bit  sin  v.x)  converges  to  zero,  for  every 
value  of  «  with  the  exception  of  a  finite  number  of  values,  for  which  it  is 
unknown  whether  the.  series  converges,  all  the  coefficients  an,  bH  must  vanish, 
Kronecker*  shewed  that  this  theorem  can  be  proved  without  assuming  the 
previous  one.  These  proofs  depend  upon  the  use  of  Sohwarz's  theorem  that 
if  F(a>)  denotes  a  function  which  is  such  that 

j(.+.)-if(.)+f(.-.).0| 

then  F(x)  must  be  a  linear  function  of  w. 

The  next  stepi-  was  made  by  CS.  Cantor  in  extending  the  proof  of  the 
uniqueness  of  the  representation  of  a  function  by  means  of  a  trigonometrical 
series  to  the  case  in  which  the  function  may  have  an  indefinitely  great 
number  of  points  of  discontinuity,  these  points  forming  a  set  of  the  first 
Starting  with  Weierstrass'  theorem,  that  an  infinite  set  of  points 
least  one  limiting  point,  Cantor  developed  the  theory  of  the 
successive  derivatives  of  a  set  of  points,  and  proved  that  if  a  limited  function 
has  discontinuities  which  form  a  set,  one  of  whose  derivatives  contains  only 
a  finite  number  of  points,  then  if  the  function  is  representablo  by  a 
trigonometric  series  at  all,  there  can  be  only  one  such  series.  In  this 
connection  the  theory  of  sets  of  points  was  first  considered,  and  thus  the 
whole  development  of  this  subject,  and  of  the  more  abstract  theory  of 
transfinite  numbers,  arose  historically  from  the  requirements  of  the  theory 
of  trigonometrical  series.  Proofs  were  given  by  Dini|  and  Ascoli§  that,  for 
restricted  classes  of  functions,  a  series  which  represents  such  functions  must 
be  Fourier's  series. 

An  important  advance  in  the  theory  was  made  by  Du  Eois  Eeymond||, 
who  proved  that,  if  a  function  f(x)  can  be  represented  by  a  series 

£«o  +  2  (an  cos  ncc  +  bn  sin  mo), 
which  is  such  that  an,  bn  have  the  limit  zero,  as  n  is  indefinitely  increased, 
the  coefficients  must  always  have  the  form 

«o  =  -  l     /(»)  dm,     On  =  -  /     f(x)  cos  ntedce,     bn  =  -  I     f(x)  sin  nxdx, 

whenever   these   expressions    have  a   meaning.     This   theorem   includes   the 

*  CrelU's  Journal,  vol.  lisiii  (1671). 

t  Math.  Aiunalen,  vol.  v  (1872). 

t  Sopra  la  serie  di  Fourier.     Pisa,  1672,  p.  2i7. 

|  AtmaU  di  Matematica,  ser.  2,  vol.  vi,  p.  252,  also  Math.  Annalen,  vol.  vi,  1873. 

I!   AUuiiidiumtnii  ili'r  hny^ri'dicii  Akv.tb:iiii-j.  vol.  xpi,  1875. 
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theorem  as  to  tin;  uniqueness  of  the  representation  of  such  inLegrablo  functions 
as  are  representn.ble  by  series  for  which  lim  an  —  0,  lim  bn  —  0. 

The  most  general  fonrmlatlons  of  the  theorems  as  to  the  uniqueness  of 
the  representation  of  a  function  by  a  trigonometrical  series  are  due  to 
Harnack  and  Holder ;    an  account  of  their  results  will  be  here  given. 

THE   LIMITS   OF   THE   COEFFICIENTS   OF   A  TRIGONOMETRIC  SERIES. 
486.     The  most  general  form  of  the  theorem  of  Cantor,  that  a  series 

jU0  +  £  ((%  cos  nx  +  bn  sin  nx) 

which  converges  for  every  value  of  a:  in  an  interval,  with  the  exception  of  a 
certain  set  of  points,  must  be  such  that  lima„  =  0,  lim&„  =  0,  is  due  to 
Harnack  *  who  proved  that  the  theorem  holds,  provided  that,  if  S  be  any 
arbitrarily  chosen  positive  number,  a  sub-interval  exists  in  the  given  interval, 
such  that,  at  every  interior  point  of  that  sub-interval,  the  measure  of  di- 
vergence of  the  series  is  less  than  S.  The  term  "measure  of  divergence  of  a 
series  at  a  point "  is  used  to  denote  the  excess  of  the  upper,  over  the  lower, 
limit  of  indeterminacy  at  the  point.  For  each  point  :•;,  at  which  the  measure 
of  divergence  of  the  series  is  less  than  S,  there  is  a  value  m,  of  n,  such  that,  if 

n  =  m,  then  j  an  cos  nx  +  bn  sin  nx  [  <  8 : 
we  suppose  that  a  sub-interval  exists  at  every  point  of  which  this  condition 
is  satisfied.     If  x  be  any  fixed  point  within  this  sub-interval,  a  neighbourhood 
(a;  —  n,  a;  -f  n),  of  x,  can  be  found,  such  that 

ja„cosn(£C  +  6)-t-6„sinji(fl!  +  e)|<  S,  |  a„cos  n(te  —  e)+  &„  sin  «  (a;  -  e)  |  <  S, 
for  n  S  m,  provided  e  <  n :  the  value  of  m  will  depend  in  general  upon  the 
value  of  e.     We  deduce  at  once 

'  (aa  cos  nx  +  bn  sin  nx)  cos  ne  \  <  S,    |  (a„  sin  nx  —  bn  cos  nx)  sin  ne  \  <  8 ; 
and  thence,  on  multiplying  by  cos -nx  sin  we,  •iinnmcosne,  and  adding  the  two 
expressions    in   the   inequalities,   we    have    |  a^  sin  2ne  \  <  48,   and   similarly 

bn  sin  2ne  \  <  4S,  where  n=m.  These  inequalities  hold  for  every  8,  the 
values  of  n,  m  depending  on  the  value  of  S. 

Let  2e=  a,  42=  0";  then  for  each  value  of  a  in  a  certain  interval  (a,  b), 
n  can  be  found,  such  that 

lonBinnal,  |  an+1smn  +  la  | ,  ...  |  a„+ssin  (n  +  s)a  | ... 
are  all  <  8',  Suppose,  if  possible,  that  a  sequence  o^,  a^,  a„3  ...  can  be 
found,  all  of  whose  members  are  numerically  =  8",  where  8"  >  8' ;  it  will  then 
be  proved  that  a  certain  value  of  a  in  (a,  b)  can  be  found,  such  that  the 
sequence  a„,sin%a,  a^sinwaa,  a^sinn^a  ...  is  such  that  it  contains  an 
indefinitely  great  number  of  members,  each  of  which  is  numerically  greater 

'   llulhtir.  liVs  scie-nt:es  mathi'maliqitnf-:,  suritu  2,  vol,  vl,  ['»!•■>,  atiO  M."th,  Aitit'<>'t)H,  vol.  xrx. 
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than  S'.  This  being  contrary  to  the  hypothesis  that,  for  each  value  of  a, 
|  ausm.ni  \  <  5",  for  all  values  of  n  which  are  sufficiently  great,  leads  to  a 
contradiction;  and  thus  it  is  impossible  that  such  a  sequence  as  a„,,  a^, 
a„a...  can  exist. 

To  establish  this,  wo  shew  that,  out  of  the  sequence  «„,,  «„2,  a»3.--,  a 
sequence  ant-,  an^  ...  can  be  chosen,  which  is  such  that,  for  a  certain  value 
5,  of  a,  in  (a,  6),  w/a,  n2'a,  ns'a  ...  all  differ  from  an  odd  multiple  of  %tt  by  less 
than  an  arbitrarily  chosen  small  positive  number  %. 


If 

and    na<y,|. 

ea;*5+f. 

+  £ 

now  suppose  n  and  y 

1  such  that 

n 

which 

is  equivalent 

n       ' 

to 

-  {«a  +  0  < 

b>-l, ' 

y,  <(nb-Z)-_. 

There  exists  a  possible  value  of ;(/-,  which  is  an  odd  integer,  provided 

»  +  !?. 
6  —  a  ' 

take  the  least  of  the  numbers  n,,  n.,,  «,  ...  which  is  £  -= ,  and  denote  it 

o  —  a 
by  ji,'.    We  can  then  find  a  corresponding  odd  integer  y„  and  we  take  a 
to  lie  in  the  interval  (a,  b'),  where 


this  interval  lies  within  (a,  b),  and  is  of  length  — , .     Next,  an  odd  integer  yfl 
can  be  determined  such  that 

(fl,V+o|<ft<(m'6'-0*, 

provided  w,  S  r, f  £  — 77„—  "i ; 

(r  —  a  2f 

and  «/  can  be  chosen  from  the  sequence  ^,  m2,  ...  so  as  to  satisfy  this  condi- 
tion, if  a  lies  in  the  interval  (a",  b"),  where 

y*  |  -  f       ^    ft  J  +  £ 


.Google 


Trigonometrical  series  [oh.  vii 

l  this 

si",  we  obtain  a  sequence  %',  w,s',  ...  of  numbers  all  belonging  to  the 
sequence  n^,  n*,  n»,  ...,  and  such  that  if  a  is  the  point  winch  lies  within  all 
the  intervals  (a,  b),  (a1,  b"),  (a",  b")  ...  ,  then  n,'a,  nja,  ...   all  differ  by  less 

than  5"  from  odd  multiples  of  ^.     Since  f  can  bo  chosen  arbitrarily,  we  can 

find  m/.m/...  such  that  j  a^sm  nfa.  |,  \a^sinn,'a\  ...  are  all  =  S',  which  is 
contrary  to  the  hypothesis  in  accordance  with  which  |  an  sin  no.  |  is,  for  every 
sufficiently  large  valuo  of  n,  <  B'.  It  has  thus  been  shewn  that  no  sequence 
<%,  Ona,  (t„3 .,.  exists,  all  of  whose  terms  are  numerically  =  S";  and,  if  B"  is 
first  chosen,  we  may  afterwards  choose  £'.  Therefore,  from  and  after  some 
value  of  n,  an  must  be  numerically  less  than  S';  and  since  this  holds  for 
every  8',  we  must  have  lim  ua  =  0.  In  a  similar  manner  it  is  seen  that 
lim  6„  =  0. 

The  theorem  has  thus  been  established  that  if  the  series 
\  an  +  £  (an  cos  nx-  +  bn  sin  nx) 

be  such  that,  for  each  mt.ni.ber  §(>  0),  there  exists  an  interval  in  (—  tt,  tt)  at  every 
point  of  which  the  measure  of  divergence  of  Ike  series  is  <  S,  then,  an,  bn 
diminish  indefinitely,  as  v.  is  mdejiniidy  increased,  in  part-itv.dar,  if  the  points 
at  which  the  measure,  of  divergence  is  £  S  form,  a-  non-dense  set,  then  lim  an  =  0, 
lim  bn=0. 

It  follows  from  this  theorem  that,  if  a  trigonometrical  series  converges  for 
an  everywhere- dense  set  of  points,  and  is  such  that  an,  bH  do  not  converge  to 
zero,  as  n  is  indefinitely  increased,  then,  for  seme  positive  value  of  S,  the  set  of 
points  at  which  the  measure  of  divergence  is  £  2,  must  be  every  where- dense. 
No  assumption  lias  been  made  as  to  the  form  of  the  coefficients  an,  b„  in  the 
trigonometric  series.     That  lim  an  =  0,  lim  bn  =  0,  in  the  particular  case  of  a 

Fourier's  series,  lias  been  already  es  tab  lis!  led  in  §  434. 


PROOF    OF    THE     UNIQUENESS     OF    THE    TRIGONOMETRICAL    SERIES 
REPRESENTING     A     FUNCTION. 


that  the  series  -!jttv  +  t  (ajloosn&  +  bn$,mnx)  con- 
verges to  zero  at  every  point  of  the  interval  (—  tt,  tt),  with  the  exception  of  a 
reducible,  and  therefore  enumerable,  sec  of  nointw,  at  which  it  is  not  assumed 
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In  accordance  with  the  theorem  of  §  486,  the  coefficients  o^,  bn  converge  to 
zero,  as  n  is  indefinitely  inereaseu1.  Accordingly  the  condition  is  satisfied 
that  Ricmann's  function 

_  .   .       ,       „     S    an  cos  nx  +  bn  sin  nx 
»=i  n 

is  a  continuous  function.     In  accordance  with  Rieraann's  theorems, 
F(x  +  k)  +  F(x  -h)~  ZF(x) 

is  zero,  for  every  value  of  %  for  which  the  given  scries  converges ;  and  further, 
at  every  point,  without  exception, 

nmF(x  +  h)  +  F(x-h)-2F(x)_r} 

In  accordance  with  the  extension  of  Sehwarz's  theorem,  given  in  §§  211 — 
213,  since 

lim  f(«  +  h)  +  F(ie~k)~2F{a) 

vanishes  at  every  point  in  the  interior  of  an  interval  of  the  everywhere-dense 
set  of  those  intervals  which  arc  complementary  to  the  given  reducible  set  of 
points,  and  since 


inn 


b'  u  +_h 


at  all  points,  the  function  F(x)  is  a  linear  function  ax+b,  in  the  whole 
interval  (— ir,  it),  and  consequently  in  any  interval  whatever. 

Since  the  function  ax  +  6  —  •}«■„»;-  is  represented  everywhere  by  the  series 
S    an  cos  nx  +  hn  sin  nx 

it  follows  that  ax  +  b  —  ^a^a?  must  be  a  periodic  function,  which  can  only  be 
the  case  if  &  =  0,  and  a0  —  0. 

Since  the  series  is  uniformly  convergent,  we  may  multiply  by  cos  nx,  or 
by  sin  nx,  and  integrate  term  by  term;  we  thus  see  that  an=0,  bn  =  0. 
The  coefficients  of  the  series  therefore  vanish  identically. 

Since  the  series  may  be  taken  to  be  the  difference  of  two  given  trigono- 
metric series,  we  obtain  the  following  theorem:— 

No  two  distinct  trigonometric  series  can  exist,  which  conivrr/e  to  the  same 
value  for  all  points  of  (  —  ir,  tt),  with  ike  exception  of  a  reducible  set  of  points 
at  which  the  series  are  not  known  lo  couoer'je  to  the  same  value,  or  to  converge 
at  all. 

This  extension  of  Cantor's  theorem,  relating  to  the  uniqueness  of  the 
representation  of  a  function  by  a  trigonometric  series,  is  obtained  by  con- 
sidering the  difference  of  two  trigonometric  series  which  might  be  assumed  to 
represent,  in  the  sense  defined,  the  same  function.  It  has  not  been  assumed 
that  the  series  is  necessarily  a  Fourier's  series. 
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THE    REP.RF.sT:  NT  AT  LON    OF    INTEGRABLE    FUNCTIONS. 

488.  With  a  view  to  proving  that,  in  a  wide  class  of  cases,  a  trigono- 
metric scries,  which  represents  a  given  function,  is  necessarily  a  Fourier's 
series,  we  proceed  to  the  consideration  of  an  extension  of  Schwarz's  theorem, 
given  in  §§  211 — 213,  due  to  Da  Bois  Raymond,  and  which  has  been  otherwise 
proved  and  extended  by  Holder  and  Lebcsgue. 

Let  F(x)  be  a  function  which  is  continuous  in  the  interval  {xl  —  a,  #,  +  a), 
and   let  F(xi  +  a)  +  F(tc,  -  a)~2F{ss^   be   denoted   by   &jF(x,).      Let   us 

further  suppose  that,  for  each  value  of  as  in  the  given  interval,      "    B 
either  converges  to  a  fixed  value/(a;),  as  e  is  indefinitely  diminished,  or  else 
has  two  finite  limits  of  indeterminacy  /(•<;),  ./'(»).      If,  for  any  value  of  #, 


e,  such  that  0  <e  £  es,  then  f(x),  f(x)  are  the  limits  to  which  U  and  L 
verge  respectively,   when   e,   is  indefinitely   diminished.     We 
assume  that,  in  the  whole  interval  (at,  —  a,  «i  +  a), 

hm       y  L=f(x), 

where  /(«)  is  considered  to  be  determinate  at  points  at  which  the  limit  is 
definite,  and  to  be  indeterminate  between  the  limits  f(x),  /(■'''),  at  points  in 
which  the  limit  is  indeterminate. 

It  will  be  further  assumed  that  the  upper  limit  of  /(*)  in  the  whole 
interval  is  finite,  and  equal  to  U;  it  will  also  be  assumed  that  the  lower 
limit  of f{x)  is  finite  and  equal  to  L.  The  function /(«■)  is  therefore  limited 
in  the  interval  (xy  —  a,  a^  4-  a),  with  U,  L  for  its  upper  and  lower  limits. 

Let 
lf>(a))  =  F(x)-F(xl-a)~^^[Ffa  +  a)-F(x1^ay] 

+  \G  (x  -  «;,+•  a)  fa  +  a  -  x), 
where  G  is  a  constant.     We  see  that 


■[„- 


and  thus  tf>(s!i)%Q,  according  as  0<— -  s-     ■-     Let  G  be  so  chosen  as  to 
exceed    — — ^^.     Since  <p  (x)  is  continuous  in  the  interval  fa  —  a,x,  +  a), 

and  vanishes  at  the  points  x,  —  a,a:i  +  a,  there  must  be  at  least  one  point  S,  in 
the  interval,  at  which  <f>(w)  lias  a  maximum,  and  is  positive. 
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Wo  fad  that  ViW_i^«_c. 

and,  since  <$>{z)  is  a  maximum  of  $(&•),  At20  (a)  is  never  positive,  for  all 
sufficiently   small   values  of  e.     Therefore    the   limits  of  indeterminacy   of 

the   limit   of  — - — —■■  —  0,   for  e  =  0,   are   neither  of  them   positive;   hence 

/W  a/5)  so. 

Now  L  &f{z),  and  U  =  /(V);  hence  L  &  0,  and  r.his  holds  for  any  value 


It  follows  that  L  A  — - — - — - .  In  a  similar  manner,  by  choosing 
0  < ^—  ,  and  considering  the  minimum  of  ij>  (#),  it  can  be  shewn  that 

U £ %        •    The  following  theorem™  has  accordingly  been  established:- — ■ 

If  F{x)  be  continuous  in  the  interval  (&"i  —  a,  x,  +  a),  and'  at  every  point 
of  the  interval, 

w&ere  /(#)  is  e/i/'tT  determinate,  or  indeterminate  bat-wean  definite  limits  of 
indeterminacy,  at  each  point  :.c  of  the  interval,  and  is  a  limited  function  in 
the  interval,  then 

J,0c1  +  tt)  +  i,(g1-«)-2F(g[) 

a2 

lies  between  the  upper  and  kmier  hunts  of  /'(''')..  >■*'-  the  wlbrixd  (a;,  —  a,  cc,  +  a). 

489.     Let  us  assume  that  the  series 

&«<,  +  2  (a„  cos  n#  4-  &«  sin  «#) 

has,  throughout  the  interval  (a,  b),  the  sum/{ic),  where /(a;)  is  limited  in  the 
interval  (a,  b),  and  has  a  determinate  value  at  every  point  of  the  interval, 
except  at  the  points  of  a  set  E  of  zero  measure,  where  the  values  of  fix) 
may  be  indeterminate,  between  finite  limits  of  indeterminacy.  Also  let  it 
be  assumed  that  the  conditions  of  the  theorem  of  §  486,  are  satisfied,  so 
that  lim  an  and  lim  bn  are  zero,  or  more  generally,  that  |  On  cos  we  +  b-n  sin  na> 

is  limited  for  all  the  values  of  n  and  x. 

*  Bee  Hcilder,  Ml/iti>.  Annate  *:,  vol.  ks.lv,  p.  IS;!.  The  theorem  hus  jl1«(j  hut.rn  «slnl.ilisl;(;J  other- 
wise by  Lebesgue,  for  the  case  in  which  /  (*)  has  a  definite  value  at  each  point ;  see  the  Annates 
sc.  de  VScole  normal::  sit.perietirc,  *er.  3,  vol.  xx. 
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In  accordance  with   the   theorem  proved  in  §  481,  if  F(x)  denote  the 
continuous  function  defined,  for  the  interval  (a,  b),  by 

S  o«  coa  nx  +  bn  sin  tub 
F(w)  =  ±0*0 -%-*—-      rf , 

]im  ri  _i^  is  equal  to  /(«),  at  all  points  of  {a,  b)  which  do  not  belong  to  E ; 

and,  at  a  point  of  E,  the  limit,  whether  it  bo  definite  or  not,  lies  between  the 
two  numbers 

*  \m+m\  ±  *  itw  -/w)  (i + 1 + i) . 

where  /(as),  /(#)  denote  the  upper,  and  lower,  limits  of  indeterminacy  of  f(x) 
at  the  point. 

Since  _? — '—'  is,  in  accordance  with  the  theorem  of  §  488,  limited  in  the 
interval,  for  all  values  of  as  and  «,  we  have* 

f».^  VJ       ..      [■■»  F(x  4-  a)  +  *(«  -  a)  -  2*»  , 
J# /(»)*»-££  J,  -i i— K-s '- ^dm, 

where  c  is  a  fixed  point  in  (a,  b),  and  ^  is  any  point  in  (a,  b).     The  integral 
of /(as)  exists,  in  any  case,  as  a  Lebesgue  integral. 

Denoting  by  ^(jb),  the  indefinite  integral  of  F{x),  we  have 

/>) 

Next,  let  i^{aO  denote  the  indefinite  integral  of  F,{x)\  we  then  have, 

J^  <*^/(»)d»«LLm^ ■ J-y ^-^-(*-o) c^J> 

where  *  is  any  point  in  (a,  6).     Since 


^.ita^.w-^]. 


we  have  F(a?)  =  f"  (to,  [*/(«)  <&tf  +  Xtf  +  B, 

where  A  and  B  are  constant  for  the  whole  interval  (a,  6), 
Next,  let  the  series 

£a0  +  2  (an  cos  ra«  +  bn  sin  ma;) 

be  such  that  its  sum-function  f{x)  has  indefinitely  great  values  at,  or  in  the 
neighbourhood  of,  points  belonging  to  an  enumerable  closed  set,  and  therefore 
a  reducible  set  G,  of  points  in  (-  it,  it).     In  any  interval  (a,  b),  contained  in 

*  The  extension  of  the  theorem  of  §  384,  given  in  jj  172,  footnote,  is  here  employed. 
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the  interior  of  an  interval  complementary  bo  (•',  the  function  fix)  is  limited, 
although  it  may  he  indeterminate  at  points  of  a  set  E  of  zero  measure.  It 
will  be  further  assumed  that,  either  /(*■)  has  >\.  Lobesgue  integral  in  {a,  b),  or 
else  that  it  has  a  no n- uniformly  convergent  improper  integral  in  accordance 
with  Harnack's  definition,  or  with  the  extension  of  that  definition  given  in 
§392.  Also,  in  the  latter  case,  it  will  be  assumed  that /'(,;?)  cos  nx,f{x)  sin  nx 
are  also  integrable  in  accordance  with  Harnack's  definition,  or  its  extension. 
It  will  now  be  assumed  that  lim  an  =  0,  and  lim  bn  =  0. 

Since  F(x)  —  I    dm,  \    f{x)dx  is  linear  in  any  interval  contained  in  one 

of  the  intervals  complementary  to  0,  it  is  linear  in  that  complementary 
interval,  since  it  is  continuous  at  the  ends  of  that  interval.  Moreover  c  need 
not  be  interior  to  tho  interval,  but  may  be  any  fixed  point,  say  the  point 
x  =  0,  in  the  interval  (—  v,  it).     Therefore  the  continuous  function 

+(.«■)-  n*)  -  /*  *»  /*/(«)  *• 

is  linear  in  each  interval  complementary  r,o  the  reducible  closed  set  G. 


We  have  now 


/*%&*  [*/(*)  da+^f  ^/Vc*) dx ; 


point   of  (—  it,   it)   without   exception.     The   function    I    f(%)  die   being   a 
continuous  function  of  xit  we  see  that 

cannot  exceed,  in  absolute  value,  the  fluctuation  of  j   f{x)dx  in  the  interval 

(a;  — e,  x  +  e)  of  #, ;  and  therefore  the  limit  of  the  expression,  for  e  =  0,  is  zero, 

It  has  now  been  proved  that  lim     — T  v      =  0,  at  every  point  of  (—  7r,  w), 

without  exception. 

As  in  §  213,  it  now  follows  that  the  function  yjr(a;)  is  linear  in  the  whole 
interval  (-  it,  it).  For,  if  AjX  +  B,,  A^x  +  Bs  be  the  values  of  ijr(x)  in  the 
intervals  which  abut  on  one  another  at  a  point  %  belonging  to  G,  we  have 

Atf +  5,  =  il,f +  S,;  and  since  lim  -'^"  =  0,  we  find  that  A,  =  A3,  and 

therefore  ^a  +  -fi]  and  jlaa!  +  B2  are  one  and  the  same  linear  function, 
h.  48 
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The  following  theorem  has  now  been  established : — 

If  the  sum-function  f(x)  of  the  series 

la,,  +  S  (an  uos  nx  +  bn  sin  re&), 

/or  which  lim  an  =  0,  &ro  &„  =  0,  6e  limited,  or  else  have  indefinitely  great 
values  at,  or  in  the  neigii-bourhood-  of,  points  in  (—  it,  tt),  belonging  to  a  reducible 
dosed  set  6,  tb.e  function  being  liruiicd,  in  any  interval  contained,  in  the  interior 
of  an  interval  coniplementarii  to  (>,  ami  bcino  detenn.i 'mile  ai  each  point  of  such 
interval,  with  the  -pott+ible  exception  of  the  points  of  a  set  of  zero  measure ;  and 
if  f{x)  either  (1)  have  a  Lebesgue  integral  in  (-  tt,  tt),  or  (2)  be  such  that 
f(x),  f(x)  cos  nx,  f{x)  sin  nx  have  non-abmlutdy  convergent  integrals  in 
(—  ir,  tt),  in  accordance  with   Harnack's  definition,  or  its  extension,  then 

F{x)-^dx^y{x)da> 

is  a  linear  function  in  (—  tt,  tt);  where  Fix)  denoteH  Jiieimuuts  function 
^aaa?  -  2  —  (an  cos  nx  +  bH  sin  nx). 

490.  Let  ^(^i)  denote  the  function  j  f(x)dx,  where  #,  is  in  the  interval 
(-  tt,  tt).  The  functions  'h'(a:),f(x)  are  defined  for  all  values  of  x,  as  periodic 
functions,  of  period  2tt;  if  then  we  define  x(x)  for  values  of  x,  not  in  the 
interval  (—  tt,  tt),  by  j  f{&)  dx,  we  have 

X(vi  +  Zrw)  =  %fa)  +  rj'  f(x)dx  =  X(x,)  +  r\X(Tr)-x(-Tr)}, 
whei'c  r  is  some  integer. 

The  function  F(x)-  I  xix)'^x  's  continuous  for  all  values  of  x;  and 
changing  x  into  2rvr  +  x  only  adds  a  constant  to  the  function.  Therefore 
F(x)~  |  ^(#)<&e  is  equal  to  the  same  linear  function,  for  all  values  of  x\ 
let  this  linear  function  he  \x  +  p..     The  function 

j    x  (*)  <**  -  \<h^  +  **  + 1* 

is  periodic,  and  of  period  27r.  The  differential  coefficient  %  (x)  -  ^a„x  +  \,  of 
this  function,  is  also  periodic,  and  therefore  its  values  for  w  =  tt,  m  =  —  w  are 
identical,  and  thus 

«.-;feW-x(-»))-i/"/(*)ifa- 

Since  F(x)  —  \a^  is  represented  by  the  uniformly  convergent  scries 
2  »„  cos  nx  +  bn  sin  me 
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we  have  I      (■#'(*')  —  i«n^S  cos  nx^e  = ;t. 

In  these  expressions,  we  substitute  ^(«)  +  \  for  £"(#),  after  integrating 
by  parts ;  we  thus  find  that 

J       \%(x) +  ^  — za»:>'}  sin  nasdx=  —  it, 

J      {x  (x)  +  x  ~  ha«x]  C0B  ^^  =  -  ~  7r- 
Let  us  denote  the  integrals 

I  f{x)oo%nxd/D,     I  /(*')sin  n#dai 

by  C„(«),  >Si„(«);  in  accordance  with  our  assumption,  these  integrals  exist, 
either  as  Lebosgue  integrals,  in  which  case  they  are  absolutely  convergent, 
and  their  existence  follows  as  it  necessary  consequence  of  the  existence  of 
C0(*),  or  else  as  non-absolutely  convergent  improper  integrals. 

In  an  interval  (a,  6)  which  contains  no  point.-  of  infinite  discontinuity  of 
f{x),  we  have,  by  integration  by  parts,  in  accordance  with  §  394, 

J    ix<<s)-i<VB}sin»ucda: 

=  [-  ix  («)  "  M  "][  + 1  \\  [/(*)  -  K]  cos  nxda. 
Let  now  the  function  $(&)  bo  defined  by  means  of  the  equation 

+  j  ( 0.  («)  -  0.  (-  »»  -  1 5 /". °°"  ra*"  +,+  <*)i 

the  function  <£(x)  is  continuous  in  the  interval  (— tt,  7t),  and  it  is  constant  in 
the  interval  (a,  b).  The  interval  (a,  b)  being  any  interval  contained  in  a 
complementary  interval  of  a  reducible  closed  set,  it  follows  (see  §  206)  that 
tf>  (a?)  is  constant  throughout  (a,  b) ;  and  since  <£  (—  it)  —  0,  the  constant  is 
zero.     Let  %  =  it,  we  then  have 

/'_  Ix  (»)  -  M  ™.  ™<fc  =  1  («.<»)  -  C,  (-  »■)) ; 

1  If 

therefore         a„  =  -  {(7„(7r)  -  C»(-  tt)}  =-  1     f  (tc)  cos  nasdie. 

In  a  similar  manner,  it  can  be  shewn  that 

bn  —  —  I     ./"(#)  sin  iwcdx. 

It  has  therefore  been  shewn  thai,  on  the  assumptions  ma.de,  the  coefficients 
of  the  trigonometrical  series  necessarily  have  the  form  of  Courier's  coefficients. 
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The  series  is  therefore  either  a  Fourier's  series,  or  a  generalized  Fourier's 
series,  in  accordance  with  the  terminology  introduced  in  §  439. 

The  following  theorem  has  now  been  established : — 

Let  the  function  fix)  be  defined  by  the  series 

%aa  +  2  (an  cos  nm  +  bn  sin  ike), 

in  the  sense  thai,  at  even;  /Mint  of  convergence  of  flu:  series,  the  sum  is  the  value 
of  /(*),  and  at  every  point  at  which  the  sum  of  the  series  oscillates  between 
limits,  f(x)  is  -multi 'file-valued  between,  those  limits,  and  at  every  point  of 
divergence  of  the  series  fix)  -is  indefinitely  great.  Then,  in  the  following  cases, 
the  coefficients  of  the  series  necessarily  have  the  forms 

a,,  =a  —  I     f{x)  dx,   a^  ='-  I     f(x)  cos  nxdm,    bn  =  -  I     f{x)  sin  nxdx, 

so  that  the  series  is  either  a  Fourier's  series,  or  else  a  generalized  Fourier's 
series : — ■ 

(1)  If  f(x)  be  everywhere    definite   and   limited.      The  function  is  then 
necessarily  summable,  and.  the  series  is  a,  Fourier's  series. 

(2)  If  fix)  be  limited,  but  not  everywhere  definite,  and  satisfy  the  condition 
of  the  theorem  of  §  486,  so  that  Urn  an  =  0,  Urn  bn  =  0 ;   and  further  if  f(x) 

have  a  Lebesgue  integral  in  (—  ir,  ir),  then  the  series  is  a  Fourier's  series. 

(3)  i//(«)  have  infi.rdte  discontinuities  at  a  reducible  set  of  points,  and 
integral  in  (—  tt,  tt),  and  the  series  be  such  ih.at  Urn  w„  =  0, 


Um  bn  =  0,  then  the  series  is  a  Fourier's  series. 

■  (4)  If  /(■'*)  have  ■infinite  diseou.ti.nuiti.es  at  a  reducible  set  of  points, 
and  /(*),  f(x)  cos  ux.  j'(w)  sin  nx  possess  non-absolulehj  convergent  improper 
integrals  in  (a,  b),  the  series  being  such  that  Urn,  au  —  0,  lim  b„  =  0  ;  then  the 
series  is  d  gen.eraii.zed,  Fourier's  series. 

THE   CONVERGENCE  OF   A  TRIGONOMETRICAL   SERIES   AT   A   POINT. 

491.  If  the  aeries  \aa  +  S  {ancos,nx  +  bnsm  me)  converge  at  a  point  x, 
and  if  the  sum-function  of  the  series  have  definite  limits  fix  +  Q),f(x  —  0),  on 
the  right,  and  on  the  left,  at  the  point  x,  it  does  not  necessarily  follow  that 
the  series  converges  at  points  in  a  neighbourhood  of  the  point  x,  at  which 
the  series  converges.  From  the  existence  of  f(x  +  0),  f(x  —  0),  it  follows 
however  that,  corresponding  to  an  arbitrarily  small  positive  number  8,  a 
neighbourhood  of  the  point  %  can  be  determined,  such  that  the  measure  of 
divergence  of  the  series  is,  at  every  point  in  that  neighbourhood,  less  than  S. 
This  has  been  shewn  in  §  486,  to  be  a  sufficient  condition  to  ensure  that  the 
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limits  of  an  and  bn  are  zero,  when  n  is  indefinitely  increased.     Hence  we  see 
from  Eiemanii's  theorem,  that  if 

F(ai)  =  \a,aa?  —  2  --  (<t„  cos  me  +  &„  sin  was), 

then  lim  — — 

at  the  given  point  so,  of  convergence  of  the  series. 
We  now  have 


_  ,im  IF{w  +  U)-ir(m  +  .)  +  F(.)  +  f(»)-tf(«-i)  +  i-(»-ii)| 

In  accordance  with  the  theorem  of  §  488, 

J,(tt  +  2«)-2J,(g  +  g)  +  i?(aO 

lies  between  the  extreme  values  of 

lim  r(i+.)-tf(>)+r('->)  _ 

for  ,«  <  2  <  a;  +  2e.  It  has  been  shewn  in  §  481  that,  for  each  value  of  z,  this 
limit  lies  between  values  which  depend  on  the  limits  of  indeterminacy  of 
f{z)  at  z.  It  follows  that,  for  a  given  positive  number  S,  the  positive  number 
e  can  be  so  determined,  that 

/<«+0)-S<li„a±^im±Z(£^)</(a;+o)  +  S, 

for  every  value  of  2,  such  that  so  <  z  <  ie  +  2e. 
We  thus  see  that 

Km  *>  +  2«>-M>  +  .)  +  fM  _/(.  +  0). 

Similarly,  it  can  be  shewn  that 

lim  j>-2.)-8r(«-.)+j-(.)        _  0) . 

and  therefore  we  have 

/(»)-if/(.  +  0)+/(«-0)}. 

The  following  theorem  has  now  been  established  : — 

If  a  trigonometrical  function,  conwn/e  at,  a  point,  then  the  value  to  'which  it 
converges  is  the  -mean-  of  the  Hi  nits  of  the  Hum-f unction,  on  the  right,  and  on  the 
fyfi>  of  the  point,  provided  th.ose  limits  exist. 

This  theorem  holds  for  every  trigonometrical  scries,  whether  it  be  a 
Fourier's  series  or  not. 
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Fourier's  integral  representation  op  a  function. 

492.     It   lias  been    shewn   in  the    course   of  the   investigation  of  con- 
ditions for  the  convergence  of  Fourier's  series  at  a  point  x,  that 
1  f'sinms,,  1   p'sinms  .   , 

converges  to   the  value 

K/(»+o)+/(»-o)l. 

when  the  positive  number  m,  which  is  not  necessarily  integral,  is  indefinitely 
increased;  provided /(V;)  'ias  y-°  integral  in  the  interval  (— it,  7r),  and  satisfies 
some  one  of  a  number  of  sufficient  conditions  in  the  neighbourhood  of  the 
point  x,  at  which  it  is  assumed  that/(#  +  0),/(#  —  0)  exist.  The  numbers  e, 
e'  are  such  that 

The  above  result  is  represented  by  the  equality 

Km  1  £/(*■)  ™-  p£=4  U  -!!/(•  +  0)  +/(.-  0)], 

where  m  —  7i-£a<  x<ft^x+  w,  and  where  w  is  in  the  interval  (—  tt,  tt).  If 
x,  x  be  changed  into  tnejl,  irafjl,  and  it  be  changed  into  mJ/tt,  the  function 
/(irxjl)  being  replaced  by  /(#),  we  see  that  the  equality  holds  for  points  x 
within  the  interval  (—  I,  I),  where  a,  /3  now  satisfy  the  conditions 

x  —  l^a<x  <  ftSx  +  l, 
When  x  =  a,  or  jb  =  ft,  the  value  of  the  limit  is 
l/(o  +  0),  or  ifW-0), 
provided  the   function  /"(«)  is  such  that  the  limit  exists,  and  also  satisfies 
one  of  the  sufficient  conditions  already  referred  to.      For  a  given  point  x,  and 
for  given  values  of  a,  ft,  the  number  I  can  always  be  so  chosen  that  the 
conditions  x—l&a<x<ft&x+l  are  satisfied, 

Now  let  f{x)  be  defined  for  the  unlimited  interval  (—  oo  ,  oo),  and  be  not 
necessarily  periodic,  but  be  such  that  in  any  finite  interval  whatever,  f(x) 
has  a  Lebesgue  integral.      It  will  further  be  assumed  that 

has  a  definite  double  limit,  for  b  =  +  <x>,  a=  — oo. 

When  f{x)  has  a  lliemann  integral  in  (a,  b),  this  double  limit  is,  in 
accordance  with   the  definition   in    §  292,  denoted,  whenever  it  exists,  by 

We  shall  use  this  notation,  even  when  I  \f(x)\dx  exists  only  as  a 
Lebesgue  integral.      Also,  we  shall  denote  by 
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the  double  limit,  when  it  exists,  of 

when  the  integral   throwjSi    the  finite  interval  exists  as    a  Lebesgue  integral. 
This  amounts  to  an  extension  of  the  definition  given  in  §  292,  of  an  improper 
integral  through  an  infinite  interval,  to  the  case  of  Lebesgue  integrals. 
If  0  >  #  >  x,  we  have 

I    fP  sin  11.(1'  —  r\  t  I  (■" 

therefore,  for  a  fixed  point  a;,  0  may  be  chosen  so  great  r.hat  the  integral  on 
the  left-hand  side  is  arbitrarily  small.  A  similar  remark  applies  to  the  lower 
limit   a.      We  see  therefore,   that  when  f{x)  is  such  that 

J_"j  fU)\U 

exists,  in  accordance  with  the  above  definition, 


ad  differs  from  f(x) -j - 


=*<*», 


than  an  arbitrarily  chosen  positive  number  \e,  provided  a.  and  $  are 
:ally  sufficiently  great,  for  every  value  of  u, 
It  follows  that,   when    the   assumed    conditions  are  satisfied, 


does  not  differ  from  J  [f(®  +  0)  +/(«  —  0)}  by  more  than  e,  provided  u  is 
equal  to,  or  greater  than,  some  positive  number.  Since  e  is  arbitrarily  small, 
we  have 

S". ; .C  •/V)  "y.."' dT' -  * (/<■ +  0> +-/'(a' -  0>i- 

The  following  theorems  have  now  been  established  :— 

If  fife)  be  a  function  which  has  a  T.ek'saiic  integral  in-  the  interval  (a,  ,9), 
then,  at  a  point  a;,  in  the  interior  of  (a,  /3),  at  which  f(x  +  0),  f(x  —  0)  eccist, 
and  such  that  one  of  the  known  conditions  for  the  convergence  of  Fourier's 
series  is  satisfied,  by  /(.'■)  in  the  neighbourhood  of  that  point  x: 

In  particular,  this  holds  tit  every  point  x  'interior  to  the  interval  («,  /S),  if 
f{%)  be  a  function  icilh  limited  total  fluctuation  in  (a.  $).  At  the  points  x  =  a, 
x  =  &  the  values  of  tfis  limit  are  £/((*  4-  0),  $■/(£  -  0),  provided  time 
functional  limits  exist,  and-  f(x)  satisfy  one  of  the  known  xuj/icient  conditions 
in  a  neighbourhood  of  a  or  &  on  the  side  towards  the  interior  of  the  interval. 
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If  x  be  exterior  to  the  iidercal  (a,  ft),  the  limit  is  zero. 

If  f(x)  have  a  Lebesgue  integral,  in  ever//  /mite  interval,  and 

/"_!/(«)  I  i. 

have  a  definite  value,  then 

iil/l/w^Si^>^'-il/<i+o)+/0"~o>1, 

for  any  point  x,  at  which  f(x  +  0),  f(x  —  0)  exist,  and  in  the  neighbourhood  of 
which  f{ai)  satisfies  one  of  the  sufiicient  conditions  for  the  convergence  of 
Fourier's  series.  In  particular,  this  result  holds  for  all  values  of  x,  if  f(x) 
have  limited  total  fluctuation  in  every  finite  interval  and.-  also  satisfies  the 
condition   th/xt 

I       \f(&)  |  dx  exists. 

These  theorems  contain  Fourier's*'  representation  of  a  function  by  means 
of  a  single  integral. 


Since 


sin  u  (x'  -  w)  _ 


I    cos  v  {x  —  x)  d 


the  single  integral  f       f(®') r dx'  may  be  replaced  by 

j"  datl"  f  (a?)  cos  v  (at- a>)drf. 

Therefore  the  theorem  in  §  492  may  be  taken  to  refer  to 

lim-f"  dx'lUf(af)ao&v{x'-x)dv'. 

It  will  now  be  shewn  that  the  repeated  integral  may  be  replaced  by  the 
one  in  which  the  integrations  are  taken  in  the  reverse  order. 
Let  if-  (a,  ft,  v)  denote 

and  let  -ty  (v)  denote 

On  the  hypothesis  that   I       \f(x')  daf  exists,  as  the  limit  of  a  Lebesgue 

integral,  the  integral  yp-(v)  also  exists.     Since  \"jr(a,  ft,  v)\  is  less  than  some 
fixed  positive  number,  for  all  values  of  a,  ft,  and  for  all  values  of  v  in  the 

interval  (0,  w),  it  follows,  by  using  the  theorem  of  §  384,  that  I    i{r(v)dv  is 

*  See  the  Tht'orie.  de  la  Ckalmw,  Chap.  IX,  §  416. 
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the  limit  of  the  integrals  J    ^(a,  /3,  v)dv,  when  a  and  /3  have  the  values 

in  sequences  which  diverge  to  +ao,— x  respectively.     Also  I    yjr(v)dv  has 
a  value  which  is  independent  of  the  particular  sequences  of  a  and  ft.     For 
I    dv  I    f  (x')  cos  v  (x1  ~  x)  dx' , 

is  numerically  arbitrarily  small,  for  a  sufficiently  great  value  of  ,8,  inde- 
pendently of  the  value  of  0'(>/3);   and  a  similar  remark  applies  to 

/"*£/<«o  o«.(^-«)«. 

We  have,  therefore, 

I    d-w  J      /(#') cos i; (#'  —  x)dx'  =      lim       I    cfe  I    /(as*) cos if (#'  —  ce) dx' 

JO  J  -oo  0-<»,=i=-Wu  J. 

=       lim       I    <fo/      /(#')  cos  £><#'  — a;)  dn 

=  1       das'  I    /(*')  cos  D  (a/  —  a;)  <£«. 

It  follows  that 

lim  —  I    <fo  I      /(*')  cos  ii  («'  —  x)  dx' 

=  lim  -  I       t&e'  J    /(#')  COS  D  (x'  —  x)  daf, 

whenever  the  limit  on  the  right-hand  side  exists. 

Therefore  lim  -  |    dv  I       f(d)  cos v (%'  -x)dx' 

has  the  value  {  \f(x  +  0)  +f(x  ~  0)},  provided  the  function/(#)  satisfies  one 
of  the  sufficient  conditions  already  referred  to. 

The  following  theorem  has  now  been  established  : — 

If  f(x)  have  a  Lebesyu.e  integral  in  every  finite  interval,  and  be  such  that 
I        \f(x)\dx  has  a  definite  value,  as        lira        I    \f(x)\dx,  then 

\  f^l         SW  C0SV  V  ~  ^  ^  =  *  ^(X  +  0)  +/(*  _  °)K 

for  any  point  x,  at  which  f  (a;  +  0),  /'(.«—  0)  arisf,  and  in  the  neighbourhood  of 
which  f(x)  satisfies  one  of  the  sujjirAent  conditions  for  the  convergence  of 
Fourier's  series.  In  particular,  tin's  result  holds  for  every  value  of  x,  if  fix) 
have  limited  total  fluctuation,  in  every  finite  interval.,  and  also  satisfies  the 
condition  that   I        \f{x)\dx  exists. 
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It  should  be  observed  that,  although 

j    dv  I       /  (x1)  cos  v  (%'  —  x)  dx' 
is  here  employed  to  denote 

lim  I    dv  I     f(x') cos v (af  —  x) dx', 
in  accordance  with  the  definition  of  j     %  (v)  dv  as  the  limit  of  the  Lebesgue 

integral  j    %()>)(&),  when  k  is  indefinitely  increased,  provided  the  limit  exists, 
it  is  not  necessarily  the  case  that 

I    dv\\      f(x')  cos  v  (x'  —  x)  \dx 
exists.     For  the   existence  of   I     x(v)dv  does   not   necessarily  imply   that 
of  J     \%(v)\dv. 

The  above  theorem  contains  Fourier's*  representation  of  a  function  by 
means  of  a  repeated  integral,  frequently  spoken  of  as  Fourier's  double 
integral,  although  it  is  not  a  double  integral  in  accordance  with  the 
terminology  employed  in  this  work. 

Let  f{x)  be  zero  for  all  values  of  x  which  do  not  lie  in  the  finite  interval 
(a,  ft),  we  then  obtain  the  following  result : — 

If  f(x)  have  a  Lebesgue  integral  in  (a,  ft),  then 

-        dv  I    f(x')cosv(x -x)dx' 

has  the  value  £  {/(«  +  0)  +  /(«  -  0)} 

at  an  interior  point  of  the  interval  («,  ft),  and  has  the  values 

*/(«  +  <>),      l/OS-0), 
at  the  points   a,  ft;  provided,  in  each  case,  the  limit  exists,  and  f  (x)  satisfies 
one  of  the  requisite  conditions  in  the  neighbourhood  of  the  point.      If  x  be 
exterior  to  (a,  ft),  the  repeated  integral  is  zero. 

It  should  be  observed  that  the  repeated  integral 

I    dx  \  f(x) cos v (x' - x) dv 

does  not  exist,  because  I    cos  v  (x  -  x)  dv 

has  no  definite  meaning. 

There  is  no  difficulty  in  obtaining  sufficient  conditions  for  the  uniform 
convergence  of  Fourier's  repeated  integral  to  the  value  of  the  function,  in  an 
interval  in  which  the  function  is  continuous,  as  in  the  case  of  Fourier's  series. 

!f  See  the  TMorie.  tie,  hi  Ch/ilma;  Chap,  ix,  §  1. 


,Google 


LIST   OF   AUTHORS   QUOTED. 


\_Thi'.   nv.mhen!  refer   to  pagw.'j 


Abel,  496,  497,  501 

Ampere,  265 

Archimedes,  40 

Arzela,  123,  426,  474,  481,  494,  537,  540,  543 

Aseoli,  52,  63,  339,  745 


,    239,    327,    525, 


Baire,  65,  93,  114,  146,  : 

530,  532,  533,  765 
Baker,  653 
Banian,  9 

Ueudixson,   57,  90,    141,  541,   502 

Bernoulli  (D.),   637,  639 

Bernstein,  156,  159,  135,  189,  765,  1 

Bessel,  641 

Bettazzi,  51,  240 

BirkhoS,  478 

BScher,  482,  649,  719,  727 

Bolzano,  58 

Bounot,  359,  666 

Borel,  65,  86,  90,  102,  106,  122,  128,  159,  210, 

228,  622,  524,  533,  707,  728,  765 
Broden,  97,  116,  117,  217.  219,  2-19,  285,  296, 

298,  620,  695 
Bromwioh,  466,  589,  592 
Burali-Forti,  195,  201 
RiirliluLrdt,  035,  037 
Burmann,  21 

Cantor  (G.),  9,  21,  30,  47  et  seq.,  62  et  seq., 
.71,  74,  76,  79,  82,  94  et  seq.,  123,  148, 
158,  163,  170,  181  et  seq.,  194,  198  et  eeq., 
206,  211,   275.   330,   ISO,  CIS,  744,  745 

Cantor  (M.),  19,  35 

Catheart,  316,  606 

Cauohy,  37,  222,  339,  365,  463,  500,  504, 
510,  641 

Ceaaro,  707 

Couturat,  9 

D'Alembert,  636 
Dantscher,  323,  515 
Darnoux,  339,  477,  481,  620 
Dedekind,  2,  20,  21,  25,  151 


Dini,  235,  213,  200,  271,  2H.1,  29-1,  293,  i.M3, 
349,  366,  378,  461,  471,  478,  564,  607, 
020,  626,  666,  694,  701,  745 

Direksen,  641 

Diridikt,  210,  231,  247,  337,  497,  641,  664 

Dixon,  766 

Du  Boia  Keymond,  9,  36,  52,  57,  62,  64,  90, 
207,  205,  290,  345,  359,  360,  360,  378, 
408,  422,  430,  455,  477,  510,  585,  592, 
626,  652,  701,  732,  745 


Fatou,  701,  719,  729 

Fejer,  708 

Forsyth,  719 

Fourier,  57,  215,  639,  649,  760,  761 


Grave,  275 

Hadamard,  765 

Halm,  251,  351 

Hamilton,  10 

Hanfcel,  20,  98,  241,  213,  247,  361,  607,   626 

Hardy,  187,  181,  207,  210,  444,  445,  462,  479, 

497,  590,  600,  607,  763 
Harnaek,  57,  90,  98,  101,  109,  244,  248,  316, 

367,  426,  725,  740 
Harward,  766 

Heine,  9,  21,  29,  222,  229,  672,  743,  744 
HelmholU,  2,  9,  10 
Hermits,  68 

Hilbert,  38,  195,  333,  335 
Hobaon,   131,   194,  342,  396,   442,   456,   474, 

483,  486,   490,  494,  537,   640,   560,   586, 

693,  702,  713,  763,  766 
HOlder,  51,  53,  300,  388,  695,  751 


,GoogIe 


List  of  authors  quoted 


Huntington,  169 

Pringaheim,  9,  19,  47,  145,  266,  269,  305. 

Hurwitz,  715 

405,  426,  429,  464,  501,  505,  512 

lln--i:ii.    10 

Reiff,  477 

.Tutoli,    20 

Richard,  766 

Jordan,  65,  107,   136  et  seq., 

256, 

367,   417, 

Riemann,  247,  338,  341,  405,  637,  679, 

426,  432,  442,  468,  683, 

6i  16,  701 

U:>i;k':,    501 

Jourdain,  171,  183,   195,  209, 

763 

Radio,  17 

Russell,  9,  23,  30,  169,  195,  204,  763 

Kneser,  649 

Konig,  284,  766 

Sachs,  637,  676,  701 

KSpeke,  296,  298,  399,  626 

Scheeffer,  265,  273,  275,  290,  323,  513, 

Knvkli-.M'sfei,  360 

521 

Kronecker,  21,  360,  695,  698 

Sdiopp.  5,5 
Schlaui,  652 

Lagrange,  504,  637 

Sohlomilch,  504,  729 

Lambert,   47 

Schonfliea,  90,  116,  135,   139,   205,  248, 

Lebeague,  102,  226,  259,  295, 

332, 

342,    390, 

284,   299,   335,  351,  370,   379,  417, 

522,   525,    551,   554,  556, 

576, 

580,    ti4fi, 

428,  484,  586,  766 

674,  708,  715,  751,  766 

Schroder,  156 

Legendre,  47 

Schubert,  9 

Lii'ibiiitii,  1 

Sohw&ra,  277,  319,  676,  701,  719 

Laroh,  522,  620,  727 

Seidel,  477 

Levi,  765 

Smith  (H.  J.  B.J,  64,  97,  416 

Ljapounofl,  716 

Stackel,  672 

Lindemann,   68 

Steiuitz,  299 

Lionvillc,  68,  97 

Hteklofl,  716 

Lipachitu,  694,  701 

Stephanos,  48 

Locke,  1 

Stokea,  458,  477,  482,  727 

London,   464 

Stolz,  52,  54,   98,   269,   316,   319,   321, 

Loria,  329 

372,  381,   417,  430,   432,   442,   515, 

Love,  (S53 

585,  592 
Study,  252,  256 

Mersy,  21 

Jisvtons,    .500 

Tannery,  31,  480 

Meyer,  360 

Thomae,  302,  314,  339,  416,  428 

Miohelson,  653 

Toepler,  724 

Mill,  1 

Mittag-Leffler,  64,  81,  522 

Vallee-Foussiu   (de   la),    368,   379,   440, 

Moore,   335,  381,  384    ■ 

571,  576,  590,  603,  715,  716 
Veblen,  169 

Netto,  329,  360 

Voltmann,  145 

Neumann  (0.),  222,  263,  360 

.  666 

VororiBHB,  51,   55 

Newton,    10 

Volterra,  247,  357,  481,  522,   723 

Wallis  jJohn),  35 

Weber,   739 

Pasch,  98,  235 

Weieratrasa,  21,  58,  224,  264,  359,  360, 

Peacock;  20 

522,  625 

Peano,  9,  23,  107,  248,  319, 

323, 

330 

Whitehead,  153 

Pereuo,  299,  626 

Wiener,  625 

Pieard,  522,  719,  722 

Pierpont,  426,  448 

Young   (W.  H.),  84,  90,  102,  111,    113, 

Pincherle,  21 

et  esq.,    128,    185,    186,    342,   345, 

Poineare,   653 

487,  540,  541 

T'oisscm,  010 

I'ompuiu,  112(1 

Zermelo,  156,  209 

,Google 


GENERAL   INDEX. 

\The   numbers  refer  to  pages.] 

Abel's  theorem  on  power-series,  497 

Adherence,   125 

Aggregate ;  General  notion  of,  1 ;  Elements  of,  1 ;  Finite,  3  ;  Similar,  4,  162,  200 ;  Equivalent, 
6,  150;  Rank  of  elements  in,  6;  Ordinal  number  of,  7;  Definition  of  finite,  8;  Perfect, 
49;  Straight  line  as,  56;  Power  of,  70;  Definition  of,  149,  197;  Comparable  and  Incom- 
parable, lS'J  ;  Closed.  II  Hi ;  Dsmsa  in  itself.  Kill:  E  v  try  where-  tie  rise,  H>(> :  General  theory 
of,  194;  Normally  ordered,  170;  Parte  of,  151;  Limiting  elements  of,  165;  of  order- 
types  7i,  6,  r,  167;  Segments  of  normally  ordered,  172;  Simply  ordered,  163,  198; 
Structure  of  simply  ordered,  165 

Aleph-numbers,  154  ;    General  theory  of,  181,  209 

Archimedean  system,  40 


ot  functions  by  K!;iiis.'  ;.'f  coiuinuyus  lui'iclionx.  525;   elHssi- 

,  150,  199,  204;   Addition  and  Multiplication  of,  152;   as 

I ;  c.xcecdofl  iiy  other  cardinal  numbi.Ts,  1/>.S  ;  of  coiitiiiumn. 
rdinals,   180;    Iklativo  order  of,    1.5.1;    Smallest  transllni.i.e. 


ntinuity,  of  functions,    221;   Uniform,   229;   of  sum-function,  475 

■ntinnous  functions,  225 ;  two  definitions  not  equivalent,  226 ;   defined  at  points  of  a  set, 

226;   Oscillating,  281,  294;  Construction  of,  296;  with  respect  to  each  of  two  variables, 

324  ;   Non-differentiable,  020 
ntinuum,  of  real  numbers,  40  ;  given  by  intuition,  52 ;   Straight  line  as,  53 ;  Arithmetic,   72 ; 

Cardinal  number  of,  183,  187  ;  of  n-dimensions,  190 ;  Order-type  of,  169 
mergence,  General  principle  of,  36;  of  series,  denned,  453;  Absolute  and  conditional,  457; 

Ahsolute,  of  double  series,  468;   Uniform,  470;    Simply -uniform,  471;  Non-uniform,   474; 

Tests  of  uniform,   477;   Measure  of  non-uniform,   484;  Distribution  of  points   of  non- 
f  product  of  two  series,  500 


lonents,  153 ;  Di 

I,  187 ;  of  secon 

t ;   of  aggregate 

ies,  First  and  E 

ice,  125 

enoy,  Axiom  of, 

ity  of  aggregate 

Of,  2 


3  lilling  space, 


,Google 


770  General  Index 

Derivatives,  of  tot;'  of  nnintM.  61,   !)H  ;   of  functions,    -6'3:    Upper  and  lower,  265;   Progressive 

and  iTjjrcs si  vu.    20;i :    LimiUd,   ~>i'-i ;    General  jiropiu'tios  of,  285 
Differential  coefficients  of  function::,  263  ;    Successive,   275;    Partial,  311;    Higher  partial,  316 
Differentiation,    of   aeries,    561;    of  integrals    ■.villi    rcapoet    to    parameters,    509;     of    Fourier's 

series,  725 
Dirk,' ile t's,  integral,    656,  fi!!5  ;    investigation   of  Fourier's  series,  038 
Discontinuity,  Infinite,  220 ;    of  functions,  233  ;    of  functions,  classification,   234 ;   of  first  and 

second  kinds,  235 
Discontinuous  functions,  Classification  of,  2J0  ;  Point-wise,  2-13  ;  Construction  of  point-wise,  246 
Divergence,  of  scries,  455:    Measure  of,   746 
Double   integrals,   416,   '140;    Properties    of,  430;    Improper.   132,    438;    over   infinite  domains, 

■1.12 ;    Transformation  of,  44S 

Enumerable  aggregate,  definhioii,  lili :   liitiona!  nuni'i'ivs,  r'.fi  ;  al;;cbiaicn  I   cumbers,  68  ;  isolated 

aggregates,  83 
Equivalence  theorem,  110 
Extent,  Exterior  and  Interior,  108 

Fluctuation,  of  function,  220;    Inner,  220 

Fourier's  serios ;  definition,  6-10,  (VLfi  ;  Formal  expression  of,  641;  cosine  and  sine  series,  643; 
(lencralized,  (546 ;  Ibiichiel's  -mvesi.i^iticm  of,  65s-  ;  Dili  eh  id's  eouiiitions  lb;  convergence 
of,  664 ;  Uniform  convergence  of,  669,  683 ;  Limiting  values  of  coefficients  in,  671 ; 
Convergence  of  coefficients  in,  675;  Sufficient  conditions  of  convergence  of,  680;  Non- 
convergence  of,  701;  Scries  of  arithmetic  means  related  to,  707;  Properties  of  Coefficients 
of,  715;   Integration  of,  718;   Differentiation  of,  725;   Limits  of  coefficients  in,  746 

Fractional  numbers,  12 

Frontier  of  set  of  points,   108,  136 

Functions,  Dirichlet's  definition,  216 ;  Homononiically  and  hcteronomioally  defined,  217 ; 
Upper  and  lower  limits  of,  210,  224;  Limited,  definition,  210;  Unlimited,  210;  Upper 
limit  of,  in  an  interval,  220;  Continuity  of,  221  ;  continuous  in  an  interval,  222;  Limits 
of,  at  a  point,  230 ;  Maxima  and  minima  of,  234,  259 ;  Semi -continuous,  237 ;  Ordinary, 
201) ;  Classification  of  discontinuous.  2-SO ;  I  Vint  wis.:  d  ^continuous.  213 ;  Monotone.  245. 
263;  defined  by  extension,  2411;  Most  noar-.y  continuous,  231;  with  limited  total  fluctuation, 
252;  with  limited  total  variation,  257;  with  limited  denvalives,  3HK  ;  with  one  derivative 
assigned,  201  ;  of  two  or  move  variables,  2119;  of  two  variables,  301;  Double  and  Hepeated 
limits  of,  of  two  variables,  '-503,  304  ;  Existence  and  equality  of  repeated  limits  of,  306; 
Uniform  convergence  of,  309  ;  Maxima  and  minima  of,  300  ;  linear  in  each  interval  of 
a  set,  357  ;  Sumniaiilo,  30.1  ;  represented  by  series,  4G',i  ;  Maxima  and  minima  of,  of  one 
variable,  512,  of  two  variables,  515  :  ltc presentation  of,  by  series  of  continuous  functions, 
522;  Eaire's  classification  of,  5.32;  Construction  of  continuous  uon-dilicreiitiable,  620; 
Differentiate,  everywhere-oscillating,  626 

luiK'.lioHal     illlJlJjH,     T>.?< 

Functional  limits;   Aggregate  of,  233 
Functional  relation,  214 

Generation,  Cantor's  principle  of,  76 
Graphs,  Functions  defined  by,  215 

Heine-Eorel  theorem,  86 

J.nereincntary  ratios,   386;  Limit  of,   290 

Indeterminate  forms,  Kvidui'.tion  of,  268 

Infinitesimals,  Non-existence  of,  40 ;   Veronese's  theory  of,  55 

Integers,   Sets  of  sequences  of,   146 

Integrable  functions,  Particular  eases  of,  343  ;   null-functions,  347 

Integral  numbers,  Operations,  on,  10 


,Google 


General  Index 


771 


Integral   Calculus,    Ii'iiiidaineiilal.  '.riioorem  of,   349,   355,   887,  550 

Integral,  Definite,  of  limited  functions,  838  ;  Hii'maun's  delir.ition  of,  .'13?!;  Upper  and  lower, 
339  ;  Conditions  of  existence  of,  311  ;  I'ropoi^os  of  definite,  'M4  ;  Indefinite,  330  ;  Improper, 
'  364 ;  Haraaek's  ileliniiiori  or'  imp-roper,  IliY;  ;  do  !.i  V;t.lb':,  -Ponnsin'si  definition  of  improper, 
368  ;  Absolutely  and  eondii.ionn.ily  eonvornent,  'Mi'),  371,  877,  395  ;  L  eh  erne's,  definition  of, 
390;  Equivalence  of  definitions  of,  3% ;  with  infinite  limits,  398;  Change  of  variable  in 
an,  410;  Double,  definition  of,  416;  Conditions  for  existence  of  double,  418;  Repeated, 
421 ;  Improper  double,  432,  433,  -i-HJ  ;  No  n -absolutely  convergent  improper  Lebesgue,  537 ; 
li ■■peat i>d  improper.  50'i  :  liopeidcd  Lebesgue,  f>7(i  ;  Urpeatud,  of  unlimited  function,  582-. 
Restricted  Jordan  double,  583  :  Repeated,  over  infinite  domain,  386;  Limit  of,  containing 
a  parameter,  594 ;  Poisson's,  640,  710 ;  Diriohlet's,  606,  696 ;  Fourier's,  758  ;  Fourier's 
single,  760;  Fourier's  repeated,  762 

Integraiion.    ( ieonietrical    LuLerprcLiLi'Hi  of,   388;    Double,   415;    Lrbesgi;i;!s  theory  of.   3f!0  ;    by 
parts,  ■107,  S3!) ;   of  series,  534 ;   of  limit  of  a  seipaniiee,   538  ;  with  respect  I 
582  ;  of  Fourier's  series,   718 

Intervals,  Open  and  closed,  50  :    l.'nenumorable  sots  of,   89 

Irrational    numbers,    19;   Development   of  theory   of,    21:    Dedokind's    theory    of 
theory  of,  26 

Limits,  Arithmetical  theory  of,  35  ;  Method  of,  36 
Lines  of  invariability,  260 

Magnitude,   Theory  of,   19,  52 
Maxima  and  Minima,  234,  259  ;  Pri 

of  functions  of  two  variables,  i 
Mean  value  theorem,  of  Differential  Calculus,  267  ;   of  Integral  Calculus,  358  ;   Application  of, 

to  Fourier's  series,  666 
Measure,  of  sets  of  points,  81,  107,  143  ;  Kx  tori  or  and  interior.  103,  Ma  ;  of  limits  of  sequences 

of  closed  sets,  113 ;  of  discontinuity  defined,  233 
}!■;■;.:-. 1 1 rem ent,  51 


mproper,  266  ;   of  mnctiol 


[able.  312  ■ 


Negative  numbers,  51 

NlilflYmcLioi:.    I'oiolivKe  diiconl.hr.ious.   850 

Order,  Notion  of,  2 
Order-functions,  185 

Order-types,    163;    Addition  and  multiplication  of,   163;   c 
Ordinal-numbers,  Definition  of,  4,  175;  Transfinite,  74; 
of,  183  ;  Limiting,  177  ;    Sum  and  product  of,  176 
Oscillation,  of  function  at  a  point,  235 ;  of  function  in  f 

Power-series 

,  495  ;  Interval  of  convergence  of,  496 ;  Abel 

liational  numbers,  Aggregate  of,   18 ;   Section  of  aggregat 
Real   numbers,    Do.dcbind's   definition,   23;   Cantor's   defin 

vetgent  sequences  of,  3b  ;  Equivalence  of  two  defini 

everywhere-dense,  49 
Remainder-function,  Transformed,  483 

Saitus,   233,   300 ;  -function,  238 

Scliwarz's  theorem,   277;    on  partial  differential   coeffich 

Semi -continuous  functions,  237 


,Google 


772  General  Index 

Sequences,  Simple,  6;  Convergent,  20;  Ascending  and  descending,  164;  Functions  defined 
by,  453  ;  Double,  464 ;  Repeated  limits  of  double,  465  ;  Monotone,  465 ;  Conditions  of 
equality  of  repeated  limits  of,  466  ;   Integration  of  limits  of,  538 

Series,  Limitiug  sum  of,  453;  licmiUnder  in  n,  453;  Convergent,  453;  Non -convergent 
arithmetic,  455;  Divergent,  155;  Oscillating,  455;  Limits  of  indeterminacy  of,  455; 
Absolutely  mid  conditionally  convergent,  -157  ;  of  wanslinit*  type,  401;  Double,  463,  464, 
467;  Absolutely  convergent  double,  168;  Uniform  convergence  of,  470;  Simply  uniform 
convergence  of,  471;  Taylor's,  501,  514;  of  continuous  functions,  522;  Integration  of, 
534 ;  Differentiation  of,  561  ;  Special  cases  of  trigonometrical,  638,  648 ;  Fourier's  series, 
640,  646 ;  Genera  lined  Fourier'*,  616  ;  Formal  expression  of  Fourier's,  (146  ;  of  arithmetic 
means  related  to  Fourier's,  715  ;  Properties  of  coelOcicnls  of  Fourier's,  715  ;  Special  e;i-es 
of  trigonometrical,  C3S  ;  Finite  trigonometrical,  722 ;  Riemann's  theory  ot  trigonometrical, 
730;  Uniqueness  of  Fourier's,  74H ;    Convergent-  trigonometrical,  756 

Sets  of  intervals;  Limiting  point  of,  60;  Properties  of,  81;  External,  internal,  and  semi- 
external  points  of,  84;    L'oemmierable.  sets  of,  89 

Sets  of  points,  57 ;  Analysis  of,  123 ;  Closed,  64,  84 ;  Common  points  of  system  of,  92 ; 
Connex,  138  ;  Degrees  of  points  in,  123 ;  dense-in-ttiemsclvcs,  64 ;  Derivatives  of,  61,  98 ; 
Detached,  137;  Every  where- dense,  65;  Exterior  points  of,  107;  Frontier  of,  108,  136; 
Improper  limiting  points  of,  61 ;  Inner  limiting,  127  ;  Interior  points  of,  107  ;  Irreducible, 
98;  Isolated,  64;  Limiting  points  of,  60;  Measurable,  104;  Non-dense,  65;  Non-dense 
closed,  90;  Non-dense  perfect,  90,  94;  of  first  species,  62,  83;  of  second  species,  63; 
of  first  and  second  categories.  144  ;  .i.'eifeet,  65:  Reducible,  38;  Separated,  65;  Sequences 
of  .-dosed,  110,  117;  Sets  of  closed,  93;  Transfinite  derivatives  of,  79;  Unbounded,  59; 
Upper  and  lower  boundaries  of,   58;    of  cardinal  number  of  continuum,  191,  210 

Square,  Representation  of,  in  linear  interval,  329 

Sum-function,  Continuity  of,  475,  489  ;    Transformed,  483  ;   Limits  of  a,  487 

Taylor's  series,  501;    for  functions  of  two  variables,   514 


Variable,   1) 
Vibrating  5 
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